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Highlights
« This paper focuses on linear positive operators preserving exponential functions.
+ A Voronovskaya-type theorem is examined.
« Exponential modulus of continuity is investigated.
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The present paper deals with the Szasz-Mirakyan-Durrmeyer-Stancu operators preserving e2ax
Received: 19/02/2020 for a>0. The uniform convergence of the constructed operators is mentioned in this paper. The
Accepted: 28/08/2020 rate of convergence is examined by employing two different modulus of continuities. After that,

a Voronovskaya-type theorem is investigated for quantitative asymptotic estimation. Finally, a
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1. INTRODUCTION

In 1985, Mazhar and Totik [1] defined Durrmeyer-type generalization of the Szasz-Mirakyan operators. In
2017, Acar et al. [2] introduced a modification of the Szasz-Mirakyan operators preserving constants and
e?%, q > 0. Then Deniz et al. [3] investigated the Szasz-Mirakyan-Durrmeyer operators reproducing
e?® fora > 0. For 0 < a < B and m > 0 Stancu type Szasz-Mirakyan-Durrmeyer operators are given by
Gupta et al. [4]

(“ B) e—mx (mx) —mt (Tnf)k+r mt+a
S (Fi2) = mEg e I [T e B f (T ) . &)

We consider the generalized form of the Szasz-Mirakyan-Durrmeyer-Stancu operators

aBB _ © ,-mO(x) (MO)* oo _ppp MO (mtta
(fix) = m Y= k! J-0 € (k+1)! f(m+/3)dt’ (2)

where 0 < a < £, x = 0 and m > 0. For notational convenience, we briefly denote the operators S“ﬁe as
Sm,r. In this paper, we study the Sz4sz-Mirakyan-Durrmeyer-Stancu operators preserving e2%* for a > 0.
In this situation, the function 6 (x) which satisfies S9 .(e2%; x) = e2%* is obtained as follows:

k k 2a(mt+a)
o e B [ o (RO

+1 2aa | m(m+f)
= (%)T em+pB ' H(x)(m+ﬁ—2a m)’ m + ﬁ > 2a.
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By simple computations, we have

0(x) = m+5‘2“{2“((m+ﬁ)x‘“) +(r + Dln (—’”*ﬁ ‘2“)}, m+ B > 2a. (3)

2am m+f m+f

The aim of the current paper is to investigate the approximation properties of the Stancu type Szasz-
Mirakyan-Durrmeyer operators preserving e?**,a > 0 defined by (2), with 8(x) given in (3). By taking
0(x) = xand a = B = r = 0, we obtain the Szasz-Mirakyan-Durrmeyer operators [1]. Some recent papers
are Szasz-Mirakyan type operators which fix exponentials [5], Szasz-Mirakyan operators which preserve
exponential functions [6], Baskakov-Szasz-Stancu operators which preserve exponential functions [7],
Baskakov-Szasz-Mirakyan-type operators preserving exponential type functions [8] and Szasz-Mirakyan-
Kantorovich operators which preserve e ™ [9].

2. SOME AUXILIARY RESULTS

Here, for 0 < a < g and m + § > 2a, we present three lemmas which are necessarily used in the proof of
the theorems.

Lemma 1. Let f(t) = e=At, Then for the Sz4sz-Mirakyan-Durrmeyer-Stancu operators we have

mo(x) o )

Sgl,r(e_Ati X) = (1 - m+2+A)r+1 e_A(m+l3+A+m—+B . @

Here, 6(x) is given by (3).
Lemma 2. Let e (t) = tX, k = 0,1,2,3,4. Then we have the next equalities:

Sgl,r(eo;x) =1,

m
Sthr(e1;x) = mrp 00+
Sgl,r(eZ; X) =

Sren,r(eS; X) =

r+o+1
m+p3’
m(2r+2o0+4)
TN 0(x) +

m3 3 (Br+9+3a)m? 5
a0 Ot g OO+
n r3+6r2+11r+6+3a(r?+3r+2)+30?(r+1)+o’

(m+p)3 ’

m* 4 (4r+16+40)m> 3 (6r2+(42+120)r+72+36a+60a?)m?
ey 0 O g O m+p)*

(4r3+(36+120)1r?+(104+60a+120%)r+96+72a+24a%+4a3)m
+ 0(x)
(m+p)*

n r*+(10+40)r3+(35+240+6a?)r2 +(50+44a+18a% +4a)r+24+24a+12a% +4a + ot
(m+p)* '

r?+(3+2a)r+o?+2a+2
(m+B)?2 ’
(3r?+15r+18+6ar+12a+3a?)m

(m+p)? 609

m2

(m+p)?

02(x) +

Str(es;X) = 6%(x)

Lemma 3. For k = 0,1,2,4. we briefly denote ¢pX(t) = (t — x)X. Then for the central moments we get the
equalities as follows:

St (%) =1,

+a+1

Str($xX) = 50() + = = x,

2 2 2

0 2. _( m_ _ . 2x(r+a+1) m2r+2a+4)0(x)+r°+(3+2)r+a”+20+2

Smr(b%;%) = (m+BB(X) X) m+p + (m+p)? ’

4r+16+40)m3 6r2+(42+120)r+72+36a+6a2)m?
Sren,r(q)i;x) — (mr:l—ﬁ)‘l 94(X) +%93(X) +( re+( 08;+B)4 a+60°)m GZ(X)

3 2 2 2 3
n (4r34(36+120)r?+(104+600+1202)r+96+720+24 02 +4a )me(x)
(m+p)*

n r*+(10+40)r3+(35+24a+6a?)r? +(50+44a+18a’+4a®)r+24+24a+12a? +4a +aot
(m+p)*
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(3r+9+3a)m? (3r2+15r+18+6ar+12a+3a?)m

_ m® 3 2

ax ( s 07 (0 + 0% () + — 0(x)

r3+6r2+11r+6+3a(r2+3r+2)+3a2(r+1)+(x3)

) (m+p)3 , ,
2 m 2 m(2r+2a+4) re+(B+2a)r+a“+20+2

+ox? (g 0200 + B EEER000 + )
a3 m r+o+1 4

4x (—m+86(x) + p—ye ) + x*.

Proof. By using the linearity of the S?n,r operators and Lemma 2, we obtain

Sren,r((bg; X) = Sren,r(eo; X),

Sren,r((b)l(; X) = Sren,r(el; X) — XSren,r(eO;X)v

Sren,r((b)z(; X) = Sren,r(ez; X) — 2Xsren,r(el; X) + Xzsren,r(eO;X)’

Sren,r((bi; X) = Sren,r(e4; X) — 4‘XSren,r(e3; X) + 6X2$ren,r(ez;x) - 4X3Sren,r(el;x) + X4Sren,r(eo;x)-

Remark 4. Taking into consideration the definition of 8(x), we get the following limit results for each
X€[0,0),m+fB>2aand0 <a<p

lim mSg, (5 %) = —2ax (5)
and

lim mSg, - (¢%; %) = 2x (6)
3. RESULTS

Let the subspace of all continuous and real-valued functions on the interval [0, o) is denoted by C*[0, )
with the condition that lim f(x) exists and also is finite, equipped with the uniform norm. In 1970, Boyanov
X—00

and Veselinov [10] demonstrated the uniform convergence of a sequence of linear positive operators. For
the new constructed operators (2) with 8(x) as shown in (3), we present the next theorem according to [10].

Theorem 5. If the Stancu type Szasz-Mirakyan-Durrmeyer operators (2) satisfy

lim S% .(e™*%x) = e,k =0,1,2. (7

m-—oo

uniformly in [0, o), then for each f € C*[0, o)
lim S (%) = f(x) (8)
m-—-oo

uniformly in [0, o).

Proof. As is already known that lim Sren,r(l; x) = 1. Taking into consideration the equality (4) with 8(x)
m-—-oo
given in (3), we write

— 1+2a)xe™X

Shr(e™5x) = +0(m™?) )

and

4(1+a)xe ™%X

So (e x) = e E + + 0(m™?). (10)
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Thus, we prove that

lim S§ (e™¥4x) = e ™ k =0,1,2.

m-—oo

uniformly in the interval [0, o0). This proof guarantees that lim S .(f;x) = f(x) uniformly in the interval
m-—oo

[0, ) for any f € C*[0, ).

After Boyanov and Veselinov [10], in 2010 Holhos, [11] examined the uniform convergence of a

sequence of linear positive operators. For a beneficial estimation of the positive and linear operators, the

following theorem is presented.

Theorem 6. [11] For a sequence of positive and linear operators A,,: C*[0, ) — C*[0, o), we get

1Am (£ %) = £ 10,00y < fll[0,00)8m + (2 + 8m) " (£,4/8m + 20m + pm)
for each function f € C*[0, ), where

lAm (€0, %) — 1ll[0,c0) = O

I1Am(e™5 %) — e lljo,00) = O

1Am (e725%) — €™ |lj0,00) = Pm

and the modulus of continuity is denoted by w*(f,n) = sup |f(t) — f(x)]. In these equalities,
le*—e~t|<n
X,t>0

Sm, Om and pp, tend to zero as m — oo.

Accordingly, we provide a quantitive estimation of the Szasz-Mirakyan-Durrmeyer-Stancu operators
reproducing e?2 for a > 0 as can be seen:

Theorem 7. For f € C*[0, o), we get the following inequality

IS5ef = £ll g o) < 200" (£ /200 + Prm), (11)

where

ISt (e™5%) — e[| | = Om,
[0,60)

||Sr9n,r(e_2t, X) — e_ZX”[O,OO) =P

In these equalities, o, and py, tend to zero as m — oo. So, SY, .f converges f uniformly.

Proof. The Szasz-Mirakyan-Durrmeyer-Stancu operators Sr"n,r preserve constants. So, §,,, = 0. One can
write as

k—-n k+n
Ink—Inn T (12)

for 0 < n < k. By choosing k = e *m* and n = e, we get

_ _ 1-k _ _
e KmX _ g X<Tm(xe XKm 4 ye X).
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Then let us notice that

-sx — 1

max Xxe
x>0 es

for each s > 0. Therefore, we have

- _Kk2
e~ kmX _ =X < 1 km( 1 + 1) < 1 km.
2 ek, e 2ekpy,

In addition, by simple computations, we acquire

_ mé(x) o

0 —t 1 r+1
Sm,r(e ,X) = (]_ — m+B+1) e m+B+1 m+p

(r+1)(m+p-2a) m+B-2a

—o m+B-2a 1
= em—+|3( - m+|3+1) (1 __1 )r+ (1 2a ) 2am+B+1)  Tmiger X
m+f+1 m+f3-2a
1= K e KkmX,
Thus, we arrive at
— 0 -t - — -k -
Om = ||Sm;r(e ‘X) —€ X”[O,oo) - ”Kme m¥ — € X”[O,oo)

= [|Km(e7kmX — &%) + e X (K — 1)”[0,00)

<Km(;]]:i‘)+l<m—1—>0

m+f-2a

and
m+p+1

asm — oo, Here k;, =

—a ( _m+B-2a (r+1)(m+p—-2a)

i r+1
K, = em+B m+B+1) (1 1 ) (1 + L) 2a(m+B+1)
m+f+1 m+f3-2a

In the same manner, if we choose k = e™™mX n = e~2X in (12) and use (13), we obtain
e—nmx — e_ZX < ﬂ (Xe_xnm + Xe_zx) < ﬂ (L + i) < ﬂ
2 2 enpy 2e 4enpy,

On the other hand,

2 r+1 _,méx®  «a
St 0 = (1) e o
20/, m+p-2a r+1 (r+1)(m+p-2a) _2(m+B-2a)
=em+B(1 m+B+2)(1_ 2 ) (1+2—a) am+B+2) T mipz X
m+f+2 m+f-2a

1= M, e "m¥,
Thus, we find

Pm = ”Sgl,r(e_Zt' X) - e_ZX”[O,w) = ”lvlme_nmX - e_X”[O,oo)

= M (e™"m* — ™) + e™* (M — Dlljo,00)

_aAn2
<M (02) + M — 10,
asm — oo, Here n,, = 2m+B-23) g

m+f+2

(13)
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—20(( m+B-2a (r+1)(m+p-2a)

+1
M.. = em+B 1= m+B+2) (1 __ 2 )1" (1 + _a ) a(m+p+2)
m m+p+2 m+p-2a

As a consequence, o,, and p,, tend to zero as m — oo.
Section 4 investigates the rate of convergence with the help of the modulus of continuity.
4. THE MODULUS OF CONTINUITY

With the norm [[f||c, = suplf(x)|, Cg[0, ) denotes the class of all uniform continuous and bounded
x=0

functions f on [0, ). For f € Cg[0, ),

w(f,6):= sup sup |f(x+h) —f(x)|
0<hs<é x,Xx+h€[0,00)

presents the modulus of continuity.

w,(f,8):= sup sup [f(x + 2h) — 2f(x + h) + f(x)|,

0<hs<8 x,x+h,x+2h€[0,0)

defines the second order modulus of continuity of the function f € Cg[0,0) for § > 0. Peetre’s K-
functionals are given by

KZ (fl 6): = gEClér}g,OO){”f_ g”CB[0,00) + Sllg”CZB[O,OO)}'

Here, C3[0, o0) describes the space of the functions, where f, f and f” belong to Cg[0, ). The relationship
between Peetre’s K-functional and second order modulus of continuity is defined by [12],

K2 (£, 8) < Mw, (f,V5)
forM > 0.
Lemma 8. For f € Cg[0, ), we obtain |S, .(f;x)| < ||f|.

Theorem 9. For f € Cg[0, ) and for all x € [0, ), there exists a constant M > 0, such that

0(x)+r+o+1

1S9, (6;) = FCOI < Mo, (£ vitm) + 0 ("= — x|), (14)

where
_2m? 5 2r+2043  2x 2 4x(r+a+1) | 2r’+(4a+5)r+2a’+4a+3

Hm = (m+pB)? 0°(0) + Zm( (m+p)? m+B) 0(x) + 2x m+f (m+pB)? (15)
Here, 8(x) is as shown in (3).
Proof. We define §r9n_r: Cg[0,0) — Cg[0, ) auxiliary operators as follows

~ 0(x)+r+oa+1

$0,0(8) = SShe(g) +g(x) — g (ML) (16)

where Eqn. (3) gives 8(x). It is important to notice that the operators given by (16) are linear and positive.
From the Taylor expansion, we have for g € C4[0, )
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g =g + (t—xg'(x) + fxt (t—wg"(wdu, xte€[0,00). 17)
When S?n,r operators are applied to the equation (17) and then Lemma 3 is used, we get

198, (& %) — 80| = [S%r (U (t — W’ (Wdu; )|

mo(x)+r+a+1

~ t " 0(x)+r+oa+1 "
38,18 — 800] =[S (Jy (6~ we"(duix)] + | 7 (ROLEE ) gruydul. (1)
Further,
t 17 t n "
|58.x (13 (= wg" @du; x)| < 8 (1t — ullg” @ldu; x) < [1g"11S% (63 %) (19)
and
MOCOHTHAHT o ., " 0(x)+r+a+1 2
L, (PR ) g (wdu| < lg”I| (PR — %) (20)
Rewrite (19) and (20) in (18), then we have
z " B(x)+r+a+1 2
38,1830 — 80O < 118”11 (Sr(@529 + (T ))
T 2 2x(r+a+1l) | m(2r+20+4)0(x)+r2+(3+20)r+o?+2a+2
= 11g"11 (25000 —x) — e o
2
n (me(x;:r;-a+1 _ X) )
= 18"l Hm, (21)
where
2 2r+2a+3  2x 2 _ 4x(r+a+1) | 2r’+(4a+5)r+20®+40+3
Hm = (m+6>2 e 09+ 2m (m+B)? m+s) Ox) + 2x mip (m+B)? ' (22)
By using the auxilary operators (16) and Lemma 8, we get
1S5, ()11 < 1S, (61| + 2| If]] < 3][f]]. (23)
With the help of (16), (21) and (23), for each g € C3[0, o) we obtain
s O(x)+r+a+1
1S9, (6 %) = £G01 = [8,0(6: %) = () + (P ) = ()
+SRr(8 %) — Shir(g %) + () — g(¥)|
s O(x)+r+a+1
< [S8r(F— g% = (= (| + [F () — )|
+|Str(g %) — ()|
. " mo(x)+r+a+1 _
<4||f—gl| +1Ig ||un;(+)|f(—m+B ) — )|
mox)+r+a+1
< Kz(f, I.J.m) + w (f, m—+B - Xl)
mo(x)+r+a+1
< Mo, (£, vim) + o (£ R x|). (24)

Remark 10. We see that p,, = % + O(m~?%) - 0, when m — oo, This result guarantees the convergence
of the Theorem 9.
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Section 5 investigates the rate of convergence with the help of exponential modulus of continuity.
5. THE EXPONENTIAL MODULUS OF CONTINUITY
The exponential growth of order B > 0 is given by

|fllg:= sup [f(x)e™B¥| < o (25)
X€[0,00)

for f € C[0, o). Also,

w,(f,8,B) = ES[I(,)lp )If(x) — f(x + h)|e B (26)
X ,00
h=<é

gives the first order modulus of continuity of functions f with the exponential growth. Let K be a subspace
of continuous functions space on [0, o), which includes functions f with exponential growth with
[Ifl|p < co.
Assume that the function f belong to Lipschitz class. So, foreveryd <land0<c¢ <1
w4 (f, 8,B) < M&°. (27)

Theorem 11. Let Sgl,r: K — C[0, o) be the sequence of positive and linear operators reproducing e22* for
a > 0. Itis assumed that S, . give

Shr((t = %)%e5 %) < Ca(B,X)Spr (9% %), (28)

for0<B<x< %. Additionally, if f € C2[0,00) N K, 0 < ¢ < 1 and f” € Lip(c, B), then for
0<B <x<§,weobtain

S8 (63) = ) — £ (0SS (k%) = 5/ (9S% (9% )|

JCa@Bx)  Ca(BX) v [Shur(dnx
< Srerl,r(q))z(;x)( az + a2 +eZBX)w1 £, W,B

)

where C,(B, x) = MeB**1,

Proof. By considering Taylor expansion of the function f € C2[0, o0) at x € (0, o), we obtain

f(©) = 0 + /Gt — ) + £700 2L 4 Hy (£ 1, ). (29)
Here the remainder term is H, (f; t, x) = @ (f"(m) — (%)), and n is between t and x. Applying the
operators Sr"n,r to the equality (29), we get

Sor(f;X) = f(x) — £/ ()Sh - (D3 %) — %f”(X)S%,r(d)i; X)| = |Spr(Hz (£, %);%)|
< S r(Hz (B £,%)[;%). (30)
Additionally,

- - Bx " —x| <
Hy(f %) = & ZX)Z (£ - () < & i {e ©1(f".h,B), [t=x| <h

2 (eB*w,(f",kh,B),h < |t —x| < kh
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It was proved by Tachev et al. [13] that
w; (f kh, B) < keB&=Dh¢y (£ h,B)
for each h > 0 and k € N. With the help of the inequality (31), we obtain

(t—x)zeBX (t_X)ZeBX

w; (f",kh,B) < ~— keB=Dhe, (f7,h, B)
t—x)? [|t— _ ,
< 2 (24 1) eBxeBit=xl, (", b, B)
(t=x)? (1t=x]|
< 0 (24 1) (Bt + €25%) oy (£, 1, B).

Thusly,

[t—x|

[, (6 6] < S22 (124 1) (€8t + e25%) oy (17, b, B).

Applying the operators SS{Lr to the inequality (32), we write
S (H2 (661 %) <359 (('t‘h"'3 + [t —x]?) (B + e2B%); x) wy(f",h, B)

= (% Sor(It —x|%eB% x) + %Sren,r(lt — x|%eBt; x)

e

+

2Bx 0 3, esz 9 2. '
2h Sm,r(lt_xl :X)+Tsm,r(|t_xl ; X) wl(f :h,B)-

With some calculations we get

S r(It —x|%eBY x) = SP, (t2eBY x) — 2xSY, (teBhx) + x2SY, - (eBt; x)
B L.,_w m2(m+B)r+3
=e (m+B m+B—B) {WGZ(X)
@r+4)m(m+p)+?  2am(m+p)'*tt  2xm(m+p)r*2
+( (m+B-B)r+4 (m+B-B)r+3 - (m+B-B)r+3 ) e(X)
@2+3r+2)(m+p)+  20(r+1)(m+B)’ | a?(m+p)r?t

(m+B-B)r+3 (m+B—-B)r+2 (m+B-B)r+t
_2x(r+)(m+R)™  2xa(m+p)” xz(m+[3)r+1}
(m+B-B)*2  (m+B-B)I+1 ' (m+B—B)r+l

— eBx (1 + 3B(1-2ax+Bx)
m

B(—1-6Bx+9Bx—6BBx?+20B2x?+16a%x3+5B3x3+r(—1+6ax—3Bx))

+ 2
2xXm
n B(12a%x?(—1+Bx)-6Bxa+2ax(3+3Bx—18Bx—10B?x*+6a))
0 2xm?2
-3 2,
+0(m ™)) S (dx; %)
2
0 2 Bt. ) — .Bx B’x(3 _ea
Sm_r(|t—x|e ,X)—e {1+?(§—§+3
1 (BZX)Z (—1—r 4 Z6B+9B+6ar-3Br-6Ba+6a+12ac
2!\ m B3x3 B3x2
—6BB+20B?—-12a2+12aB-36aB , 16a%+5B3+12a’B—20aB?
+ +
B3x B3
1 (Bzx)?’ (—(3/2+3/2r2+3(x+3r+3ar+6a) n 6B—9B—9Br+6Br—6ar
3!\ m B5x5 BSx*
18B2—54BB+20B?+36BBa—60B%a—40B?r+36a’r+18BBr—36apr+66arB
t+ B5x3
36a%(1+a)—-36af—72aaf+66aB+108aBa
+ B5x3
1832B-1208B+120B3-30B3a—48a%r—-15B3r—36a%rB+60aB?r+72a%p
+ B5x2
n —108a?B-72a%Ba—36aB?-180aB%+120aB?a+216aBB—8(15+12a)

BS5x2

(381)

(32)
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n —30BB3+63B*+168a*+120a?B?—72a23B—240aB3+120aBB—96a3B+144a3p
5 5 4 2R3 3 ZBSX 4
7B>—96a—48a"B+60a°B°+40a°B“—42aB —4 0 2.
+ = )+ 0} 8 (6% %)

B2 1 (B2x\? 1 (B2x\> -
s8 (It — x|2eB x) = eBX{lMO + M+ (25) My + 5 (2F) Mg +0(m 4)}ng(q))2(;x)

) 2 Bt Bx [y 1B\ 0 (42
Sm,r(lt_xl € ;X) =€ Zk=0 E(_) My Sm,r(q)x;x)-

m
Let us choose My = 1 and M = max{M,, M, M,...}. Therefore, we have

B%x

® k
1
$9,e(It = x| x) < M > g<—) St (§%:%)
k=0

m
2

B“x
= MeBXem S L(dZ;x).
. m
SlnceO<B<x<§,
Sor(It—x]1%eB5 %) < Cu(B,x)Sh (9% %), (33)

where C,(B, x) = MeB**1, By employing Cauchy-Schwarz inequality, we obtain the next inequalities

$8,(It—X76P %) <[5, (Jt = x12628%30 58,1t — xI%)

< [Ca(ZBOSE (0330 [55+(0: ). (34)
S8, (It — x| ) < \/s&,rut - x|4;x)Js9n,r<|t i)
< [58(08) [55 (0% (35)

Thus, by using the inequalities (33), (34) and (35) in (30), we write

[58,0(6: %) — () = F (S (9% %) = 3 /(S (03 %)|

< (—h [CaBASEL 2550 (55,0 ) + 2 CaB 0 (03%)

+

eZBx
2h

\/Sren,r(q)fd X)\/Sren,r ((I))Z(: X) + %BX Sren,r ((I))Z(: X)) (O] (f", h, B)- (36)

S?n,r(d’iix)

S8, (02 is chosen and substituted in (36), we get

Lastly, whenh =

9,0 (6:%) — £(x) — F(OSr (0) — /(S (0F 9|

JCaZBX) . Ca(B, i |Shr(dkx
< S&’r(¢§;x)( > + (2 X) + eZBX) wq | {7, W,B .

0 4.
It must be notices that for fixed x € (0, ), % = % + O(m~2) - 0 as m — oo, guarantees the

convergence of Theorem 11.
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In section 6, in order to investigate the asymptotic behaviour of the constructed operators (2), the
Voronovskaya-type theorem is given.

6. VORONOVSKAYA-TYPE THEOREM

Theorem 12. For f,f',f" € C*[0, %) and x € [0, ), we get
Im(Spur(f %) — £(x)) + 2axf' (x) — xf” ()| < |1 GIIF G| + [tm CONIF ()
+2(2tm (%) + 2X + Zpy (X)) w* (f', m~1/2),
where

rm(x) = msren,r(q)}(; X) + 2ax,

tm(®) = 7 Shr(dF %) — %

(0 = 2S5, ((e7 — €730 (58, (0).
Proof. By considering the Taylor expansion, we get

f(t) = f(x) + (t—x)f (x) + @f”(x) + k(t, x)(t — x)2. (37)
Here, the remainder term k(t, x) can be written as

k(6 x): = 5 (F'(§) = ().

Also, the remainder term is k(t, x) and € is a number between x and t. When we apply the S&r operators to
(37), we have

Shr(Ex) — f(x) = F(X)SHh(Px:x) + %f”(X)S%,r(cbi: ) + S (k(t, x)dZ; x).
Then

|m[S8, . (f; x) — f(x)] + 2axf (x) — xf"'(x)| < |[mSE, - (PpL;x) + 2ax||f (%)
+§|mS?n,r(<l>3<:X) = 2x|If" (0| + [mSP, - (k(t, x) b5 %)

It is briefly symbolized that rp, (x): = mS§, -(b%; %) + 2ax and t (x): = 2 SP, 1 (d%; X) — x. Thus,

Im[S8,2(6:%) — £60] + 2axf'(x) = xF" ()| < [rm GONIF ()] + [tm (" ()
+|mSf  (k(t, )% )|

Note that from (5) and (6), we see that r,,(x) and t,,(x) go to zero as m — co. Now, we study the term
IS, - (k(t, ) dZ; ¥))|.

—X_ a—t\2
If() - ol < (1+ S

) (€ m).
By employing this inequality, we get

—X_a—t\2
k(v < (1+ (en—f)) w* (£, ).
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Forn > 0, if |e™* — e | < 1, then |k(t,x)| < 2w*(f",n) and if [e™* —e~Y| > 1, then
2(e7*=e™H2  , cn (e7*—e™H? x el
|k(t,x)| < @ (f",m). Thusly, we have |k(t, x)| < 2 e + 1) (f',n).

Accordingly,
|mSY, - (k(t, x)dZ;x)| < mSE, - (|k(tx)|d2; %)
m,r d X = m,r ’ X
x gl 2 % el _ _
< 2mo” (F", m)Shr (9% X) + 15 0" (', mShr (€7 — e7)?0% %)
< 2mw* (', M) Spr ($%; %)
#2001 m) (58, ((e7 — €% [S5p (0.

If we choose 1 = 1/vVm and z,: = \/mzsrem((e—X —e b4 x)\/mzsg,r(q)ﬁ; X), we get

Im(Shr(F; %) — f(x)) + 2axf'(x) — x| < [rp R’ G| + [t O
+ (4t (%) + 4X + 22, (X)) w* (f/, m~1/?),

Remark 13. After some calculations the following limit result is obtained:
I}liggomzsg_r(¢§;x) = 12x2.

In addition, we get the result as follows:
Hlli_r)rclmmzSren_r((e‘t —e )% x) = 12x%e™,

Proof. We have after some calculations

12x(1-r-8ax—2Bx+4a’x?—2a)

m?SP r(d% %) = 12x* + -
N 3r? — 96a3x3 + 16a*x* — 4r(3 — 26ax — 9Bx + 18a%x? — 3a)

m2
—72a%x%(—1 + 2Bx + 20)
+ 2
m
_ 2,2 _ 2 _
+8ax(7+36[3x+24a)+3( 5+12n[132 4o+4a”+12Bx(—14+2a)) + O(m‘3).

So,

lim mzsgl,r(d)ﬁ;x) = 12x2.
m-—oo

In the same manner, we have

_ _ _ 4xe~*¥(3r2—-6(5+2a+B)x+(65+60a+12a%)x?
mZSrSn,r((e t_e X)4;X) — 12X2€ 4X+ ( ( ﬁi ( ) )

+ O(m™2).

n 4xe~*¥(3r(-3+2(5+2a)x)—6(1+a))
m

Thus,
lim m2SY, .((e7t — e )% x) = 12x%e™*,

m-—oo

The next corollary is given as a consequence of Theorem 12 and Remark 13 as follows:

(38)

(39)



208 Kadir KANAT, Melek SOFYALIOGLU / GU J Sci, 34 (1): 196-209 (2021)

Corollary 14. Assume that x € [0,0) and f,f"" € C*[0, o). Thus,

rrlli_r)rgom(Sren,r(f; x) — f(x)) = —2axf'(x) + xf" (x) (40)
holds.
Now, we investigate that our new constructed Szasz-Mirakyan-Durrmeyer-Stancu operators which
reproduce e?2* for a > 0 approximate better than Szasz-Mirakyan operators preserving e22* which is taken

into consideration by Acar et al. [2].

Theorem 15. Let f € C2[0,0) be an increasing and convex function. Assume that for all m > mg, x €
[0, o0) there is a number m, € N such that

f(x) < S+ (£x) < Riu(£%). (41)
Then
xf''(x) = 2axf'(x) = 0. 42)

Contrarily, if inequality (42) holds with strict inequalities at x € [0, ©), then there is a number m, € N
such that for m > m,

f(x) < S8 (£x) < Ry (£%). (43)
Proof. From the inequality (41) we have for all m = m, and x € [0, o) that
0 <m(SS(Fx) — f(x) < m(Rj, (%) — f(x)). (44)

By using the Voronovskaya-type theorem for Szasz-Mirakyan operators preserving 3%, a > 0 which is
obtained by Acar et al. [2], we get

Jim m(Rin (£ x) — f(0)) = —axf () + (). (45)

After that, by taking the limit of the inequality (44) as m — oo and using Equation (40) and Equation (45),
we get

0 < —2axf'(x) + xf''(x) < —axf'(x) + gf”(x). (46)
Thus, we directly achieve inequality (42). Contrarily, if inequality (42) holds with strict at x € [0, ), then

0 < —2axf'(x) + xf"(x) < —axf' (x) + 2" (%). (47)
Finally, by using Equation (40) and Equation (45) we obtain the desired result.
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