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Abstract In this paper, we give a parametrization of a directional space curve by using adapted frame called
g-frame.. The spherical images of both directional normal indicatrix and directional tangent indicatrix of this
space curve with g-frame are studied. Later using the geodesic curvature of the spherical image of the
directional normal indicatrices, we work on the condition that a space curve to be slant helix. Finally, we give

an application of the results.
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Yénlii Uzay Egrisinin Kiiresel Gostergeleri Uzerine Bir Calisma

Oz Bu calismada, g-cat olarak adlandirilan adapte edilmis ¢at1 kullanilarak yonlii uzay egrisinin parametrik
denklemini verdik. g-catili bu uzay egrisinin Y6nlii normaller ve tegetler gdstergesinin kiiresel resimleri
¢alisildi. Sonrasinda yonlii normaller gostergelerinin kiiresel resminin jeodezik egriligi kullanilarak uzay
egrisinin slant helis olma sartini galistik. Son olarakta, elde edilen sonuglarin uygulamasi verdik.

Anahtar Kelimeler: g-gati, Slant Helis, Kiiresel Gosterge.

1. Introduction

The most well-known adapted frame is the
Frenet frame. The Frenet frame plays an
important role in classical differential
geometry. Let a(t) be a regular space curve
Bloomenthal (1975), Chouaieb et al. (2006),
then the Frenet frame is defined as follows

!

o a' Aa

t= b=
el lla" Aa”|

,n=DbAt.

The curvature k and the torsion t are given

by

”O." A (X”” det(a',a”,a"')
T =
la'lI® lla’ Aa”|?

The well-known Frenet formulas are given
by
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t 0 k O]ft

[n’] :v[—rc 0 ‘[] n],

b' 0 -t ollb
However, Frenet frame has several
disadvantages in applications. For instance,
Frenet frame is undefined wherever the
curvature vanishes. Moreover, the main
drawback of the Frenet frame is that it has
undesirable rotation about tangent vector
(Bloomenthal 1975). Therefore, Bishop
(1975) introduced a new frame along a space
curve which is more suitable for applications.
But, it is well known that Bishop
frame calculations is not a easy work (Wang
et al., 2008). In order to construct the 3D
curve offset, Coquillart (1987) introduced the
quasi-normal vector of a space curve. The
quasi-normal vector is defined for each point
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of the curve, and lies in the plane
perpendicular to the tangent of the curve at
this point (Shin et al., 2003). Then by using
the quasi-normal vector Dede et al. (2015)
introduced the g-frame along a space
curve used in (Dede and Ekici 2018, Ekici et
al., 2017, Kaymanli 2018). Given a space
curve a(t) the g-frame consists of three
orthonormal vectors, these being the unit
tangent vector t, the quasi-normal nq and the
quasi-binormal vector bqg. The g-frame {t, nq,
bq} is given by
a' tnk 1)

b =tAn,

t= My = :
la' Il ekl

where K is the projection vector (Dede et al.,
2015). The g-frame has many advantages
versus other frames (Frenet, Bishop). For
instance the g-frame can be defined even
along a line (x = 0) and the construction of
the g-frame doesn’t change if the
space curve has unit speed or not. Moreover
the g-frame can be easily calculated.
For simplicity, we have chosen the projection
vector k = (0, 0, 1) in this paper. However,
the g-frame is singular in all cases where t
and k are parallel. Thus, in those cases where
t and k are parallel the projection vector k
can be chosenas k = (0, 1, 0) or k = (1, 0, 0).
A g-frame along a space curve is shown in
Figurel.

The variation equations of the directional g-
frame is given by

t' 0 ky ky[t

gl =1l [_kl 0 k3] Mg,

b, —k, —ks 01|bg
where the g-curvatures are expressed as
follows

tn'y) {t,b'y) ', by)

ky = =t ey = == ey = =

! lla'll ™2 la'll ™2 fla'l
Recently, since helices are widely

encountered in nature, they are worked by
many researchers (Ali 2012, Altunkaya and
Kula , 2016, Bukcu and Karacan, 2009, Kula
et al., 2009). Izumiya and Takeuchi (2004)
give the characterization of helix and
slant helix by using the geodesic curvature of
the spherical image of the principal
normal indicatrix. It is known that the curve y
is a helix if and only if% is constant. A curve
v with k0 is called a slant helix if and only
if the geodesic curvature of the spherical
image of the principal normal indicatrix of y

2 /
0 (8) = (— ) )(s)
(k2 +12)2

is a constant function. While Korpinar
(2018) worked on the principal normal
spherical image, Kula and Yayli (2005)
worked on spherical images of the
tangent and binormal indicatrices of a slant

helix, and showed spherical images
of them are slant helix.
k
b by {
\ \ |
|
|
| t (o)
Mo <g
n

Figure 1: The g-frame and Frenet frame
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2. Directional Tangent Indicatrix

Definition 2.1. Let a« = a(t) be a regular
space curve with g-frame  vectors
{t, nq, bg}. Then the unit tangent vectors
along the curve o (generates a
curve ¢ = ¢ (tg) on the unit sphere. We call
the curve ¢ as the directional
tangent  indicatrix  of  the  curve.
Theorem 2.2. Let ¢ = ¢ (tg) be directional
tangent  indicatrix of  the  curve.
Then, the Frenet frame vectors (t,, Ny, by) of
¢ can be given by in terms of g-frame (t, ngq,
bq) of a in the following form

_ng+fby

AN

—J1+fit—ofng+ob,
n =
¢ J1+ VT + o2

1 f 1
b¢_m(at_\/1+f2n"+\/1+f2b">

A4k +f

The curvature and the torsion of ¢ are

Kg = ki1 + f2/1+ 02,

!

o
T¢:1+02

Proof: By differentiating the curve ¢ with
respect to t we get

, do dt,

dt
_ ¢
=dt, ar - (ama+kebe)

¢

where prime means differentiation respect to
t. Simple calculation implies that

dt
d_:=k1ﬂ1+f2

Where f:';—z. The unit tangent vector ty is
1

obtained by
¢ = ng + fb,
¢ i+ f?

Differentiating ts with respect to s, then
substituting (1) into the result gives

t'¢
Ng = —7—
T el
1
= e VI ofngtoby)
where

A+ s +f
TV

The unit binormal vector bg =tg /1 ny is given
by

1 f 1
Po _W<Jt+¢1+f2bq J1+f2n“>
The curvature x =||t,'|| is obtained by
K =kiy/1+ f24/1+ o2

By differantiating ns we have

(=57

1+ 02

. 1
M T Vi o
+(fW =k T+ 2= f'o = fo' — ks,

— (W + ke T+ 2 + ksfo —a')bq]

where

_ffle(+0*) +0%'(1+f?)

B 1+ f2)(1+0?)
Finally, the torsion 14 = (n'y, by)is
obtained by
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!

o
T¢=1+02

Corollary 2.3. Let ¢ = ¢(sy) be the

directional ~ tangent  spherical  image
of a curve a = a(s). If f and h are constant,
then D-tangent spherical image

¢ = ¢(sy4) is a circle in the osculating plane.
Proof: Since f and h are constant, one can
h

o
K¢:k1\/1+f2+h2

easily find ¢ = and therefore,

is constant too.

!

AT

Therefore, the tangent image is a circle in the
osculating plane.

Theorem 2.4. Let & = 6(tp) be directional
tangent indicatrix of the curve with q frame
(t, nge, bgs). Then, the g-frame vectors of 9
can be given by in the following form

t:nq+qu

T

_ tAk  pk—t+fung
Mad = Nenkl A

and

fu
bq¢ =tAng, = uny +qu

where A= /1 — pu? + f2u? and u is the third

component of t, found in (Dede and Ekici,
2018).

Using definition of g-curvatures of ¢ they are
calculated by

1
k k — u?
+kyou(n = f%)

1
1 (ky + fl)(1 = u?)
k2¢:Z< '—1+f2 1+ [k u )

+kyou(n - £%)

where 7 is the third component of by

The geondesic curvature of the spherecial
image of the directional tangent
indicatrix of a curve « is calculated by

_ (th), nth¢)

Kg 3
I

By definition, one can find easily geodesic
curvature of the spherical image of the
directional tangent indicatrix with respect to
g-curvatures

Ky = S P (E) ks (K2 + k2)
CETTd et

3. Directional Normal Indicatrix

In this section, we give the characterization
of the directional slant helix by using the
geodesic curvature of the spherical image of
the directional normal indicatrix.

Theorem 3.1. Let ¢ = ¢(ngy) be directional
tangent indicatrix of the curve. Then, the
Frenet frame vectors (ts, ng, bg) of ¢ can be
given by in terms of g-frame (t, ng, bg) of a
in the following form

t+gb,
1+ g2

t¢=

L _~Bet—1+g'n,—pb,
YT it TR
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and

1 g 1 )
by=——(—=——t-pn, - ———b
¢ 1+ﬁ2< 1+ g2 v !

_ (1+g¥)ky+gr

ks
where § = (L g2)5/ks

and g = -
1

The curvature and the torsion of ¢ are

ﬂ’
K= k1\11+92\/1+ﬂ2,‘[¢ = —rﬁz

Proof: By differentiating the curve ¢ with
respect to t we get

, do dty

dt
¢
= = (~kit+ksbg)——
dty dt (e +ksb) 54

where prime means differentiation with
respect to t. Simple calculation implies
that

dt,

W:klﬂl"'gz

where gZZ—i. The unit tangent vector t, is
obtained by

¢ = t+gb,
¢ J1+ g2

Differentiating t, with respect to s, then
substituting (1) into the result gives

n =_ﬁgt_\/T92nq_Bbq
NNy

(1+g%)ka+gr

where g = g2k,

The unit binormal vector by =ty A ng is
calculated by

1 g 1
by = Oy
¢ 1+ﬁ2< 1+ g2 it

The curvature x =||¢,’| is obtained by

K=k /14 g%/1+ p?
By differantiating ns we have

r _ 1 M7 — Ao _ !
n¢——,—1+g2 '—1+ﬂ2[(gﬁw gﬁ gﬁ

+ T+ g% = koff) t

- 99
+{V1+g*W -
( g \/1+g2)nq
— (BW + ks T+ g7 + kogf - B') bq]

where
g9’ (L+B*) + A1+ B%)
1+ +p?)

W =

Finally, the torsion

obtained by

Ty = (n'¢, b¢> is

¢ 1+ ﬂz
Corollary 3.2. Let ¢ = ¢(s4) be D-normal
spherical image of a curve a = a(s). If fand g
are constant, then directional normal
spherical image ¢ = ¢(Sy) is a circle in the
osculating plane.

Proof: Since f and g are constant, one can

easily find g = —~L_ and therefore,

1/1+g2
K¢=k1\[1+f2+gz
is constant too.
ﬁ,
= = O
EANCEYD

Therefore, the tangent image is a circle in the
osculating plane.

Theorem 3.3. Let # = 6(ty) be directional
normal indicatrix of the curve with g frame
(t, ngo, bgo). Then, the g-frame vectors of 6
can be given by in the following form
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¢ t+gb,
¢ J1+g?
nqe = nq

and

1
b,y =t Anyy = ——(b, — gt
q¢ q9 m( q )
Using definition of g-curvatures of ¢ they are
calculated by

(k3g — k1)

1
Kyp = ———
e J1+ g2

ko =V1+g%k:p
and

k3¢:0

The geondesic curvature of the spherecial
image of the directional  normal
indicatrix of a curve « is calculated by

_ (t,q,, nq/\t¢)

Kg 3
[[tall

By definition, one can find easily geodesic
curvature of the spherical image of
the directional normal indicatrix with respect
to g-curvatures

1 ks\' )
-~ |r2(Z2) 2 2
0= U2 + K2y [kl (kl) ko (ki + k3)]
Therefore, ¢= ¢(Sy) is a slant helix if and only
if the geodesic curvature of the
spherical image of the directional normal
indicatrix (2) is a constant function.

Corollary 3.3. If the second g-curvature
vanishes, one can derive the result found in
(Izumiya and Tkeuchi, 2004).

4. Example

Let us consider a rectifying slant helix given
by

Vu? + 1 cos(3arc tan(u))
3 )
Vu? + 1sin(3arc tan(u))

a(u) =1 _

3 ’
2V2V1 + u? )
3

The g-curvatures are calculated by

r @ 6v2

=sgn(u

L e f Ve 1 17
8

k, = —sgn(u)

(u? + DVu? + 1Vu? + 17

and

B (24u® + 40u)V2
- (u? + DVu? + 1(9u? + 17)

3

Then substituting g-curvatures into (2), we
have the geodesic curvature of the spherical
image of the directional normal indicatrix is a
constant function, shown in Figure 2.

i)

Figure 2: Spherical Image of the directional
normal indicatrix
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