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ABSTRACT

Flow around a pair of cylinders is of interest for various applications. Especially with the development of self-propelled,
autonomous vehicles, this topic has gained further importance. There have been experimental, numerical and, to a much less
extent, theoretical studies of this flow and its implications on the cylinders. However, the complexity of the problem does not
allow a general solution, and case-by-case solutions have been produced. In this study, a theoretical approach was embraced,
in which differential geometry is employed to model the local flow between a pair of counter-rotating cylinders. In order to
obtain practical formulae for a steady, laminar, incompressible flow, Navier-Stokes equations were simplified and expressed
in a new, parabolic coordinate system. Then, further simplifications due to the symmetrical nature of the problem were
applied. Finally, boundary conditions were imposed while performing the integrals, and the desired equations for velocity
and pressure were reached. Unlike the previous studies that are limited to very slow flows, the equations obtained in this
study are applicable in the entire incompressible, laminar regime, albeit only between the cylinders. Using these equations,
the effects of the rotation speed, cylinder spacing and cylinder radius were studied and presented graphically.
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NOMENCLATURE
P . static pressure 13 x-y : Cartesian coordinate systems
px =2"P=_ non-dimensional pressure 14 x*-y* : non-dimensional Cartesian coordinates
R - ”é".”‘"f)  the evind 15 y. :center of the inscribed circle at the apex of
¢ raR 2|us of the cylinder 16 the reference parabola
Re WV” , Reynolds humber 17 T : circulation at the cylinder surface in
s : half of the distance between the cylinder 18 potential flow - _
surfaces at the throat 19 n-¢ :non-orthogonal, curvilinear coordinate
s* :s/Rc, non-dimensional gap distance 20 system . .
U :uniform flow speed in potential flow 21 0 - angular position on the cylinder in
formulation 22 potential flow
V  :velocity vector in the Navier-Stokes 23 v : kme_m?tlc viscosity
formulation 24 Q  vorticity .
w : rotational speed of the cylinders 25 Q* :Q/w,non-dimensional vorticity

1. INTRODUCTION

Flow around cylinders has been the focus of research for more than a century. Variations of this flow
have been tried by changing the number of cylinders and their relative motion with respect to the
ambient fluid. Studies on non-rotating cylinders helped improve the industrial applications in heat
exchangers, bridge columns exposed to water flow, suspension cables exposed to wind. Depending on
the number of cylinders involved, analytical or experimental solutions and design guidelines have
been developed for these non-rotationary cases. For the rotating cylinders, on the other hand,
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applications in aeronautics or heat exchangers were of interest. Again, analytical solutions for limited
cases, and experimental and numerical solutions for various other applications have been developed.

Research on flow around a cylinder pair, thus, started long ago with non-rotationary or rotationary
applications. However, due to the inherently unsteady and complicated nature of the problem and
limited cases of applications, these studies did not become widespread. With the advent of computer
technology, more studies were done to further and to refine the knowledge on this problem [1].
Nevertheless, a major push for the research on flow around a rotating cylinder pair came recently due
to potential applications including robotics, biological flows [2] and autonomous vehicles with
biomimetic features.

Specifically, one of the first studies on the flow around a rotating cylinder pair was by G.B. Jeffery in
1922 [3]. This was an analytical study, and it looked at two settings: first was that of two cylinders,
one containing the other, and the second was the case with cylinders neighboring each other, as in the
present study. Although he presented a solution for the first case, he sufficed with mathematically
stating the complexity of the latter problem, since no steady state can be reached in the absolute sense.

On top of this work, significant progress in theoretical studies has been made towards the end of the
last century [4,5,6]. Similar to the method of Ref.3, these studies assumed a very slow flow, Stokes
Flow. In order to solve the entire flow field, they produced a solution with two parts. One was valid
only in the vicinity of the cylinders. Outside of this region, they solved the full Navier-Stokes
equations for steady, incompressible, two-dimensional (2D) flow conditions. As a result, they
succeeded in resolving the entire flow field, but only for very slow velocities.

Aside from these, the stability of the wake flow from these cylinders was studied [7], again at low
speeds. The wakes from the cylinders were found to interact less as the space between the cylinders
increased. The same trend was also observed for increased rotational speed of the cylinders. These
results were also confirmed by the experimental and numerical studies on vortex suppression and drag
reduction [8,9].

A more recent study by Yoon et al. [10] also looked at the pair of cylinders counter-rotating in a
stationary fluid. Performed with numerical simulations, their study showed that the ensuing flow has
strong dependence on the ratio of the distance between the cylinders and their diameter. They also
showed suppression of the unsteady vortex shedding regime at a critical rotation speed, after which a
relatively steady flow regime is established.

An experimental study by Guo et al. [11] shed light on the details of the flow dynamics around the
counter-rotating cylinder pair. In their study, the flow between the cylinders is ejected towards the
oncoming flow, and the fluid is pushed in the downstream direction after being diverted backwards
around the cylinders. Thus, the cylinder pair and the immediate flow around them work as a single
unit, resembling an elliptical structure, around which the fluid flows. Aside from confirming the onset
of a relatively steady state flow around the cylinders beyond the critical rotation speed, they reveal the
drop of the critical rotation speed with increasing free stream Reynolds number.

Suwannasri [12] numerically studied the self-propulsion of a counter-rotating cylinder pair in a
uniform flow. He showed two different modes of self-propulsion of the cylinder pair. For fixed
spacing between the cylinders and the cylinder diameter, if the cylinders counter-rotate so that their
mutually facing surfaces are moving into the oncoming flow, there is a certain value of rotational
speed at which self-propulsion begins, as in the study of Guo et al. [11]. Aside from this, if the
cylinders counter-rotate so that their mutually facing surfaces are moving along with the oncoming
flow, then self-propulsion starts after a certain rotational speed due to the fast ejection of fluid from
between the cylinders.

106



Ogretim / Eskisehir Technical Univ. J. of Sci. and Tech. B — Teo. Sci. 8 (1) — 2020

Van Rees et al. [13] performed a very detailed study of the self-propulsion of the counter-rotating
cylinder pair in stationary fluid. Although they imposed no free stream flow velocity, their study also
revealed the two different mechanisms of self-propulsion, depending on the distance between the
cylinders and the rotational speed. At low rotational speeds with relatively large gap/diameter ratio,
the cylinder pair moved in the direction of the jet ejected from between the cylinders (i.e. in the
downstream direction). This was enabled by the blockage of the mass flow due to the co-presence of
the cylinders, while no such blockage was present out of the pair. In the second mode of self-
propulsion, which occurred at high rotational speeds with relatively low gap/diameter ratio, the pair
moved opposite to the direction of the jet ejected from between the cylinders (i.e. into the oncoming
flow). This mode of propulsion occurred due to the presence of the viscous resistance outside the pair,
hence lower thrust compared to the thrust provided by the jet emanating from the gap.

In the present study, a counter-rotating cylinder pair was modeled in a stationary fluid. The goal was
to obtain an analytical, open form expression for the velocity distribution along the mid horizontal
plane and the mid vertical plane. Accordingly, in order to avoid the complexities with the complete
flow field with unsteady features, a local flow analysis was performed by focusing on and around the
gap between the cylinders. Furthermore, as is representative of the flow upstream of the cylinders,
two-dimensional flow with steady state and laminar flow conditions was assumed.

2. METHOD

The cylinders modeled in this study are located in a stationary flow field. The only fluid motion is
triggered by the viscous forces due to the rotation of the two cylinders. The upper cylinder is set to
rotate counter-clockwise, whereas the lower one rotates clockwise (Fig. 1). In this figure, the distance
between the cylinder surfaces is 2s, and the cylinder radius is R.. With the assumption of steady,
laminar flow, the flow field becomes symmetric with respect to the x-axis. The difficulty with
modeling such a flow field is the juxtaposition of circular and linear features. Therefore, neither the
polar coordinates nor the conventional Cartesian coordinates work in this case. Rather, there is a need
for a hybrid system that can harbor both the curved and the linear features where necessary.

One solution to this problem is a parabolic coordinate system as described here. Since a parabola
whose apex is located on the y-axis has the same radius of curvature as the inscribed circle (Fig. 2),
and since the streamlines both upstream of the cylinders and between them resemble parabolas, the
cylinders can be replaced by parabolas for local flow analysis purposes. Thus, while disabling the
complete flow field analysis, a local analysis for the laminar flow immediately upstream of the
cylinders and in the gap between them is enabled.

Having replaced the circles with parabolas, the next task is to describe the linear feature of the x-axis
within this parabolic (curvilinear) system. X-axis is the central streamline across which the flow field
is symmetric. So, focusing only on the upper half of the problem, if the arms of the parabola spread
out as its apex descends towards the origin, a line can be obtained, which is the x-axis (Fig. 2). In fact,
the generic formula below describes a family of parabolas covering the flow field exactly as explained
above.

1 s(s+R.) 2as(s+R;)
y=ax’+c a=— c= €= <
2R S+R 2as+1

M)
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Figure 1. Basic geometry of the cylinders and the flow field.

2s X-axis

Figure 2. lllustration of the new parabolic coordinate system.

Note that in these formulas, R. is the radius of the cylinder and the radius of curvature of the parabola
inscribing it, whereas R is the functional radius of curvature of a parabola at its apex. Given a point in
the x-y plane and the design parameters for the cylinder pair (i.e. s and R¢), using the formulae above,
one can find the equation of the parabola that passes through that point, along with the radius of
curvature at its apex.

Given the fact that each parabola in the flow field has a unique radius of curvature at its apex, this
value can be used as one parameter in developing the new parabolic coordinate system. The second
parameter that can be used for describing a point in the flow field is the distance along the parabola to
get to that point. Accordingly, the new coordinate system is defined as (&,n), where,
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E=a
E!-/l+ dx=of 1+ (2ax)?

4—1a{Zax \/m + ln[ 1+ (2ax)? + Zax]} 3)

The details of these derivations can also be found in the sections Al and A2 of the Appendix.

)

Once on the parabolic surfaces, a straightforward consequence of this change is the fact that the unit
vectors are not constant anymore (Fig. 3). That is, although the unit vectors in the Cartesian coordinate
system show the same direction anywhere in the flow field, the directions shown by the unit vectors of
the parabolic coordinate system change along the parabolas. Furthermore, although the unit vectors of
the X-y system are normal to each other everywhere, the unit vectors of the &-n system are not
necessarily normal to each other. In fact, they are normal to each other only along the x-axis and y-
axis, and non-orthogonal elsewhere. More explicitly stated, the constant-§ and the constant-n curves
are not necessarily normal to each other. Therefore, in order to derive the formulae for the flow
according to the new parabolic system, there is a need to relate the unit vectors of the two systems.
This task is done in detail in section A3 of the Appendix.

Y-axis
(x,y) or (§,n)
& €
e A
n eg
Y .
=
X-axis

Figure 3. Depiction of the unit vectors over the new parabolic coordinate system, which is curvilinear and non-orthogonal.

As a consequence of the curvilinear and non-orthogonal nature of the parabolic coordinate system, all
of the operators in the vector analysis, namely, the del operator, the divergence operator, the Laplacian
operator, must be re-derived starting from their originals in the x-y system. These derivations are done
in the Appendix in sections A4-A6. Using these results, in the theory section, conservation of mass
and Navier-Stokes equations are, first, expressed in the parabolic coordinates, and then solved
analytically according to the boundary conditions of the flow at hand. Hence, explicit formulae are
obtained for the velocity distribution across the gap between the cylinders and along the symmetry
plane separating the cylinders.
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3. THEORY

For the development of the formulae describing the velocity variation between the cylinders, the
derivation starts with the closed form of the conservation of mass and the Navier-Stokes equations.
With the application of the steady-state and incompressibility assumptions, one gets:

v.V=0 4)
I7.VI7=—%VP+VVZI7 (5)

The latter equation in the closed form has two distinct components due to its vectorial nature. Be
reminded that in the present study, instead of the conventional Cartesian coordinate system, the new
parabolic coordinate system is used. So, the terms composing the del, divergence and the Laplacian
operators are not as straightforward as in the Cartesian coordinates. Nevertheless, by employing the
geometrical and physical boundary conditions of two special application locations, namely mid
horizontal plane (casel) and the mid vertical plane (case2), it is possible to simplify these operators.
These conditions are mostly due to geometrical identities between the Cartesian and the new parabolic
coordinate systems at the mentioned locations. There are also conditions due to flow symmetry. So,
from now on, the analysis is going to be handled according to these two special cases.

3.1. Case 1 - Mid Horizontal Plane

This is the symmetry plane between the two counter-rotating cylinders (x-axis). It is horizontal, and
the laminar flow along it has ho component crossing it. These physical conditions are:

a
oo L=

Ve=0 o oz

Note that the last condition above is a reflection of the “pseudo one-dimensional flow” assumption
along the mid horizontal plane, similar to the dominant one dimensional flow in the converging-
diverging ducts. This assumption is acceptable, since the flow physically follows parabolic
streamlines, hence a flow solely along the n-direction. A consequence of this stipulation is that there
should not be a sudden change in the geometry. So, large values of the ratio between the cylinder
spacing and cylinder radius, s/Rc, are beyond the coverage of the approach here.

Furthermore, by virtue of the symmetry across the mid horizontal plane:

avy

oz — 0

For the steady and incompressible conditions of the flow, conservation of mass equation (i.e.
continuity equation) becomes “zero divergence of the velocity field” (see section AS5.1 for the
divergence equation). By further imposing the physical conditions of case 1, stated above, to the
conservation of mass equation, one gets:

vy 2x

v.V= on  (x2+2s2+2sR.) V77 =

0 (6)

By rearranging and integrating the above equation, one can get an expression for the velocity along the
mid horizontal plane. Note that for the special case 1, n = x, and so, 0n is equal to Ox.

Vy S —— (7

casel ™ 42,4542 +2SR.
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where c; is an integration constant. For the Navier-Stokes equations, one can import from the
Appendix (A4.1, A6.1 and A7.1) the relevant forms of the operators, and get:

ul 1 0 9 A\
( N x2+252+2sR, Vede PR th a_) (ers‘ +V en) =

1 Inl 1 P , ) [ 1 a2 a2 2x ]
p ( n x2+2s242sR; 0¢ 65 + tv (x2+252+2sR.)? 6.,‘2 + 2 1 (x2+2s2+2sR;) 0n (erf + V )

Because the & component of the velocity for case 1 is identically zero, the & component of the Navier-
Stokes equations yields zero pressure gradient in the & direction for this case. Then, for the n
component of momentum, after imposing the velocity boundary conditions stated above, one gets:

vy 19P [_ 4x? v+ 2x vy aZVn]
(x24252425R.)?2 1 (x2+2s2+2sR,) 9 on?

Using the V, formula derived above, one can get the velocity derivatives in the Navier-Stokes
equation. Again, note that for the special case 1, n =x, and so, 0n is equal to Ox.

-2x V2 = — 19P 2v v
(x242s2+2sR;) 1~ pon  (x2+2s2+2sR.) N
From this, pressure can be found as:
2 x/ 2
1 \2s2+2sR -
SP=g e L e+ tan ¥ (8)
p 2(x2+25%+4+2sR;) (252+2sR;) x/ 1 /252 + ZSRC
\252+2sR,

where c; is an integration constant. Since at X= -oo, pressure is equal to the ambient pressure, ¢z can be
expressed in terms of ci:
_ P CVT
C2 = ) T J(2s?+2sR,)32
The details of the integration to obtain this pressure equation can be found in the A8 section of the
Appendix. Nevertheless, the final expressions for c; and c. are going to be derived in the next section
by use of velocity boundary conditions.

3.2. Case 2 - Mid Vertical Plane

This is the plane that passes from the throat between the two counter-rotating cylinders. It is vertical,
and the laminar flow across it is only normal to it, as the flow is stipulated to be in the n-direction
only. That is:

Ve _ 0 Ve _ 0 Ve _ ?ve

Ve=0 = an 282 on?

=0

Furthermore, by virtue of covering the shortest distance between the two cylinders, this plane has the
maximum velocity along any streamline. So:

avy

67120
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For the Navier-Stokes equations, one can import from the Appendix (A4.2, A6.2 and A7.2) the
relevant forms of the operators, and get:

_Iml 1428 9 9 5 5 ) =
( 1N 2S24+2SR.—2sy Vf 0¢& + Vn 67;) (erf + Vnen) -

_i(_lml 12y op, 0P, wesg N2 L )y s s
( s + an en) tv [(252+25Rc—25y) &2 + 6772] (V’fef + 1/7'7877)

Applying the simplifications for case 2 and working out the derivatives, the & and n components of the
momentum equation become, respectively:

_ozp2 _ 1 (425§ 9P
ZEVW ) (252+25RC) 0¢

10P _ | _4e2
pan_v[ 487V, + (

(1+2$f)2)2 oxv,  a2v,
2s2+2sR./ 0¢&2 on?

Looking at the above equations, once the V, is found from the second one, it can be inserted into the
first one, yielding an expression for the change of pressure along the throat. Then, focusing on the
second equation, it can be assumed that, other than the locations in the vicinity of the cylinders, values
of & are small and the behavior of the flow is close to that for case 1. So, as an approximation, the n
gradient of pressure is going to be imported from case 1with x=0, and changes in the n direction are
going to be neglected in the face of changes in the & direction. Then:

e (<1+256>2)2fm
(2s2+42sRp)? 2s2+2sR.) 0¢&2
Simplifying and integrating:
C
Vicasez = ~ Tpmairyzseye T 635+ Ca (10)

This equation must give the cylinder’s tangential speed when R=Rc , i.e. Vp, ;45e2 = WR, for £&=1/2R,
and must be equal to the estimate of the velocity for case 1 at y=0, i.e. Vy case2 = Vycaser fOr &=0.

N . .o .
Furthermore, the & derivative of velocity must be zero at y=0, i.e. —== = ( for £&=0. Accordingly,

3
C1, ¢z and ¢4 are found as:

o = 12sWRZ(s+R.)?

17 6R2+3s5R,—252
o = —c; _ —4WR2(s+R.)?

37 35 7 6RZ2+3sR,—2s?
c c1(7s+R;) __ WRZ(R2+8sR;+7s?)

4

T 1252(s+R;)  s(6RZ+3sR.—2s2)

Furthermore, using the relationship between y and & for x=0, one can formulate the same velocity in
terms of y coordinate:

_ Yy
Sx=0 = 2s(s+R¢=y)
_ _ (s+R.—y)? y
Vn,casez - 1252(s+R.)? t 3 2s(s+Rc.—y) T (11)
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Having found an expression for the velocity, pressure distribution in the throat can also be worked out.
However, since the process is lengthy, the involved integrals and their results are presented in the A9
section of the Appendix.

Aside from this, knowledge of c; can also be used to finalize the formula for V, for case 1 and to find
Co:

2 2
v _ 12sWRE(s+R¢) (12)

ncasel = (6RZ+3sR.—~252)(x2+252+25R.)

o = P 3wWR2Zvm,[s+R, (13)
27 p  (6RZ+3sR.—2s%)V2s

4. RESULTS & DISCUSSION

In this section, first, non-dimensionalization of the derived formulas is done, in order to show the
relative importance of the terms. Next, the validation of these formulae is presented.

4.1. Non-Dimensionalization of the Formulas

In the theory section, formulae for the following have been developed: velocity and pressure variation
along the mid horizontal plane, velocity and pressure variation along the mid vertical plane. As was
done in other studies on a cylinder pair, a non-dimensional gap spacing can be defined as s*=s/Rc, and
these formulae can be rewritten accordingly:

7 cx
n.casel __ 1
= o, o? (14)
WR, (x*?+2s*+25*?)
4 * (s*+1-y%)?
n,case2 * * 4 * Yy
——=c,+cC — 15
WR, 4 3 25*(s*+1—y*) 1 125*%(s*+1)2 ( )

where
x*=x/R.  y*=y/R. ¢ =c;/WR3 ¢} =c3/WR? c;=c4/WR¢

Note that both of these non-dimensional velocities are only function of the non-dimensional gap
spacing, s*, and the local coordinate, x* or y*. Also note that the actual velocities along the mid
horizontal plane or mid vertical plane have a linear proportionality with the rotational speed of the
cylinders. This means linear acceleration of the jet velocity with the rotational speed, as also
confirmed by Ref.’s 12 and 13.

Studying the denominators of the formulae for the horizontal velocity for cases 1 and 2, it can be
calculated that they have a singularity at around s*=2.64. During the derivations, it was stated in
section 3.1 that the velocity conditions were not valid for large values of s*. This singularity is a
manifestation of this limitation.

On top of the velocities, the pressure expressions for both cases can be non-dimensionalized.

However, since the expression for the case 2 is extremely long, it is left to section A9. Below, only the
formula for case 1 is going to be presented.
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%2 * x* *
¥ _ c1 . a /ax -1 (x* ) ey
casel 2(x*2+d*2)2 Red*® (x*/d*)2+1 + tan /d* + TRed”?

— 2
where P* = piwl?‘;z , d* =+/25*? + 2s* and Re = ch. It is clear that with increasing Reynolds

numbers, the last two terms become negligible. In fact, for most practical applications, this is the case,
and the pressure variation for case 1, i.e. along the mid horizontal plane, can be approximated by the
first term only.

4.2. Validation

Validation of the current formulae is done using two different methods. First, the rotating cylinder
formulation in the potential flow theory is used with the assumption that the rotational speed is
extremely larger than unity. The reason for this choice of the rotational value is that in the current
study, the upstream flow is assumed to be stagnant, and this can be approximated in the mentioned
potential flow case by stipulating a very high ratio of rotational speed to the uniform flow.
Accordingly, one can simplify the pressure distribution according to the potential flow along the
cylinder surface as follows:

_ pUR[. . o zr._(r)2~ _(r)z
Psurf,pot.flow_Poo+ 2 1—4sin 9+nURCSH19 2nUR, ~ Po 2nUR,

Here, the circulation, I, can be taken as 2mR.(WR_). Then:

(WRC)Z
Psurf,pot.flow ~ Poo —p 2

So, the P* becomes identically -0.5 along the cylinder surface according to the potential flow theory.

Returning to the current study, for very small gap distances between the cylinders, the flow must have
the same velocity as the cylinder surfaces, and the pressure must be equal to that at the cylinder
surface. So, to model a similar situation, very small values of gap is assumed in the formulas
developed in the current study for case 1, and the pressure is plotted. As seen in Fig. 4, the non-
dimensional pressure value becomes -0.5 at the throat of the gap, exactly the same as that predicted by
the potential flow theory.

The second validation is done by comparison to the simulation results from an in-house flow
simulation program that solves for the vorticity field around the rotating cylinder at low Reynolds
number. For the comparison between the current formulation and this flow solver, vorticity
distribution at the throat, i.e. at the shortest gap between the cylinders, is used. Derivation of the
vorticity formula for case 2 is given in A10 section of the Appendix.

Three different gap spacings, s*, are used for the vorticity comparison: 0.1, 0.2 and 0.4. The results
from the current formulation are shown in Fig. 5 and the results from the in-house flow solver are
shown in Fig. 6. By comparing these two figures, it is seen that as the gap becomes narrower, the two
calculations merge. For the largest gap, the difference is mostly felt in the vicinity of the cylinder
surface.

By looking at the non-dimensional vorticity expression in section A10, it is clear that it is not affected
by the rotation speed, but is only a function of the local coordinate and the non-dimensional gap space.
Although not shown here, ineffectiveness of the change of rotational speed on the non-dimensional
vorticity distribution is also seen in the simulations.
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9:; 05 M s*=0.008
-0,6
-2 -1,5 -1 -0,5 0 0,5 1 1,5 2
x/R,
Figure 4. Comparison of pressure variation for case 1.
1,0 ~ P "a'
0,8
0,6
*U)
>~ 04
>
0.2 s*=0.1 formula
’ - - -s*=0.2 formula
----- s*=0.4 formula
0,0
0 0,5 o+ 1 1,5

Figure 5. Vorticity distribution at the gap, case2; calculated using the current formulation.

s*=0.1 simulation
- = =5*=0.2 simulation
----- s*=0.4 simulation

0,0 0,5 O* 1,0 1,5

Figure 6. Vorticity distribution at the gap, case2; calculated using the in-house flow simulator.
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Overall conclusion from the comparison of the flow solver and the current formulation is that it is
valid for gap spacings smaller than 0.2Rc. Further validation by using more sophisticated flow solvers
is necessary to see the validity of these formulas for spacings beyond 0.2Rc.

4.3. Flow Behavior

Velocity variation along the mid horizontal plane, i.e. case 1, is shown in Fig. 7. The increase of the
gap between the cylinders leads to a higher velocity at the throat, hence more mass intake. Direct
proportionality between the cross-sectional area and the velocity is contrary to the observations in the
usual applications. Such counter-intuitive result is caused by the decrease of the blockage in front of
the flow as cylinders move apart. This is similar to the initial opening of a valve; given a high enough
pressure, as the valve opens, the maximum velocity also increases up to a certain value of the opening.
Note that this relationship does not hold for all values of the spacing. After a maximum value, the
interaction of the cylinders consistently weakens, and so, the relationship between the area and
velocity become inversely proportional.

Looking at the values shown in Fig. 4, it is seen that the velocity at the throat surpasses that of the
cylinder surface. A 10% excess is seen for s*=0.2, which is due to the accumulation of the mass
upstream of the throat. It is also seen that the excess velocity increases with the increase of area.

1,2 - ) 5*=0.05
1 - //"’/‘\:\\\\ — —s*=0.1
/AR - --5*=0.15

Figure 7. Variation of non-dimensional horizontal velocity in the mid horizontal plane at constant Rer.

The observations stated above are also visible in the velocity distribution at the throat, Fig. 9.
Increase of area leads to an excess velocity beyond the circumferential speed of the
cylinders. The higher velocity and higher mass flow rate lead to increased thrust for
applications looking at mobility. Increase of both the center velocity and the jet thrust due to
the widening gap are also shown in a previous study (Figures 5 and 6 in Ref. 13). One
implication of this result is the reversal of the overall thrust direction for the cylinder pair.

Besides these advantages, the excess velocity leads to excess drop in pressure, and so, can

cause cavitation in certain applications, such as polymer extrusion. Such adverse situations
can be predicted by using the formulation developed in the present study.
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Figure 8. Variation of non-dimensional horizontal velocity in the mid vertical plane at constant Rer.
5. CONCLUSIONS

In this study, a new coordinate system is developed for the analysis of the local flow between counter-
rotating cylinder pair. Having expressed the vector operators in the new system, conservation of mass
and Navier-Stokes equations are derived accordingly. By applying the geometrical and physical
conditions of the locations in concern, i.e. the mid horizontal and the mid vertical planes, formulae for
velocity and pressure are developed. Finally, the validity of these formulae is studied by comparing
with the result from potential flow theory and from an in-house flow solver. Accordingly, for s* < 0.2,
these formulae are found to be useful approximations. Further validation is necessary to check the
situation at larger gap spacing values. Unlike the previous studies that address the entire flow field but
are limited to extremely low velocities, the formulae from the present study can be used for all
velocities in the incompressible, laminar range. A key implication of the results is that the velocity in
the mid vertical plane becomes faster than the tangential speed of the cylinder due to the acceleration
of the fluid in the converging flow boundary. The increase of the distance between the cylinders leads
to the further acceleration of this jet emanating from the gap between the cylinders, which implies an
increase of the jet thrust, as also reported in the previous studies. The same effect can explain the
undesired cavitation problem observed in the polymer extrusion processes, and the formulae
developed in the present study can help with the improvements.
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APPENDIX

Al. Radius of Curvature

For a parabola defined by the general equation y=ax?+c, the radius of curvature at any point is found
as follows.

213/2
1+ ()
dx 1+ @ax)?)3/?
zy| |2al
dx?

In the present study, the R value at the apex is of concern. More specifically, at (0,s) in the x-y plane,
radius of curvature must match the radius of the cylinder. The arms of the parabolas spread from the
cylinder surface towards to eventually form the x-axis, thereby covering the flow field, hence the need
for a generic formula for the R at the apex. The radius of curvature at the apex of a parabola that is
symmetric with respect to the y-axis is found by specifying x=0 in the above formula. Note that we are
going to be solving the upper half of the flow field, where a>0.

R—l
" 2a

A2. New Parabolic Coordinates

For each point on the x-y plane, there exists a parabola that passes through this point and can be
expressed as y=ax?+c. In the present study, this parabola is selected such that a>0, and the coefficients
a and c are related to each other through the following formulae:

1
“=72R
_s(s+R.) 2as(s+R.)
~ s+R  2as+1

where R. is the cylinder radius, s is half of the distance between the cylinder surfaces and R is the
radius of curvature at the apex of the parabola that passes through the arbitrary point x-y. So, given a
point and the design parameters R. and s, one can easily calculate the parameters a, ¢ and R.

The new parabolic coordinates (§-11) are defined through the following transformations:

X

d
f’1+ dicl dx—fw/1+(2ax)2dx
0

where 1 is the distance along the parabola from its apex to a generic point (X,y). Therefore, a point in
the new parabolic coordinates is defined by two properties associated with the parabola that passes
through it: one, the radius curvature of that parabola at its apex (not at that point!), and two, the
distance along the parabola from its apex to that point.
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The above integral for 1 can be solved by the transformation 2ax=tan6 and using the fact that a>0.
Accordingly:

6

_1 39d9—1 sin@ +l 1+ sinf
n—ﬁfsec _@{cosze n| cos6 |}

0

1
—_ 2 2
n=1 {Zax 1+ (2ax)? + ln[ 1+ (2ax)? + Zax]}
Note that the equation for the 1 yields positive values in the first quadrant and negative values in the
second quadrant. Also note that the resultant parabolic coordinate system is a non-orthogonal system.
That is, &-constant curves are not necessarily normal to the n-constant curves.

A3. Unit Vectors

Using the equation of the parabola, one can derive two derivatives of the parabola equation. First
derivative is the one with respect to x while & is constant; and this derivative is going to give the
tangent of the angle that is used for the unit vector in the 1 direction. Second derivative is the one with
respect to x while n is constant, and this derivative is going to give the tangent of the angle that is used
for the unit vector in the & direction. Be reminded that these two unit vectors in the parabolic
coordinate system are not necessarily orthogonal, and so, knowing one does not help with finding the
other.

Y-axis

X-axis

Figure Al. Representation of the unit vectors of the -1 system in terms of the x-y system.
According to the above description and to Fig. Al, the angle for the 1 direction can be found from:

d
tana = (_y

= 2ax =
dx>§=constant

X
R
So,

a = arctan(2ax)
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Finding the angle for the & direction, however, is not as straightforward. The reason for this
complication is the fact that both coefficients of the parabola equation, i.e. a and c, are functions of R,
hence &.

tan § = (dy) (da> b 2ax + dc (da)
an —_— x ax — |\
dx n=constant dx da \dx

Using the definition of ¢ and n, and setting dn=0, one can find:

dc  2s(s+R.)
da (2as + 1)2

(da) B 4a?\/1 + (2ax)?
dx/n=constant ln( 1+ (2ax)? + 2ax) — 2axy/1 + (2ax)?

So,

B = arctan< 2ax + [xz 25(s + Rc) 4a%\/1 + (2ax)? ‘

+

(2as +1)? ( 1+ (2ax)? + 2ax) —2axy/1 + (2ax)?
When inserting the value of 3 into the equation for the unit vector in the & direction, however, a minor
correction is made in order to account for the sign changes for the portion of the parabola in the
second quadrant (Fig. A2). That is, when the flow field in the first quadrant is considered, the

equation works as expected, but in the second quadrant, the values returned by the B equation need to
be multiplied by -1.

ey =cosal+sinaj

és =M(COSBI+Slnﬂ])

TN cosP i

i J sina j

cosa i

Figure A2. Components of the unit vectors of the &-n system in terms of the x-y system.

Using these equations, unit vectors in the x-y system can also be expressed in terms of the unit vectors
in the &-n system.
In]  sina sin 8

1 sin(a — B) %~ sin(a — ) “n
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. Inl cosa 3, 4 cosf
)= nsin(oc—ﬁ)ef sin(a—ﬁ)e"

For the sake of saving space, these expressions are going to be shortened as follows where necessary.

i = Aé; + Bé, j = Cé; + D,

A4. Del Operator

The derivation of the del operator in the new parabolic coordinate system is simple in terms of its
method, but is lengthy and complicated due to the non-orthogonal and curvilinear nature of the new
system. Below, first the chain rule is employed to express the derivatives according to the &
variables. Then, the unit vector definitions are imported, and the resultant expression is organized.

~

(0 ) 06 d onoa (0§ 0 ono
05 ), i ), G )
0x/y=constant ~ \O¥/y_constant 0x 0§ 0xon/, “\dyds dyon/,
Using the generic parabola formula and the definitions above:

2¢és(s+R.)

— 2 — 2
y =ax +c= fx + Zfs 1
Differentiating each term with respect to x while keeping y constant, and reorganizing:

9§ —2x¢ (1 + 2s¢&)
0x  4x2&s + x2 + 252 + 2sR, — 2sy

Similarly, differentiating each term with respect to y while keeping x constant, and reorganizing:

¢ 1+ 2s¢ 1 9§

ay - 4x%2&s + x? + 252 + 2sR. — 2sy - 2x¢ 0x

Also, utilizing the definition of 1, and taking its derivative with respect to x, and reorganizing:

a_n_ﬁ(xw/1+(2ax)2—n)+ 2x2¢2
ox  0x & W

Similarly, taking the y derivative of n, and reorganizing:

+ /1 + (2ax)?

on _ 0§ (xy1+(2ax)? n
dy dy 3 3

Using the partial derivatives of & and n obtained above and the definitions of the unit vectors from the
previous section, and reorganizing:

In| sina 0¢& |n| cosa 9&\ 0 [n| sina dn |n| cosa dn\ad]|.

K?ma‘?m@%*<7m&‘7ma>%]ef

sinf  9¢ cosfp 0d¢&\ d sinf dn cosff dn\ d7.

* [(_ sin(a — 3)& * sin(a — f8) @)& * <_ sin(a — ﬁ)a * sin(a — f8) @) %] én
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For the sake of saving space, this expression is going to be abbreviated as follows where necessary.

9 ) 9 a7 .
V= Cdget COhagplec+[Caget Coug)ey

In order to develop the necessary formulae for the flow field, two special cases are going to be
analyzed.

A4.1. Case 1 - mid horizontal plane

The geometrical conditions for this case are as follows:

8
E=0 y=0 a=0 ﬁ:—z
_ i on B da
n=x —ax—O ay—O 677_0 677_0

If these conditions are imposed on the del operator, the corresponding simplified del operator is found
as:

()= M sina g_m cosa 0§ __Ma_f

Y7\ npsin(@=—p)ox 7 sinfa—pB)dy)  n dy
(), = m sina a_n_m cosa 6_77 _ 0
27\ npsinfea—B)ax n sin(fe—p)ady)

sinf  0¢ cosff 0¢

( )3=( )

_sin(a—ﬂ)a+sin(a—ﬁ)@ =0

) _( sinf dn cosf 677)_1
* 7\ sin(a—pB)ox sin(a —B)dy)
0§ 1
0y  x2+2s2+ 2sR,
ul 1 9, .9,
n x?+2s?+ 2sR, afe’f on én

V=

A4.2. Case 2 - mid vertical plane

The geometrical conditions for this case are as follows:

I
n=0 x=0 a=0 f=-—=
2
9] 9] 9] 9] 0 0 9]
o _y Om_y B_, B_, Oa_, da_,. K_,
Ox dy 0¢ an 0¢ an 0x

If these conditions are imposed on the del operator, the corresponding simplified del operator is found
as:

[n] sina 0¢& |n| cosa 0¢

(I _sina_0f Il _cosa 08\ _Inlok
Y7\ npsin(@=—pB)ox 7 sinfa—pB)dy)  n dy
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n sin(a — B) ax 1 sin(a — B) dy

B sinf  0¢ cosp 0¢\
( )z= (_ sin(a _ﬁ)a-l_ sin(a —,6’)5) B

_ sinf dn cosp  0n\ _
( Ja= (_sin(a—ﬁ)a+sin(a—ﬁ)@) =1

|17| sina 877 [n] cosa On
( )= =

0 1+2s¢
dy 252+ 2sR, — 2sy
Ve _ |17| 1+ 2s¢ d 6
~n 252+ 2sR, —25}165"r én

Ab5. Divergence Operator

Divergence operator is the del operator acting on a vector. Although this operator seems
straightforward in the conventional Cartesian coordinate system, it is not as easy in the non-
orthogonal, curvilinear system of the present study. Unlike in the Cartesian coordinate system, when
the derivative terms operate on the unit vectors, the result is non-zero, since the unit vectors change
direction from point to point. So, in order to develop the expression for the divergence operator in the
new parabolic coordinates, first the derivatives of the unit vectors are needed. In obtaining these
derivatives, the basic definitions of the parabolic unit vectors are going to be used along with the fact
that the unit vectors of the Cartesian system remain constant.

d0é In] |r]| 6 cosf dsin By | 0 cosﬁ 6 smﬁ
a—; [—(cosﬁl+sm,8])] 37 +C 5% )eg+(B 3z ) n]
dé In] |17| d cos[)’ dsin By | d cosﬁ 6 smﬁ
_5_—[—(cosﬁ1+smﬁ])] [ +C an )eg+<B an ) n]

aé, 6[ + i = (Aacosa_l_casma) ( acosa_l_Dasina)A
7 7t cosal+sinaj 3z 3z és + 37 3¢ éy
dé, 0 [ s A]_<A6cosa+cc')sma) ( c’)cosa_l_Dasina)A
an ~ an cosai+sinaj] = an an é: + an an é,

The letters A, B, C, D in the above expressions are the terms that were defined before in the Unit
Vectors section. Another item that is essential for the current effort is the dot product of the unit
vectors with each other. In order to obtain this expression, one can utilize the definition of the
parabolic unit vectors in terms of the Cartesian unit vectors. Accordingly:

beée=1 épéy=1 é.8y="cos(a—p)

Having obtained the derivatives of the unit vectors and their dot products with each other, now it is
time to start the derivation of the divergence operator in the parabolic coordinate system.

- 0 0 0 0
V.V =V. (V{éf + V77é77) = {[( )16_5 + ( )2 %] ég + [( )36—f + ( )4&] én} (Vféf + V77é77)
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Expanding the terms:

AATOR G R
ER 0¢ on
'Z—'cos(a A|C af+( )26 +( )36? +( )JWf
( )1Vf A Lo+ (Ol o &+ ( )szaAE &+ ( )2l ief"‘
0 % o on
8 98, dé; d¢é,
vt 50 0n+ (a0 + ( alg

W en + ( )4_ aT] én
At this point, the following trigonometric identities are going to be useful

sin(a + ) = sinacosf + sinf cosa

cos(a + B) = cosacosf —sina sin §
a+ a—
sina+sinﬁ=251n( Zﬁ)cos< ZB)

a+pf a—
cosa+cosﬂ=2cos( > )cos( > )

cosa—cosﬁ=—251n( ;'B> m( ;'B>
sina cosa + sin B cos f = sin(a + B) cos(a — B)

sin?a + sin? B = 1 — cos(a + B) cos(a — B)
cos?a + cos? B =1+ cos(a + B) cos(a — B)
1 — cos(a + B) cos(a — B) — 2 sina sin S cos(a — B) = sin?(a — B)
1+ cos(a + B) cos(a — f) — 2 cos a cos B cos(a — B) = sin?(a — B)
By further expgr)d_mg the terms in the del operator expression, importing the content of the abbreviated

parentheses, utilizing the above trigonometric identities and reorganizing

A ov, av,
VV—( )16_f+( )2_+( )3_+( )4_+

0
6V§ OVE
(a— ﬁ)[( =5 0{ + ( )28 +( )37 & + ( )4_

In| Ve (6 cosf 65 dcospf 677)

- 1— —

7 sinZ(a = 5) [ R Ep + a9 (1 —cos(a + B) cos(a ,8))] +
mV; (asmﬂaf 4 asm,Ban) ‘, [acosaaf N 6cosa6n N asmaaf 4 asmaan]
n ¢ dy an OJdy 0¢& ox an ax a¢ ay an dy

—cos
n
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In the present study, two simplified versions of the divergence operator are going to be derived. Each
of these versions is simplified according to the geometrical conditions that are present in the local flow
field between the counter rotating cylinder pair.

Ab.1. Case 1 - mid horizontal plane

If the relevant conditions (see section A4.1) are imposed on the divergence operator, the
corresponding simplified divergence operator becomes:

oV V dsina d¢
V.V =( )1af+( )2 +( )3 +( )40 ’7[ 28 dy

One can import the simplified versions of the abbreviated parentheses, the 0&/0y term (see section
A4.1) and also work on the derivative of the sine term:

dsina oa 2x
=cosa— =

0 9 J14 (2¢x)? -

Then, the final form of the divergence operator in the special case 1, i.e. mid horizontal plane,
becomes:

Il 1 e Y, 2x

V.V = + _|_
n x% + 2s? + 2sR, 0¢ (x2 + 2s2 + ZSRC)

Ab.2. Case 2 - mid vertical plane

If the relevant conditions (see section A4.2) are imposed on the divergence operator, the
corresponding simplified divergence operator becomes:

% In|  dcosp
L Ll

0
VV—( )165"‘( )2

One can import the simplified versions of the abbreviated parentheses, the 0&/0y term (see section
A4.2) and also work on the derivative of the cosine term:

dcosf
o

Then, the final form of the divergence operator in the special case 2, i.e. mid vertical plane, becomes:

Inl  1+2s§ AV ay

AR
n 2s?+ 2sR, — 2sy 0¢&

ABG. Laplacian Operator

Laplacian operator is a special case of the divergence operator, where the vector that is operated on is
the del operator. The result from this operation is again an operator. Although this operator is simple
in the Cartesian coordinates, the same is not true for the non-orthogonal and curvilinear parabolic
coordinates.

126



Ogretim / Eskisehir Technical Univ. J. of Sci. and Tech. B — Teo. Sci. 8 (1) — 2020
o2 d 917 4 d 81 4
V== V{|[( gzt ( Dagr|ee+[( dsge+( Dagr|én)
In obtaining the Laplacian operator for the two special cases of the present study, the V: and the V,
terms in the simplified versions of the divergence operator are going to be replaced by the & and n-
components of the del operator, respectively.

A6.1. Case 1 - mid horizontal plane

According to the above description:

Vis e Diget ( 2]+

1N x2+252+2sR; 0¢

%[( )3;—5"'( )4%] m[( )3a§+( )45]

Expanding the derivatives and using the content of the parenthesis for this simplified case:

geo 1 [a( po Il 1 2% )zg]Jr
N x2+2s2+42sR. L 9¢& 0& 1 x2+42s52+2sR; 0&2 & an
a a a 2x a
[( a2 aC >4_+_]+—
on 0¢& an an (x2+252+2sR.) 01

At this point, there is a need for simplifying the derivatives of the terms in the parentheses. For this,
aside from those listed before for the special case 1, the following geometrical conditions are going to
be useful, which are derived from the fact that for case 1, x=n and y=¢.

228 22 a2 9%

9yoE axdE axon 0 ayon 0

%n _ a%n _ 0 a%n _ a%n

axdE aydE axon ayon
Then,

6( )1 _

(7] _sina 65 |n| cosa 65)
n sm(a B) 0x n sin(a-B) oy

sina9n _|n| cosa dn

sin(a—pB) dx n sm(a B) oy

a( )3_1(_ sin B 6{ cosf 6{)
sin(a—pB) ax sin(a-pB) oy

o( )4 _ 6(_ sing on cosf 6_17):0

an % sin(a—B) d0x = sin(a—p) dy

3( )2_

(0
s (

Inl_sine
ns

an an

Inserting these into the divergence expression, the Laplacian operator for the special case 1 becomes:

2 ;i + i + __ 2z 0
T (x2+252+2sRp)2 082 | 9n?  (x2+2s2+2SR.) 91

A6.2. Case 2 - mid vertical plane

Again according to the above description of the Laplacian operator:
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lzlzsulzjzsfzsyaf[( )1a§+( )Zﬁ] an[( )365 ( )467;]

Expanding the derivatives and using the content of the parenthesis for this simplified case:

V3= —

V= —

Inl__ 1+2s¢ [a( )2 _Inl__1+2st 0% 9 ); 0 ] [a( EION] ﬁ]
1 252+2sR.-2sy |l 9¢&¢ 9¢& n 252+25RC—25y6€2 0& on an 6{ an an  on?

At this point, there is a need for simplifying the derivatives of the terms in the parentheses. For this,
aside from those listed before for the special case 2, the following geometrical conditions are going to
be useful, which are derived from the fact that x=n for case 2:

22§ 0% _ g 0% _o 2% _

axdE aydE axon ayan

a’n %n a%n %y

AxdE axdn ayoE ayon
Then,

o( )1 _ i(_ sina ﬁ_m cosa 6{) —0
9§~ 9& \ 7 sin(a—pB) dx n sin(a—B)dy) ~
a( ), _ i(m sina B_n_m cosa 677) -0
I3 0¢ \ n sin(a-p) ox n sin(a—pB) oy
a( )3 _i( sin B 65 cosf E) _
an  on sin(a—pB) Bx sin(a—B) y) ~

a( )4_1(_ sinf_an cos B 6_77) -0
an @ sin(a—B) dx = sin(a-B) dy)

Inserting these into the divergence expression, the Laplacian operator for the special case 2 becomes:

oo (st Yo o
T \2s2+2sR.-2sy) 8&2

A7. Convective Derivative of Velocity

Convective derivative of velocity is the term to the left of the equal sign in the momentum equation
after the steady state and incompressibility conditions are imposed. Its content needs to be re-derived
in terms of the parabolic coordinates in this study. So:

-

V.V = {(Veee +en).([C diget ( Dagr|ee +[C Dsge+ ( dage] &)} (Veee +V,8,)

= {VeCuget C g +1 [C dage + C ag]} (Vete + W)

At this point, due to the derivatives of the unit vectors and the involvement of the abbreviated
parentheses, this equation is very lengthy and complicated. So, for the sake of simplicity, the
convective derivative is going to be studied according to the two special cases.

A7.1. Case 1 - mid horizontal plane

By importing the velocity conditions, the unit vector angles and the simplified versions of the
abbreviated parentheses pertaining to the case 1, the convective derivative expression becomes:
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A7.2. Case 2 - mid vertical plane

By importing the velocity conditions, the unit vector angles and the simplified versions of the
abbreviated parentheses pertaining to the case 2, the convective derivative expression takes a form
similar to that for case 1:

0 Wy, O

V.UV =y - (1hey) = Vi [en + 5

n%n oy V;l]:‘/;lﬁ

A8. Derivation of the Pressure Formula for Case 1

Having found a formula for the velocity, and having inserted its derivatives into the simplified Navier-
Stokes equation, the resultant momentum equation is as follows:

—2x 2 10P 4x? 2
2 2 n = T T + VVT) 2 2 2 (2 2
(x2+425%2+25R) p on (x%24+2s52+2sR;) (x%2+25%+25R)

By inserting the velocity and rearranging, one can get:

4x

19P 2¢2x 2 2 ]
(x24+252+42sR.)3  (x%24252+2sR.)?

;% T (x2+4252+2sR.)3

+vq[

Noting that for case 1, n is equal to x, and incorporating the:

d [ x ] _ 1 4x?
dx L(x2+2s2+2sR)2] ~ (x2+4252+2sR)2 (x2+252+42sR.)3

the last term in the brackets can be separated into two, and the following can be obtained after
integration:

-2 Ve x 1
=P = - —ve, [ ———
p 2(x2+4252+2sR;)?  (x2+42s52+2sR.)? (x2+252+2sR.)?

dx + c,

where c; is an integration constant. In order to solve the remaining integral, define a constant g such
that,

q? = 2s% + 2sR,

Then, the integral can be shortened as,

1
| a4
Then, by imposing the following transformation:

L=tano
q

1 _ i 1 _ i 2 _
f(x2+q2)2 dx = q3 f (1+tan2 6) do = PE f cos“0do =
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: L peos20t1 4 L (Sm 26 4 9) o *_(sin 6 cos 6 + 6)

Then, using the transformation function, one can insert the sine and cosine terms to obtain:

o () - ks Q)] - it )

AO9. Derivation of the Pressure Formula for Case 2

In section 3.2, the differential equation for the pressure distribution in the throat was found as:

_1 (1+2s58)? P
_ZEVW ) (2s2+25RC) 0¢
Importing the velocity expression for V, from the same section and working out the algebra, the
following is obtained:

108 = —[45(s + Ro)e] iy — [Bs(s + R)css] o
poE (1+258)2 (1+258)2
- [(s-;:;gcf] (1+§s§)6 — [4s(s + Ro)es] (15;5)2 [2(S+RC)0164] (1+258)* [2(S+§§)Clc3] (1+§;zsf)4
Next, the integrals can be worked out one by one:
[ e 4 = 75 In(1 +259) + 5o
/ (1+€zzs$)2 s = 4% + m - % [4_;1“(1 +2s8) + M]
S g 4 = o~ 33 [ 0L+ 25 + 1]
it e s 0+ 259 + )
f(1+§s$)4 dé = — 6s(1st§)3 - 2452(11+255)2
f(1+i$)4 s = 65(1_+$225g‘)3 B % [45(15255)2 t 8s2(1+2s¢)
J (1+§s$)6 dé = — 105(1i25$)5 B 8052(11+Zs€)4
Inserting these integrals into the pressure expression and rearranging, one gets:
%P =67 M [l (1 +2s8) + (1+25€)] 2(SﬁLRsC)C‘tC3 ["; N 25(1-125{) - éln(l + 25{)]
- % [52_2 + %ln(l +2s0) + m B g] + 360(:(?3255)4 [(1+is§) + é]
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_ (s+Ro)cacy [ ¢ 1] _ (5+Ro)cseq §? ¢ i]
9s2(1+2s5&)2 L(1+2s8) 9s2(1+2s8) L(1+2s8)2 ~ 2s(1+42s5&)  4s2
In order to find out cs, the equivalence of the two pressure expressions at the origin, i.e. case 1 for x=0

and case 2 for &=0. Then:

Ce = Poo C12 (S+RC)CZ (s+Rc)cycs (5+RC)C32 (S+Rc)c12 (s+Rc)cycq (s+Rc)c3cq
57 p 8s2(s+R()? s s2 453 288055 3653 3654

Expressing all the coefficients in terms of c1:

P , C1[4(8s+R.)(s+R.)?—9sRZ]
p 72s5(s+R)?

Cs =

Inserting ci, the final expression for ¢cs becomes:

Poo n 2w?RE [4(85+R.)(s+R:)2—9sR2] (s+R()?

Ce =
>T p s3 (~252+3sR+6RZ)”

Then, the non-dimensional version of the pressure equation for case 2 is:

—“ e [1 (1 + 25*8%) +

1
P’ =c: —
case2 5 (1+2s5*€%)

2(s*+1)cyc3 1

1 * &k
T - e i+ 2570

S 014 256 + s

45%2 45*%(1425*¢*)  s*

(s*+1)c{2 & 1 (s*+1)czcy [ 1]
360s**(1+2s5*&9)4 L(1+25%¢8*)  8s* 9s*2(1+2s*¢%)2 L(1+25%¢*)  4s*

_ (s*+1)cjeq f*z & _|_ 1
95*2(1+257&%) | (1+257€%)2 | 25*(1+25°E%) | 4s*2

where §* = R, and c = (c5 — %")/(wRC)Z and Pl.., = (P — Py)/p(WR.)?.

A10. Curl Operator and Vorticity for Case 2

Before working on the vorticity, first, the curl of a vector is going to be done. Bringing the simplified
version of the del operator for case 2, curl of V becomes:

T |r]| 1+ 2s¢ 0 L9
x= n 2s?+ 2sR, — 2sy 0 %

|11| 1+ 2s¢ 6e aA
=< n 252+ ZsR. — 25y (e;xeg) + A esex 3 (e;xen) + B esex 3%

04, . aéf oB .. R 6@,7
+ %(enxef)+A enx% +%(enxen)+3 enxa

0
en] x(Aeg + Ben)
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Inserting the geometrical identities expressed in the previous sections for case 2, this expression
becomes:

v/ = <—|Z—| — +1 ;; ::E_ 25y> g—?(éfxég) + g—?(égxén)] + [g—;l (6yxé;) + g—i(énxén)]
Using the definitions of the units vectors of the new coordinate system in terms of the Cartesian
coordinate system, one can work out their cross products.

ésxés = cosfsinf —sinfcosf =0
=cosasina —sinacosa =0

enxen

érxé, = l:]]—l (cosBsina —sinf cosa) = IZ—lsin(oc -pB)

Plugging these into the curl operator expression, and using the values of a and 3 for case 2, one finds
the simplified version of the curl operator for case 2.

1+ 2s¢ )aB 04
252+ 2sR. —2sy /) 0§  0On

Vxl7=(

Note that in this formula, A is the component of the velocity vector in the & direction, and it is
assumed as zero for case 2. Then, vorticity, which is equal to the curl of velocity, is obtained as:

_ 1+2sE )aancasez
2s%2 4+ 2sR. — 2sy 0é

Taking the derivative of the velocity and using the transformation between the Cartesian coordinates
and the new coordinate system, vorticity is found as:
0 = 0 2y"(3s 465" +3 —3y"s" —3y" +y"?)
T w s* (=252 + 35"+ 6)(s* +1—y*)?
where y*=y/R. and s*=s/R..

vX17=Q=(
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