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A NEW GENERALIZED-UPPER RECORD VALUES-G FAMILY
OF LIFETIME DISTRIBUTIONS

Omid KHARIZMI!, Ali SAADATINIK?, and G.G.HAMEDANI3
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ABSTRACT. A new family of lifetime distributions is introduced via distribu-
tion of the upper record values, the well-known concept in survival analysis
and reliability engineering. Some important properties of the proposed model
including quantile function, hazard function, order statistics are obtained in a
general setting. A special case of this new family is proposed by considering the
exponential and Weibull distribution as the parent distributions. In addition
estimating unknown parameters of specialized distribution is examined from
the perspective of the traditional statistics. A simulation study is presented
to investigate the bias and mean square error of the maximum likelihood esti-
mators. Moreover, one example of real data set is studied; point and interval
estimations of all parameters are obtained by maximum likelihood and boot-
strap (parametric and non-parametric) procedures. Finally, the superiority of
the proposed model in terms of the parent exponential distribution over other
known distributions is shown via the example of real observations.

1. INTRODUCTION

The statistical distribution theory has been widely explored by researchers in
recent years. Given the fact that the data from our surrounding environment follow
various statistical models, it is necessary to extract and develop appropriate high-
quality models. In addition, sometimes it is necessary to provide applications from
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bootstrap, Weibull distribution.
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existing models. For more details, see the Samuel et al. (2018) and Ababneh et al.
(2018).

Recently, Alzaatreh et al. (2013) have introduced a new model of lifetime distrib-
utions, which the researchers refer to its special case as generalized— G distribution.
It is based on the combination of one arbitrary C'DF F of a continuous random
variable X with the baseline CDF G. The integration form of new CDF H is
stated as

G(x)
H@ﬁ:?%j/ F(t)dt, = € R, (1)

— 00

where f is the corresponding density function of F' and F(1) = P(X < 1). This
interesting method attracted the attention of some researchers. Generating new
model based on this method resulted in creating very flexible statistical modeling.

The upper and lower record values, in a sequence of independent and identically
distributed (iid) random variables X7, X, ..., have applications in different areas of
applied probability and reliability engineering. Let X; ’s have a common absolutely
continuous distribution G' with survival function G. Define a sequence of record
times U(n),n = 1,2, ..., as follows:

Un+1)=min{j:j>U(n), X; >X}, n>1,

with U(1) = 1. Then, the sequence of upper record values {R™,n > 1} is defined
by R" = Xy(n),n > 1, where R = X;. The survival function of R™ is given by

n—1 ~
- - [~ log G(1)]”
Gl =G
=0
The corresponding CDF of the random variable R™ is

G —1- Gy S el

x=0

,t>0, n=1,2...
!

>0, n=1,2..
z!

Here, we introduce a new family of lifetime distributions by compounding CDF
of upper record values GY (t) of a parent distribution G and an arbitrary CDF F
with PDF f.

This new model will be denote by G — UR — G(or GURG) distribution. One of
our main motivation to introduce this new category of distributions is to provide
more flexibility for fitting real datasets in comparing with other well-known classic
statistical distributions.

We first derive the fundamental and statistical properties of GURG in a general
setting and then we propose a special case of this model by considering Weibull dis-
tribution instead of the parent distribution G and exponential distribution instead
of the parent distribution F' for fixed value n = 2. It is referred to as GURWE
distribution. We provide a comprehensive discussion about the statistical and reli-
ability properties of the new GU RW E model. Furthermore, we consider Maximum
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likelihood and bootstrap estimation procedures to estimate the unknown parame-
ters of the new model for complete data set. In addition, the asymptotic confidence
intervals and parametric and non-parametric bootstrap confidence intervals are cal-
culated.

2. NEW GENERAL MODEL AND ITS PROPERTIES

In this section, we provide the structure of our new model and some of its main
properties in a general setting. Motivated by the idea of Alzaatreh et al. (2013),
a new class of statistical distributions is proposed. The new model is constructed
by implementing Alzaattreh idea to the upper record value distribution GY (). Let
the non-negative random variable X have CDF and PDF F and f, respectively.
In view of , the CDF of new general class of lifetime distributions is defined as:

H(zn) — ﬁ /0 O e
= F(fj?l(;’)) >0, n=12. (2)
The (PDF) is
Wz, n) = glg((f)) F(GY(x)), >0, n=1,2. (3)

where g¥(x) is the PDF of the n— upper record value distribution and

_ a n—1
M, x>0, n=1,2.. (4)

Ulz) =gz
6% () = o(e) )

Using and , the survival H(z,n) and the hazard rate r(z,n) functions for

GURG distribution are given, respectively, by:
. F(Gy(2))
H(z,n)=1-— R

and

g () f(G}(2))
F(1) = F(GF(x))”

The pth quantile x,, of the GURG distribution can be obtained from

r(z,n) = x>0, n=1,2..

z, =G (F-Y(F(L)p)),

where Gf{fl is the inverse function of CDF GU.
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3. SPECIAL CASE BASED ON THE PARENT WEIBULL AND EXPONENTIAL
DISTRIBUTIONS

Let G(z) =1 - e=oa’ F(z)=1—¢* and n = 2. From (2) we have:

H(z) = H(z,n=2)
1 G(x)+G(z)log G(x)
= = f(t)dt
F1) )
_ 1 [1 —e )\(G(I)Jré(m) logé(z))]
1 —e A
1 A(1=e="" (14aa?
The corresponding PDF is :
2
a“fBA 1 B y(1_.—azP 8
h(’l,’) _ _i_)\:EZB 16 az” A(l—e (14az ))7
where z > 0, a, A\, 8 > 0.
8 — =20, p=05 1=02 w0 |
@=15, B=05, 1=0.5 o — @=02, $=20, =20
— =30, (=20, k=08 — @=03,$=20,1-30
o — 0=20, =20 1=15 - — °=8-2'g=12-g‘§=12-g
o =20, p=1.0, k=10 o a=08, p=10,4=1.
2:10,2:3.0)1:1.0 a=10,f=10,1-20
g - = _ //_\
2 2 4 / \\\
s T T T T T T T sl T T T T T
00 05 10 15 20 25 30 0 1 2 3 4

FIGURE 1. Plots of the GUREW (a, 8, A) density (left) and failure rate

function (right) for selected values of a, 8, A.

The survival and hazard rate functions are

S 1—e
and

1—e—A €

Al =1 g (100 )

hz) A2 lear ~A(—e=" (1+az?))

r(z) = =

H(l‘) 1— 1 <1 o e*)\(lfe*"‘zﬁ (1+azﬁ))) ’

1—e—A

respectively.
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— a=20, =02, k=20 — @=0.05 p=25 r=02

— a=15, p=05, L=3.0 — a=0.03, p=3.0, 2=0.2

—— a=15 B=04, k=20 —— a=0.03, B=35, L=02

=10, =05, L=4.0 24 a=0.04, p=3.0, 1=0.3

® 4 =10, =03, 1=3.0 0=0.06, p=3.0, A=05

hr
0.6

0.4
I

0.2

0
1

0.0
1

FIGURE 2. Plots of failure rate function for selected values of the parameters.

3.1. Some properties of the GUREW distribution. In this section, we obtain
some properties of the GUREW distribution, such as quantiles, moments, mo-
ment generating function and order statistics distribution. The characterizations
of GUREW distribution are presented in subsection 3.5.

3.2. Quantiles. For the GUREW distribution, the pth quantile z, is the solution
of H(z,) = p, hence

1 1 1 1/8
o= (2= dwe (- (e Joea-a-em) ) L osps

which is the base of generating GUREW random variates, where W_; denotes the
negative branch of the Lambert function.

3.3. Moments and Moment generating function. In this subsection, moments
and related measures including coefficients of variation, skewness and kurtosis are
presented. Tables of values for the first six moments, standard deviation (SD),
coefficient of variation (CV'), coefficient of skewness (C'S) and coefficient of kurtosis
(CK) are also presented. The rth moment of the GUREW distribution, denoted

’

by pr, is

, o kot _1k_1tl§ éaj+1/\k+1 4
= p) - 355 DGR e,
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(1+ T+7B+7/3)

where Xy ~ Weibull(a(t + 1), 8) and Ex,, [X"HU08) = —eteciog.

The variance, CV, C'S, and CK are given by

/_ D) ’
e A/ L R U1 S

o 1 o

og— PIX =Pl py — 3y + 2407

TIEX - T G-
and

op = PUX =] plh — 4 + 6y — 3u
[B(X — p)?? (uy — p2)? ’

respectively. Table 1 lists the first six moments of the GUREW distribution

(8)

for

selected values of the parameters, when o = 3. Table 2 lists the first six moments
of the GUREW distribution for selected values of the parameters, when g = 0.5.

These values can be determined numerically using R.
The moment generating function of the GUREW distribution is given by

- L(- t( DR (TG +2) ix1/8
:ZZZ t—l—l) (1—6 ) EXG[eX ]

k=0

)

-~

Jj=

k
=0
where X¢ ~ Gamma (j + 2, a(t + 1)).

TABLE 1. Moments of the GURFEW distribution for selected pa-
rameter values when o = 3.

i [B=05A=05 B=05A=15 B=15A=05 B=15 A =15
1} 0.5671076 0.3992706 0.6760747 0.5884041
12 1.179537 0.709571 0.5688418 0.4399216
11 5.38217 3.07405 0.5671076 0.3992693
1 42.7557 24.04752 0.6488483 0.4256478
1 521.4693 291.9992 0.832901 0.519231
1 9033.24 5051.822 1.179537 0.709571
SD 0.9262429 0.7417237 0.3343124 0.3061082
cv 1.6332755 1.8576967 0.4944904 0.5202346
CS 4.706703 5.762384 0.8405167 1.051078
CK 44.17227 65.22099 3.881779 4.575555
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TABLE 2. Moments of the GUREW distribution for selected pa-
rameter values when § = 0.5.

w. | a=051=05 a=1,A=1 a=15A=15 a=2,A=2
wh 20.33652 4.299195 1.597077 0.7470063
1 1478.852 74.72371 11.35314 2.721693
A 218312 2993.463 196.7392 25.74113
i 48809999 212208.3 6156.162 449.2581
wh 13959548045 23124985 299005.4 12245.5
i 4.637651e+12 3540458803 20691289 476369.5
SD 32.638596 7.499375 2.966898 1.470943
CcvV 1.604925 1.744367 1.857705 1.969118
CS 4.168103 5.189165 5.762391 6.433476
CK 30.14692 53.11153 65.221 81.28218

3.4. Order statistics. Order statistics play an important role in probability and
statistics. In this subsection, we present the distribution of the ith order statistic
from the GUREW distribution. The PDF' of the ith order statistic from the
GUREW PDF, faurew (), is given by

fin(z) = (11)7'1('111)' feurew (2) [FeurEw (2)]

n—1i

1 - Fovrew(z)]

n—i

n! n—1 m m—+i—1
= mfGUREW(x) Z( m )(—1) [Faurew (@)™

—1
m=0

Using the binomial expansion

[1— Fevrew(2)]" ™" = z_: <nm Z) (=)™ [Fevrew ()™,
m=0
we have
fim(z) = m rnZ:O (n; Z> ()™ [Faurew (@)™ fovrew(2)

3.5. Characterization Results. This section is devoted to the characterizations
of the GUREW distribution in different directions: (¢) based on the ratio of two
truncated moments; (i7) in terms of the reverse hazard function and (iié) based
on the conditional expectation of certain function of the random variable. Note
that (i) can be employed also when the cdf does not have a closed form. We
would also like to mention that due to the nature of GUREW distribution, our
characterizations may be the only possible ones. We present our characterizations
(i) — (i43) in three subsections.
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3.5.1. Characterizations based on two truncated moments. This subsection deals
with the characterizations of GU REW distribution based on the ratio of two trun-
cated moments. Our first characterization employs a theorem due to Glénzel (1987),
see Theorem 1 of Appendix A . The result, however, holds also when the interval
H is not closed, since the condition of the Theorem is on the interior of H.
Proposition 3.5.1. Let X : Q — (0,00) be a continuous random variable

7e’awﬁ axf ,
and let ¢ (z) = x_ﬁe)‘(l (1+ )) and ¢ () = q1 () e=**” for z > 0. The

random variable X has PDF (6) if and only if the function ¢ defined in Theorem

1 is of the form

1
¢(x) = ie*‘”ﬁ, x> 0.

Proof. Suppose the random variable X has PDF (6), then

aA 8

(1-F(x)) Elq (X) |X2117]=m67%, x>0,
and
a\ B
1-F@)ElgpX) | X>2]= ———~——e 2o
(1= F @) Elg (X) | X 2 )= 502, >0
Further,

§()q1(x) —q2(x) = —qléx)e*‘”ﬁ <0, for z>0.

Conversely, if € is of the above form, then

s (z) = ¢ (x) qu (x) _ aﬁxﬁ—17 x>0,
(@) (2) — g2 (@)
and consequently
s(z)=az’, >0
Now, according to Theorem 1, X has density (6).
Corollary 3.5.1. Let X : Q2 — (0,00) be a continuous random variable and
let ¢; (x) be as in Proposition A.1. The random variable X has PDF (6) if and
only if there exist functions g and £ defined in Theorem 1 satisfying the following
differential equation

¢ (x) qr (x)
§(z)q1(z) — g2 (z)

Corollary 3.5.2. The general solution of the differential equation in Corollary
3.5.1is

=afz? 1, x>0

£(z) = e’ [ [asat e (@ @) e @)+ D).

where D is a constant. We like to point out that one set of functions satisfying the
above differential equation is given in Proposition 3.5.1 with D = 0. Clearly, there
are other triplets (q1, g2, &) which satisfy conditions of Theoreml.
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3.5.2. Characterization in terms of reverse hazard function. The reverse hazard
function, rp, of a twice differentiable distribution function, F' , is defined as

i
= Fay

In this subsection we present a characterization of GUREW distribution in terms
of the reverse hazard function.

x € support of F.

Proposition 3.5.2. Let X : Q — (0,00) be a continuous random variable.
The random variable X has PDF (6) if and only if its reverse hazard function
rr (x) satisfies the following differential equation

e (2) + afz’ " lrp (z) = o®BA (26 — 1) g2(B=1) g—oa”

Proof. If X has PDF (6) , the clearly the above differential equation holds.
Now, if this equation holds, the

% {eazﬁrp (x)} = azﬁ)\% {xzﬁ_l} , x>0,

from which we obtain the reverse hazard function corresponding to the PDF (6).

, x> 0.

3.5.3. Characterization based on the conditional expectation of certain function of
the random wvariable. In this subsection we employ a single function ¢ of X and
characterize the distribution of X in terms of the truncated moment of ¢ (X). The
following proposition has already appeared in Hamedani’s previous work (2013), so
we will just state it here which can be used to characterize GUREW distribution.

Proposition 3.5.3. Let X : Q — (e, f) be a continuous random variable with
cdf F . Let v (x) be a differentiable function on (e, f) with lim,_ ;- ¢ (z) = 1.
Then for § # 1,

EW(X) | X <az]=dp(x), wz¢€(ef)
implies that

b(z) = (F(@) ", wze(ef).

Remark 3.5.1. For (e, f) = (0,00), ¢ (z) = We
and § =

— (176—0.7:5 (1+azﬁ))

%4-1 , Proposition 3.5.3 provides a characterization of GUREW.

4. INFERENCE PROCEDURE

In this section, we consider estimation of the unknown parameters of the
GUREW (a, 8, A) distribution via maximum likelihood method and bootstrap es-
timation.
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4.1. Maximum likelihood estimation. Let z1,...,z, be a random sample from
the GUREW distribution and A = («, 8, \) be the vector of parameters. The log-

likelihood function is given by

A
L=1L(A) inoga—i—nlogﬂ—knlogi (26 —-1) Zlogxl

N ool (L+azf)
0Xat 2 (1- )

The elements of the score vector are glven by

9)

dL 2n 28 —aw

% = E—Z 1$ )\Ck E SL‘ e = ,
dL n n
% = %—1—2 E logz; — E xflogmi

=1
and
dL n ne=> - B ]
o _ - 1— 7azi(1+azi)): )
AN N 1—e ; ( ¢ 0
respectively.

The maximum likelihood estimate, A of A = (a, 8, ) is obtained by solving
the nonlinear equations % =0, Zé =0, Zi = (0 simultaneously. These equations
do not have closed forms so, the values of the parameters a,A and S must be
found using iterative methods. Therefore, the maximum likelihood estimate, A of

= («,3,\) can be determined using an iterative method such as the Newton-

Raphson procedure.

4.2. Bootstrap estimation. The parameters of the fitted distribution can be es-
timated by parametric (resampling from the fitted distribution) or non-parametric
(resampling with replacement from the original data set) bootstraps resampling (see
Efron and Tibshirani, 1994). These two parametric and nonparametric bootstrap
procedures are described as below.

Parametric bootstrap procedure:
(1) Estimate @ (vector of unknown parameters), say 6 , by using the MLE
procedure based on a random sample.
(2) Generate a bootstrap sample {X7,..., X} using 6 and obtain the boot-
strap estimate of 6, say 0 , from the bootstrap sample based on the M LE
procedure.
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(3) Repeat Step 2 NBOOT times.
(4) Order HA*l, cee GA*NBOOT as HA*(l), e GA*(NBOOT) . Then obtain vy-quantiles
and 100(1 — «)% confidence intervals for the parameters.
In the case of GUREW distribution, the parametric bootstrap estimators (PBs)
of a, f and A, are app, BPB and S\PB, respectively.

Nonparametric bootstrap procedure

(1) Generate a bootstrap sample {X7,..., X} } , with replacement from the
original data set. R

(2) Obtain the bootstrap estimate of § with MLE procedure, say 6%, by using
the bootstrap sample.

(3) Repeat Step 2 NBOOT times.

(4) Order 0*1,...,0" NBooT as 9/;‘(1), A &(NBOOT) . Then obtain ~y-quantiles
and 100(1 — a))% confidence intervals for the parameters.

In the case of GUREW distribution, the nonparametric bootstrap estimators
(NPBs) of a, § and A, are Gnpp, Sypp and Ay pp, respectively.

5. ALGORITHM AND A SIMULATION STUDY

In this section, we give an algorithm for generating the random data z1,...,x,
from the GUREW distribution and hence a simulation study is done to evaluate
the performance of the MLEs.

5.1. Algorithm. Here, we obtain an algorithm for generating the random data
Z1,...,T, from the GUREW distribution as follows.
The algorithm is based on generating random data from the inverse CDF of the
GUREW distribution.
e Generate U; ~ Uniform(0,1);i=1,...,n,
e set

(et (o a0

where W_; denote the negative branch of the Lambert function.

5.2. Monte Carlo simulation study. Here, we assess the performance of the
MLE’s of the parameters with respect to the sample size n for the GUREW dis-
tribution. The assessment of the performance is based on a simulation study via
Monte Carlo method. Let &, B and A be the MLEs of the parameters «, 3 and
A, respectively. We calculate the mean square error (MSE) and bias of the MLE’s
of the parameters «, § and A based on the simulation results of 2000 independent
replications. Results are summarized in Table 3 for different values of «, 5 and A.
From Table 3 the results verify that MSE of the MLE’s of the parameters decrease
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TABLE 3. MSEs and Average biases(values in parentheses) of the
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simulated estimates.

l

a=2

B8=0.5

A=0.5

n 30 | 0.5782 (0.1286) 3.7220 (0.0262)  0.0082 (0.0070)

50 | 0.5484 (0.1170) 3.7073 (-0.0058) 0.0057 (-0.0058)

100 | 0.4796 (0.1137) 3.4564 (-0.0365) 0.0040 (-0.0117)

200 | 0.3955 (0.0774)  3.1149 (0.0061)  0.0030 (-0.0134)
a=2 B=1 X=15

n 30 | 0.8754 (0.3646) 4.8570 (0.0593) 0.2866 (-0.5077)

50 | 0.8185 (0.3408)  4.3000 (0.0907) 0.2953 (-0.5256)

100 | 0.6055 (0.2053)  4.0039 (0.3363)  0.2927 (-0.5301)

200 | 0.4345 (0.1305)  3.1229 (0.4160)  0.2856 (-0.5276)
a=15 B=15 X=15

n 30 | 0.6282 (0.3410) 4.6770 (-0.5706) 0.0650 (-0.0135)

50 | 0.5480 (0.2777) 4.6123 (-0.3817) 0.0438 (-0.0450)

100 | 0.4122 (0.1702) 4.1145 (-0.1196) 0.0284 (-0.0428)

200 | 0.3085 (0.1111)  3.1749 (-0.0368) 0.0188 (-0.0417)
a=05 B=2 X=2

n 30 | 0.1439 (0.1702) 8.8891 (-0.6927) 0.1047 (-0.0097)

50 | 0.1472 (0.1552) 5.5487 (-0.5219) 0.0773 (-0.0453)

100 | 0.1072 (0.1136) 4.2505 (-0.2866) 0.0450 (-0.0544)

200 | 0.0815 (0.0845) 3.2902 (-0.1761)  0.0296 (-0.0529)
a=1 -1 X=1

n 30 | 0.2922 (0.1631) 4. 0435 (-0.2354)  0.0297 (-0.0041)

50 | 0.2635 (0.1397) 4.1884 (-0.1596) 0.0213 (-0.0189)

100 | 0.2186 (0.0984)  3.6548 (0.0001) 0.0140 (-0.0253)

200 | 0.1774 (0.0895) 3.1011 (-0.0176) 0.0100 (-0.0303)
a=05 B=15 X=15

n 30 | 0.1469 (0.1499) 4.5239 (-0.5508) 0.0641 (-0.0076)

50 | 0.1378 (0.1378) 4.3793 (-0.3924) 0.0444 (-0.0400)

100 | 0.1094 (0.0994) 3.8707 (-0.1563) 0.0289 (-0.0439)

200 | 0.0675 (0.0696) 2.8043 (-0.1028) 0.0172 (-0.0396)

with respect to sample size n for all the parameters.
are consistent estimators.

So, the MLEs of o, 8 and A
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6. PRACTICAL DATA APPLICATION

In this section, we present an application of the GUREW distribution to a
practical data set to illustrate its flexibility among a set of competitive models. In
order to achieve this goal, we consider a real data set corresponding to the remission
times (in months) of a random sample of 128 bladder cancer patients. These data
were previously studied by Lee and Wang (2003). This data set consists of the
following observations:

0.08 0.20 0.40 0.50 0.51 0.81 0.90 1.05 1.19 1.26 1.35 1.40 1.46 1.76 2.02 2.02 2.07 2.09
2.23 2.26 2.46 2.54 2.62 2.64 2.69 2.69 2.75 2.83 2.87 3.02 3.25 3.31 3.36 3.36 3.48 3.52 3.57
3.64 3.70 3.82 3.88 4.18 4.23 4.26 4.33 4.34 4.40 4.50 4.51 4.87 4.98 5.06 5.09 5.17 5.32 5.32
5.34 5.41 5.41 5.49 5.62 5.71 5.85 6.25 6.54 6.76 6.93 6.94 6.97 7.09 7.26 7.28 7.32 7.39
7.59 7.62 7.63 7.66 7.87 7.93 8.26 8.37 8.53 8.65 8.66 9.02 9.22 9.47 9.74 10.06 10.34 10.66
10.75 11.25 11.64 11.79 11.98 12.02 12.03 12.07 12.63 13.11 13.29 13.80 14.24 14.76 14.77
14.83 15.96 16.62 17.12 17.14 17.36 18.10 19.13 20.28 21.73 22.69 23.63 25.74 25.82 26.31
32.15 34.26 36.66 43.01 46.12 79.05

Graphical measure: The total time test (TT'T) plot due to Aarset (1987) is
an important graphical approach to verify whether the data can be applied to a
specific distribution or not. According to Aarset (1987), the empirical version of
the TTT plot is given by plotting T'(r/n) = [>i_; Yim + (0 — 7)Yrn]/ Doty Yirn
against r/n, where r = 1,...,n and y;.,(i = 1,...,n) are the order statistics of the
sample. Aarset (1987) showed that the hazard function is constant if the TTT plot
is graphically presented as a straight diagonal, the hazard function is increasing
(or decreasing) if the T'TT plot is concave (or convex). The hazard function is
U-shaped if the TTT plot is convex and then concave, if not, the hazard function
is unimodal. The TTT plots for data set is presented in Fig 3. These plots indicate
that the empirical hazard rate functions of the data set is upside-down bathtub
shapes. Therefore, the GUREW distribution is appropriate to fit this data set.

6.1. Bootstrap inference for GUREW parameters. In this section, we obtain
point and 95% confidence interval (CI) estimation of the GUREW parameters by
parametric and non-parametric bootstrap methods. We provide results of bootstrap
estimation in Table 4 for the complete data set. It is interesting to observe the joint
distribution of the bootstrapped values in a scatter plot in order to understand the
potential structural correlation between the parameters. The corresponding plots
of the bootstrap estimation are shown in Fig 4.

6.2. MLE inference and comparison with other models. Now, we fit the
GU REW distribution to a data set and compare it with Lidley, Generalized Lindley
(GL), Gamma Lindley (GaL), Power Lindley (PL), Exponential Lindley (FL),
gamma, generalized exponential, exponential and Weibull distributions. Table 5
shows the M LEs of the parameters, log-likelihood, Akaike information criterion
(AIC), Cramrvon Mises(WW*), AndersonDarling (A*) and p — value(P) statistics
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FIGURE 3. Scaled-T'T'T plot of the data set.

TABLE 4. Bootstrap point and interval estimation of the parame-
ters «, B and A.

parametric bootstrap non-parametric bootstrap
point estimation CI point estimation CI
o 0.183 (0.055,0.336) 0.172 (0.052,0.313)
B 0.770 (0.602,0.913) 0.765 (0.578,0.906)
A 3.703 (0.775,46.763) 3.898 (1.100,66.902)

for the data set. The GUREW distribution provides the best fit for the data
set as it shows the lowest AIC, A* and W* than other considered models. The
relative histograms, fitted GUREW , Lindley, GL, GaL,EXP, PL, EL, gamma,
generalized exponential and Weibull PDF's for data are plotted in Fig 5. The plots
of the empirical and fitted survival functions, P — P plots and @ — @ plots for the
GUREW and other fitted distributions are displayed in Fig 5 and Fig 6 respectively.
These plots also support the results in Table 5. We compare the GUREW model
with a set of competitive models, namely:

(i) Lindley distribution (Lindley, 1958). The one-parameter Lindley density func-
tion is given by

52
f@:6) = 751 +2) e 77 x>0,

where g > 0.
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FIGURE 4. Parametric (left) and non-parametric (right) bootstrapped
values of parameters of the GUREW distribution for the real data.

(ii) Generalized Lindley distribution (GL) (Zakerzadeh and Dolati, 2009) . The
three-parameter GL density function is given by
9a+1

f(:c,@,a,ﬁ) - (9 +ﬁ)r(0& + 1)
where 6 > 0, > 0 and § > 0.
(iii) Exponentiated Lindley distribution (EL) (Nadarajah et al., 2011). The two-
parameter F'L density function is given by

f(z;0 a)—a—m(l—i-:c)e_aw 1—(14 b e a_l' x>0
1Y - (1+9) 1+0 b b
where 6 > 0 and o > 0.
(iv) Power Lindley distribution (PL) (Ghitany et al., 2013). The two-parameter

PL density function is given by

(a4 Bx)e ™ >0,

2

f(z;0,a) = Qa—f . (14 2%z te %" >0

where o > 0 and 6 > 0.
(v) Gamma Lindley distribution (GalL) (Zeghdoudi and Nedjar. 2015). The two-
parameter GalL density function is given by

2

- _ —bz.
a(l_’_a)[(a—i—aﬁ Oz +1)e™"*; x>0,

f(z;0,a) =

where 6 > 0 and « > 0.
(vi) The two-parameter Weibull distribution is given by

fla;o, ) = % (E)a_l 6_(%)a; z>0

B
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where a > 0 and 8 > 0.
(vii) The two-parameter Gamma distribution is given by

flz;,0) = m%(a)xa_l @0 x>0

where a > 0 and 6 > 0 and I'(o) = [ t*" e~ 'dt.
(viii) The one parameter Exponential distribution is given by

flz;)) =Xe ™

where A > 0.
(ix) The two-parameter generalized exponential (GFE) distribution is given by

flza,\) =ade (1 —e )L >0

where o > 0 and A > 0.

Histogram and theoretical densities Empirical and theoretical CDFs

1.0
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— - GaL
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— GE
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06
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FIGURE 5. Estimated densities and Empirical and Estimated cdf for
the data set.

7. CONCLUSION

In this article, a new model for the lifetime distributions is introduced and its
main properties are discussed. A special submodel of this family is taken up by con-
sidering exponential distributions in place of the parent distribution F' and Weibull
distribution in place of the parent distribution G. We show that the proposed
distribution has variability of hazard rate shapes such as increasing, decreasing
and upside-down bathtub shapes. From a practical point of view, we show that
the proposed distribution is more flexible than some commonly known statistical
distributions for a given data set.
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FIGURE 6. Q-Q and P-P plots for the data set.
TABLE 5. Parameter estimates (standard errors), log-likelihood
values and goodness of fit measures
Model MLEs of parameters (s.c) Log-likelihood AIC BIC A* W* K.S P
GUREW & = 0.17(0.06) —409.78 825.56 834.12 0.13 0.0l 0.03 0.99
B =0.77(0.08)
X = 3.94(3.02)
Lindley B = 0.19(0.01) —419.52 841.05 843.91 2.78 0.51 0.11 0.06
GL 6 = 1.25e — 01 (1.72e — 02) —413.36 832.73 841.29 0.77 0.13  0.07 0.49
& = 1.71e — 01 (1.30e — 01)
B = 3.03e — 05 (8.38¢ + 03)
PL 6 = 0.29(0.03) —413.35 830.70 836.41 0.78 0.12 0.06 0.59
& = 0.83(0.04)
EL 6 = 0.16 (0.01) —416.28 836.57 842.27 1.32 0.24 0.09 0.21
& = 0.73(0.09)
GalL 6 = 0.10 (0.02) —414.34 832.68 838.38 1.17 0.17 0.08 0.31
& = 0.09 (0.03) GE
GE & = 1.21(0.14) —413.07 830.15 835.85 0.71 0.12 0.07 0.51
X = 0.69 (0.09)
EXP X = 0.10(0.009) —414.34 830.68 833.53 1.17 0.17 0.08 0.31
Weibull & = 1.04 (0.06) —414.08 832.17 837.87 0.95 0.15 0.06 0.55
B = 9.56 (0.85)
Gamma & = 1.17(0.13) —413.36 830.73 836.43 0.77 0.13  0.07  0.49
6 =0.12(0.01)

Theorem 1.

Appendix A
Let (2,F,P) be a given probability space and let H = [a,b]

be an interval for some d < b (a = —o00, b =00 might as well be allowed) . Let
X : Q — H be a continuous random variable with the distribution function F' and
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let ¢1 and g2 be two real functions defined on H such that
Elp(X) | X22]=E[n (X) | X >2]{(z), zeH,
is defined with some real function 7. Assume that ¢1,¢2 € C' (H), £ € C? (H) and
F' is twice continuously differentiable and strictly monotone function on the set H.
Finally, assume that the equation £g; = g2 has no real solution in the interior of
H. Then F is uniquely determined by the functions ¢1, g2 and £ , particularly
P = [ o)t (- ) d
x) = exp (—s(u)) du ,
o 1€ aq(u) =gz (u)

where the function s is a solution of the differential equation s’ = &i 322 and C

is the normalization constant, such that f g dF =1.
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ABSTRACT. The metallic structure is a fascinating topic that continually gen-
erates new ideas. In this work, new metallic manifolds are constructed starting
from both almost contact metric manifolds and we obtain some important no-
tions like the metallic deformation. We give a concrete example to confirm
this construction.

1. INTRODUCTION

Manifolds equipped with certain differential-geometric structures possess rich
geometric structures and such manifolds and relations between them have been
studied widely in differential geometry. Indeed, almost complex manifolds, almost
contact manifolds and almost product manifolds and relations between such mani-
folds have been studied extensively by many authors.

The differential geometry of the Golden on Riemannian manifolds is a popu-
lar subject for mathematicians. In 2007, Hretcanu [I2] introduced the Golden
structure on manifolds and in [I4] the geometry of the golden structure on mani-
folds was studied. Now, Such manifolds have been studied by various authors (see
[8, B, 0T, 15 [16]). Later, the author in [3] gave a set of techniques to construct
many compatible well-known structures on a Riemannian manifold, starting from
a Golden Riemannian manifold. And also he established in [4] an interesting class
of almost Golden Riemannian manifolds such as the s-Golden manifolds.

As generalization of the Golden mean, the metallic means family appear in 1997
by Vera W. de Spinadel (see [10]) which contains the silver mean, the bronze mean,
the copper mean and the nickel mean, etc. The metallic mean family plays an
important role in establishing a relationship between mathematics and architecture.
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For example, silver and golden mean can be seen in the sacred art of India, Egypt,
China, Turkey and different ancient civilizations. Now, there are also several recent
works in this direction [I3] 14} [7] and others. Recently, a new type of structure on a
differentiable manifold is studied in [9] and the relation between metallic structure
and almost quadratic yp-structure is considered in [I7].

Here we show that there exists a correspondence between the metallic Riemann-
ian structures and the almost contact metric structures.
This text is organized in the following way:
Section 2 is devoted to the background of the structures which will be used in the
sequel.
In Section 3, starting from an almost contact metric structures we define metallic
Riemannian structures and we investigate conditions for those structures being in-
tegrable and parallel then we give an example to confirm these latter properties.
In Section 4, we give the notion of metallic transformation and we use it for some
questions of the characterization of certain geometric structures.
The Section 5 is devoted to give a generalization of the notion of metallic transfor-
mation which deduces the particular known cases.
In the last Section, we give an open question where we propose the first step to
study the reverse, i.e. the construction of an almost contact metric structure start-
ing from a metallic Riemannian structure.

2. REVIEW OF NEEDED NOTIONS

In this section, we give a brief information for metallic Riemannian manifolds and
almost contact metric manifolds. We note that throughout this paper all manifolds
and bundles, along with sections and connections, are assumed to be of class C'*°.

Let (M, g) be a Riemannian manifold. We present metallic Riemannian mani-
folds following [14]. A (p, ¢)-metallic structure on M is a polynomial structure of
second degree given by a (1, 1)-tensor field ® which satisfies

®* =pd +ql, (1)

where I is the identity transformation and p, ¢ are fixed integers such that z2 —
pxr — g = 0 has a positive irrational root o 4.
The number o, , is usually named a member of the metallic family. These

numbers, denoted by:
p+Vp*+4q
Ipa = " o (2)
are also called (p, ¢)-metallic numbers.
For example, we can talk about Golden structure if p = 1, ¢ = 1 when the

o = 12—‘/5 , or about the silver structure (p = 2,

01,1 is exactly the golden ratio
q =1, 021 = 1+ v/2), the bronze structure (p = 3, ¢ = 1, 03; = %) ,
the nickel structure (p =1, ¢ =3, 013 = HT\/E ) , the copper structure (p = 1,
g =2,012 =2). The above numbers are closely related with different mathematical
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domains as dynamical systems, quasicristales, theory of Cantorial fractal-like micro-
space-time.

For the Riemannian manifold (M, g) endowed with the (p, ¢)-metallic structure,
we say that the metric g is ®-compatible and that M is a Riemannian metallic
manifold [14], if

g((I)X’Y) :g(X’(I’Y)v (3)
for all X, Y vectors fiels on M. If we substitute ®X into X in 7 equation
may also written as

g(@X, DY) = g(P°X,Y) = g((p® + q)X,Y) = pg(®X,Y) + qg(X,Y).

Here, we can show that such a metric always exists on a manifold with a metallic
structure ®.

Proposition 1. If (M, ®) is a metallic manifold, then M admits a Riemannian

metric g such that
9(®X,Y) = g(X,®Y).

Proof. Let h be any Riemannian metric on M and define g by
9(X,)Y) = h(®X, QY) + ¢h(X,Y),
and check the details. O

Note from Proposition 3.2 of [14] that every almost product structure J induces
two metallic structures on M given as follows:

D12 = 5 (T + (205~ 1)) (4)

is an almost product structure on M.
Conversely, every metallic structure ® on M induces two almost product structures
on M given as follows:

Jip=dt——. (5)

For a metallic manifold (M, ®, g) and the associated almost product J, it is easy

to see that
g(JX’Y):g(X’JY)v (6)
for every tangent vector fields X on M.

In order that the Golden structure ® is integrable, it is necessary and sufficient
that it is possible to introduce a torsion-free affine connection V with respect to
which the structure tensor ® is covariantly constant. Also, we know that the
integrability of ® is equivalent to the vanishing of the Nijenhuis tensor Ng [I4],
where

No(X,Y) = ®?[X,Y] + [®X,dY] — B[®X,Y] — O[X, BY]. (7)
The link between the Nihenjuis tensors ® and J is given by
4
N;y=——+—N. (8)

_p2+4q D,
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which show that the metallic structure ® is integrable if and ony if the associated
almost product J is integrable.

An odd-dimensional Riemannian manifold (M?"*1, g) is said to be an almost
contact metric manifold if there exist on M a (1, 1) tensor field ¢, a vector field &
(called the structure vector field) and a 1-form n such that

nE) =1, o*(X) ==X +n(X)¢ and g(eX,oY)=g(X,Y)—n(X)nY), (9)

for any vectors fields X,Y on M. In particular, in an almost contact metric manifold
we also have

wE=0 and noyp=0. (10)
Such a manifold is said to be a contact metric manifold if
dn =, (11)

where Q(X,Y) = g(X, 9Y) is called the fundamental 2-form of M.

On the other hand, the almost contact metric structure of M is said to be normal
if

for any X and Y vectors fields on M, where [p, ¢| denotes the Nijenhuis torsion of
©, given by

[0, (X, Y) = @[ X, Y] + [pX, 0Y] — p[pX, Y] = ¢[X, pY].
An almost contact metric structure (¢,£,n,¢9) on M is said to be:

(a) : Sasaki & Q =dnand (¢,&,n) is normal,
(b) : Cosymplectic < dQ =dn =0 and (,&,n) is normal, (13)
(¢) : Kenmotsu < dn =0, dQ=2QAn and (p,&,n) is normal.

where d denotes the exterior derivative.
In [20], the author proves that (¢, &,n, g) is trans-Sasakian structure if and only
if (¢,£&,m, g) is normal and

dn = afl, dQd =261 N Q, (14)

where o = 5-0Q(£), 8 = 5-div€ and § is the codifferential of g.

A trans-Sasakian structure (¢,£,7,g) on M is said to be
(a): a— Sasaki if (=0,
(b): B — Kenmotsu if a=0, (15)
(¢) : Cosymplectic if a=p=0.
(see [6], [18] and [23]).
The relation between trans-Sasakian, a-Sasakian and, S-Kenmotsu structures
was discussed by Marrero [19].
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Proposition 2. (Marrero [19])
A trans-Sasakian manifold of dimension > 5 is either a-Sasakian, B-Kenmotsu or
cosymplectic.

Proposition 3. (Marrero [19], Proposition 4.2)

Let (M, @,£,m,9) be a 3-dimensional Sasakian manifold. If we take g = fg+ (1 —
f)n ® n where f > 0 a non-constant function on M then, , (M,p,£,1,9) is a
trans-Sasakian structure of type (%, %f(ln f))

3. INDUCED METALLIC STRUCTURES BY ALMOST CONTACT STRUCTURES

In this section, starting from an almost contact metric structure we define a
metallic Riemannian structure and we investigate conditions for those structures
being integrable and parallel.

Theorem 4. Every almost contact metric structure (p,&,m,9) on a (2n + 1)-
dimensional Riemannian manifold (M, g) induces only two metallic structures on
(M, g), given as follows:

Sy =0p gl + (p— 20,0 RE, Dy =0, 0+ (p—20, ,)n®@E, (16)

where § is the unique eigenvector of ®1 and ®3 associated with o, , = p —op 4 and
Op,q Tespectively.

Proof. We try to write the metallic structure ®; with ¢ € {1, 2} defined on a (2n+1)-
dimensional Riemannian manifold (M, g), using almost contact metric structure
(¢,€,m,9), in the form ® = a;I + b;n @ £, where a; and b; are non-zero constant.
Thus

0% = afl +bi(2a; + bi)n © &,
and using formula with ®1§ = o}, £ and ®2€ = 0, 4§, we obtain the formulas
. Moreover, we have

9(P; X, Y)=g(X,2,;Y) & g(pX,Y) = —g(X, ¢Y),

for every i € {1,2} and for every tangent vectors fields X and Y on M.
On the other hand, suppose that there exist another metallic structure on M induces
by the almost contact metric structure (p,&,n,g) denoted by ¥ and admits & as
the unique eigenvector associated with o, , ( resp. o3 ,) then, we have

U2 = pW + gl VE=0,48 (resp. WE =0} ). (17)
First, note that for all 4 € {1,2} we have
;0 = Ud;,

and using and we get

U2 — @7 =p(V - D), i=1,2
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which gives
\I/ =p— (I)l S {(I)l,q)g}.

Remark 5. Using the two formulas in (@ we note that
(I)l + @2 = pI

Proposition 6. If (M, ®,g) is a metallic Riemannian manifold, then (M, ®,G) is
also a metallic Riemannian manifold, where G is a Riemannian metric given by:

G(X,Y) = g(eX,9Y),
for all vectors fields X,Y on M.

Proof. Since the proof of the following proposition is obvious, we don’t give the
proof of it. ([l

Using formula , we get the following:

Proposition 7. Every almost contact metric manifold (M?"+1 ¢, €,n,g) induces
four almost product structures on (M, g), given as follows:

J=1-2n®E, Jo=T+2nR®E, (18)
J3=—-1+2n®¢, Jy=—-1-2nQ®¢.
We note that through out this paper, we shall be setting
®=0pgl+(p—20p4) N®E. (19)
Observe that,

*

2 _ * - _
Opq=DPOpq+q Opqt0,q,=D and Opq-Opq=—0q-

We know that the metallic structure ® is integrable (i.e. Ng =0 ) if and only
if the almost product J is integrable ( i.e. Ny =0) with

N;(X,Y)=[X, Y]+ [JX,JY] - J[X,JY] - JJX,Y].
So, for all X,Y vectors fields on M and using , we get

SVI(XY) = (@n(X,Y) +n(X)dn(e, Y) +0(V)dn(X, )6 (20)

witch give the following theorem:

Theorem 8. Let (M?"+1 ®, g) be a metallic Riemannian manifold induced by the
almost contact metric manifold (M*"1 p,&,n,g). Then ® is integrable if and only
if n is closed.
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Proof. Using the formula with supposing that dn = 0, we get Ny = 0.
For the inverse, suppose that Ny = 0. From we have

dn(X,Y) +n(X)dn(§,Y) +n(Y)dn(X,§) =0, (21)
taking Y = £ we obtain for all X vector field on M,
dn(X,§) =0, (22)
Applying in we get
dn(X,Y) =0,
for all X and Y vectors fields tangent to M. O

Remark 9. If (M,p,&,n,9) is an almost cosymplectic or an almost Kenmotsu
manifold then (M, ®,g) is an integrable metallic Riemannian manifold but for the
contact case it is never integrable.

Lemma 10. If (®,g) is a metallic Riemannian structure induced by an almost
contact metric structure (¢,&,m,9) on M then we have

P = Pp =0y, 4. (23)
Proof. Using formulas and , the proof is direct. O

Proposition 11. Let (M?"t1 &, g) be a metallic Riemannian manifold induced
by the almost contact metric manifold (M?"*t p,&,m,q9). If V is the Levi-Cevita
connection then for all X and Y wvectors fields tangent to M we have

(Vx®)Y = (p—207,4) (9(Vx & YV)E+n(Y)VxE). (24)
Proof. From
(Vx®)Y = VxPdY — dV Y,
and using formula , the proof is direct. (Il

On the other hand, we know that the integrability of ® is equivalent to the
existence of a torsion-free affine connection with respect to which the equation
V& = 0 holds. Now we shall introduce another possible sufficient condition of the
integrability of metallic structures on Riemannian manifolds.

Proposition 12. Let (M?"1 ®,g) be a metallic Riemannian manifold induced by
the almost contact metric manifold (M"Y, p,&,n,9). Then ® is integrable ( i.e.
V® =0 ) if and only if Vx& = 0 for all X vector field on M where ¥V is the the
Lewi-Cevita connection of g.

Proof. The necessity was observed above (see (24)). For the sufficiency, it suffices
to replace Y by & in . (Il

Remark 13. If (¢, &, n, g) is a cosymplectic structure then (®, g) is a parallel metal-
lic Riemannian structure.
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Example 14. For this example, we rely on our example in [I]. We denote the
Cartesian coordinates in a 3-dimensional Euclidean space E* by (x,vy,2) and define
a symmetric tensor field g by

p2 +72 0 -7
9= 0o p 0
—T 0 1

where p and T are functions on E3 such that p # 0 everywhere.
Further, we define an almost contact metric (p,&,n) on E3 by

0 -1 0 0
Y= 1 0 0 ) 5: 0 ) n:<_7—a0a1)‘
0 —7 0 1

Using the formula (@ we get

Opgq 0 0
¢ = 0 Op.g 0 ,
7(20p,4 — P) 0 L —o0pgq

where we can check that ®2 = p® + qI.
The fundamental 1-form n have the form,

n=dz — 1dz,
and hence
dn = 1odx ANdy + T3dx A dz.

With a straightforward computation, one can get

1 pps +TT3 1 —T2 1 —T3
Voz€ = o) T2 5 v8y£ == P3 i Vol = - 0
TPP3 + TT3 p —TTo p —TT3
where p; = % and 7; = 2=

On the other hand, according to the cases given in [1], the structure (v,€,1,9)
18 a:

(1) Cosymplectic when ps =713 =73=0,

(2) Kenmotsu when ps = p, 79 =0 and 73 = 0.

So,

(a) If Ta=73=0 (i.e. dn=20 ) then the metallic structure ® is integrable.
(b) If ps =712 =73 =0 (i. e. Vx& =0 ) then the metallic structure ® is
parallel.
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4. METALLIC TRANSFORMATION

Let (M?"*1 ®, g) be a metallic Riemannian manifold induced by the almost
contact metric manifold (M?"+1 ¢, €. n,g).
We mean a change of structures tensors of the form

. 1
p=0, £ = —-¢, =D 0pqg)n
pfo—p,q p,q

G(X,Y) =g(®X,®Y) =02 g+ p(p — 20,4 @ 1.

Proposition 15. If (¢,£,7, g) is an almost contact metric structure, then ($,€,7, )
is also an almost contact metric structure.

Proof. Obvious (using formulas (9))). O

We refer to this construction as metallic deformation.

Theorem 16. Let (M, ¢,£,n,g) be an almost contact metric manifold and (M, @, 1, J)
is an almost contact metric manifold obtained as above, then it is:

(a) a-Sasaki with o = 2=722 if and only if (M, p,&,n,9) is a Sasakian mani-
fold.

(b) B-Kenmotsu with 8 = pﬂim if and only if (M,p,&,1n,9) is a Kenmotsu
manifold.

(¢) Cosymplectic if and only if (M, ¢,£,m,9) is a cosymplectic manifold.

Proof. Let (M, p,£,m,g) be a trans-Sasakian manifold of type («, 3). The funda-
mental 1-form 7) and the 2-forme Q of the structure (¢,&,7,g) defined as above
have the forms, }
= (p—0pqn and Q= 0§7q97
where  is the 2-form of the almost contact metric structure (¢, £, 7, g) and hence
dij=(p—opq)dy  and  dQ =02 dQ, (25)
using the formulas we get

dn = maﬁ and o= —""F—
Tb,q D= 0Opgq
Knowing that the trans-Sasakian manifolds of type (1,0), (0,1) and (0, 0) are called
Sasakian, Kenmotsu and cosymplectic manifolds respectively then the proof is com-

pleted. O

7AQ. (26)

Remark 17. Note that the metallic transformation preserve the structure cosym-
plectic for all two positive integers p and q and the Kenmotsu structure only for
q = p+ 1 but the Sasakian structure is never preserved.

A straightforward computation yields the following proposition:
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Proposition 18. If (®, g) be a metallic Riemannian structure induced by the almost
contact metric structure (¢,§,m,9), then the structure (p,£,7,9) given by

~ -~ 1 B
o=, §=——§ n=p—0pqg)"n
(p—0pg)" ( pa)
J(X)Y)=g(®d"X,®"Y) = Uffqg + (012{; —(p-— ap,q)zn)n ® 7.

for any integer number n, is also an almost contact metric structure.

5. GENERALIZED D-HOMOTHETIC TRANSFORMATION

Let (M, ¢,&,m,g) be an almost contact metric manifold with dimM = 2n + 1.
The equation n = 0 defines a 2n-dimensional distribution D on M. By an 2n-
homothetic deformation or D-homothetic deformation [22] we mean a change of
structure tensors of the form

_ _ - 1 _
=, n = an, 5:557 g=ag+ala—1)n®n,

where a is a positive constant. If (M, p,&,n,g) is a contact metric structure with
contact form 7, then (M,p,£,7,9) is also a contact metric structure [22].

This idea works equally well for almost contact metric structures. The deforma-
tion

. ~ 1 N .
p=¢,  E=5& =hn, I(X,Y)=fPg+ (h* - fPnen,

is again an almost contact metric structure where f and h are two non-zero functions
on M.
From the theorem , we can deduce the following proposition:

Proposition 19. Let (M,p,&,n,9) be an almost contact metric manifold and
(M, p,£,1,4) is an almost contact metric manifold obtained as above, then it is:

(a) a-Sasaki with o = f—hg and h is constant if and only if (M,p,€,1,9) is a
Sasakian manifold.

(b) B-Kenmotsu with § = % with f is constant if and only if (M, p,&,n,q) is
a Kenmotsu manifold.

(c) Cosymplectic where f, h are constant if and only if (M, ¢, &, 1, g) is a cosym-
plectic manifold.

Special cases:

For h = £f, we get the conformal transformation [21].

For h = f? and f = constant, we get the deformation of Tanno [22].
For h = £1, we get the deformation of Marrero [19].

For f = 4+1 , we get the D-isometric [2].
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6. OPEN PROBLEM

Finally, we propose the first steps to construct an almost contact metric struc-
ture from a metallic Riemannian structure.
Let (M?"+1 ®,g) be a metallic Riemannian manifold and ¢ be the unique eigen-
vector of ® associated with oy . = p — 0,4 ( resp. 0, ,) which give ®¢ = o7 £ (
resp. & = 0, ,8) and let 7 be the g-dual of £ i.e. n(X) = g(X,§) for all vector
field X on M such that n(¢) = 1.

Proposition 20. The metallic structure ® admits the following expression:
P =0p4l +(p—20p4)n®E, (T65p~ =0, I+ (- 20;,q)77 ® f), (27)

Proof. We try to write the metallic structure ® in the form ® = al + by ® £, where
a,b € R*. Thus

®? = a’I +b(a + 0, IM®E,
on the other hand, we have

p®+ql = (ap+q)l +pbn®¢,
using formulas we obtain the formulas . (|

One can construct on M?2"*! an almost contact metric structure (p,&,m, g) start-
ing from a metallic Riemannian structure and study its nature taking into account
the two parameters p and q.
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ABSTRACT. In this paper, a new subclass of pseudo-type meromorphic bi-
univalent functions is defined on A = {z | : 2 € C'and 1 < |z| < oo}, we derive
estimates on the initial coefficient |bg|, |b1| and |b2|. Relevant connections of
the new results with various well-known results are indicated.

1. INTRODUCTION

Let A denote the class of functions f(z) of the form:
f(z) = z—&—Zanz" (1)
n=2

which are analytic in the open unit open disk U = {z : z € C, |z| < 1}. Also, let the
class of univalent and normalized analytic function in the unit disc U be denoted
by S with the normalization conditions

f0)=0=f(0) 1.

Furthermore, bi-univalency concept is extended to the class of meromorphic func-
tions defined on A = {z: z € C,1 < |2| < co}. For this aim, let ¥ denote the class
of meromorphic univalent functions g of the form

b

g2 =2+ 2 2)

n=0
defined on the domain A. It is well known that every function g € 3 has an inverse
g~ ! = h, defined by
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97 9(2) =2 (z€ D),
and
9 (g(w)) =w (M < |w| < oo, M >0),
where

_ >\ B, by bibg+ by b? + bib2 + 2bgby + b3
1 =h — — —b ,717 170 _1 0 ee e
g (w) = h(w) w+§ on — W—bo— 3 +

n=0

w w3

3)

A simple computation shows that

bi+ By By —biBy+by
w

w = g(h(w)) = (bo + Bo) +w+ w2

Bs — 1By +b,B2 —2b,By + b
T 3 151 1D 250 3+....

3
Comparing the initial coefficients inw(4), we find that
bop+ By =0 = By=—b
by +B1 =0 = By =-bh
By —b1By+by =0 = By = —(b2 + biby)

By — b1 By + b1 B —2byBy +b3 =0 = Bz = —(b3 + 2bgb1 + bybj + b?).

A function f € ¥ is said to be meromorphic bi-univalent if f~! € ¥. The family
of all meromorphic bi-univalent functions is denoted by ¥'. Estimates on the co-
efficient of meromorphic univalent functions were investigated by some researchers
recently; for example, Schiffer |11] obtained the estimate |ba| < % for meromorphic
univalent functions f € S with by = 0. Also, Duren [12] obtained the inequality
|bo| < -2 for f € S with by, = 0,1 < k < 2. Springer [8] used variational methods

n+1
to prove that proved that

1 1
[Bs| < 1and [Bs + 5 BY| < 5,
and conjectured that
(2n — 2)!
Bop 1| < —— =1,2,...).
B2 1|_n!(n—1)! (n )

Later on, Kubota [16] has proved that the Springer conjecture is true for n = 3;4;5.
Furthermore Schober [7] obtained sharp bounds for |Bg,_1| if 1 < n < 7. Recently.
Kapoor and Mishra [5] found the coefficient estimates for a class consisting of in-
verses of meromorphic starlike univalent functions of order « in U*.

Recently, some several researchers such as ( see [1], [2], [3], [4], 16], [9], [13] [14])
introduced new subclasses of meromorphically bi-univalent functions and obtained
estimates on the initial coefficients for functions belonging to these subclasses.
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In 2013, Babalola [10] defined a new subclass A-pseudo starlike function of order
0 < B < 1 satisfying the analytic condition

()" ,
51%{ ) }>ﬁ(>\21, el). (5)

In particular, Babalola [10] proved that all A-pseudo-starlike functions are Bazilevic
of type 1 — % and order 8 > and are univalent in open unit disk U.

Motivated by the earlier work of ( [9], [15]), in the present paper, we introduce
a new subclasses of the class ¥ and the estimates for the coefficients |bg|, |b1| and
|b2| are investigated. Some new consequences of the new results are also pointed
out.

2. COEFFICIENT BOUNDS FOR THE FUNCTION CLAss ¥} (A, p1)

We begin by introducing the function class 3, (A, 1) by means of the following
definition.
Definition 2.1. Let the functions h;p: A — C be analytic functions and
. hy ho hs - D1 D2 D3
h(Z)—1+7+Z*2+273+"', p(Z)—l-i—;‘FZ*Q“r;‘F'”,
such that
min{R(h(z)), R(p(z))} > 0,z € A.

A function g(z) € ¥’ given by (2) is said to be in the class ¥}, (A, p) if the following
conditions are satisfied:

g € Yand 1+% [(1—/\) (92@)“4_/\(2(9(2)”‘) —1} € h(A),

9(z)
0<A<1, u>1, z€e D), (6)
and
1 h(w)\" w(h(w)*
ez [aen (B2) (M) -rene)
0<A<1, u>1 wed), (7)

where g € ¥ and v € C'\ {0} and the function h is given by (3).

Remark 2.1. There are many choices of h and p which would provide interesting
subclasses of class ¥}, (A, ).

(1) If we take

1+;>”‘ 20 202

h(Z)=p(Z)=<11 =1+ —+ 5+, (0<a<l z€n)
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So it is easy to verify that the functions h(z) and p(z) satisfy the hypotheses
of Definition 2.1. If f € ¥/ (A, ). Then

(1 oo (2) 1 (55 ) <%

0<A<1,0<a<l, u>1, z€ ),

and

13 [0-0 (2) oo (55) )%

0<A<1,0<a<l, u>1, we),

where ¢g(z) € £’ and v € C'\ {0} and the function h is given by (3).
(2) If we take

1-28 _ _
h(z)=p(z)=1j_i :1+2(1Z ﬁ)+2(1z25), (0<B<1, z€ ).

So it is easy to verify that the functions h(z) and p(z) satisfy the hypotheses
of Definition 2.1. If f € X(A, p). Then

(o[- () (7))

0<A<1L,0<8<1, p>1, z€ D),
and

H I
(142 - (M) 4 g (@™ 1) S g
gl w h(w)
0<A<1L,0<08<], p>1, we),
where g € ¥’ and v € C'\ {0} and the function h is given by (3).

Theorem 2.1. Let g(z) be given by (2) be in the class X, (A, ). Then

IV[2(Jh1]2 + |p1]?) |’Y| |h2|+|P2|)
bol <m 8
ol m{\/ 2(p — A — )2 (e A) + 27| ()

and
| (ol + lpal)
bal < it e DI = A+ 2n)
I R PSR I ST S
(1= A = 2Ap))| 16(p — A — N)? ’
and

b| < ol {(u(u—1)(#—2)(1—A)—6A)72|p1|3
T 2= =3) 3[(k = A = A)?
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2p(p —1)(1 — X) + 8uA — 21+ 6A
2u(p—1DA =X) = (1 =N)p+5 +4 u
2p(p — 1)(1 = A) +2pX + 4X
201(i— 1)(1 = N) — (1= N+ 5+ D |p3|]
Proof. Let g € X! (A, ). Then, by Definition 2.1 of meromorphically bi-univalent
function class X/ (A, 1), the conditions (6) and (7) can be rewritten as follows:

1+% [(1—)\) (g(j)YH(Z(g((;W) —1] =h(z) (z€ln)  (11)

1+i[(1—A)<h(wm>”+ﬁ<W)—l}=p(w), wes) (12

respectively. Here, and in what follows,the functions h(z) € P and p(w) € P have
the following forms:

|hs]

(10)

and

b P2  P3 .
Mz)=1+"+ 5+ 35+ (z€2) (1)
and @ ¢ q3

upon substituting from (13) and (14) into (11) and (12), respectively, and equating
the coefficients, we get

wbo =hy (15)
v
% [yt — 1)(1 = A) + 20002 + 20 — A — 2\)ba] = ho (16)
%[u(u — 1) - 2)(1 - A) = NBE + %w S 1)(1 = ) + 2) + Aulbobs
+ %[u—/\—?),u)\]bg = h3 (17)
% [l — 1)(1 = ) + 2002 + 20\ — pu + 23)b ] = o (19)
and

%[M (= 1) (= 2)(1 = A6+ 6(u(a — 1)(1 = N)

- /J(]. - /\) + 3+ 3>\M)b0b1 + 6()\ —pu+ 3,[1)\)1)2] = Pp3. (20)

From (15) and (18), we find that
h1 = —q1 (21)

and
2(p — A — A)2bg =72 (R + p?) (22)
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that is,
2([Pa]? + [p1?)
o2 < PR 11 ?) ,
Adding (16) and (19), we get
[(u(pe = 1)1 = A) +20)] b5 = 7(h2 + p2) (24)
that is,

[u(p —1)(1 = A) + 2]
From (23) and (25) we get the desired estimate on the coefficient |bg| as asserted
in (8).

Next, in order to find the bound on |by|, by subtracting the equation (16) from
the equation (19), we get

2(p(p = 11 = A) +20)b1 = y(h2 — p2), (26)
that is,
[7I([P2] + [p2])
2 = D1 = A) + 23]
By squaring and adding (16) and (19), using (22) in the computation leads to

b1] <

(27)

b2 7 h3+p3  [u(p—1)(A —A) + 2X]%[h? + pP]? (25)
P -Aa—22w)2 2 16(p — A — A)? '
that is,
by < ol [hal? + [p2f? | [m(p = 1A = A) + 222[hF + pi]*
T (e = A =22 2 16(p — A — A)?
(29)

From (26) and (28) we get the desired estimate on the coefficient |b;| as asserted
in (9).
In order to find the estimate |bz|, consider the sum of (17) and (20), we have
(s + ps3)
2u(p — 1)1 = A) — (1= N)p+ 5+ 4
Subtracting (20) from (17) with hy = —p1, we obtain

2(p — X = 3\u)by py WA= 3Abob [ = D =21 = A) — GAJBG

boby =

(30)

= ha—
gl 5 5
(31)
Using (21) and (30) in (31) give to
b v (u(p — 1)(p—2)(1 = X) — 6))72p3
’ 2 — A —3\) 30— A= A)?

2p(p—1)(1 — X) 4+ 8 — 20+ 6A
2 — 1)1 = A) — (1= A+ D5A+ 4 °
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B 2u(p—1)(1 = X) +2puX + 4 }
2(p — D)L = A) — (L — N+ 51+ apl?
This evidently completes the proof of Theorem 2.1. O

If we take A = 1 in Theorem 2.1, we get the following Corollary.
Corollary 2.2. Let g(z) be given by (1.2) be in the class X 5(c). Then

2(1hy |2 2 h
Ibo| < min \/|7| (|h1|? + |p1] )’\/|W|(| 2| + |p2) , (32)
2 2
) he] + p2l) I \/|h22+lp2|2 ([h|* + [p1]*)?
byl < . (33
|1|_mm{ 1 Tt > + 1 (33)
and | | ( ) (
byl < — L% |2 h . 34
il < gt ¢ |2 S o+ 2 Dl
If we take
1+ 1\* 200 202
= = z — R - e <
h(z) = p(z) <1—i) I+ —+ 5+, 0<a<l, zen),
and
14 =28 2(1 — 201 —
h(z) =p(z) = 1_; =1+ (Zu)-I- (zQM),(O<u§1,zeA),

respectively, in the Theorem 2.1, we obtain the following results which is an im-
provement of estimates obtained by Srivastava et. at [9].

Corollary 2.3. Let g(z) be given by (2) be in the class X} 5(c). Then

lbo| < 2a (35)
and
2+/5a2
b| < . 36
] < 222 (36)
Corollary 2.4. Let g(z) be given by (2) be in the class ¥\ 5(ut). Then
[bol < 2(1 — p) (37)
and
2(1 — p)\/4p? —8u+5
bi| < . 38
] < S (38)

Remark 2.2. For function g € ¥} (A, p) given by (2) by taking p(z) = h(z) =
%igi — 1< B < A <1), we obtain the initial coefficient estimates |bo|, |b1], and
|b2| which leads to the results discussed in Theorem 2.2 of [15].
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ABSTRACT. The purpose of this paper is to initiate the concept of Intuitionistic
Fuzzy(IF) soft boundary. We discuss and explore the characterizations and
properties of IF soft boundary in general as well as in terms of IF soft interior
and IF soft closure. Examples and counter examples are also presented to
validate the discussed results.

1. INTRODUCTION

The notion of fuzzy sets was introduced by Zadeh [23]. After that several re-
searches were conducted on the generalizations of the notion of fuzzy set. As a
generalization of the notion of fuzzy set, intuitionistic fuzzy set (IFS) and intu-
itionistic L-fuzzy sets (ILF'S) were initiated and explored by Atanassov [1-3] and
[5].

In our daily life situations, we usually face complicated problems in different
fields like economics, engineering, medical sciences, social sciences, etc. involving
imprecise and uncertain data in nature. Uncertainties cannot be handled using tra-
ditional mathematical tools but may be dealt with using a wide range of existing
theories such as the probability theory, the theory of (intuitionistic) fuzzy sets, the
theory of vague sets, the theory of interval mathematics, and the theory of rough
sets. However, all of these have their advantages as well as inherent limitations in
dealing with uncertainties. One major problem shared by those theories is their
incompatibility with the parameterization tools. To overcome these difficulties,
Molodtsov [19] introduced the concept of soft set as a new mathematical tool for
dealing with uncertainties that is free from the difficulties that have troubled the
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usual theoretical approaches. Molodtsov pointed out several directions for the ap-
plications of soft sets. This theory has proven useful in many different fields such
as decision making [6][20], data analysis [4][24], forecasting [21] and so on. The
topological structures of soft sets are studied and discussed in [7-13].

Maji et al. introduced the concept of intuitionistic fuzzy soft sets[16-18], which
is a generalization of fuzzy soft sets[15] and standard soft sets. It is to be noted that
the parameters may not always be crisp, rather they may be intuitionistic fuzzy in
nature. The problems of object recognition have received paramount importance
in recent years. The recognition problem may be viewed as multiobserver decision
making problem, where the final identification of the object is based on the set of
inputs from different observers who provide the overall object characterization in
terms of diverse set of parameters. Different algebraic structures of IF soft sets are
studied and explored in [22]. D. Coker [5] introduced and studied the concept of IF
topological spaces. Z. Li et.al [14] initiated IF topological structures of IF soft sets.
They explored the notions of IF soft open(closed) sets, IF soft interior(closure) and
IF soft base in IF soft topological spaces.

In this paper, we initiate the concept of IF soft boundary. We discuss and
explore the characterizations and properties of IF soft boundary in general as well
as in terms of IF soft interior and IF soft closure. Examples and counter examples
are also presented to validate the discussed results.

2. PRELIMINARIES

First we recall some definitions and results which will use in the sequel.

Definition 1. [23] A fuzzy set f on X is a mapping f : X — I =[0,1]. The value
f(x) represents the degree of membership of x € X in the fuzzy set f, for z € X.

Definition 2. [19] Let X be an initial universe and E be a set of parameters. Let
P(X) denotes the power set of X and A be a non-empty subset of E. A pair (F, A)
is called a soft set over X, where F is a mapping given by F : A — P(X). In other
words, a soft set over X is a parameterized family of subsets of the universe X.
Fore e A, F(e) may be considered as the set of e-approximate elements of the soft

set (F,A).

Definition 3. [15] Let IX denotes the set of all fuzzy sets on X and A C X. A
pair (f, A) is called a fuzzy soft set over X, where f : X — IX is a function. That
is, for each a € A, f(a) = fo : X — 1 is a fuzzy set on X .

Definition 4. [2] An intuitionistic fuzzy set A over the universe X is defined as:
A={(z,pa(z),valz));z e X},
where py + X — [0,1], va : X — [0,1] with the property that 0 < p,(x) +
va(z) <1, for all x € X. The values py(z) and va(zx) represent the degree of
membership and nonmembership of x to A respectively .
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Definition 5. [2] Let A = {(x, p4(x),va(z));z € X} and

B = {(z,pg(z),vp(x));z € X} are intuitionistic fuzzy set over the universe X.
Then

(1) A = {(z,va(@), pa(@)); x € X}.

(2) AC B if and only if ps(z) < pg(x) and va(z) > vp(zx), for all x € X.

(8)A = B if and only if AC B and B C A.

(4) AN B = {(z, min{jur (@), (@)}, maz{v (@), v (@)} : = € X}.

(5) AU B = {(z, maz{pia (@), pp(2)} min{va(z) vp(a)} : o € X}.

Definition 6. [2] An intuitionistic fuzzy set A over the universe X is said to be
intuitionistic fuzzy null set denoted as 0, and is defined as: A= {(x,0,1):z € X}.

Definition 7. [2] An intuitionistic fuzzy set A over the universe X is said to be
intuitionistic fuzzy absolute set denoted as 1, and is defined as: A = {(x,1,0): x €
X}.

Definition 8. [17] Let X be the initial universal set and E be the set of parameters.
Let IFX denotes the set of all intuitionistic fuzzy soft sets on X and A C X. A
pair (IF, A) is called a IF fuzzy soft set over X, where f : A — IFX is a function.
That is, for each a € A, f(a) = fo: A — IFX, is an intuitionistic fuzzy set on X
and is defined as: F(a) = {(z,py (), va(x));z € X}.

From now on, for our convenience, we will represent the intuitionistic fuzzy soft
set (IF, A) as IF soft set f4. Now we give the example of intuitionistic fuzzy soft
sets as:

Example 9. Let (IF, A) = fa describe the character of the employees with respect
to the given parameters, for finding the best employee of the financial year. Let the
set of employees under consideration be X = {x1,xo,23,24}. Let E = { regular
workload (r), conduct (c), field performances (g), sincerity(s), pleasing personal-
ity (p)} be the set of parameters framed to choose the best employee. Suppose the
administrator Mr. X has the parameter set A = {r,c,p} C E to choose the best
employee. Then fa be the IF soft set over X, defined as follows:

{(r)(ml)) = (0.8,0.1), f(r)(z2) = (0.7,0.5), f(r)(z3) = (0.9,0.1), f(r)(zs4) =
0.7,0.2

F(O)a1) = (0.6,0.2), f(e)(w2) = (0.7,0.1), f(e)(ws) = (0.5,0.3), F(c)(w1) = (0.3,0.6)
f(p)(x1) = (0.6,0.2), f(p)(z2) = (0.7,0.1), f(p)(xs) 5,0. =
(0.3,0.6)

That 1is, N

fa=UF,A={F(r) = {(21,0.8,0.1), (22,0.7,0.05), (3,0.9,0.1), (x4,0.7,0.2) },
F(c) = {(x1,0.6,0.2), (z2,0.7,0.1), (x3,0.5,0.3), (x4,0.3,0.6) },

F(p) = {(21,0.6,0.2), (x2,0.7,0.1), (x3,0.5,0.3), (z4,0.3,0.6) } }.

The tabular representation of IF soft sets f4 is:
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Tq T2 X3 T4
r| (0.8, 0.1) | (0.7, 0.5) | (0.9, 0.1) | (0.7, 0.2)
c| (0.6,0.2)| (0.7,0.1) | (0.5, 0.3) | (0.3, 0.6)
p| (0.6,0.2) | (0.7, 0.1) | (0.5, 0.3)]| (0.3, 0.6)

In short, we will represent fa as:
fA;{{x(O‘S,O.l)v Z(0.7,0.05)5 £(0.9,0.1) 17(0.770.2)}7 {93(0.6,0.2)7 L(0.7,0.1)5 £(0.5,0.3) 5 90(0.3,0.6)},
{$(0.6,0.2)7$(0.7,0.1)733(0.5,0.3),33(,0.370.6)}}-
Definition 10. [I7] Two IF soft sets fa and gg over a common universe X, we
say that f4 is a IF soft subset of gg, if
(1) AC B and
(2) for alla € A, fo < ga: implies fq is a IF subset of ga.

We denote it by faCga. fa is said to be a IF soft super set of gp, if g 1s a IF

soft subset of fa. We denote it by faDgp.
Note that two IF soft sets fa and gg over a common universe X are said to be IF
soft equal, if fa is a IF soft subset of gg and gg is a If soft subset of fa.

Definition 11. [I7] The union of two IF soft sets fa and gp over the common
universe X is the IF soft set heo, where C = AU B and for all c € C,

f(eo), ifce A— B
h(c) = g(c), ifce B—A
fleyug(e), ifce ANB

We write fAGgB = he.
Definition 12. [I7] The intersection he of two IF soft sets fa and gp over a
common universe X, denoted faNgg, is defined as C = AN B, and h(c) = f(c) N
g(c), for allc e C.

Definition 13. [I7] The relative complement of a IF soft set fa is the fuzzy soft
set fS, which is denoted by (fa)® and where f¢: A — IF(X) is a IF set-valued
function that is, for each x € A, f¢(A) is a IF set in X, whose membership function
fe(z) = (fa(x))®, for allx € A. Here f¢ is the membership function of f(a).

Definition 14. [14] Let 7 be the collection of IF soft sets over X, then T is said
to be a IF soft topology on X, if

(1) ‘EA , )?A belong to T.

(2) If (fa)i € 7, for all i € I, then U;jer(fa); € 7.

(3) For fa, gy € T implies that f,Ngy € T.

The triplet (X,7,A) is called an IF soft topological space over X. FEvery member

of T is called IF soft open set. A IF soft set is called IF soft closed if and only if
its complement is IF soft open.

Example 15. Let X = {z1,22}, A ={ey,e2} and 7 = {&,E,fA;gA»hAakA}’
where fa, ga, ha, ka are IF soft sets over X, defined as follows
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fler)(z1) = (0.2,0.8), f(e1)(z2) = (0.6,0.3),
fle2)(z1) = (0.2,0.5), f(ea)(z2) = (0.9,0.1),
g(e1)(z1) = (0.1,0.8), g(e1)(z2) = (0.6,0.1),
g(e2)(z1) = (0.2,0.8), g(e2)(z2) = (0.8,0.1),
h(e1)(x1) = (0.2,0.8), h(e1)(z2) = (0.6,0.1),
h(ez)(x1) = (0.2,0.5), h{ez)(x2) = (0.9,0.1),
k(el)(xl) = (01,08), k(el)(Ig) = (06,03),
k(e2)(z1) = (0.2,0.8), k(e2)(z2) = (0.8,0.1),
Then 7 = {®a, Xa, ({Z(0.2,0.8), £(0.6,0.3) }> 1£(0.2,0.5)> £(0.9,0.1) } )

({37(0.1,0.8)7 37(0.6,0.1)}7 {x(o,z,o.s), 33(0.8,0.1)})7 ({$(0.2,0.8)7 95(0.6,0.1)}, {x(o.z,o.s), 13(0.9,0.1)}),
({200.1,0.8)> Z(0.6,0.3) }» 12(0.2,0.8) Z(0.8,0.1) } ) } 8 an IF soft topology on X and hence
(X, 7,A) is an IF soft topological space over X .

Definition 16. [14] Let 7 be the collection of IF soft sets over X. Then

(1) 4, X 4 are IF soft closed sets over X.

(2) The intersection of any number of IF soft closed sets is an IF soft closed set
over X.

(8) The union of any two IF soft closed sets is an IF soft closed set over X.

Definition 17. [14] Let (X, 7, A) be an IF soft topological space over X and fa be
an IF soft set over X. Then IF soft interior of IF soft set fao over X is denoted by
int(fa) and is defined as the union of all IF soft open sets contained in fa. Thus
int(fa) is the largest IF soft open set contained in f4.

Definition 18. [14] Let (X, 7, A) be an IF soft topological space over X and fa
be an IF soft set over X. Then the IF soft closure of fa, denoted by cl(fa) is the
intersection of all IF soft closed super sets of fa. Clearly cl(fa) is the smallest IF
soft closed set over X which contains f4.

3. PROPERTIES OF INTUITIONISTIC FUzz SOFT BOUNDARY

Definition 19. [14] An IF soft set fa over X is said to be a null IF soft set and is

denoted by ¢ if and only if, for each e € A, fale) = 0, where 0 is the membership
function of null IF set over X, which takes value (0,1), for all x € X.

Definition 20. [I4] An IF soft set fa over X is said to be an absolute IF soft

set and is denoted by X if and only if, for each e € A, fa(e) = 1, where 1 is the
membership function of absolute IF set over X, which takes value (1,0), for all
zeX.

Now we define:

Definition 21. The difference hc of two IF soft sets fa and gp over X, denoted
by fa\ga, is defined as fa\gs=faN(9n)".
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Example 22. Let fo and ga be two IF fuzzy soft set defined as:

fAf ({7(0.2,0.8): Z(0.6,0.3) }> {Z(0.2,0.5), T(0.9,0.1) }) and
QA%({fU(o.l,o.s),$(0.6,o.1)},{55(0.2,0.8),35(0.8,041)})' Then

fa\gs=fal(gn)° N

%({$(042,0.8)7 5'3(046,0.3)}7 {1’(0.2,0.5)a 1'(0.9,0.1)})ﬂ({z(o.&o.n, 1’(0.1,0.6)}a {5'3(0.8,0.2)7 x(o.l,o.s)})
;({$(042,0.8)7 5'3(041,0.6)}7 {1’(0.2,0.5)a 1'(0.1,0.8)})-

Definition 23. Let (X, 7,A) be an IF soft topological space over X and fa be an

IF soft set over X. Theri the IF soft boundary of fa, denoted by bd(fa) and is
defined as, bd(f4)=cl(fa)0l((f)°).

Example 24. In the above Exampl@ the IF soft closed sets are

@xi{x(m T(0,1) b {3701)7 (0, }) ({ (1,0, T } {33(10), 10)})

({37(0.8,0.2)7 (0306)}a{$(0502 33(0109 })7 ({ (0.8,0. 1)73?(0 106)}a{ (0.8,0.2)5 £(0.1,0.8) })
({370802)7 (0106)} {$(0002 33(0109 })7 ({93 0801))37(0306)} {330802 T(0.1,0.8) })
Let us take an IF SOft set kA as: kA ({37 0603)7 (0.1 08)} {.13(0304) JT(O 1 09)})
Then Cl(kA)—({l‘(o.s,o.z),$(0.1,0.6)}7{37 (0.5,0.2)5 £(0.1,0.9) })- Also N
(Fa)=({2(0.3,0.6), %(0.8.0.1) }s {Z(0.4.0.3), Z(0.0,0)}) and cl((ka))=Pa. Thus,
bd(ka)=cl(ka) Necl((ka))=Pa.

Theorem 25. Let f4 be an IF soft set of an IF soft topological space over X. Then
the following hold:

(1) (bd(f))"Zint(f2)int(f5).
(2) cl(fa)Zint(fa)Obd(fa).

(3) bd(f2)=cl(fa)\int(fa).

(4) int(fa)=Fa\bd(f).

(5) bd(cl(fa))Cbd(fa).

(6) bd(f)Nint(fa) =P

(7) cl(int(fa))=Fa\bd(fa)-

Proof. (1).

int(f4)0int(f5)

((int(f4))°)* O((int(£5))°)°
[(int(fa))Mint(f5)]°
[el(f5)Nel(fa)]°
(bd(fa))e.

1RY

e
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I
.
3
=
=
cu
=
|
Q
o3

i”t(fA)de(fA)

[[RAERIREANIR:
Q,
=
N
. o~
3
Py
o

[IRXIRE:
Q

bd(fa) = cl(fa)iel(f5)

cl
cl(fa)N(int(fa))¢ (by Theorem 4.5(6)[14]).

A(fa)\int(fa)

[

IR%}

fatbd(fy)
fal(int(fa)0int(f4)) (by (1))
[fAﬁzntSJiv)]O[fAﬁznt(fﬁ)]
Znt(fA)LNJ(If)\,/q

int(fa).

aNbd(£1)

[ e

[

[

[

(el((f2)) = (el L) \imt(el(f)

cl(fa)\int(cl(fa))

cl(fa)\int(fa)

bd(fa).

(6) follows form (3) and (7) follows directly by the definition of an IF soft boundary.
(]

N e

Remark 26. By (3) of above Theorem it is clear that bd(fA)ibd(fj).

Theorem 27. Let fa be an IF soft set of an IF' soft topological space over X. Then:

(1) fa is an IF soft open set over X if and only if fAﬁbd(ff‘)gé:;.
(2) fa is an IF soft closed set over X if and only if bd(fa)Cfa.
(8) If ga be an IF soft closed(respt. open) set of an IF soft topological space with

faCyga, then bd(fa)Tga(respt. bd(f4)C(ga)C).

Proof. (1). Let fa be an IFjoft open set over X. Then int(fA)éfA implies
fafbd(f)Zmt(fa)bd( )0
Conversely, let fanbd(fa)=®4. Then faNcl(fa)Nel(f5)=®a or faNcl(f§)=P4 or
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cl(f4)Cf4, which implies f§ is an IF soft closed and hence f4 is an IF soft open
set.
(2). Let fa be an IF soft closed set over X. Then cl(fa)=fa. Now

bd(fa)=cl(£4)ACU(£3)Cel(fa)=fa. That is, bd(fa)C fa. N
Conversely, bd(fA)CfA Then bd(fA)ﬁfA—(I)A Since bd(fa)= bd(fj)iq;;l, we have
bd(fA)ﬂfAf(I)A. By (1), f§ is IF soft open and hence f4 is IF soft closed.

(3). fAEgA follows thatNCZ(fA)écl(gA). Si~nce ga is IF soft closed, then we get,

bd(fa)=cl(F2)Ncl((F4)9)Cel(ga)Ncl((£4)9)Cel(ga)=ga. Similarly for the other in-
clusion. O

The following example shows that (1) and (2) are not true, if f4 is not IF soft
open and IF soft closed respectively.

Example 28. In the above Example an IF soft closed sets are

a={201), 201} {Z0.1) T })s Xa=({z@.0), 2.0 b {210 20 })s

({33(0.8,0.2)» (0306)} {35(0502 95(0109 ), ({= 0801)7x(0106)} {95(0802)795(0108)})
({x(o.&oa)» (0106)} {x(0502 £(0.1,0.9) ), {= 0801)»33(0306)} {x(0802)7x(0108) )-
Let us take fa=({z(0.6,0.1):%0.1,07)} {m 7,0.3):2(0.1,0.9) }), which is not IF soft

(0
open and not IF soft closed. Then cl(fA)E({m 0.8,0.1)5 £(0.1,0.6) }» 1£(0.8,0. 2), T(0.1,0. 8)})-

Also (ff)cé({ﬂﬁ(oi,o.(s)y90(0~.7,0.1)},{37(0.3,0‘7»37(0.9,0‘1)}) and Cl((fA) )—XA- Thus,
bd(fA);Cl(fA) mfl/(ifA>C>;<{$(().8,(].1)ax((].l,(].(i)}7 {96(0.8,0.2)790(0.1,0.8)})- We observe

that, farbd(fa)2®4 and bd(f4)Z f4.

\w—’\w—’

The following example verify (3) of above Theorem

Example 29. In the above FExample, let us take an IF fuzzy soft closed set
gAé({x(O.S,O.l)v-75(0.3,0.6)}; {7(0.8,0.2), T(0.1,0.8)}) and any IF soft set

i({93(0 6,0.1)» T(0.1,0.7) }» 1(0.7,0.3), T(0.1,0.9) }) - Then faCga. Clearly,
bd(fA) ({95(0 8,0.1)» 95(0.1,0.6)}7 {3?(0.8,0.2),3?(0.1,0‘8)})§9A-

Theorem 30. Let fao and gg be an IF soft sets of an IF soft topological space over
X. Then the following hold:

(1) bd([£40g5]) S [bd( £AN(95))]0lbd(g5)Ncl(((£4)°))].
(2) bd([fafgs))C[bd(f2)Ael(g5)0lbd(gn)Ncl((f4))].
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Proof. (1).
bd((falgp)) =

falUgs )ﬂCl(((fAUgB) )
)NCl((£4095))
g5 )Alel((fa)*)el((95)°)]
))

I

o

Q,
o~

oM i

bd(fa)Nel((95)°))0(bd(gp)Nel(f5))
)

INa

faRg)Rel((faNg5)°)
)ﬂcl(gB)] [cl((fAUgB))]
(9)]

bd([fafigs]) = el
{(fa N
DNl (95) Al ((f4)7)0el((95)°)]
(9

(
[el(
[el(
[(cl(fa)nel(

(bd((f4))Nbd(

e e N

DO(el(f4)Fbd(gp))-

Ae <fA DA(e(95)9) Tel(g5)A((£4)9)Fel((g

))Acl((£4))0[(el((fa))Pel((g5)))Pel((g5
(93)

1041

))]

))]

O

Corollary 31. Let fa_and gp be IF soft sets of an IF soft topological space over

X. Then, bd((fag5))Cbd(£4) bd(gs).

Theorem 32. Let fa be an IF soft set of an IF soft topological space over X. Then

we have: bd((bd((bd(£)))))Zbd((bd(£4))).
Proof.

b((bd((bd(£4))))) = cl((b((bd(£4))))Ael(((ba((bd(£4))))*)
= (bd((bd(fa)))Nel(((bd((bd(fa))))*))

Now consider

(b((b(£))) = [el((be(£4))D((b ()]
= [bd(fa)Ael((bd(fa)) )]

Therefore
cl(((bd((bd(fa)))))) % ([Cl(((bd( )))C)G( (((bd(fA)) )¢ D
((

(
where gAgcl((cl(((bd(fA)))c))). From (1) and ( ), we have
b (b (b 4))))) = (b £4))) XA Zbel( (b ).

(1)

(2)
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Theorem 33. Let fa and g4 be a IF soft open sets of IF soft topological space
over X. Then the following hold:

(1) (fa\int(g.a))Cint(fa)\int(ga)-

(2) bd(int(f))Cbd(fa).
Proof. (1).

(1). (faVint(ga) = (Fafint((g4)?))

fa)fint((g.)°)
N(cl((ga)))¢ (by Theorem 4.5(5)[14])

int

[ e

—

NI
-

S

4~

(2)-

(2). bd(int(fa)) Cl(mt(fA))561(((1'%(]‘,4))0))

cl(int(fa))Nel((cl((f4)))) (by Theorem 4.5(5)[14])

cl(f)0el((£5))=bd(fa)-

INeINR e

O

Theorem 34. Let fa be an IF soft set of an IF soft topological space over X. Then
bd(fA)éfi):‘ if and only if fa is an IF soft closed set and an IF soft open set.

Proof. Suppose that bd(f4)=.
(i) First we prove that f4 is an IF soft closed set. Consider

ba(f4) 200 = el f)el((f5) =0
= cl(fA)g(cl((fj‘)))C;int(fA) (by Theorem 4.5(6)[14])

= c(fa)Cfa = cl(fa)=fa

This implies that f4 is an IF soft closed set.
(ii) Using (i), we now prove that f4 is an IF soft open set.

bd(fa) =@ = cl(fANCL((£5)) o faN(int(fa))*=@a = faCint(fa) = int(fa)=fa
This implies that f4 is an IF soft open set.
Conversely, suppose that f4 is an IF soft open and an IF soft closed set. Then

bd(fa) = c(fa)Nel((f5))
cl({A)ﬁ(iﬁ/t(fA))c (by Theorem 4.5(6)[14]
= fanf5=0a.

This completes the proof. [l

(1R3
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The following example shows that the condition that f4 is IF soft open and IF
soft closed is necessary in the above theorem.

Example 35. In the above Ezxample 28, let us take an IF soft set
Ja=({20.7,01): £(0.1,0.6) }> {2(0.6,0.5)> £(0.1,0.9) } ) -» which is not IF soft closed and IF
soft open. Calculations show that

bd(fA);Cl(fA) N Cl((fA)c)i({x(o.s,o.l), (0.1,0.6) b {x(o.s,o.z), x(o.l,o.s)});éi.

4. CONCLUSION

The importance of decision making problem in an imprecise environment is grow-
ing very significantly in recent years. The concept of intuitionistic fuzzy soft sets
in a decision making problem and the problem is solved with the help of ’simi-
larity measurement’ technique. In this paper, we initiated the concept of IF soft
boundary. We discussed and explored the characterizations and properties of IF
soft boundary in general as well as in terms of IF soft interior and IF soft closure.
Examples and counter examples are also presented to validate the discussed results.
In future studies, we will study the further topological structures in IF soft sets. We
will also explore applications of the topological structures of IF soft sets in medical
diagnosis system, and other decision making problems. We hope that the addition
of this concept and properties will be a good addition in the tool box of IF soft sets
and will be helpful for the researchers working in this field.

Acknowledgement. Author is thankful to the anonymous reviewers for their
beneficial comments towards the improvement of the paper.
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ABSTRACT. In this paper, we establish k-type helices for equiform differential
geometry of spacelike curves in 4-dimensional Minkowski space E‘ll. Also we
obtain (k, m)-type slant helices for equiform differential geometry of spacelike
curves in Minkowski space-time.

1. INTRODUCTION

Helices, which are an important subject of the theory of curves in differential
geometry, are studied by physicists, engineers and biologists. Helix (or general
helix) is described as an in 3-dimensional Euclidean space (or Minkowski) tangent
vector field forming a constant angle with a fixed direction of the curve. So, many
authors were interested in helices to study it in Euclidean (or Minkowski) 3- and
4-space and they gave new characterizations for an helix. In the 4-dimensional
Minkowski space k-type slant helices were defined in a study by Ali et al. [1].
In addition, M.Y. Yilmaz and M.Bektas in [6] defined (k, m)-type slant helices in
4-dimensional Euclidean space.

In our study, we establish k-type helices and (k, m)-type slant helices for equiform
differential geometry of spacelike curves in 4-dimensional Minkowski space E{ and
give some new characterizations for these helices.
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2. GEOMETRIC PRELIMINARIES

Let BE* = {(w1,22,23,24)|71, 72, 23,24 € R} be a 4-dimensional vector space.
For any two vectors & = (21, 2,73, 24), ¥ = (Y1, Y2, Y3, vy4) in B4, the pseudo scalar
product of x and y is defined by (z,y) = —z1y1 + Tay2 + Z3ys + Tays. We call
(E%,(.,.)) a Minkowski 4-space and denote it by Ef. We say that a vector z in
Ef\ {0} is a spacelike vector, a lightlike vector or a timelike vector if (z,z) is
positive, zero, negative respectively.

The norm of a vector = € Ef is defined by ||z|| = /|(z,z)|. For any two
vectors a,b in Ef, we say that a is pseudo-perpendicular to b if (a,b) = 0. Let
a: I C R — Ef be an arbitrary curve in Ef, we say that a curve « is a spacelike
curve if (a(t),a(t)) > 0 for any ¢ € I. The arclength of a spacelike curve v mea-
sured from «(tg) (tp € 1) is

t
s(t) = [ la(t)de. (1)
to
Hence a parameter s is determined such that ||o/(s)|| = 1, where &/(s) = da/ds.
Consequently, we say that a spacelike curve « is parameterized by arclength if
[/ (s)]] = 1. Throughout the rest of this paper s is assumed arclength parameter.
For any z,y, 2z € E{, we define a vector © x y X z by

—€1 (D) €3 €4

1 2 .3 .4
_ | *1r T T I3

TXYyXxXz = S R . B B (2)
2 2 2 2

1 .2 .3 .1
T3 T3 T3 L3

where x; = (x},27,23,2}). Let o : I — E{ be a spacelike curve in Ef. There-

fore we can construct a pseudo-orthogonal frame {t(s),n(s),b1(s),b2(s)}, which
satisfies the following Frenet-Serret type formula of Ef along «.

/

t 0 K1 0 0 t

n _ | mm 0 [oka 0 n 3)
b1 0 H3k2 0 Hak3 b1 ’
b2 0 0 /L5I£3 0 b2

where k1, k2 and k3 are respectively, first, second and third curvature of the space-
like curve o and we have
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ba(s) = t(s) X n(s) x by(s).

Denote by {t(s),n(s),b1(s),bz(s)} the moving Frenet frame along the spacelike
curve «, where s is a pseudo arclength parameter [1,2,3,5,7].

3. EQUIFORM DIFFERENTIAL GEOMETRY OF CURVES
3.1. Spacelike Curves:

Definition 3.1. Unless otherwise stated, we use the same terminology such as
[2,4]. Let a: I — E} be a spacelike curve. We define the equiform parameter

of «a(s) by
U:/%z/mds, (4)

1
where p = — s the radius of curvature of the curve a.
K1

It follows
ds
— =p. 5
=P ()
Let h be a homothety with the center in the origin and the coefficient A. If we put
o* = h(a) then it follows
s* = As, and p* = Ap, (6)
where s* is the arclength parameter of a* and p* the radius of curvature of a*.
Hence « is an equiform invariant parameter of a.
Notation 3.1. Let us note that k1, k2 and k3 are not invariants of the homothety
1 1 1
group, it follows k] = —kK1, kK5 = —Kg and K3 = Xlig. The vector

A A
_ da(s)

Vl - do ) (7)

is called a tangent vector of the curve « in the equiform geometry. From (5) and
(7), we get

da(s) da(s)

1= = =) (8)
Furthermore, we define the tri-normals by
VQ = pn, V3 = pbl7 V4 = pb2. (9)

It is easy to check that the tetrahedron {V1, Vo, V3, V4 } is an equiform invariant
tetrahedron of the curve . Now, we will find the derivatives of these vectors with
respect to o using by (5), (7) and (9) as follows:

d d .
Vi= (Vi) =p(pt) = pVi+ V2
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where the derivative with respect to the arclength s is denoted by a dot and respect
to o by a dash. Similarly, we obtain

d d . K2
Vi = %(VZ) = P@(Pn) =p1Vi+pVa+ pg (Iﬁ) Vs,
Vi = L vy = pL(pba) = g (2 ) Va4 5V + g (2 V
37 Uo B*Pdsplfl% P 2T PV3T Hy P 4,
V= L ovi) = 0L iobg) = g (%2 Vs 4 pV (10)
17 Iy 4—Pdsﬁ2—ﬂs P 3T PVa.
Definition 3.2. The functions K; : I — R (i = 1,2,3) defined by
Ki = p, K2=@7 Kszﬁ (11)
K1 K1

are called it equiform curvatures of the curve o.

These functions K; are differential invariant of the group of equiform transfor-
mations, too. Therefore, the formulas analogous to famous the Frenet formulas in
the equiform geometry of the Minkowski space Ef have the following form:

Vi =K;V; + Vg,

Vi =u; Vi + KV + 1, Ko Vs,

Vi = 3 KoVa + K1V + 1, K3V,

V, = 1sK5Vs + K, V. (12)

Notation 3.2. The equiform parameter o = [ k1(s)ds for closed curves is called
the total curvature, and it plays an important role in global differential geometry

K K
of the Euclidean space. Also, the functions 22 and -2 have been already known
K1 K1
as conical curvatures and they also have interesting geometric interpretation.
Because of the equiform Frenet formulas (12), the following equalities regarding

equiform curvatures can be given

1 .
Kl = 72<V;7Vj>’ (] = 1727374),

p
1 1
Ky = —(V), V3) = —(V}, V),
2 H2p2< 2 3> ‘u3p2< 3 2>
1 1
Ky — —— (V3 Vi) = ——(V/,, V). 13
3 H4/02< 3 4> M5p2< 4 3> ( )

Definition 3.3. Let o be a spacelike curve in E} with equiform Frenet frame
{V1, V2, V3, Vy}. If there exists a non-zero constant vector field U in E} such
that < V;,U >= constant for 1< i <4, then « is said to be a k—type slant helix
and U is called the slope axis of a.
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Theorem 3.1. Let o be a spacelike curve with Frenet formulas in equiform geom-
etry of the Minkowski space E}. Then, if the curve « is a 1-type heliz (or general
heliz), then we have
(Va,U) = —Kig, (14)
where ¢ is a constant.
Proof. Assume that a is a 1-type helix. Then for a constant field U such that
(V1,U) = ¢ is a constant. Differentiating this equation with respect to o, we get
<V11a U> =0,
and using equiform Frenet equations, we find
K1<V1,U> + <V2,U> == 0
and using (V1,U) = ¢,
K16+ <V2,U> =0. (15)
From (15), it is written as follows:
<V2, U> = —ch,
thus, the proof is completed. (I
Theorem 3.2. Let a be a spacelike curve with Frenet formulas in equiform geom-
etry of the Minkowski space Ef. Then, if the curve « is a 2-type helix, then we
have
11V, U) + Ko (Vs,U) = —Kicy (16)
where ¢1 1s a constant.

Proof. If the curve « is a 2-type helix. Therefore for a constant field U such that
(Va,U) = ¢ is a constant. Differentiating this equation with respect to o, we get
< /2, U> =0,

and using equiform Frenet equations, we have
11 {V1,U) + Ki(V2,U) + 11,Ko(V3,U) =0

and using (V2,U) = ¢1, we find

,u1<V1,U) + K +M2K2<V3,U> =0. (17)
From (17), we obtain

/1,1<V1, U> + /J,2K2<V3, U> =-Kjc.

The proof is completed. O
Theorem 3.3. Let a be a spacelike curve with Frenet formulas in equiform geom-
etry of the Minkowski space E}. In that case, if the curve o is a 3-type heliz, then
we have

ﬂSKQ <V27 U> + ,U'4K3 <V47 U> = _K1027 (18)
where co is a constant.
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Proof. If the curve « is a 3-type helix. Thus, for a constant field U such that
(V3,U) = ¢ (19)
is a constant. Differentiating this equation with respect to o, we get
(V3,U) =0
and using equiform Frenet equations, we have
13K (Va, U) + K1 (Vs, U) + 1, Ks(Va, U) = 0, (20)
and by setting (19) in (20), we can write
1Ko (Vo U) + Kieg + pyK3(Vy,U) =0, (21)
and from the last equation, we find
13K2(Va, U) + 1, K5(Va, U) = —Kica,

the proof is completed. a

Theorem 3.4. Let a be a spacelike curve with Frenet formulas in equiform geom-
etry of the Minkowski space Ef. Then, if the curve o is a 4-type heliz, in that case,
we have

K,

Vs, U) = —
(Va,U) = g

Cs, (22)

where c3 1s a constant.

Proof. If the curve « is a 4-type helix. Then for a constant field U such that
(V4,U) = cs, (23)

is a constant. By differentiating of this last equation with respect to o, we get
(Vi,U) =0,

and using equiform Frenet equations, we obtain

</1,5K3V3 + K1V4, U> =0. (24)
From (24), we get
ﬂ5K3<V3,U> +K1<V4,U> =0. (25)
Substituting (23) in (25), we obtain
K,y
\% =— .
< 35 U> K3,u5 €3

The proof is completed. O
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4. (k,m)-type slant helices in E}

In this section, we will define (k,m) type slant helices for spacelike curve with
equiform Frenet frame in E{ such as [6].

Definition 4.1. Let o be a spacelike curve in E} with equiform Frenet frame
{V1,V2, V3, Vyu}. We call « is a (k,m)- type slant heliz if there exists a non-
zero constant vector field U € Ef satisfies (Vi,U) = ¢1 (c1 is a constant) and
(Vin, U) = c2 (c2 is a constant) for 1 < k,m <4, k# m. The constant vector U
is on axis of a.

Theorem 4.1. If the curve « is a (1,2)-type slant heliz in E}, then we have

c1 + chg
(Vs,U) = - 212
12 Ko
and c
K, = — 2 s a constant.

C1

Proof. 1f the curve « is a (1,2)-type slant helix in E{, then for a constant field U.
We can write

<V1,U> = (1, (26)
and
(Vo,U) =c (27)
is a constant. Differentiating (26) and (27) with respect to o, we have that
(Vi,U)=0
and
(V3,U) = 0.
Using equiform Frenet equations, the following equations can be obtained:
K1<V17 U> + <V27 U> = 07 (28)
11 (V1,U) + Ki(V2,U) + 1,K2(V3,U) = 0. (29)
By setting (26) and (27) in (28), we find
K101 + co = 0, (30)
and substituting (26) and (27) in (28), we obtain
Hnic1 + Kico + ,LLQKQ <V3, U> =0. (31)
Finally, we have the following equations:
Kl = _6725
¢
HiC1 + chQ
V3, U) = ———.
Vs U) o Ko

The proof is completed. O
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Theorem 4.2. If the curve « is a (1,3)-type slant heliz in E}, then there exists a
constant such that

<V4, U> _ M3K2K101 — K163 )

1aKs

(32)
where ¢1 and c3 are constant.

Proof. If the curve « is a (1,3)-type slant helix in E{, then for a constant field U.
We can write

<V1, U> =C (33)
and
<V37 U> =C3 (34)
is a constant. Differentiating (33) and (34) with respect to o, we get
( llﬂ U) =0,
and
V4, U) =0,
Using equiform Frenet equations, we have
K, <V17 U> + <V27 U> =0, (35)
13K2(Va, U) + Ki(Vs, U) + 11, K3(V4,U) = 0. (36)
By setting (33) in (35), we obtain
Kici + (Vo,U) = 0. (37)
From (37), we find as follows:
(V2,U) = —Kia. (38)

Substituting (34) and (38) in (36), we find

_ M3K2K101 - Kic3
naKs

<V47 U>
The proof is completed. O

Theorem 4.3. If the curve « is a (1,4)-type slant heliv in E}, then there exists a
constant such that

<V27 U> =-Kic;

and
_ K104

15K

<V37 U> =
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Proof. If the curve « is a (1,4)-type slant helix in Ef, then for a constant field U.
We can write

<V1, U> =C (39)
and
(Vi,U) =4 (40)
is a constant. Differentiating (39) and (40) with respect to o, we get
<V117 U) =0,
and it follows
(Vi,U) =0.
Using equiform Frenet equations, we have
K, <‘717 U> + <V2, U> =0, (41)
and
[L5K3<V3,U> +K1<V4,U> = 0. (42)
By setting (39) in (41), we obtain as below:
Kici + <\/27 U> =0. (43)
Substituting (40) in (42), we can write
,U,5K3<V3, U> + Kicy = 0. (44)

From (43) and (44), we get
<V23 U> = 7K1017

and
_ K1 Cyq

K3
The proof is completed. O

<V37 U> =

Theorem 4.4. If the curve « is a (2,3)-type slant heliz in Ef, then there exist
constants such that
~ Kicp 4 p19Koces

V,U) =
V1, 0) H1

(45)
and
Ko + Kic

V4,U) =
(Va,U) 1 Ks

(46)

Proof. If the curve « is a (2,3)-type slant helix in E{, thus for a constant field U.
We can write as below:

<V2, U> = C2 (47)
is a constant and

<V3, U> = C3 (48)
is a constant. Differentiating (47) and (48) with respect to o, we get

< /27U>:07
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and
(V5,U) =0.
Using equiform Frenet formulas, we have the following equations:
u1<V1,U>+K1<V2,U>+M2K2<V3,U> =0, (49)
,U,3K2<V2,U>+K1<V3,U>+/L4K3<V4,U> =0. (50)

Substituting (47) and (48) in (49), we can write
_chg + IUJQKQCg
M1 ,
and by setting (47) and (48) in (50), we obtain
_ ﬂSKQCQ + chg
1y K3 .
The proof is completed. O

<V17 U> =

<V47 U> =

Theorem 4.5. If the curve « is a (2,4)-type slant heliz in E}, then there exists
constant such that
_ M2K2K1€4 — /LSKgchQ

s K3

<V1, U>

)

where co and ¢4 are constants.

Proof. If the curve « is a (2,4)-type slant helix in E{, then for a constant field U.
We can write the following equations:

(Vo,U) = ca, (51)
and

<V4, U> = C4 (52)
is a constant. By differentiating (51) and (52) with respect to o, we get the following
equations:

< l2’ U) =0
and
Using equiform Frenet equations, we have as below:
1“1<V1’ U> + Ky <V2a U> + M2K2 <V37 U> =0, (53)
/,L5K3<V3,U> —|—K1<V4,U> =0. (54)
Using (52), in the last equation, we get
K104
Vi3, U) =— . 55
(Vi) = -t (55)

Substituting (51) and (55) in (53), we obtain
_ 1 KoKie — ;KK
s K3

<V17 U>

)
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the proof is completed. ([l

Theorem 4.6. If the curve « is a (3,4)-type slant heliz in Ef, then we have

K (156 - )

Vo U
((Vo,U) K, v

(56)

and

C
K1 = 7M5K3f3.
cq

Proof. If the curve « is a (3,4)-type slant helix in E{, then for a constant field U.
We can write

(V3,U) =c3 (57)
is a constant and

(V4,U) = ¢4 (58)
is a constant. By differentiating (57) and (58) with respect to o, we get

(V3,U) =0
and it follows

(V,,U) =0.

Using equiform Frenet formulas, we get as follows:

M3K2 <V2a U> + K1 <V3a U> + M4K3 <V4a U> = 07 (59)

[L5K3<V3,U> +K1<V4,U> =0. (60)
By setting (57) and (58) in (60), we have the following equation:
c
K, = _N5K3737 (61)
cs

and substituting (57) and (58) in (59), we obtain

K103 ,U,4K3C4
Vo, U) = — - . 62
(Va,U) = = = S (62)

Using (61), in the last equation, we find

K (1565 — p1ac)
V,, U) = =3 s — Hach) 63
(V2,U) K, v (63)

The proof is completed. O



1056 F. BULUT, M. BEKTAS

1
2
3
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ABSTRACT. During the past two decades or so, fractional integral operators
have been one of the most important tools in the development of inequalities
theory. By this means, a lot generalized intergral inequalities involving various
the fractional integral operators have been presented in the literature. Very
recently, mixed conformable fractional integral operators has been introduced
by T. Abdeljawad and with the help of these operators some new integral
inequalities are obtained. The main aim of the paper is to establish some new
Chebyshev type fractional integral inequalities by using mixed conformable
fractional integral operators.

1. INTRODUCTION AND PRELIMINARIES
In the present paper, our work is based on a celebrated functional introduced by
Chebyshev [4], which is defined by

1
bh—

b b b
T(f9) = = | Fe@do— (= [ e ) (7= [ @) )

a

where f and g are two integrable functions which are synchronous on [a, ], i.e.

(f(x) = f(y) (9(x) —g(y)) = 0

for any x,y € [a,b], then the Chebyshev inequality is given by T'(f,g) < 0.
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The Chebyshev functional has many applications in numerical quadrature,
transform theory, probability, study of existence for solutions of differential equa-
tions, and in statistical problems. Moreover, under suitable assumptions (Cheby-
shev inequality, Griiss inequality, Minkowski inequality, Hermite-Hadamard in-
equality, Ostrowski inequality etc.), inequalities are playing a significant role in
the field of mathematical sciences, particularly, in the theory of approximations.

A remarkably large number inequalities of above type involving the special
fractional integral (such as the Riemann-Liouville, conformable, Erdélyi-Kober,
Katugampola, Hadamard and Weyl types) have been investigated by many re-
searchers and received considerable attention to it (see [8H10l/14}/16]).

Now, some fractional integral operators and Chebyshev type inequalities ob-
tained with the help of these operators will be given in the following order:

Definition 1. Let f € La,b]. The Riemann-Liouville integrals J&, f and J*_f of
order « € RT with a € Rar are defined, respectively, by

Tt @) = s | “@-0 fdt (o> a)

and

b
Jz?_f(w)=ﬁ / (t— o) f(t)dt (x <)

where I' is the familiar Gamma function (see, e.g., (19, Section 1.1]). It is noted
that J}, f(x) and J}_f(z) become the usual Riemann integrals.

Theorem 2. [7] Let p be a positive function on [0,00[ and let f and g be two
differentiable functions on [0,00[. If f' € L.([0,0[), ¢’ € Ls([0,00[), 71 +s71 =1,
then for allt >0, a > 0, we have

2|J%p(t)Jpfg(t) — Jpf(t) T pg(t)]
U et [ 6= 0= = ooty

£ Hrl\g st (T*p(1))*

Theorem 3. [7] Let p be a positive function on [0,00[ and let f and g be two
differentiable functions on [0,00[. If f' € L.([0,0[), ¢’ € Ls([0,00[), 71 +s71 =1,
then for allt >0, a, 8 > 0, we have

| Jp(t)JPpfg(t) + Jp(t)T pfg(t) — J*pf(t)] pg(t) — J°pf(t)J*py(t)|
WALIT e [ [ (¢~ =146 = 9= 7 = sptploirds

< 1F1lllg'lst T () p(t).

Definition 4. Let o > 0, p > —1, 8,1 € R; then, a generalized fractional integral
Ita’ﬁ’"’“ (in terms of the Gauss hypergeometric function) of order a for a real-valued

IN

IN

A
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continuous function f(t) is defined by [5] (see also [12])

LT =

N LLF 1- 1) f(r)d
O o (48 4 s w1~ T) S
o [ (o - st = T)
(2)
where the function o F1(—) appearing as a kernel for the operator is the Gaussian
hypergeometric function defined by

o

QFl(a’b;C;t):Z(a)(Z)(?nZ’

n=0

and (a),, is the Pochhammer symbol
(a)p=ala+1)...(a+n-1),, (a)o=1.

Theorem 5. [2] Let p be a positive function and let f and g be two synchronous
functions on [0,00). If f' € L.([0,00)), ¢’ € Ls([0,00)), =1 + s71 =1, then (for
alt>0,8<1, u>-1,a>max{0,-8—pu}, B—-1<n<0)

2|1 p(8) I p(8) f (£)g(8)} — I (6 f(#) 1 {p()g (1)}
£ 4“Hf’l\ ||g||s/ / a-1 a-1
< HE=7)" (= p)

_
X9 Fy (a+ﬂ+u,*n;a;1*;>2ﬂ (a+ﬂ+u,*n;a;1*

2
< 17yl (25 p)})

Theorem 6. [2] Let p be a positive function and let f and g be two synchronous
functions on [0,00). If f' € L.([0,00)), ¢ € Ls([0,00)), 7 > 11"t +s71 =1, then

IO T () F (g (0} + I () P (p(2) (1) g (1))
=IO () FO T ()9 (0} — T () F O (a2 g ()}

=A==t 1] |/ / /
< : Tt =) T (=)
L(a)I'(y) 0 Jo

.
X9 Fy (a + B4+ p -l — ;) o Fy (7 +o4+v, -yl — g) p(T)p(p)|T — pldrdp

,0,C,v a,B,m,
< 1FN g 1417 ()}, I (1)},

forallt > 07 a > IIla,X{O,*ﬂ*IU,},ﬁ < 17,“’ > 71;571 <77 < 077>
max{0,—d —v}, d<1l,v>-1,—-1<(<0.

Definition 7. [11] The Hadamard fractional integral of order o € RY of a function
f(@), for allt > 1, is defined as

w0 = s [ (eet)” 0%

2)p()p(p)lr = pldrdp
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Theorem 8. [13] Let p be a positive function and let f and g be two differentiable
functions on [1,00). If f' € L.([1,00)), ¢ € Ls([1,00)), 7 > 1, 771+ 571 =1, then
forallt > 1 and a > 0,

2[aJ{p)} m I ) f(B)g(t)} — aJ {p@)F )} T {p(t)g(t)}|

[T ngs// (1) 1<10 0 119(77)12(1))7_/)'6[7@
17191t Car T o0

Theorem 9. [13] Let p be a positive function and let f and g be two differentiable
functions on [1,00). If f' € L.([1,00)), ¢ € Ls([1,00)), r > 1, 771 +s71 =1, then

11 {p()} 1 {p(O)F ()9O} +r T {p(t)} 1T {p(t) f()g(t)}
—aJ* ) f(O} n I {p()g()} 1 S {p(O)F ()} 1T {p(t)g(D)}|

11l Hgl\e// (1 0! > <1g;> 1P<T};<P>|Tp|d7dp

||f o119 llst T {p(®)} 1T {p(t)},
forallt>1, a>0 and 8 > 0.

IN

IN

Definition 10. [12] Let o >0, 8 >0 and n € R, then the Erdélyi-Kober frac-

tional integral operators I " of order a for a real-valued continuous function f(t)
is defined as

" —B(nte) rt
LU0y = S [ = e
- ﬁtrB(Z; : / AU — 7)o f(r)dr

Theorem 11. [2] Suppose that p be a positive function, f and g be differentiable
functions on [0,00), f' € L.([0,00)), ¢ € Ls([0,00)) such that r=' + s~ =1 with
r>1. Then for allt >0, a>0,5>0,n€ R andn > —1:

2 |13 (ML {p() f(Og()} — TE (O FOME {p(g(0)}]
_ 26”+°‘||f|| ||g||s// et et
X9 Fy (a—|—ﬂ+,u,—n;a;1— %)2171 (oz—|—ﬂ+,u,—n;a;1—

< Nl st (73 0 0})

Theorem 12. (2] Suppose that p be a positive function, f and g be differentiable
functions on [0,00), f' € L.([0,00)), ¢’ € Ls([0,00)) such that v > 1 and r—' +

2) p(plo)lr = pldrdp
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571 =1. Then for all t > 0 the following inequality holds:
I {p(t) Mg {p(t) f(£)g(t) } + I {p(6) 2 {p(t) f(£)g(£)}
— 17 {p(t) f () M5 {p(t)g(8)} — I {p(t) ()} I3 {p(t)g ()}

Bt Plrte) =00 ]|, [|g'|ls [* tTﬂ(n+1)71p5(C+1)fl(tﬁ _ rByalg _ oy
B (a)I'(v) o Jo

xp(T)p(p)|T — pldrdp
< ||f’|Irllg’llstIZ"“{p(t)LI§’”{p(t)}7

where a, B,v,6 >0, n,{ € R andn > —1 and ¢ > —1.

A

Definition 13. [15] Let p > 0, ¢ > 0, w,d,\,0,¢,p € C, R(c) > 0, R(p) > 0
and R(o) > 0. Let f € L[a,b] and = € [a,b]. Then the fractional integral operator
(e“199° £) defined by Rahman et al. is as the following:

at,p,o
@taep@ = [ @07 Bl - i) f(r)dr
where

and By(x,y) is an extension of Beta function defined in [15]

1
Bp(%y):/ TN — )P e T Al @y,p > 0,
0

where R(p) > 0, R(z) > 0 and R(y) > 0. Also, here B is familiar Beta function as
follows:

[(a)L'(b) _ /1 " ta =0 tdt,  a,b>0.

Blab) =515 =,

Theorem 14. [17] Let t be a positive function on [0,00) and let f and g be two
differentiable functions on [0,00). If f' € L.([0,0)), ¢’ € Ls([0,00)), r~t +s7! =
1, then for all x > 0, o, 6 > 0, we have

2|(e5enotre) i) (005t) @ip) = (570 0tF ) (@) (5255 tg) (@sp)
< g | ) / (= @ = )" — plt(r)Ep)

X Bt (w(x —7)%p) Bgit s (w(z — p)*;p) drdp
< I e ((20558) @)
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Theorem 15. [17/ Let t be a positive function on [0,00) and let f and g be two
differentiable functions on [0,00). If f' € L.([0,0)), ¢’ € Ls([0,00)), r~ 1 +s71 =
1, then for all x > 0, o, B, A\, 0 > 0, we have

16,4, . ,6,q,T, . 16,4, . 16,4, .
(ervanet) sm) (Lot fo) (wm) + (estret) (wm) (5725540 g) (wsp)
16,9, 16,9, 16,9, . ,6,g,7,¢ .
~ (ctapetr) wp) (etg) sp) = (& Lomts ) (i) (72559 ) (2:)|
< PN [ [ @ e 0 = i)

g, d,q,r
XEg v (wlz — )% p) Egi g (w(z — p)*; p) drdp

,6,9,7, 16,4,7,
< PNl o (527055 0) (im) (e Farct) (im):

Definition 16. (1| Let f be defined on [a,b] and o € C, Re(a) > 0, p > 0. Then
(i) The mized left conformable fractional integral of f is defined by

01w = e [ T (P z)p)M(b —splds (3)

and
(i) The mized right conformable fractional integral of f is defined by

3 f(a >F(la)/:f(s)((sa)pp(x“)")M(sa)f”ds. ()

For recent results related to this operators, we refer the reader [1,/6[18].

2. MAIN RESULTS

We obtain in this section certain integral inequalities for the differentiable func-
tions involving the mixed conformable fractional integral operator.

Theorem 17. Let p be a positive function on [0,00[ and let f and g be two dif-
ferentiable functions on [0,00[. If f' € L.([0,00]), ¢’ € Ls([0,00]), r~ ! +s71 =1,
then for allt > 0, a, p > 0, we have

2| 5327 p(t) 63 pfg(t) — 637 Fo(t) 63 pg(1)]

< 1L, Hglls V/( —wﬂ—(b—t)fﬂ)“(b_x)p_l

P—(b—1t)r ol
5 ((b y) ; ”) (b—y) o — ylp(w)p(y)dxdy]

IN

1711119 15 (33%°p(2))” . (5)
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Proof. Let f and g be two functions satisfying the conditions of Theorem [I7] and
let p be a positive function on [0, ool.
Define
H(z,y) := (f(z) = f(y)(9(z) — 9(y))); =,y €(0,t),t>0. (6)
a—1
Multiplying (6] by ﬁ (W) (b — )P~ !p(z) and integrating the re-
sulting identity with respect to = from 0 to ¢, we can write

i t (b*l’)p — (bft)p a—1 . - i ) )
F(a)/o < P ) (0 — )" "p(z)H(z,y)d
= 03pfo(t) — F(y) 53 py(t) — 9y )b”o"ppf( B+ S (®)g(y) 63 p(t). (7)

Now, multiplying (7)) by ﬁ (W) - (b—y)?~p(y) and integrating the

resulting identity with respect to y from 0 to ¢, we can write

[ () o

8 ( . ; oot ) (b—y)" 'p(2)p(y)H (x, y)dx

= 2(q3*p(t) §3*Ppfg(t) — 3P pf(t) 63 py(1)) - (8)
On the other hand, we have

H(z,y) //f w)dudw. 9)

Using Holder inequality for double integral, we can write

"(u)|" dudw "(w)]* dudw

H(z,y)| < (10)
Since
Y Y / T T r—t Y / T a
[ r@rae) =iy | 170 (1)
and
vy, s L, s
[ Wwirdude] =y | [l 2
then, we can estimate H as follows:
|H(z,y)| < |z — "(u)["du "(w)]*du (13)

On the other hand, we have

e




1064 B. CELIK, E. SET

. ((b—y)ﬂ;w— ) (=) @) ()| H . )l dady
1
(a)
( (

18 /(f( =) e

t)
y)p _t)p> - b_y)P—l

Apwie | 17 @ . TR

Applying again Holder inequality to right-hand side of , we can write

g [ [ (422502 oy

x(( —y)’ (b t)) (b— )P~ p(@)p(y)| H (. )| dady

IN

X

dxdy.  (14)

: lr to‘ // < ) 71(b_x)p71 (15)
g <(b = (b i ) 1(b y)’ o — ylp(x ‘/ ! ()" du dxdy]r
X [rsia) /Ot/0t<(b_z) ; - ) C(b— )
g <(b—y)”;(b—t)ﬂ)“ -9 e - oo w)|dw dmdyr
Now, using the fact that
[irrad <igi | [ ] <. "

we obtain

a—1

(o)

(b—y)”— (- t>p) (b= )" pla)p(y) | H (z, y)|dzdy
£l
T(Oé

P
Fu ) () e a

X
<
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—1

. ( (b—1y)P — (b—t)° ) (b— y)p_1|x _ y|p(x)p(y)dmdy‘|
l (b— IS t>”>a_1 (b— 2y
)P — (b — -t .
y ( b—vy) t)” ) (b— y)/’*1|m — y|p($)p(y)dxdy]

From (17), we get

F2 //( —x)P —( b—t)”)al(b_x)p_1

X<b y”— —t>p> (b= )" p(x)p(y) | H (2, y)|dwdy

£l ||g||s// <bw” (b—1)" ) T apt (18)

. <(b —y)P ; (b— t)p) = (b—y)P )z — y|p(x)p(y)dxdy]

<

Since 7~! + 57! =1, then we have

wig | () o

y ( = “p) (b— )" pla)p(y) | H (x, )| dwdy

||f’|| ||9||s [//O ( —2) = ( b_t)p>a1 (b— )" (19)

(b—y) = -ty
o (B

IN

)a (b—y) o — ylp(ﬂc)p(y)d:vdy] :

By the relations @ and and using the properties of the modulus, we get the
first inequality in Theorem [17].
Now we shall prove the second inequality of Theorem we have

0<z<t 0<y<t

Hence
0<|e—yl <t (20)
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Therefore, we have

ot [ (25

x(b y"—<b—t> ) (b~ )" p(@)p(y) | H (2, y) | drdy

1£]l- |g|tV/( — ) — bt)ﬂ)“‘l(bm)pl

(b—y)y - (b-ty
(5

2
11111915t (63°Pp(t))"
Theorem [17]is thus proved.

IN

) . <b—y>ﬂ1p<x>p<y>dxdy]

O

Theorem 18. Let p be a positive function on [0,00[ and let f and g be two dif-
ferentiable functions on [0,00[. If f' € L.([0,00]), ¢’ € Ls([0,00]), r~ ! +s71 =1,

then for allt > 0, a, B, p > 0, we have

|03%7p(t) §3 ’ppfg() + 637Pp(t) §3*pfg(t)
—03%Ppf(t) 535 Ppg(t) — Bppf()g *pg(t)]
S ||f|| ||g|| //< >> b=zt

B—1
b—y)—(b—t
. (( O e ity
< 11115t 63%7p(8) 537 p(t),
where H(xz,y) are the same as given in (6]).

Proof. Using the identity @ we can write

[ (=258 o

b— (b—t)\*"!
x (( =) o el )y
= §3"p(t) 537 fg(t) + 637 () 63 pfo(t)
— 034 pf () 537 pg(t) — 537 (1) 53 py(t).
From the relation , we can obtain the following estimation

1 ' (b—x)p—(b_t)P o — p—1 T x X
o [ (B2 o ol

(21)

(22)
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1

= r<1a> /0 (wﬂ)p;(b_t)p)a_ (b— )"z — ylp(x)

Yy , . rt y )
| [ rora (w)|
Therefore, we have
/ / < b-2) ) (b— )Pt

—1

: <(b_ S ) 1(6 Y)*~ p(@)p(y)| H (2, y)|dwdy
// <b 2 ) i (b—xz)!
x((b S )ﬁ 1<b v’ 1|z ylp(x)p(y)

| sl | [

Applying Holder inequality for double integral to the right-hand side of ([24), yields

rar [ () e

i ((b_ S )ﬁ 1“’ Y)’ " p(2)p(y)|H (2, y)|dedy
. [F @ /t/t((b_x)p_(b_t)p) ey
g <(b = p>5 1 )’z = ylp(a)p(y)

/If Idudxdy}
[ g (B e

x((b_ T ﬂ) (b= )"l ~ ylp(@)p(y)

Yy
. / g (w)|* dw

dmdy} . ) (25)
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By and , we get

o [ (=5 o

P_ _ B—1

11 ||g||s// (- pp(bt)p)al(bx)pl

p, — A-1
X((b y)? — (b t)) (b —9)* Yz — ylp(2)p(y)dady.  (26)

p
Using and and the properties of modulus, we get the first inequality in
1) 0

3. REMARKS

Now, let us briefly consider some special cases of the main results. In Theorem
and Theorem if we choose p = 1 and make use of the relationship , then
the main results are reduced to Theorem |2/ and Theorem (3| obtained by Dahmani

et al. .

REFERENCES

[1] Abdeljawad, T., Fractional operators with boundary points dependent kernels and integration
by parts, Discrete and Continuous Dynamical Systems Series S, 13(3) (2020), 351-375.

[2] Baleanu, D., Purohit, S.D., Chebyshev Type Integral Inequalities Involving the Fractional
Hypergeometric Operators, Abstract and Applied Analysis, 2014 (2014), Article ID 609160,
1-10.

[3] Baleanu, D., Purohit, S.D., Prajapati, J.C., Integral inequalities involving generalized
Erdélyi-Kober fractional integral operators, Open Mathematics, 14 (2016), 89-99.

[4] Chebyshev, P.L., Sur les expressions approximatives des integrales definies par les autres
prises entre les mémes limites, Proc. Math. Soc. Charkov, 2 (1882), 93-98.

[5] Curiel, L., Galué, L., A generalization of the integral operators involving the Gauss hyperge-
ometric function, Revista Técnica de la Facultad de Ingenieria Universidad del Zulia, 19(1)
(1996), 17-22.

[6] Celik, B., Set, E., Akdemir, A.O., Mixed Conformable Fractional Griiss-Type Inequalities,
2nd International Conference on Life and Engineering Sciences (ICOLES 2019), Book of
Abstracts, Istanbul, Turkey, 2019.

[7] Dahmani, Z., Mechouar, O. and Brahami, S., Certain inequalities related to the Chebyshev’s
functional involving a Riemann-Liouville operator, Bull. Math. Anal. Appl., 3(4) (2011),
38-44.

[8] Ekinci, A., Ozdemir, M.E., Some new integral Inequalities via Riemann Liouville integral
operators, Applied and Computational Mathematics, 18(3) (2019), 288-295.

[9] Farid, G., Existence of an integral operator and its consequences in fractional and conformable
integrals, Open Journal of Mathematical Sciences, 3 (2019), 210-216.

[10] Giirbiiz, M., Ozdemir, M.E., On Some Inequalities for Product of Different Kinds of Convex

Functions, Turkish Journal of Science, 5(1) (2020), 23-27.



[11]

[12]

[13]

[14]

[15]

[16]

[17]

18]

[19]

ON NEW INTEGRAL INEQUALITIES 1069

Kilbas, A.A., Srivastava, H.M., Trujillo, J.J., Theory and Applications of Fractional Differ-
ential Equations, vol. 204 of North-Holland Mathematics Studies, Elsevier, Amsterdam, The
Netherlands, 2006.

Kiryakova, V., Generalized Fractional Calculus and Applications, vol. 301 of Pitman Research
Notes in Mathematics Series, Longman Scientific & Technical, Harlow, UK, 1994.

Ntouyas, S.K., Purohit, S.D., Tariboon, J., Certain Chebyshev Type Integral Inequalities
Involving Hadamard’s Fractional Operators, Abstract and Applied Analysis, 2014 (2014),
Article ID 249091, 1-7.

Ozdemir, M.E., Set, E., Akdemir, A.O., Sarikaya, M.Z., Some new Chebyshev type inequal-
ities for functions whose derivatives belongs to L, spaces, Afrika Matematika, 26 (2015),
1609-1619.

Rahman, G., Baleanu, D., Qurashi, M.A., Purohit, S.D., Mubeen, S., Arshad, M., The
extended Mittag-Leffler function via fractional calculus, J. Nonlinear Sci. Appl., 10 (2017),
4244-4253.

Sarikaya, M.Z., Alp, N., On Hermite-Hadamard-Fejer type integral inequalities for generalized
convex functions via local fractional integrals, Open Journal of Mathematical Sciences, 3(1)
(2019), 273-284.

Set, E., Ozdemir, M.E., Demirbasg, S., Chebyshev type inequalities involving extended gener-
alized fractional integral operators, AIMS Mathematics, 5(4) (2020), 3573-3583.

Set, E., New Inequalities of Chebyshev Type for Mixed Conformable Fractional Integral
Operators, 2nd International Conference on Life and Engineering Sciences (ICOLES 2019),
Book of Abstracts, Istanbul, Turkey, 2019.

Srivastava, H.M., Choi, J., Zeta and g-Zeta Functions and Associated Series and Integrals,
Elsevier Science Publishers, Amsterdam, London and New York, 2012.



https://communications.science.ankara.edu.tr

Commun.Fac.Sci.Univ.Ank.Ser. A1 Math. Stat.
Volume 69, Number 2, Pages 1070-1082 (2020)
DOTI: 10.31801/cfsuasmas.620674

ISSN 1303-5991 E-ISSN 2618-6470

COMMUNICATIONS

Received by the editors: September 16, 2019; Accepted: May 08, 2020 SERIES Al

DIGITAL HAUSDORFF DISTANCE ON A CONNECTED
DIGITAL IMAGE
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ABSTRACT. A digital image X can be considered as a subset of Z™ together
with an adjacency relation where Z is the set of the integers and n is a natural
number. The aim of this study is to measure the closeness of two subsets of
a connected digital image. To do this, we adapt the Hausdorff distance in the
topological setting to its digital version. In this paper, we define a metric on a
connected digital image by using the length of the shortest digital simple path.
Then we use this metric to define the r-thickening of the subsets of a connected
digital image and define the digital Hausdorff distance between them.

1. INTRODUCTION

Digital images can be considered to be subsets of Z". We study digital images
to analyze not only their features but also their correlations with the others. Inves-
tigating the features of the digital images by their topological properties would be
fine but the problem here is that the digital images are not topological spaces, they
are just sets. This problem can be achieved by imposing an adjacency relation on
a digital image to adapt the topological concepts such as neighborhood, continuity,
connectivity, homotopy, and contractibility to their digital versions.

The distance between two points in a connected digital image is obtained via
the shortest simple path metric which is denoted by d”. Then the distance, called
a digital Hausdorff distance, between two subsets of a connected digital image can
be calculated via d* as follows: One starts with fattening each subset by taking
the union of the neighborhoods with radius 7 of all its points. We call this new set
the r-thickening of a subset. Then the distance between subsets is the minimum
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r such that the r-thickening of both include another. Like the Hausdorff distance
in topological setting [20], the digital Hausdorff distance will measure how close
the two subsets are to each other. Note that the distance may differ according
to the adjacency relation defined on a digital image. We also investigate that
assigning each point to its neighborhood with radius r leads to a strongly (hence a
weakly) continuous multi-valued function from a connected digital image to itself
(Theorem 6). We observe that the image of the r-thickening of a given subset under
a digital continuous map is contained in the r-thickening of the image of that subset
(Theorem 14). We also show that the digital Hausdorff distance between the image
of two subsets of a connected digital image under a continuous map is less than or
equal to the Hausdorff distance between these two subsets (Theorem 24).

2. BACKGROUND

To study the features of the digital images, we start with an adjacency relation
defined on the points of Z™ to adapt the fundamental concepts of topology. For
an integer ¢ with 1 < £ < n, we say two distinct points = (21, z2,...,22) and
y=(Y1,Y2,---,Yn) in Z" are ¢;-adjacent [11] if

i): |z; — y;| = 1 for at most ¢ indices 7 and
ii): for all indices j such that |z; — y;| # 1, we have z; = y;.

It turns out that c;-adjacency in Z is 2-adjacency, ¢; and ¢y adjacencies in Z?2 are
4-adjacency and 8-adjacency, and ci, ¢ and cs-adjacencies in Z3 are 6-adjacency,
18-adjacency and 26-adjacency respectively.

A digital image X is a subset of Z" for some natural number n together with an
adjacency relation x inherited from Z"™ and represented by (X, k).

The continuous functions between the digital images are defined in terms of ad-
jacency relations. Let (X, x) and (Y, \) be digital images and f : X — Y be a
function. Then we say that f is (k, A)-continuous iff f(z) = f(a’) or f(z) and
f(z') is A-adjacent whenever z and 2’ are s-adjacent for z,2’ € X [2].

Consider the digital interval
[a,b]z ={c€Z : a<c<b}

for integers a,b with a < b where 2-adjacency relation is assumed [1]. Then a k-
path from z to y in a digital image (X, k) is a sequence (z = xg, T1, T2, ..., Tm = Y)
in X such that z; is k-adjacent to ;41 for m > 1 and 0 < i < m —1 [26]. In
that case, m denotes the length of this path. A k-path can be also considered as
a (2, k)-continuous map « : [0,m]z — X such that «(0) = z and a(m) = y [16].
Note that such a x-path a from x to y can be reversed and the resulting map @,
which is explicitly defined by @(t) := a(m — t) for t € [0, m]z, is a k-path from y
to x. We say that a k-path (z = xg,21,22,...,Zm—1 = y) from x to y is simple,
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provided z; and z; are k-adjacent if and only if either j =i+ 1, ¢ € [0,m — 2]z or
i=7+1,7€[0,m—2]z [11,12]. A digital image (X, k) is said to be k-connected,
provided there exists a x-path between any pair of elements in X [15].

The digital analogue of homotopy is given as follows [2,16]: Let (X, ) and (Y, A)
be two digital images and f,g: X — Y be (k, \)-continuous maps. Then we say f
and g are digitally (k, \)-homotopic if there is a positive integer m and a function

H:X x[0,mlz =Y
such that
i): H(z,0) = f(z) and H(xz,m) = g(x);
ii): for each ¢t € [0,m]z, the induced map H; : X — Y defined by Hi(z) =
H(z,t) is (k, A)-continuous; and
iii): for each = € X, the induced map H, : [0,m]z — Y defined by H,(t) =
H(z,t) for t € [0,m]z is (2, A)-continuous.
Such a function H is called a digital (k, A)-homotopy between f and g. We
denote f =~ y g if there exists a digital (x, A)-homotopy between them.

3. RESULTS

3.1. The shortest digital path. Suppose X is a k-connected digital image, z € X
and A is a nonempty subset of X. Boxer defines I% (z, A) to be the length of the
shortest k-path from z to any other point A in [3]. For our purpose, we would want
a digital path to be simple. Let £%(x, A) denote the length of the shortest simple
k-path in X from x to any point of A. In that case, if 1 is another point in X then
05 (xz,{x1}) turns into its original definition and denotes the length of the shortest
simple k-path from z to z7 given in [11,12]. Since any digital path can be reversed,
05 (g, {x1}) = €%(x1,{xo}) for any pair of elements zg,z; in X. Throughout the
paper we assume £%(z, {z}) = 0.

Under the assumption £%(x, {z}) = 0, consider the function d* : X x X — R defined
by

d®(xg, 1) := €% (x0,{z1}) (1)
for xp,z1 in X. It’s trivial that d"(zo,x1) = 0 iff zp = 21 and we have d*(zg,x1) =
d®(x1,x0) since every digital simple k-path from xg to 21 can be reversed as we
mentioned before.

d" also satisfies the triangle inequality
dﬁ(xo, .’51) S dﬁ(.’ﬂo, fﬂg) + dn(l'g, xl)

for xg,x1,29 € X. Suppose a : [0,m]|z — X and 5 : [0, k]z — X are simple k-paths
with shortest lengths from xy to xo and zs to z; respectively. In that case, we
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have «(0) = zg, a(m) = xq, 5(0) = x2, and B(k) = 1. Then v : [0,m + k] — X

defined by
alt), 0<t<i
V(t) = :
Bt—m), i<t<m-+k
is a k-path from z to x1. Note that v may not be simple. Since there always exists

a simple k-path from xy to x; with a shortest length, say i, then ¢ should be less
than or equal to m + k.

Hence d" is a metric on a connected digital image X. We refer to [13, 14] for
further reading.

Definition 1. We call the metric d* given in (1) the shortest simple r-path metric
on a connected digital image.

Let X be a x-connected digital image and zy € X. The x-neighborhood of z in
X with some radius r > 0 is given by [11]

B (zo,r) ={x e X : d*(xg,z) <1}
Obviously, By (xg,7) is a k-connected subset of X and B (zg,0) = {zo}.

Lemma 2. Suppose (X, k) is a digital image and x1,22 € X. If z1 and z2 are
k-adjacent, then xo € B (x1,1) and 21 € By(x2,1).

Proof. The shortest simple s-path from z; and z in X is a path o : [0,1]z7 — X
with «(0) =2 and a(1) = y. O

A digital image (X, k) is said to be r-contractible if its identity function is digi-
tally (k, k)-homotopic to a constant map on X [1].

Theorem 3. Suppose X is a k-connected digital image and x € X. Then B (z,1)
is k-contractible for r = 1,2 but B (x,r) may not be k-contractible for r > 3.

Proof. To see the contractibility of B, (z,r) for r = 1,2, we will construct a digital
homotopy between the identity map on it and a constant map at . We define the
digital homotopy

H: B.(x,r) x[0,1]z — B.(x,r)

by H(y,0) = y and H(y,1) = z for every y € By(x,r). Then H is the desired
homotopy.

Consider the 8-connected digital image
MSCs = {(0,0), (1,1),(2,1),(3,0),(2,-1),(1,—-1)}

in Z? illustrated in Figure 1. Observe that Bs((0,0),3) is the entire image MSCg
which is not 8-contractible [11]. O
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F1GUrRE 1. The digital image MSCg is 8-connected but not 8-
contractible [11].

Two subsets A and B of a digital image (X, k) are said to be k-adjacent if there
exist @ € A and b € B such that a = b or a and b are k-adjacent [3].

Corollary 4. If x and y are k-adjacent in a k-connected digital image (X, k), then
By (z,7) and B, (y,r) are k-adjacent sets for every nonnegative integer .

3.2. The k-neighborhoods as multi-valued functions. Next consider a multi-
valued function F' : X — Y between two digital images (X, x) and (Y, A). That is,
F maps each point of X to a subset of Y and for a subset A of X, F(A) = UyeaF(a).
The continuity notion for a multi-valued digital map is also defined (see [8-10]) but
in this paper we only consider the other two continuity notions given in [27].

Definition 5. [27] Suppose (X, k) and (Y, \) are two digital images and F : X —o
Y is a multi-valued map.
i): F is said to be weakly continuous, provided whenever xo and x1 are k-
adjacent elements in X, F(xo) and F(x2) are A-adjacent subsets of Y.
ii): F is said to be strongly continuous, provided whenever xy and x1 are k-
adjacent elements in X, every point of F(xo) is A-adjacent to some point
in F(x1) and vice versa.

Let (X, k) be a k-connected digital image and r be a nonnegative integer. Define
the multi-valued function F,. : X — X by F,(x) = B(x,r) for + € X. Then the
following corollary is one of the immediate consequences of Lemma 2.

Theorem 6. The multi-valued function F, is strongly continuous.

Proof. The multi-valued function Fy turns into a single-valued function and it sat-
isfies the strong continuity condition immediately. The proof is also trivial when
r = 1: Let x; and x2 be k-adjacent in X. Since z7 € Bi(z2,1), any point of
B (x1,1) is k-adjacent to a some point of By (z2,1) and vice versa. For r > 2,
observe that any element = € B, (x1,7) \ Bi(z2,7) is contained in By (z2, 7+ 1) and
this completes the proof. O

Corollary 7. F,. is weakly continuous.

By Corollary 7, the map F, is also a connectivity preserving function. Note
that a multi-valued function F' : X — Y is connectivity preserving iff F' is weakly
continuous and F'(z) is a A-connected subset of the digital image (Y, A) for every
xz € X [6].
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Definition 8. Suppose (X, k) is a k-connected digital image and A is a nonempty
subset of X. For a nonnegative integer r, the r-thickening of A, A% is given by
AT = Uy aBe(a,r)

Remark 9. A"%) = F,(A).
Suppose k1 and ko are two adjacency relations on a set X. Then we say that k1
dominates ko, K1 >q Ko, if for x1, x5 € X, if 1 and x5 are k1-adjacent then x; and

x9 are ko-adjacent [4]. Further if X is ki-(hence ks)-connected and A is a subset
of X, then A(m#1) C A(rr2),

Example 10. Consider the 18-connected digital image MSS1g = {x;}J_, in Z3 [12]
where
To = (03 0, 0)7371 = (17 1, 0)3 T2 = (Oa 1, 71)3‘%3 = (Oa 2, *1),$4 = (13 2, 0)7
Ty = (0,3,0),.736 = (—1,2,0),.137 = (0,2, 1),7)8 = (0, 1, 1),.739 = (—1, 1,0)
(see Figure 2). Let A = {xg,xz7} and B = {x5}. Then AL'®) = Big(zo,1) U
818(3?7, 1) =X \ {J,'g} and B(Q’IS) =X \ {.’)30}

FIGURE 2. 18-connected digital image MSS;g [12].

Proposition 11. Let (X, k) be a k-connected digital image and A be a subset of
X. For two nonnegative integers r1 and ro, we have (A25))(rir) = A(ritra,6)

Proof. Tt is trivial that A1H725) C (A(28)(r08) - Let g € (A29)("08) - Then
there is b € A% such that d®(a,b) < r; and ¢ € A such that d®(b,c) < ro.
Therefore

d®(a,c) < d*(a,b) +d¥(b,c) <1y + 19
so a € A+72:5) and this completes the proof. O
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The immediate consequence is the following Corollary.

Corollary 12. Suppose (X, k) is a k-connected digital image and A and C are k-
adjacent subsets of X. Then there exists a € A such that a € C%) or vice-versa.

Proof. The proof follows from Lemma 2 O

Proposition 13. Suppose (X, k) is a k-connected digital image and A is a subset
of X. Then the following holds:

i): X\ A and A are k-adjacent,
ii): There exists v € X \ A such that x € A,

Proof.
i): If X \ A and A were not k-adjacent sets, this would mean that none of
the elements of X \ A would be k-adjacent to any elements of A so that X
would not be x-connected.
ii): This follows from ¢) and Corollary 12.
O

Theorem 14. Suppose (X, k) and (Y, A) are digital images and X is k-connected.
If A is a subset of X and f : X — Y is (k, \)-continuous, then f(AT*) C f(A)("N)
for every positive integer r.

Proof. Let y € f(A"*)). Then there exists an element = € A(™*) such that f(z) =
y. Let a be a point in A such that ¢*(z,a) < r; such a point a exists, since
xz € A5 That is, the length of the shortest simple x-path from  to @ in X is
less than or equal to r. We also have a A-path between y = f(z) and f(a) by the
continuity of f and the length of this path cannot be greater than ¢*(x,a). If this
A-path is simple then we have £*(y, f(a)) < r. If it is not simple, we can reduce it
to a simple A-path from y to f(a) so that the length of the reduced path cannot be
greater than ¢%(z,a). Hence y € f(A)"N), O

For a digital image (X, k) and its nonempty subset Y, we say Y is k-dominating
in X [7] if for every € X, there exists y € Y such that d"(z,y) < 1. Unlike
the definition of k-dominating, in the following we consider two subsets of a digital
image which need not be contained in one another and we give a notion of k-
monitoring. For more details on k-dominating, see [5].

Definition 15. Let (X, k) be a digital image, A and B be the subsets of X. We
say that A k-monitors B if for any b € B, there exists a € A such that d*(a,b) < 1.

Suppose k1 and ks are two adjacency relations on a set X such that ko >4 k1
and A and B are subsets of X. If A ky-monitors B, then A also ki-monitors B.

Remark 16. If A k-monitors B, then A and B are k-adjacent sets. However the
converse may not be true.
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Lemma 17. Let (X, k) be a k-connected digital image and A and B be the subsets
of X. Then A k-monitors B if and only if B C A%,

Proof. Let A k-monitors B and b € B. Then there is a € A such that d*(a,b) <1
so that b € A#), This is always true for every element b in B, hence B C A(1#),
On the contrary, let B C A®K) - This means that any element b in B is an element
in A% 5o that there is a € A such that d®(a,b) < 1. Therefore A k-monitors
B. O

Theorem 18. Let (X, k) and (Y, \) be two digital images, X be k-connected, f :
X — Y be a (k,A)-continuous function, and A and B be subsets of X. If A k-
monitors B, then f(A) A-monitors f(B).

Proof. If A k-monitors B, then B C A" by Lemma 17. Applying f to that
gives f(B) C f(A®WD). Since f(A®D) C f(A)N by Theorem 14, we have
f(B) C f(A)™N so that f(A) A-monitors f(B). O

The following corollary follows from the definition of a strongly continuous multi-
valued function.

Corollary 19. Let (X, k) and (Y, \) be two digital images, xo,x1 € X and F : X —o
Y be a strongly continuous multi-valued function. If zo and z1 are k-adjacent, then
F(z1) A-monitors F(xg) and vice versa.

3.3. Digital Hausdorff Distance. We know that d* is a metric on a x-connected
digital image X. Next, we want to measure the distance between two nonempty
subsets A and B of X. We call the distance digital Hausdorff distance between
them. To do this, we will find the minimum r so that the r-thickening of each
subset will contain another.

Definition 20. The digital Hausdorff distance between two subsets A and B of a
k-connected digital image X is

dNH(Aa B) = min{r > 0: B - A(T‘,N) and A C B(T’h)} (2)

Suppose (X, k) is a k-connected digital image and A and B are subsets of X. If x4
is another adjacency relation on X with x >4 k1, then X is also k;-connected digi-
tal image and df; (A4, B) > d7} (A, B) since the length of the shortest simple x-path
between any given pair in X might be greater than or equal to the length of the
shortest simple k1-path between them.

Example 21. Consider the 8-connected digital image X = {x;}%_, in Z* where

{.’L‘l = (070)7532 = (0, —1)7.%'3 = (17—1),$4 = (1,0)71'5 = (27 1),.’176 = (3, 1)}
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(see Figure 3) and let A = {z1,22} and B = {z5,26}. Then d5%,(A, B) = 3 since
ACB®8) BC AB® and B ¢ A28 We also have

d%[(Fl(A)?Fl(B)) =2

since F1(A) C Fi(B)M®), F1(B) C Fi(A)®Y, and Fi(B) ¢ Fi(A)M® where
Fy: X — X is a multimap defined by Fy(x) = By (z, 1) for z € X.

B
5.5
A
’Xﬂ. ..... ‘X4
E‘x?f ..... ¢x3

F1GUrE 3. The 8-connected digital image X and the points in red
rectanguls from left to right are A and B.

Proposition 22. Let (X, k) be a k-connected digital image and A be a subset of
X. Then dy (A, AU{z}) = {"(z, A) forz e X.

Proof. The proof follows from the fact that if £%(z, A) = n then x € A", O

Proposition 23. For a nonnegative integer r,
dfy (B (x1,7), B (22,7)) < 1
whenever x1 is k-adjacent to xo in a Kk-connected digital image (X, k).

Proof. The proof follows from the fact that B, (z,741) = By (z,7)1") forallz € X
and every nonnegative integer r. [l

Now we will prove the stability of the digital Hausdorff distance under a digital
continuous map.

Theorem 24. Let (X, k) and (Y, \) be digital images, X connected, A,B C X. If
f: X =Y is (k, \)-continuous, then
dy (f(A), f(B)) < df(A, B).
Proof. Assume that df;(A, B) = s. Then by the definition of the digital Hausdorff
distance, s is the minimum number such that A C B®*) and B C A(**). By these
inclusions and Theorem 14, we have
F(A) € f(BE) C f(B)E
F(B) € f(AB) C fA)=Y.
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so that f(A) and f(B) can be covered by the s-thickening of f

(B) and f(A) with
respect to the adjacency A respectively. Hence d7;(f(4), f(B)) < s.

O

Example 25. Consider the following two 4-connected digital images
X = {z1,29,73, 74,25} and Y = {y1,y2,y3} in Z? illustrated in Figure j. Let
A = {x1,25} and B = {x2, 23,24} be the two subsets of X. If the digital (4,4)-
continuous map f: X — Y is given with

f(x1) = f(z4) = y2, f(z5) = y3, and f(z2) = f(x3) = 1,
then d3; (A, B) =2 and d%(f(A), f(B)) = 1.

B
A
& ; f(B) 14
—_— .YJ ..... .y2 ..... .y3
...xs

F1GURE 4. The Hausdorff distance is stable under a digital con-
tinuous map between digital images. In this example, we have

di(f(A), f(B)) < d} (A, B).

F1GURE 5. Triangulated traffic video frame shape.

4. APPLICATIONS

This section briefly presents applications of Hausdorff Distance. The following
two applications were suggested by James F. Peters [21].
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4.1. Zero-Shot Surface Shape Recognition. This application of the proposed
Hausdorff distance between sets focuses on a zero-shot recognition approach in
the detection and classification of surface shapes recorded in video frames. Zero-
shot classification of images with no training data is highly attractive, since it is
less rigid than traditional classification techniques that rely on training data and,
hence, build into the learning process unwanted & priori assumptions implicit in
the training data. For more about this, see M. Molina and J. Sanchez [19], J. Lu
and J. Li and Z. Yan and C. Zhang [18] and J.F. Peters [22].

Let shE, bdy(shFE) and int(shE) denote a surface shape in a video frame, shape
boundary and shape interior, respectively. Also, let p € int(shFE) be the shape
centroid and let th > 0 be a threshold. For each shape in a video frame, find the
Hausdorff distance D(p, bdy(shE)) between the centroid of shE and bdy(shF) that
is less than or equal to a threshold th, defined by

Hausdoff distance criterion
D(p,bdy(shE)) = inf {|[p — ¢|| : ¢ € bdy(shE)} < th}.

This would be useful in finding video frames that contain shapes that have the
required distance property relative to a fixed threshold th.

Example 26. A sample traffic video frame that displays a triangulated vehicle shape
shE is shown in Fig. 5. A green vertex p inside the yellow cycle on shE marks the
location of the shape centroid. Vertices along the shape boundary are represented by
red bullets. The Hausdorff distance D(p, bdy(shE)) would be computed and compared
with other vehicle shapes in this video to construct a vehicle shape class.

For a particular shape class, the members of the class satisfy the Hausdorf dis-
tance criterion.

4.2. Descriptive Leader Uniform Topology. A clusters form of proximity space-
based uniform topology was introduced by S. Leader [17], elaborated in [24, 25].
This application uses the Hausdorff distance property from Application 4.1 as a
feature for a set of video frame shapes equipped with a descriptive proximity map-
ping ® : shE — R, which provides a basis for the formation of a descriptive Leader
uniform class of shapes €¢(shFE) for each shape shE in the following way.

th = selected threshold such that th > 0.
fr = video frame.
shF € fr = video frame shape.
bdy(shE) = boundary of shE.
D(p € shE, bdy(shE)) =inf {||p — q|| : ¢ € bdy(shE)} < th.
®(shE) = D(p € shE,bdy(shE)).
Class of video frame shapes

Co(shE) = {shE' : ||®(shE) — ®(shE’)| < th}.
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Then, for each given shape shE in a video, a shape shE’ belongs to a class €4 (shE)
of shapes relative to shE, provided ®(shF) = ®(shE’) in video frames fr and fr’
define a descriptive Leader uniform topology, i.e., a collection of shape classes in
which nonempty disjoint sets of shapes are descriptively near each other [23, §4.16,
p. 189].
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tional Conference of Mathematical Sciences (ICMS2019). The author would like to
thank James F. Peters for suggesting the applications in Section 4.
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ABSTRACT. Separation is one of the most commonly encountered estimation
problems in the context of logistic regression, which often occurs with small
and medium sample sizes. The method of maximum likelihood (MLE; [8])
provides spuriously high parameter estimates and their standard errors under
separation in logistic regression. Many researchers in social sciences utilize
simple but ad-hoc solutions to overcome this issue, such as “doing nothing
strategy”, removing variable(s) from the model, and combining the levels of
the categorical variable in the data causing separation etc. The limitations of
these basic solutions have motivated researchers to use more appropriate and
innovative estimation techniques to deal with the problem. However, the per-
formance and comparison of these techniques have not been fully investigated
yet. The main goal of this paper is to close this research gap by comparing the
performance of frequentist and Bayesian estimation methods for coping with
separation. A simulation study is performed to investigate the performance of
asymptotic, bootstrap-based, and Bayesian estimation techniques with respect
to bias, precision, and accuracy measures under separation. In line with the
simulation study, a real-data example is used to illustrate how to utilize these
methods to solve separation in logistic regression.

1. INTRODUCTION

mation, bias, precision, and accuracy measures.
= yaltinisik@sinop.edu.tr
0000-0001-9375-2276.

A COMPARATIVE STUDY ON THE PERFORMANCE OF
FREQUENTIST AND BAYESIAN ESTIMATION METHODS

The logistic regression is a well-founded analysis technique that can be utilized
to determine the relationship between a dichotomous outcome and a set of cate-
gorical and/or continuous predictors. Although researchers in social sciences often
do not encounter challenges in applying this technique to their data sets, compli-
cations may arise when a linear combination of predictors allocate the values of
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outcome, which is called the separation problem [1]. To illustrate the separation
problem in logistic regression, consider the simplest scenario in which a dichoto-
mous response is predicted by a continuous predictor. Suppose that the outcome
has the values of R = {0,0,0,0,0,1,1,1,1,1} and the predictor has the values of
P=1{2,7,3,5,6,9,14,10,12,16}. In this case, the values of response are zero when
the values of predictor are smaller than 8 and the values of response are 1 for the
values of predictor greater than 8. This implies that the probability of observ-
ing zero or one is perfectly predicted (known as complete separation) and there is
nothing left to be estimated. When separation occurs, the method of maximum
likelihood (MLE; [8]) does not provide a reliable set of parameter estimates and
their standard errors, which in turn cause to obtain undependable test statistics.
Many researchers benefit from basic (but ad-hoc) solutions to overcome separation
in logistic regression.

Since separation does not necessarily have a negative influence on all parameters
in the model, some researchers do not pay special attention to this issue by simply
and only reporting their results with respect to chi-square test statistics; although
these statistics are only correct for non-problematic variables in the data. However,
these variables often interact with problematic ones, and thus, the estimates and
standard errors of these interactions should not be trusted either. Moreover, if the
variable causing separation is categorical, then the estimates obtained for other
variables in the model are not interpretable, since they are determined on the
basis of the reference level of this categorical variable. Some researchers avoid
these issues by removing the problematic variable(s) from the model. However,
this approach is subject to two main drawbacks. First, discarding an important
variable may end up with an inappropriate model specification, and consequently, a
set of bias estimates for model parameters, which is known as the omitted variable
bias |24]. Second, even if a predictor causing separation has an insignificant (or
weakly significant) effect on the outcome, caution should be taken when eliminating
this variable from the model, since it can be a confounder. That is, the relationship
between this variable and the outcome may influence the outcome’s associations
with other variables in the model. Another common way of coping with this issue
is combining the levels of variable causing separation, which is only applicable when
this variable is categorical. This approach is also not recommended not only because
collapsing categories alter the research question at hand, but also because it may
cause the loss of information obtained from the data [1].

In response to these challenges, many researchers focus on more complicated
but powerful data analysis techniques to deal with separation in logistic regression.
Heinze and Schemper [14] compare the performance of Firth’s penalized maximum
likelihood estimation (PMLE; [7]) against the method of maximum likelihood [8],
an imputation method using Bayesian logistic regression [3|, and exact logistic re-
gression [22]. This study is limited in the sense that it investigates the performance
of only these four methods with respect to (only) bias measures. In the discussion
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of their study, they suggest the use of Firth’s method to cope with separation in
logistic regression. Moreover, they state that the separation problem may not only
occur in the original sample, but it may also occur in bootstrap samples. However,
they do not inspect the performance of Firth’s method in the context of bootstrap-
ping. Ohkura and Kamakura [28] utilized nonparametric bootstrapping in con-
junction with Firth’s method to compare the performance of their bootstrap-base
test against Wald and Firth’s tests under separation. However, the performance of
Firth’s method with nonparametric bootstrapping has not been compared against
any Bayesian estimation method and the usual Firth’s method with respect to bias,
precision and accuracy measures. This study aims at filling this gap by investigat-
ing and comparing the performance of frequentist and Bayesian estimation methods
with respect to bias, precision, and accuracy measures, respectively. Here, frequen-
tist way of coping with separation is performed using Firth’s method [7] and its
counterpart with nonparametric bootstrapping [6]. The choice of prior distribution
is a crucial point to solve separation in logistic regression using Bayesian methods.
Thus, the Markov Chain Monte Carlo (MCMC) algorithms are utilized as Bayesian
solutions to separation using seven different priors.

The outline of the paper is as follows. In Sections 2 and 3, the logistic regression
and the separation problem in logistic regression are elaborated, respectively. In
Section 4, three methods used to obtain the estimates of model parameters and
their standard errors under separation are described. In Section 5, a simulation
study is performed to investigate and compare the performance of these methods
with respect to bias, precision, and accuracy measures. In Section 6, a real life
example is presented to exemplify how to deal with separation using these esti-
mation techniques in logistic regression. The paper will be concluded with a brief
discussion.

2. LoGIsSTIC REGRESSION MODELING

The logistic regression is one of the most commonly used analysis techniques to
predict a binary outcome (containing zeros and ones) in the context of generalized
linear models [21]. The logistic regression model is defined as:

fm)=al3 , i=1,2,..,N, (1)

where m; = E(y;) is the expected value of the binary outcome for the ith obser-
vation, 8 = (By,B1,-Bp_1)T € RP*! is the vector of model parameters and
vl = (1,21, 242, e Ti(p_1)) € IRN*P is the design matrix containing ones in the
first column as the coeflicients of the intercept, 5, and the values of the explana-
tory variables in the data, respectively. The logit link function, f(m;), relates the

expected values of the outcome to the linear predictor, 7 3

f(mi) = log( ); (2)

Ur
l—ﬂ'i

cap(zT B)

Treap(sTH)’ which is also known as the conditional probability of success.

where 7; =
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Since the outcome containing 0’s and 1’s has a Bernoulli distribution with the
probability of success m; for the ith observation, the likelihood function of the data
can be defined as follows:

N
L(ﬁ | y17y27“‘7yN) = H Wiyi( 1- ﬂ-i)l_yia (3)
i=1

where y; € {0,1} for i = 1,2,..., N. The likelihood function above is not easy to
differentiate, and thus, it is transformed from the original scale into the log scale:

N
log L(B | y1,y2, - yn) = Y wi log (m;) + (1 — ;) log (1—m; ). (4)
=1

The (’s are estimated by maximizing the log likelihood function above using the
method of maximum likelihood [§], so that the data at hand have the highest
probability of being observed. This is done by differentiating the log likelihood
function above with respect to the 3’s, setting the resulting functions to zeros and
solving the equations for each of 8’s, respectively.

Since the maximum likelihood estimates of model parameters, the B ’s, and their
standard errors do not involve closed-form solutions, they are obtained numerically.
This can be achieved quickly and conveniently by utilizing computer-intensive iter-
ative methods such as the Newton-Raphson algorithm [27]. However, there may be
certain situations in which even the numerical methods fail to provide parameter
estimates and their standard errors. In the next section, one of these situations
called the separation problem will be elaborated.

3. SEPARATION PROBLEM

The logistic regression cannot always be easily used to predict a dichotomous
outcome containing zeros and ones. One common issue that arises when estimating
model parameters and their standard errors in the context of logistic regression
causing (nearly) perfect allocation of the values of an outcome in the data at hand
is called the (quasi) complete separation problem [1]. In a regular situation in which
there is no problem of (quasi) complete separation, the expected probabilities of an
outcome for a logistic regression model can take values between the numbers 0 and
1. In complete separation, since a linear function of predictor(s) perfectly predicts
the outcome, the expected probabilities are either 0 or 1 (and not between these
values). Similarly, in quasi complete separation, since the values of an outcome
almost perfectly predicted, almost all expected probabilities (but not all of them)
are either 0 or 1.

Figure 1 is created based on two empirical data sets given in the study of |33,
p. 276], which shows the scatter plot of the values of an outcome against that of
a linear predictor in the presence of complete and quasi-complete separation. As
can be seen on the left panel of the figure for the first data, the values of the linear
predictor perfectly separate the values of the outcome. Thus, only by observing the
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plot, we can make a perfect inference about the predicted values of the outcome.
That is, the predicted values of the outcome take the value of zero when the linear
predictor is smaller than zero and take the value of one when the linear predictor
is larger than one. Similarly, as can be seen on the right panel of the figure for the
second data, the values of the linear predictor nearly perfectly separate the values
of the outcome, which is a sign of quasi-complete separation. In this case, the
predicted values of the outcome take the value of zero, a value between zero and
one (only for three observations) and the value of one, when the linear predictor is
smaller than zero, equal to zero, and larger than zero, respectively. Next, it will be

A Complete separation problem B Quasi complete separation problem

1.00 [— 1.00 -(F

0.25 0.25

0.00 0.00 ’)'

-100 -50 0 50 100 -100 -50 0 50
Linear predictor Linear predictor

Ficure 1. Illustrations of the (quasi) complete separation problem

elaborated how to remedy the adverse impacts of separation in estimating model
parameters and their standard errors using three different estimation methods.

4. ESTIMATION METHODS

The separation [1] often occurs with small and medium sample sizes when es-
timating model parameters and their standard errors in logistic regression. The
Newton-Raphson algorithm used to obtain MLEs does not converge for (some
of) model parameters when the data suffer from separation. This nonconvergence
causes spuriously high parameter estimates and standard errors |33 pp. 282-283]
and results in unreliable test statistics and hypothesis testing. In response to this
challenge, researchers have been paying attention to more appropriate estimation
techniques than MLE to overcome separation in logistic regression. In the sequel,
three of such advanced estimation methods will be elaborated, respectively.

Firth’s method: Firth [7] proposed a method to improve the parameter estimates
in logistic regression by reducing the bias occurs with small samples when using the
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method of maximum likelihood for estimation. Since Firth’s method incorporates
a penalizing factor into the log likelihood in , it is also known as the method of
penalized maximum likelihood estimation. Firth’s penalized log likelihood function
is defined as:

1
L*(B | y1,y2, - yn) = L(B | y1,92, -, yn) + 3 log I1(B)], (5)

where I(3) = xIWax; is the information matrix and W = diag[m;(1 — ;)] [35}
p. 164]. Heinze and Schemper [14] have adopted the penalized log likelihood func-
tion above to overcome separation in the analysis of two cancer studies. Firth’s
method is flexible in the sense that it can be incorporated into nonparametric re-
sampling techniques when estimating model parameters and their standard errors.

Firth’s method with nonparametric bootstrapping: Nonparametric bootstrapping
[6] is a resampling (with replacement) technique that can be used as an alternative
to the method of maximum likelihood to obtain MLEs and their standard errors,
when model assumptions are not satisfied (see [34], |15, p. 44]). Nonparametric
bootstrapping uses the information given in the original sample to generate, for
example, B = 1000 bootstrap samples, in each of which model parameters are
estimated using the method of maximum likelihood. Subsequently, it calculates the
averages and standard deviations of the bootstrap estimates across these samples
to obtain the overall parameter estimates and their standard errors.

The usual nonparametric bootstrapping using the method of maximum likeli-
hood for estimation in each bootstrap sample assumes that the original sample
adequately represents the population of interest, which is often not a reasonable
assumption for small samples. Thus, since separation usually occurs with small
and medium samples, it is not recommended to use nonparametric bootstrapping
in conjunction with MLEs under separation. Nonparametric bootstrapping can
still be used for a small or medium sample in the context of logistic regression
when the data suffer from separation. This can be done by replacing MLEs with
PMLEs obtained using Firth’s method in each bootstrap sample. The method of
maximum likelihood and nonparametric bootstrapping with MLEs produce bias
estimates with small samples [15], and thus, they should not be used to overcome
separation in logistic regression. Bayesian methods are good alternatives to Firth’s
method and nonparametric bootstrapping with PMLEs to deal with separation in
logistic regression.

Bayesian approach using MCMC algorithms: Bayesian estimation using Markov
chain Monte Carlo (MCMC) algorithms benefits from prior knowledge on the dis-
tribution of model parameters and information in the data at hand to generate
posterior samples, which are, in turn, utilized to obtain parameter estimates and
their standard errors. The Metropolis Hastings [13}/23], Gibbs sampling [10], and
Hamiltonian Monte Carlo (HMC; [2,/5,26]) are three of the best known MCMC
algorithms that can be used to obtain the estimates of model parameters and their
standard errors for small samples in logistic regression. The HMC (also known



SEPARATION PROBLEM IN LOGISTIC REGRESSION 1089

as Hybrid Monte Carlo) and Gibbs sampling algorithms are used for Bayesian es-
timation in this paper using the R packages “rstanarm” [12], “runjags” [4], and
“bayesreg” [19)].

Rainey [29] suggests to utilize two priors when estimating model parameters us-
ing Bayesian approaches under separation in logistic regression, which are Jeffrey’s
invariant prior [16], [35] and a weakly informative Cauchy(0, 2.5) prior [9]. Bayesian
approach using Jeffrey’s prior is the same with Firth’s penalized maximum likeli-
hood estimation method, since the penalty part of the log likelihood function in
(5), & log |1(B)], is equal to the log of Jeffrey’s prior in logistic regression [29)].
Moreover, using weakly informative Cauchy(0, 2.5) prior to cope with separation in
logistic regression is highly controversial. Ghosh, Li and Mitra |L1] state that using
a Cauchy(0, 2.5) prior imposes too much insufficient information into the analysis
to overcome separation in logistic regression. They show that using Cauchy(0, 2.5)
prior may cause spuriously high posterior means for parameters in the presence of
separation in logistic regression and may not even enable researchers to obtain these
means. Their results suggest to use weakly informative priors with lighter tails than
that of Cauchy(0, 2.5) prior such as Normal and Student-t (df = 7) priors. Thus,
in addition to Cauchy(0, 2.5) prior, a weakly informative Normal(0, 2.5) prior (the
default prior for regression coefficients in rstanarm) and Student-t(0, 2.5, df = 7)
prior will be utilized to obtain parameter estimates and their standard errors.

Mansournia, Geroldinger, Greenland, and Heinze [20] utilize Firth’s method [7],
Ridge logistic regression [31], lasso logistic regression [17], [30], and Bayesian esti-
mation using weakly informative priors. The difference between the current study
and the study in Mansournia et al. [20] is threefold. First, Mansournia et al. [20]
utilize Bayesian estimation using only Cauchy(0, 2.5) and Log-F(1, 1) priors. As
will be shown later in this paper, Bayesian estimation using these priors does not
necessarily perform well in logistic regression under separation problem. Thus, the
current study also uses Bayesian estimation via Normal(0, 2.5), Student-t(0, 2.5,
df = 7), and Log-F(2, 2) priors. Second, Mansournia et al. [20] do not perform a
simulation study to inspect the performance of methods used in their study, while
the current study compares the performance of both frequentist and Bayesian es-
timation methods with respect to bias, precision, and accuracy measures. Third,
Mansournia et al. [20] investigate the frequentist Ridge and Lasso logistic regres-
sions to cope with separation. Researchers often need to determine the value of a
penalizing parameter (A > 0; also called the tuning or shrinkage parameter utilized
on all the regression coefficients besides the intercept in the model) using, for ex-
ample, cross-validation in order to employ these techniques to solve the problem.
However, obtaining the tuning parameter A is often a complicated and cumbersome
task in logistic regression under separation. In many cases where the data suffer
from the separation problem the tuning parameter can be estimated as very close
to zero, which means that the penalized estimates are very close to the usual MLEs.
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To remedy this, the current study does not inspect the usual Ridge and Lasso lo-
gistic regressions to solve the separation problem in logistic regression, but instead
it utilizes their Bayesian counterparts, that is, Bayesian Ridge and Bayesian Lasso
logistic regressions. Note that the tuning parameter X is set to 1 in Bayesian Ridge
logistic regression and A\? ~ Exp(1) in Bayesian Lasso logistic regression for each
regression coefficients in the model (see [19, p. 7]).

5. SIMULATION STUDY

5.1. Simulation Steps. In this section, the performance of the methods on esti-
mating model parameters will be compared to each other for the data sets containing
separation in the context of logistic regression. The model used in the simulation
is:

f(ms) = Bo + B + Boxin + Bawio, (6)

where f(m;) is the logit link function in , By is the intercept, 3; is the coefficient
of a dummy variable I; and 3, and 35 are the coefficients of two continuous variables
x;1 and x;9, respectively, for ¢ = 1,2, ..., N. The simulation comprises the following
steps:

(1) Set the entries in the vector of model parameters, 8 = (B, 81, B2, 33)7,
equal to 1.

(2) Choose the sample size in the simulation as N = 20, 50, and 100.

(3) Generate the values of dummy variable I; of size N, such that the probability
of observing a success is 0.25.

(4) Generate the values of continuous variables x;; and z;9 of size N from the
standard normal distribution, such that their values are independent from
each other and the values of dummy variable.

(5) By multiplying the values of the design matrix 1 = (1, I;, z;1, zs2) € RN*F
and parameter vector 8 = (B, 81, 82,03)7 € RF*!, calculate the linear
predictor part of the model, z7 3, where N = 20,50, or 100 and P = 4.

exp(;v?ﬂ)

(6) Calculate the probability of success for each observation, 7; = Treap(sTH)

fori=1,2,...,N.

(7) Generate the values of the response using the success probabilities, that is,
y; ~ Bernoulli(m;) for i =1,2,..., N.

(8) Check the model fit to detect separation in the data using the R package

“brglm2”.

(a) If there is no separation problem in the data, return to Step 3.

(b) If there is a separation problem in the data, obtain the estimates of
model parameters using each estimation method elaborated in the pre-
vious section.

(9) Repeat Steps 3-8 until having a set of parameter estimates for S = 1000
samples, each of which containing separation problem.
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(10) Calculate the values of the bias, precision, and accuracy measures for each
method using the estimates obtained for these samples.

Note that the measures of bias, precision, and accuracy need to be calculated
for each method, which are the method of maximum likelihood, Firth’s method
(with and without nonparametric bootstrapping), and Bayesian approach using
Normal(0, 2.5), Cauchy(0, 2.5), Student-t(0, 2.5, df = 7), Log-F(1, 1), Log-F(2, 2),
Ridge and Lasso priors.

5.2. Bias, precision, and accuracy measures for evaluating performance.
The performance of the methods will be compared to each other using the measures
of bias, precision, and accuracy given in Walther and Moore [32]. These measures
are defined as:

1< .
Biasy, = 5 Z(ﬂsp — 6p),
s=1

1
S

(ﬁsp _ﬂp)27 (7)

M

Precision, =

Il
_

S

1
SS

(ﬁsp - 51})2)

M

Accuracy, =

1

where 5, = £ 3% B, and §; = 1 for s = 1,2,...,1000 and p = 0,1,2,3. The
Biasy, is the mean of the differences between parameter 3, and its estimate across
S = 1000 samples. Similarly, Precision,, is the mean of the squared differences
between an estimate and its expected value (i.e., Bp) in § = 1000 samples, which
is calculated for each parameter, separately. The measure of accuracy for the pth
parameter, Accuracyp, is the mean of the squared differences between parameter
B, and its estimates across S = 1000 samples, which is a combination of Bias, and
Precision,,. Note that the term “bias” is directly related and the terms “precision”
and “accuracy” are inversely related to their corresponding equations in ([7)). That
is, a small value of Bias, means a low bias, while small values of Precision, and
Accuracyp, imply high precision and accuracy when estimating model parameters.

Another accuracy measure that can be used to investigate the performance of
methods on estimating model parameters is the mean squared error (MSE), rep-
resenting the estimation error for each sample in the simulation. The MSE is the
total mean squared error between all parameters and their estimates:

1 b=t R
MSE = = > (8, 5,)%. (8)

p=0

where P = 4 is the number of parameters in the model. The mean of MSE values
across S = 1000 simulation samples can be used to compare the overall performance
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of methods on estimating model parameters. A small value of MSE means a high
overall accuracy when estimating model parameters.

5.3. Simulation Results. Table 1 displays Biasp, Precision, and Accuracy, val-
ues obtained from 1000 simulated data sets, each of which contains the separation
problem. This table shows that the estimate of parameter 8; often has a higher
bias and a lower precision and accuracy than that of parameters 3, and 34, since
dummy variables are more prone to suffer from separation than continuous vari-
ables. Because of the same reason, although increasing the sample size increases the
precision when estimating each parameter, this reduces the bias and improves the
accuracy only for parameters 3y, B8,, and B3, but not for parameter 8. It seems
that Firth’s penalized maximum likelihood estimation and Bayesian estimation us-
ing Log-F(2, 2) prior provide smaller biases and higher precision and accuracy mea-
sures when compared to other estimation methods. Similarly, these methods have
smaller MSE values (higher overall accuracy measures) when compared to other
methods (see Table 2). Moreover, both tables show that Bayesian estimation may
not perform well with Ridge prior, since the corresponding estimates may have spu-
riously high precision and accuracy values (indicating low precision and accuracy
for these estimates). However, the values in these tables are point estimates, and
thus, a set of graphical visualizations are designed to facilitate the interpretation
of the simulation results.

TABLE 1. Bias, precision, and accuracy measures for performance evaluation.

. MCMC
PMLE PMLE via NB Normal(0, 2.5)
Measure N Bo B1 B2 B3 Bo B1 B2 B3 Bo B1 B2 B3
Biasp 20 0.12  0.28  0.09  0.07 0.30  0.09 0.32  0.29 0.89  0.74 0.53  0.50
50 0.01  1.57  0.02  0.04 0.19  1.61 0.24  0.26 0.28 1.93  0.19  0.19
100 0.01  2.21  -0.02 0.01 0.07  2.23  0.06 0.09 0.14  2.47  0.06  0.09
Precisiony 20 0.81 2.49  0.99  1.13 0.90 2.89 1.16 1.19 1.77 126 1.37  1.35
50  0.31  0.98  0.39  0.54 0.44 1.10  0.55  0.64 0.38  0.32  0.34  0.32
100 0.10  0.32  0.12  0.11 0.12  0.36  0.15  0.14 0.12  0.16  0.14  0.12
Accuracyyp 20 0.82  2.57  1.00  1.13 0.99  2.90 1.26 1.27 2.57  1.81 1.65 1.60
50  0.31  3.46  0.39  0.54 0.48  3.70  0.61  0.71 0.46  4.03  0.38  0.36
100 0.10  5.22  0.13  0.11 0.13  5.35 0.16 0.15 0.14  6.24 0.14  0.13
MCMC MCMC MCMC
Cauchy (0, 2.5) Student-t(0, 2.5, df = 7) Log-F(1, 1)
Measure N Bo B1 Bo B3 Bo B1 Bo B3 Bo B1 Ba B3
Biasp 20 1.23 2,02 0.97 0.93 0.95 0.91 0.61  0.57 0.63 1.23  0.51  0.47
50 0.25  3.89  0.21  0.22 0.27  2.20  0.20  0.20 0.22  2.56  0.18  0.18
100 0.12  4.85  0.06  0.09 0.14 2.80 0.07  0.09 0.12  3.23  0.06 0.09
Precisiony 20 4.09  6.08  4.38  4.90 2.07  1.59 1.67  1.66 1.13 1.85  1.35  1.35
50 0.49 1.88  0.47  0.55 0.40  0.47  0.36  0.35 0.32  0.60  0.34 0.32
100 0.12 088  0.14 0.13 0.12  0.24 0.14  0.12 0.12  0.38  0.14  0.12
Accuracyp 20 5.60 10.15  5.33  5.76 2.98 241 2.04 1.98 1.53  3.35  1.62  1.57
50  0.56  16.99 0.51  0.60 0.48  5.30  0.40  0.39 0.37  7.15  0.37  0.36
100 0.14 2439 0.15  0.14 0.14 8.08 0.15 0.13 0.13 1081 0.14  0.13
MCMC Bayesian Bayesian
Log-F (2, 2) Ridge LR Lasso LR
Measure N Bo B1 Ba B3 Bo B1 Ba B3 Bo 81 Ba B3
Biasp 20 0.29  0.36 0.0  0.08 1.32 2.10 3.47 3.86 0.45 -0.38 -0.15  -0.13
50  0.15 1.40  0.05  0.04 0.28 1.85  -0.01 0.05 0.18  0.96  -0.28  -0.27
100 0.10  2.05 0.01 0.03 0.10 2.83  -0.03  -0.01 0.07 245  -0.13  -0.10
Precisionp 20 0.51  0.61 0.57  0.59 607.5 135.9  382.9  602.4 1.00  1.09 1.03 1.33
50 0.23  0.32  0.22  0.21 8.32 3.65 5.29  13.38 1.07  4.34 1.54 2.04
100 0.10  0.21  0.11  0.10 0.11 0.80 0.14 0.12 0.10  0.89 0.14 0.13
Accuracyp 20 0.59  0.73  0.59  0.60 626.2  136.3 394.9 617.3 120 1.24 1.23 1.52
50  0.25 2.27  0.23  0.21 8.40 7.07 5.29  13.38 110 5.25 1.62 2.11
100 0.11 4.41 0.11 0.10 0.12 8.78 0.14 0.12 0.11 6.89 0.16 0.14
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TABLE 2. The overall accuracy measure (MSE) for performance evaluation.

. MCMC
PMLE PMLE via NB Normal(0, 2.5)
N 8= (ﬁmﬂhﬁyﬁi&)ip p= (507ﬁ1,52a53)T B = (507ﬁ1a52,53)T
20 1.38 1.61 1.91
50 1.18 1.37 1.31
100 1.39 1.44 1.66
MCMC MCMC MCMC
Cauchy(0, 2.5) Student-t(0, 2.5, df = 7) Log-F(1, 1)
N 8= (Boaﬂlv/BQvﬁ?,)T B = (ﬁ0761762w@3)T B = (ﬂOwBlvﬁ%Bi&)T
20 6.71 2.36 2.02
50 4.66 1.64 2.06
100 6.20 2.13 2.80
MCMC Bayesian Bayesian
Log-F(2, 2) Ridge LR Lasso LR
N ﬂ:(ﬂOaﬂlaﬂ%BB)T 52(50751,52553)T ﬁ:(ﬂmBlaBZ)B:S)T
20 0.63 750.4 1.30
50 0.74 8.53 2.52
100 1.18 2.29 1.82

BO B1 B2 B3

&

Methods

£ PMLE

£ PMLE viaNB

E MCMC, Normal(0, 2.5)

ES MCMC, Cauchy(0, 2.5)

§ . E3 MCMC, Student-—(0, 2.5, df = 7)

J E3 MCMC, log=F(1.1)
i o . O B 1 MCMC, log-F(2.2)

: . . [ Bayesian Lasso LR
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FIGURE 2. Boxplots used to interpret bias measures

Figures 2 and 3 display the differences between the values of estimates and
parameters and the squared differences between the values of estimates and their
expected values across the simulated data sets using varying sample sizes, which
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FicURE 4. Boxplots used to interpret accuracy measures

are used to obtain the values of Bias,, and Precision,, for each estimation method,
respectively. El It seems that most of the methods perform well in terms of Bias,,
and Precision, measures. However, Bias, and Precision,, measures of Bayesian

I The Precisionp, Accuracy, and MSE values are always positive and they spread over large

scales. Thus, the y = x4 transformation is utilized on these values to better visualize and compare
the performance of the methods (see p- 12)).
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FIGURE 5. Boxplots used to interpret MSE values

estimation using Cauchy (0, 2.5) and Lasso priors have higher standard errors when
compared to that of other methods under investigation. It seems that Bayesian
estimation using log-F(2, 2) prior involves smaller amount of bias and have higher
precision in estimating model parameters when compared to other methods. Note
that the figures in the paper do not show the results for Bayesian estimation using
Ridge prior, since this method produces spuriously high parameter estimates and
their standard errors.

Figures 4 and 5 show the squared differences and the sums of squared differences
between the values of estimates and parameters using varying sample sizes, which
are utilized to obtain Accuracy, and MSE values, respectively. Increasing the sam-
ple size improves the accuracy for each parameter, and thus, the total accuracy
when estimating model parameters using each method. The estimates obtained by
using Bayesian estimation with Log-F(2, 2) prior often have higher (total) accu-
racy measures, and thus, lower Accuracy, and MSE values, when compared to other
methods. Since nonparametric bootstrapping assumes an original sample that ad-
equately represents the population of interest, the performance of Firth’s method
and Firth’s method with nonparametric bootstrapping better resemble each other
for large sample sizes (e.g., when N = 100). It seems that Bayesian approach with
weakly informative Normal(0, 2.5) prior performs better than that with Student-
t(0, 2.5, df = 7) or Log-F(1, 1) prior which in turn performs better than that with
Cauchy(0, 2.5) prior. This result is in line with the suggestions made in Ghosh et
al. [11], which state that Cauchy(0, 2.5) prior provides too much deficient informa-
tion, and thus, instead of using this prior, Normal(0, 2.5) and Student-t(0, 2.5, df
= 7) priors should be used when dealing with separation in logistic regression.
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6. AN EXAMPLE: ENDOMETRIAL CANCER DATA

A study in Heinze and Schemper [14] is used to illustrate how to analyze the
data at hand under separation in logistic regression. In the study, the dichotomous
outcome histology (HG: 0 = grade 0-1I, 1 = grade III-IV) represents the histology of
the endometrium by commonly accepted risk factors for endometrial cancer patients
(N = 79). This outcome is predicted by the categorical variable neovasculization
(NV: 0 = absent, 1 = present) and two continuous variables pulsatility index of
arteria uterina (PI) and endometrium high (EH). The logistic regression model
used to analyze the endometrial cancer data is:

f(mi) = By + BNV, + B,PL; + B3EH,, 9)

where f(.) is the logit link function, 3, is the intercept and 5, 84, and 55 are the
regression coefficients of variables NV, PI and EH, respectively, for i = 1,2, ..., 79.

Since there is no observation in the endometrial cancer data for NV =1 and
HG = 0, the data suffer from quasi-complete separation, which has a detrimental
effect on the estimate of parameter $; and its standard error when the estimation
process is performed using the usual method of maximum likelihood. Therefore,
Firth’s method, Firth’s method with nonparametric bootstrapping, Bayesian ap-
proach using Normal(0, 2.5), Cauchy(0, 2.5), Student-t(0, 2.5, df=7), Log-F(1, 1),
Log-F(2, 2), Ridge and Lasso priors are used to obtain parameter estimates and
their standard errors (see Table 3)E|

The estimates of parameters 3, and 35 across the methods are reasonably close
to each other, while the estimates of parameters 3, and 3, across the methods
may differ from each other. Figure 6 shows that the predicted probabilities of the
outcome histology for some of the observations in the data are exactly equal to 1 (in
the upper right corner of the plot), when using the method of maximum likelihood
for estimation, which is a sign of the quasi-complete separation problem. Bayesian
approach using the MCMC algorithm with Cauchy(0, 2.5) prior does not provide
a convincing solution to the separation for endometrial cancer data, since some of
the predicted probabilities of the outcome are (almost) equal to 1. The plots for
other methods more closely resemble the regular logistic regression plot in which
predicted probabilities are between the numbers 0 and 1.

Here, several diagnostics are introduced to inspect whether the MCMC algorithm
produces adequate posterior samples for parameters when using weakly informative
Normal(0, 2.5), Cauchy(0, 2.5), and Student-t(0, 2.5, df = 7) priors. The poten-
tial scale reducing factor (R) and effective sample size (ESS) statistics for each
parameter are used to determine whether the MCMC algorithm converges properly
with high estimation accuracy. These statistics are obtained by inspecting multiple
chains and dissimilarities between them (default number of chains is often 4). The
R statistic shows whether the chains converge to the same area by exploring the

2For more details on obtaining the estimates of model parameters and their standard errors
using R code for each estimation method see Supplementary material.
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TABLE 3. Estimates and standard errors of the coefficients for the
logistic regression.

. MCMC
PMLE PMLE via NB Normal(0, 2.5)
g B SEP) B SE(B) B SEp)
By 3.77 1.49 4.69 2.45 4.52 1.55
81 2.93 1.55 3.25 1.10 3.33 1.39
By -0.03 0.04 -0.05 0.07 -0.04 0.04
Bs -2.60 0.78 -3.11 1.29 -3.09 0.82
MCMC MCMC MCMC
Cauchy(0, 2.5) Student-t(0, 2.5, df =7) Log-F(1, 1)
g B SEP) B SE(B) B SEP)
By 4.40 1.57 4.47 1.59 3.23 1.20
81 5.53 4.07 3.53 1.73 3.95 1.63
By -0.04 0.04 -0.04 0.04 -0.02 0.04
Bs -3.01 0.82 -3.08 0.85 -2.45 0.66
MCMC Bayesian Bayesian
Log-F(2, 2) Ridge LR Lasso LR
g B SEP) B SE(B) B SE@p)
By 2.40 1.04 3.86 1.59 3.53 1.49
B, 3.10 1.31 4.64 4.59 3.60 3.15
By -0.01 0.03 -0.03 0.04 -0.02 0.03
Bs -2.06 0.59 -2.71 0.84 -2.58 0.82

ratio of their within and between variances. A value of R < 1.1 indicates good
convergence of the chains for the corresponding parameter. A high value of the
ESS statistic indicates low autocorrelation and high estimation accuracy within
the chains, where ESS > 1000 is often considered to be an adequate sample size
statistic for many social scientists [25]. Table 4 displays the values of R and ESS
statistics obtained for each parameter, where the MCMC algorithm is used with
Normal(0, 2.5), Cauchy(0, 2.5), and Student-t(0, 2.5, df = 7) priors, respectively.
The use of MCMC algorithm with Normal(0, 2.5) and Student-t(0, 2.5, df = 2.5)
priors results in good convergence of the chains (i.e., R =1 for each parameter) with
low autocorrelation, and consequently, high estimation accuracy (i.e., ESS > 1000
for each parameter). Although the MCMC algorithm with Cauchy(0, 2.5) prior
produces good convergence of the chains for each parameter, there is a high au-
tocorrelation and a low estimation accuracy within parameter samples, especially
when looking at the relationship between the outcome and dichotomous predic-
tor NV (i.e., ESS = 103 for parameter ;). Thus, the focus from now on will be
particularly on parameter 5, to visually inspect the difference between the MCMC
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F1GURE 6. The values of linear predictor against predicted probabilities

Linear predictor

Method
MLE
== PMLE
~e~ PMLE with NB
~e= MCMC, Normal(0, 2.5)
== MCMC, Cauchy(0, 2.5)
~e= MCMC, Student-4(0, 2.5, df = 7)
~e= MCMC, Log-F(1,1)
MCMC, Log-F(2.2)
Bayesian Ridge LR

e~ Bayesian Lasso LR

algorithm with weakly informative Normal(0, 2.5), Cauchy(0, 2.5), and Student-t(0,
2.5, df = 7) priors.

TABLE 4. The R and ESS statistics for each parameter under Nor-
mal(0, 2.5), Cauchy(0, 2.5), and Student-t(0, 2.5, df = 7) priors.

HMC

Normal(0, 2.5)

HMC
Cauchy (0, 2.5)

HMC
Student-t(0, 2.5, df = 7)

R ESS R ESS R ESS
By 1.0 2620 1.0 1800 1.0 2303
8, 1.0 2064 1.0 848 1.0 1752
By 1.0 3342 1.0 1988 1.0 3355
By 1.0 2280 1.0 1874 1.0 1933

Figure 7 shows the histograms of marginal posterior distribution, trace plot
(chains separate), autocorrelation plot (combined chains) and log posterior for pa-
rameter 3, under the three priors, respectively. A marginal posterior distribution
is obtained for one single parameter by not taking other parameters in the model
into account. The histograms show that the marginal posterior distribution of pa-
rameter 3, is normal when using the normal prior and is close to be normal when
using the Student-t prior with df = 7 degrees of freedom, for which the mean (solid
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F1GURE 7. Marginal posterior distributions, trace and autocor-
relation plots and log posteriors for parameter 3, under weakly
informative Normal(0, 2.5), Cauchy(0, 2.5), and Student-t(0, 2.5,
df = 7) priors

line) and the median (dashed line) are (almost) equal to each other. The mar-
ginal posterior of parameter 8, using the Cauchy prior has a right skewed (i.e., the
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mean to the right of the median) distribution. By default, the MCMC algorithm in
rstanarm utilizes 2000 posterior samples of parameter 8, for each chain (i.e., 8000
samples in total), half of which are used in a warm-up phase and discarded later on
before showing diagnostics and making inference. Thus, each of the four trace plots
above under the three priors is created by using 1000 posterior samples of parame-
ter B,. Based on these plots, the chains display adequate mixing under Normal(0,
2.5) and Student-t(0, 2.5, df = 7) priors, but they may exhibit consecutive peri-
ods in positive direction under Cauchy(0, 2.5) prior. Based on the autocorrelation
plots, independently from the prior distribution of parameter 3,, the correlation
between variable NV and its value at lag zero is one, since the latter represents
the variable itself. The height of spike at lag zero is quickly reduced to zero (and
fluctuated around zero afterwards) with increasing values of lags under Normal(0,
2.5) and Student-t(0, 2.5, df = 7) priors for parameter 3, respectively, which is a
sign against autocorrelation. However, when using Cauchy(0, 2.5) prior for para-
meter 3, the decrease in the height of spike at lag zero is relatively slow (and does
not fluctuate considerably around zero) compared to that using Normal(0, 2.5) and
Student-t(0, 2.5, df = 7) priors, which is a sign of positive autocorrelation.

The marginal posterior distribution for g, is highly curved when using the
MCMC algorithm with Cauchy(0, 2.5) prior. This causes many divergent tran-
sitions in the MCMC algorithm, which are shown by the red points in the log
posterior scatter plot above. This is evidence of too large step size in the MCMC
algorithm under Cauchy(0, 2.5) prior. In this case, the results of MCMC algorithm
should not be trusted. The MCMC algorithm needs a smaller step size to avoid
divergent transitions and to draw plausible samples from the marginal posterior
distribution of 8;, which can easily be adjusted by increasing the default value of
d parameter in rstanarm (e.g., from 0.95 to 0.99). Table 5 shows the estimates of
parameters and their standard errors and the values of R and ESS statistics, when
using Cauchy(0, 2.5) prior with divergent (§ = 0.95) and non-divergent (6 = 0.99)
transitions, respectively. Based on this table, decreasing the step size in the MCMC
algorithm by increasing the value of § from 0.95 to 0.99 does not have much in-
fluence on parameter estimates and their standard errors. Moreover, increasing
the value of § results in a non-convergence (i.e., R = 1.1 for parameter 3,) and a
decrease in estimation accuracy (i.e., ESS is only 35 for parameter ;). Therefore,
it is not recommended to use this prior to overcome separation in the endometrial
cancer data.

7. DISCUSSION

Researchers in social sciences commonly use simple data manipulation techniques
to overcome separation in logistic regression. These solutions are often unsatisfac-
tory and do not meet the expectations of researchers. Thus, many researchers
have been paying attention to more convenient approaches for estimation, such as
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TABLE 5. Estimates and standard errors and the R and ESS sta-
tistics under Cauchy(0, 2.5) prior with divergent and non-divergent

transitions.
Divergent transitions Non-divergent transitions
0 =0.95 0=0.99
6 B SE(B) R ESS B SE(B) R ESS
Bo 4.53 1.66 1.0 929 4.40 1.75 1.0 258
51 5.99 4.54 1.0 103 6.05 4.61 1.1 35
By —0.04 0.04 1.0 1088 —0.04 0.04 1.0 1400
By  —3.08 0.89 1.0 988 -3.01 0.90 1.0 234

symptotic and bootstrap-based bias reduction methods and Bayesian methods us-
ing weakly informative priors. However, the performance of these methods have not
been fully investigated yet with respect to bias, precision, and accuracy measures
in the context of logistic regression.

In the simulation, three methods were used to obtain the estimates of model
parameters and their standard errors: Firth’s penalized maximum likelihood esti-
mation, Firth’s method with nonparametric bootstrapping, and Bayesian approach
with seven different priors. In a concrete real life example, parameter estimation
was performed using these three methods for the endometrial cancer data. Supple-
mentary material contains the relevant R code for obtaining the estimates of model
parameters and their standard errors for each estimation method presented in this
paper. Results of the simulation study and the analysis of the endometrial cancer
data have showed that although most of the methods perform well in coping with
the consequences of separation problem in logistic regression, Bayesian estimation
with Log-F (2, 2) prior performs better than other methods.

The choice of prior distribution in Bayesian approach plays an essential role to
overcome separation in logistic regression. It was shown both by the simulation and
real life example that Bayesian approach with Cauchy(0, 2.5) or Ridge prior does
not provide a reliable solution to separation in logistic regression, since these priors
incorporate too much detrimental information into the analysis. A more coherent
weakly informative prior such as Normal(0, 2.5), Student-t(0, 2.5, df = 7), Log-F(1,
1), Log-F(2, 2), or Lasso prior should be utilized in place of Cauchy(0, 2.5) prior
when dealing with separation in the data.
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ABSTRACT. In this study, we firstly examined the Horadam quaternions de-
fined and studied by Halici and Karatag in [4]. Then, we used the Binet’s for-
mula to show some properties of the (p, ¢)-Fibonacci and Lucas quaternions.
We also give some important identities including these quaternions.

1. INTRODUCTION

Fibonacci and Lucas quaternions cover a wide range of interest in modern math-
ematics as they appear in the comprehensive works of [2,/4-6]. The Fibonacci
quaternion Qg is the n-th term of the sequence where each term is the sum of
the two previous terms beginning with the initial values Qro = i + j + 2k and
Qr1 =1+14+ 25+ 3k. The well-known Fibonacci quaternion numbers are defined
as

QF,n:Fn+iFn+1 +an+2+an+37 TLZO» (1)

where i? = j2 = k? = ijk = —1. Similarly, Lucas quaternions are defined as
Qrn=Ln+iLly1+jLyio+kLyqs for n > 0, where F;, and L,, are n-th Fibonacci
and Lucas number, respectively.

Ipek [8] studied the (p, q)-Fibonacci quaternions Qx ,, which is defined as

Qrn=PRFn-1+9QFn—2, n>2 (2)

with initial conditions Qro = i+ pj + (p? + @)k, Qr1 = 1+ pi + (pP* + q)j +
(p® + 2pq)k and p? + 4q > 0. Note that the (p,q)-Fibonacci numbers are defined
by Fn, = pFn-1+ qFn—2, Fo = 0 and F; = 1. Then, if p = ¢ = 1, we get the
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classical Fibonacci quaternion Qr,. If p = 2¢ = 2, we get the Pell quaternion
Qpn =P, +1P,1 + jPuio + kP,y3, where P, is the n-th Pell number.

Another important sequence is the (p, q)-Lucas sequence. This sequence is de-
fined by the recurrence relation

Ly=pLy1+qLly 2, Lo=2, L1 =p. (3)
The well-known Binet’s formulas for (p, ¢)-Fibonacci and Lucas quaternion, see
[8], are given by
gan _ éﬁn
a—p
respectively. Here, o, 3 are roots of the characteristic equation ¢> — pt — ¢ = 0, and
a=1+ai+a?j+ o’k and 8 = 1+ fBi + B%j + B%k. We note that a + 3 = p,

aff = —qand a — 3 = +/p? + 4q.
The generalized of Fibonacci quaternion @, , is defined by Halici and Karatas
in [4] as

QFn = and Q¢ n, = aa™ + 3", (4)

Qu,o = a+bi+ (pb+ qa)j + ((p* + Q)b + pga)k,

Qu,1 = b+ (pb+ qa)i + ((p* + ¢)b + pga)j + ((p° + 2pg)b + ¢(p* + ¢)a)
and Qu,n = PQuw,n—1 + ¢Qwn—2, for n > 2 which is called as the generalized Fi-
bonacci quaternions. So, each term of the generalized Fibonacci sequence {Q » }n>0
is called generalized Fibonacci quaternion.

The Binet formula for generalized Fibonacci quaternion Q. ., see [4], is given
by

Aaa™ — BBS"
w,n — ;7 5
Qu. s 5)
where A = b — aff, B = b — aa, «,f are roots of the characteristic equation

2—pt—q=0,and @ = 1+ wi+a?j+ o’k and § = 1+ Bi+ 3%+ k. If a = 0 and
b =1, we get the classical (p, ¢)-Fibonacci quaternion Q£ . If a = 2 and b = p, we
get the (p, ¢)-Lucas quaternion Qg .

In this paper, we study some properties of the (p, ¢)-Fibonacci quaternions, (p, q)-
Lucas quaternions and the generalized Fibonacci quaternions.

2. MAIN RESULTS

There are three well-known identities for generalized Fibonacci numbers, namely,
Catalan’s, Cassini’s, and d’Ocagne’s identities. The proofs of these identities are
based on Binet formulas. We can obtain these types of identities for generalized
Fibonacci quaternions using the Binet formula for ), ,. Then, we require af and
Ba. These products are given in the following lemma. B

Lemma 1. We have
aff = Qro — [q] — ¢Aw, (6)
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and
Ba=Qro—lq] +qAw, (7)
where w =qi+pj—k, [q)=1—q+¢*>— ¢ and A = a — .

Proof. From the definitions of a and 8, and using i* = j* = k* = —1 and ijk = —1,
we have

aB =2+ (a+B)i+(a®+5%)j+ (a®+ )k
— (14 af+ (af)? + (aB)®) + 223 — )i + af(a® — 2)j + aB(6 — a)k
=2+ pi+(0° +2¢)j + @° +3pg)k — (1 - g+ ¢ — ¢*) — aA(qi +pj — k)
=CQc0— g — qAw,
where [q] =1 —q+¢* — ¢ and w = ¢i + pj — k, and the final equation gives Eq.
@. The other identity can be computed similarly. (|

The Lemmal[I] gives us the following useful identity:
af + Ba=2(Qc.0 — [9)- (8)

The following theorem gives Catalan’s identities for generalized Fibonacci quater-
nions.
Theorem 2. For any integers m and n with m > n, we have
121),7n - Qw,m—i—an,m—n = 7AB(7Q)mf—n ((QL,O - [Q])]:n - qW['n) 5 (9)

where A = b—af, B = b—aa, and F,, L, are the n-th (p,q)-Fibonacci and
(p, q)-Lucas numbers, respectively.

Proof. From the Binet formula for generalized Fibonacci quaternions @, , in
and A% = p? + 4q, we have

A2 ( ?U,m - Qw,m+an,mfn)
= (Aaa™ — BF™)” ~ (Aaa™ " — BEF™H") (Aaa™ " ~ BEF" ")
= AB(=q)" " (aBo® + Baf*" — (—q)" (af + Ba) ).
We require Egs. (6) and (7). Using this equations, we obtain

2
w,m Qw,m-‘rn Qw,m—n

AB(—q)™ ™" \ \
= APCDT (e (e + 57— 2(-0)") — gdwla® — 57)))
AB(—qg)m—"
= ABCD (e — (Lo~ 2-0)") — 02%)
Using the identity A2F2 = Ly, — 2(—q)" gives

?ﬂ,m - Qw,m+an,mfn = AB(_q)Tn_n ((QE,O - [CI])}—?L - quQn) 3
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where L,,, F,, are the n-th (p, ¢)-Lucas and (p, ¢)-Fibonacci numbers, respectively.
With the help of the identities Fs,, = F,L, and F_,, = —(—q)"F,, we have Eq.
@[). The proof is completed. O

Taking n = 1 in this theorem and using F_; = %, we obtain Cassini’s identities

for generalized Fibonacci quaternions. This result gives another version of the
Corollary 3.6 in [10].

Corollary 3. For any integer m, we have
'%U,m - Qw,m-&-le,'m—l = AB(_Q)nkl (QC,O - [CI} - pqw) , (10)
where A=b—afl, B=b—aa and [q] =1—q+ ¢*> — ¢>.
The following theorem gives d’Ocagne’s identities for generalized Fibonacci quater-

nions.

Theorem 4. For any integers n and m with n > m, we have

Qw,an,erl - Qw,n+1Qw,m = (—Q)mAB ((QC,O - [q])fnfm - qwﬁnfm) ) (1]-)
Fn, Ly are the n-th (p, q)-Fibonacci and (p, q)-Lucas numbers, respectively.

Proof. Using the Binet formula for the generalized Fibonacci quaternions gives
A (QunQu.mt1 — Quint1Quwm)
= (Aaa™ — BBB") (Aaa™tt — BpA™ )
— (Aaa™™ — BBB™) (Aaa™ — BBB™)

_ A(—q)mAB (géanfm _égﬁn—m) .

We require the Egs. @ and . Substituting these into the previous equation, we
have

Qw,an,erl - Qw,nJrle,m
1 —m n—m n—m n—m
= X (CO™AB ((Qeo = [ah)(@" ™™ = 8"77) = gAw (@™ + 5"7T))
= (_q)mAB ((QE,O - [q])fn—m - qW['n—m) .
The second identity in the above equality, can be proved using L,,—,,, = o™~ ™ +
8" and AF,_,, = o™ — 3"~ ™. This proof is completed. O

In particular, writing m = n — 1 in this theorem and using the identity £ = p,
we obtain Cassini’s identities for generalized Fibonacci quaternions. Now, taking
m = n in this theorem and using the initial conditions Fy = 0 and Ly = 2, we
obtain the next identity.

Corollary 5. For any integer n, we have

Qw,anm—i—l - Qw,n+1Qw,n = 2(_Q)n+1ABw7 (12)
where A=b—af, B=b—aa andw = qi +pj — k.
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Theorem 6. For any integers n, v and s, we have

Q£,7L+TQ.7:,n+s - QC,n+sQ.7:,n+r = 2(7q)n+TfS—T(QL',O - [qD (13)

Proof. The Binet formulas for the (p, ¢)-Lucas and (p, ¢)-Fibonacci quaternions give

A(Qrn+rQF nts — QrintsQF ntr)
= (@™ + B (a0 — BT
(a0 £ 487 (0™~ 57)
= (af)"(a’B" — a"B°)(af + Ba).

Using initial condition @ o, we have

QL,n—i—rQ}',n-&-s - QL,n,+sQ.7~',n+r = 2(*Q)n+r-¢s—r(Q£,O - [QD
[l

After deriving these famous identities, we present some other identities for the
generalized Fibonacci quaternions. In particular, when using the Binet formulas to
obtain identities for the (p,q)-Fibonacci and (p, ¢)-Lucas quaternions, we require
a? and 32. These products are given in the next lemma.

Lemma 7. We have

QQ = (QE,O - rp,q) + A(Q]—‘,O - Sp,q)’ (14)
and
62 = (Qc,0 —7pq) —A(QFo0 — Spg)s (15)

where A = a—f, 1p g = 1+ 5(Fot+ Fu+ Fo)+q(Fir+F3+Fs), spq = 5(Fat+Fa+Fe)
and F,, is the n-th (p, q)-Fibonacci number.

Proof. From the definitions of a and 3, and using 2 =352 =k =-1, ijk = -1
and o = F,a + qF,_1 for n > 1, we have
a? =21+ ai+a?j+a’k) — (1 +a? + a* + ab)
=2+ pi+ (p* +29)j + (0 + 3pg)k + A(i +pj + (0 + @)k)
— (14 (Faa+ qF1) + (Faa+ qF3) + (Fea + qF5))
= (Qc,0 = Tpg) T A(Qr,0 — Spq),

where Tpg = 1+ g(]:g + Fu+ fﬁ) + q(fl + F3 + f5) and Sp.q = %(fg + F4+ -7:6)
and the final equation gives Eq. (14). The other can be computed similarly. [l

We present some interesting identities for (p, ¢)-Fibonacci, (p, ¢)-Lucas quater-
nions and generalized Fibonacci quaternions. A similar identity can be seen in
Theorem 3.11 in [10].
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Theorem 8. For any integer n, we have

%(Qc,o = Tp,g)Lon + (QF,0 — Sp.g)Fon
(A4 (=" (16)
+2°5—5—"(Qc0 — [d])-

Proof. Using the Binet formulas for the (p,¢)-Fibonacci and (p, ¢)-Lucas quater-
nions, we obtain

AX(QE, — Q%) = A% (a0” + 83")° — (aa” — B5")
= (A% = 1)(@?a® + B767") + (A% + 1)(aB)"(af + Ba).
Substituting Eqs. (6) and (7)) into the last equation, we have
A Q7 — QF ) = (A% = 1)(@®a®" + °5°") +2(A% +1)(aB)"(Qer,0 — [))- (17)
Then, using Egs. and , we obtain
a’a® 4 BB7" = (" + B2)(Qr0 — Tpg) + AQrF o — spg) (@ = B7). (18)

2 2
Qﬁ,n - Q}',n = (

Substituting Eq. into Eq. gives Eq. . (Il
Corollary 9. For any integers n and m with m > n, we have

QFnQum — QumQrn = 2(=)" oW, (19)
where w = qi+pj—k and W,, = % is the n-th generalized Fibonacci number.

Proof. The Binet formulas for the (p, ¢)-Fibonacci and generalized Fibonacci quater-
nions give

A (QFnQum — QumQF n)
(a0 - 88" (Ana™ — Bg5")
— (Aaa™ — BBE™) (aa” — B5")

= (Aa™p" — Ba" ™) (af — Ba).

Using Egs. @ and , we have
QF nQum = Qum@r.n = (aB)"(Aa™™" — BS™")(af — fa)
=2(—q)" MWW,
where w = qi 4+ pj — k and W, is the n-th generalized Fibonacci number defined by
W, = A B O
Taking m = n in this corollary and using Wy = a, we obtain the next identity.

Corollary 10. For any integer n, we have

Q}-,an,n - Qw,nQ}',n = 2(_q)n-i-1aw’ (20)
where A=b—afB, B=b—aa andw =qi+pj — k.
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3. CONCLUSION

Sequences of numbers have been studied over several years, including the well
known Horadam sequence and, consequently, on the Horadam quaternions studied
in [4]. In this paper we have also contributed for the study of (p, ¢)-Fibonacci and
Lucas quaternion sequence, deducing some of their identities using the Binet-style
formula of Horadam quaternions. It is our intention to continue the study of this
type of sequences, exploring some their applications in the science domain. For
example, a new type of sequences in the complex algebra with the use of these
numbers and their combinatorial properties.

Acknowledgements. The author thanks the suggestions sent by the reviewer,
which have improved the final version of this article.
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ABSTRACT. This paper dedicated to study quadratic maps. We present some
new operator equalities and inequalities by using quadratic map in the frame-
work of B (). Applications for particular case of interest are also provided.

1. INTRODUCTION AND PRELIMINARIES

As customary, we reserve « for scalars and other capital letters denote general
elements of the C*-algebra B () of all bounded linear operator acting on Hilbert

space (4, (-,-}). The absolute value of operator A is denoted by |A| = (A*A)%,
where A* stands for the adjoint of A. An operator A is called positive (in symbol:
A >0)if (Az,z) > 0. A linear map ¢ : B () — B () is positive if ¢ (4) > 0
whenever A > 0. More information on such maps can be found in [I0, p. 18].
The study of linear maps on an algebra of bounded linear operators on a Hilbert
space has been developed by many authors (see for instance [3], 5] [7, T3], 14]). Also,
for a host of positive linear map inequalities, and for diverse applications of these
inequalities, we refer to [8, (11, 15], and references therein. As is known to all, the
linear property plays an important role to obtain this inequalities.

The motivation of this paper is to present some results concerning equalities
and inequalities for maps without linear property on complex Hilbert spaces. In
order to prove our main results, we need the following essential definitions. A map
0 B(A)XB(H) — B(H) is a sesquilinear, if satisfying the following conditions:

(1) ¢ (aAy + BAg, B) = ap (A1, B) + By (As, B) ;
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(2) ¢ (A, aBy + By) =ap (A, B1) + o (A, Bs);

for all o, 8 € C and Ay, As, B1,Bs € B(4). A sesquilinear form ¢ is called
positive if ¢ (A, A) > 0, for each A € B(s¢). The sesquilinear form ¢ is said to
be symmetric if ¢ (A, B) = ¢ (B, A) for all A, B € B(4). The map ® : B () —
B (s7) defined by ® (A) = p (A, A), is called the quadratic map associated with
. It can be easily verified that the definition of quadratic map is different from
positive linear map. In fact, by using a sesquilinear map we create a quadratic map,
that is not necessarily linear and positive.

The paper is organized in the following way: After this Introduction, in Section
we deduce some equalities. The parallelogram law is recovered (see Theorem
and and some other interesting operator equalities are established. Afterward,
in Section [3] we get an extension of some well known inequalities such as, triangle
(Theorem inequality. Especially, Bohr’s inequality is generalized to the context
of quadratic map (see Theorem [3.4). Some results concerning this inequality are
surveyed (see Corollary and [3.6). In Section [4] before closing the paper, we give
an application of our results in the previous sections. We show that our results are
a generalization of some well known works due to Fujii [9] and Hirzallah [12].

2. SOME EQUALITIES FOR QUADRATIC MAPS

Here and throughout, ® stands for the quadratic map. Our first main result in
this section reads as follows.

Theorem 2.1. Let A, B € B(¢). Then
®P(A+B)+P(A-B)=2(P(A)+P(B)). (2.1)
Proof. We observe that
e(A+B,A+B)=¢(A,A) +¢(AB)+¢(B,A)+¢(B,B). (22
Replace B by —B in the above equality, we deduce
0(A—B,A-B)=p(A,A)—¢(A,B)—¢(B,A)+¢(B,B). (2.3)

By adding (2.2)) and (2.3]), we obtain desired result (2.1)). O

The following generalization of the parallelogram law holds.
Theorem 2.2. Let A,B € B() and 0 #t € R. Then

<I>(A+B)+1®(tA—B):(1+t)<I>(A)+<1+1><I>(B). (2.4)
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Proof. We observe that
1
<I>(A+B)+Z<I>(tA—B)
=®(A)+2(B)+¢(4,B) +¢(B,A)

F10(4) + 18 (B) ~ ¢ (4,B) - ¢ (B, A)
—(1+1)®(A) + <1+1)q>(3).

which proves the theorem. ([l

Remark 2.3. Assume that ¢ is a positive sesquilinear form. If 0 < ¢t < 1, then

1 > 1, so that the second term @ (tA — B) of the left side of the equality (2.4) is
greater that ® (tA — B). Hence we have

<I>(Aq:B)+¢(tAiB)<(1+t)<I>(A)+(1+1)(1)(3).
Similarly, if either ¢ > 1 or ¢t < 0, then
1
<I>(A1FB)+<I>(tAiB)>(1+t)<I>(A)+(1+t)rl)(B).

The following result can be regarded as an extension of the well-known Apollo-
nius’s identity (see, e.g., [2, Lemma 2.12]).

Theorem 2.4. Let A,B,C € B(3¢). Then

<I>(AB)—2<I>(CA)+2<I>(CB)4<I><CA;B>. (2.5)
Proof. By Theorem we have
A+ B c A C B
‘P(C 3 )‘I’<22+22>
—9|® c_4 P ¢_B _® B_4
2 2 2 2 2 2
1 1
= S[2(C-A) +@(C-B) - ;@B A).
which is clearly equivalent to . (Il

The following result concerning the quadratic maps may be stated.

Theorem 2.5. Let A,B € B(). Let ¢ be symmetric sesquilinear form and
® (A) = @ (B). Then for each £1,0 # o € R we have

B(A+aB) = (B+ad). (2.6)
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Proof. One can easily see that
®(A+aB)=®(A)+2ap (A, B) + o*® (B)
=& (B) +2ap (B, A) + a*® (A)
=®(B+ad).
Therefore we obtain the desired equality . O

Theorem 2.6. Let A,B,C € B(5) such that A+ B+ C = 0, and let ¢ be a
symmetric sesquilinear form and ® (A) = ® (B). Then
PA-C)=2(B-C).
Proof. By easy computation we have
PA-C)+2(A-B)

=20 (A)+P(C)+P(B)—-20(A,B+C)

=49 (A)+P(C)+ P (B).
Also

PB-C)+P(A—B)=49(B)+2(C)+2(A).

Hence

D(A-C)=d(B-0C).

The results in the following proposition is derived from the Theorem [2.6]

Proposition 2.7. Let A,B,C,D € B () such that A+ B+ C + D =0, and let
¢ be a symmetric sesquilinear form and ® (A) = ®(B), ® (C) = & (D). Then

P(A-C)=d(B-D),
and
®B-C)=d(A-D).

Proof. 1t is easy to obtain that
PA-C)+P(A—-B)=22(A)+D(C)+2(B)—2¢(A,C+ B),
®B-D)+P(A-B)=20(B)+2(C)+P(A) —2¢(B,A+ D).

Subtracting and using the hypothesis, this gives

P(A-C)—®(B—-—D)=2p(B,A+D)—-2¢p(A,C+ B)
=2¢(B,A+ D)+2p (A, A+ D)
=2p(A+B,A+ D).
Now

p(A+B,A)=2(A)+¢(B,A)=2(B)+¢(4,B)=¢(A+B,B),
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and
p(A+B,D)=—p(C+D,D)=—p(C+D,C)=p(A+ B,C).
Therefore
¢(A+B,A+D)=¢(A+B,B+C)=—p(A+B,A+ D) =0,
which implies that
PA-C)=2(B-D).
We can easily also check that
®B-C)=d(A-D).

3. SOME INEQUALITIES FOR QUADRATIC MAPS
The following simple result is of interest in itself as well:

Theorem 3.1. Let A,B € B(5) and ® be a positive quadratic map associated
with ¢ such that ¢ is symmetric. Then

4Rep (A, B) <P (A+B)<2(®(A)+®(B)). (3.1)
Proof. Since ® (A — B) > 0, then
D (A)+2Rep(A,B)+®(B) >4Rep (A, B),
therefore
O (A+B)>4Rep (A, B). (3.2)
On the other hand
B (4)+®(B) > 2Rep (4, B),

then
2(®(A)+@(B)) > (A) +®(B)+2Rep (4, B),
SO
2(P(A)+®(B)) >P(A+B). (3.3)
By and we deduce the desired result . O

It is worth to mention that the right side of inequality (3.1)) is an extension of
the triangle inequality.

Corollary 3.2. Let A, B,C € B () and ® be a positive quadratic map associated
with @ such that ¢ is symmetric. Then

PA-C)<2(P(A-B)+P(B-0)). (3.4)
The forthcoming theorem gives an upper bound for ® (A + B).

Theorem 3.3. Let A,B € B () and ® be a positive quadratic map associated
with ¢ such that ¢ is symmetric and ® (A) = ® (B). Then for each 0 # « € R,

®(A+B)<®(ad+0a 'B).
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Proof. We know that for any real numbers a # 0, (a — a_1)2 >0s0a?+a"2>2.
Using the fact that ® (A) = ® (B), one has
® (@A+a 'B) =a’®(A) +2¢ (A, B) + a *® (B)

= (a®+a7?) ((I) (4) —; 2 (B)) +2¢ (A, B)

>®(A)+P(B)+2¢0(A,B)
=®d(A+ B).
This completes the proof of Theorem [3.3 O

Several authors discussed operator version of Bohr inequality (see for instance
[]). In the following, we give a unified version of Bohr inequality.

Theorem 3.4. Let A, B € B(5) and p,q > 1 with %—F% =1,p<gq, and let ¢ be
a positive quadratic map. Then

®(A-B)+@((1-p)A—B) <pd(A)+q®(B).

Proof. By easy computation observe that
p®(A) +4®(B) =2 (A= B) - 2((1 -p)A - B)
=2-p)-1)2(A)+(@-2)2(B) - (p—2)(p(A B) +¢(B,A4)
—e-n -0+ (2200 +2-p) (B + o (BA)
= (z_p)¢(\/ﬁA+pi_lB)
>0

where the last inequality follows from the fact that p < ¢ and so the proof is
complete. (I

The following corollary is a natural consequence of the above result.

Corollary 3.5. Let A,B € B(5¢) and p,q > 1, % —|—% =1, and let ® be a positive
quadratic map. Then

B (A—B) < pd(A) +q® (B).

The next results follows by applying Corollary [3.5] first to the operators A, B
and second to the operators A, —B.

Corollary 3.6. Let A,B € B(5) and ® be a positive quadratic map. Then for
any p > 1,
1
+(p(A,B)+¢(B,A)<(p-1)2(A)+ ﬁ‘l’(B%
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4. SPECIAL CASE
For two bounded linear operators A, B € B (.5¢), we define the map ¢ : B () x
B () — B(H), with ¢ (A, B) = B*A. This leads to ¢ (4, A) = |A|*. It is obvious
that ¢ (A, B), is linear in the first variable and conjugate-linear in the second. For
this we first observe from (2.1)) the classic parallelogram law for operators.

A+ BP +|4- B =2 (1A +|B).
We have from ({2.5)), the following well known equality

A+ B|?

|A—BF:ﬂC—AF+mC—BF—4C—

The following generalization of parallelogram law is derived from inequality (2.4]),
which is obtained in [9, Theorem 4.1].

1 1
A+BZ+“M—BF:ﬂ—ﬂMF+G+t)Bﬁ

We also remark that, Corollaryis equivalent to [9, Theorem 3.1] by interchanging
¢ (A, B) = B*A.
Also, Theorem [3:4] becomes

| A= B + (1 —p) A~ BI* <plA* + ¢|B".

This result was obtained in [I2] Theorem 1].

Acknowledgment. The authors would like to express their hearty thanks to the
referee for their valuable comments.
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ABSTRACT. In this paper, we study invariant submanifolds of a golden Rie-
mannian manifold with the aid of induced structures on them by the golden
structure of the ambient manifold. We demonstrate that any invariant sub-
manifold in a locally decomposable golden Riemannian manifold leaves invari-
ant the locally decomposability of the ambient manifold. We give a necessary
and sufficient condition for any submanifold in a golden Riemannian manifold
to be invariant. We obtain some necessary conditions for the totally geodes-
icity of invariant submanifolds. Moreover, we find some facts on invariant
submanifolds. Finally, we present an example of an invariant submanifold.

1. INTRODUCTION

The differential geometry of submanifolds has occupied an important place in
natural and engineering sciences since some particular types of submanifolds have
been used as a geometric tool to solve many problems concerning these disciplines.
In particular, invariant submanifolds have a key role in applied mathematics and
theoretical physics as a method, such as for determining non-linear normal modes
in non-linear systems [I] and constructing the reduced description for dissipative
systems of reaction kinetics [2]. When considered from this point of view, invariant
submanifolds have a special meaning in differential geometry. Invariant submani-
folds are one of typical classes among all submanifolds of an ambient manifold. It is
well known that in general, an invariant submanifold inherits almost all properties
of the ambient manifold. Therefore, invariant submanifolds are an active and fruit-
ful research field playing a significant role in the development of modern differential
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geometry. Also, the papers related to invariant submanifolds have appeared in vari-
ous ambient manifolds, such as almost contact Riemannian manifolds 3] [4], normal
contact metric manifolds [5], Sasakian manifolds [6], almost product Riemannian
manifolds [7], CR-manifolds [§] etc.

Recently, C*°-differentiable manifolds endowed with golden structures, i.e., golden
manifolds have become a popular topic in differential geometry. In [9], M. C.
Cragmareanu and C. E. Hretcanu have shown that there exists a close relationship
between golden and almost product structures. In this sense, F. Etayo, R. San-
tamarfa and A. Upadhyay have analyzed almost golden Riemannian manifolds by
use of the corresponding almost product structures in [I0], where the concept of
a golden manifold was defined as a C'*°-differentiable manifold admitting an in-
tegrable golden structure. In [II], M. Gk, S. Keles and E. Kilig¢ have examined
the Schouten and Vrianceanu connections on golden manifolds. The different kind
of classes of submanifolds in a golden Riemannian manifold have been defined ac-
cording to the behaviour of their tangent bundles with respect to the action of
the golden structure of the ambient manifold and studied by several geometers in
[12], 13}, [14] [15] [16]. Invariant submanifolds, which are one of important and known
classes of submanifolds, have been investigated in a golden Riemannian manifold for
the first time by C. E. Hretcanu and M. C. Cragmareanu with the help of induced
structures on them by the golden structure of the ambient manifold in [I7] we can
find their some fundamental properties. The authors have obtained a characteri-
zation for any submanifold in a golden Riemannian manifold to be invariant and
proved that the Nijenhuis tensor of the induced structure vanishes identically on
invariant submanifolds in the case that the ambient manifold is a locally decompos-
able golden Riemannian manifold. Also, an example of an invariant submanifold
regarding a product of two spheres in an Euclidean space has been given in [18].

The main purpose of this paper is to examine invariant submanifolds of a golden
Riemannian manifold by means of induced structures on them by the golden struc-
ture of the ambient manifold.

The paper has three sections and is organized as follows: Section 2 is devoted to
preliminaries containing basic definitions, concepts, formulas, notations and results
for golden Riemannian manifolds and their submanifolds. Section 3 deals with an
investigation of invariant submanifolds of a golden Riemannian manifold. We prove
that any invariant submanifold of a locally decomposable golden Riemannian mani-
fold is also locally decomposable. We obtain a characterization for any submanifold
in a golden Riemannian manifold to be invariant. We find some necessary condi-
tions for any invariant submanifold to be totally geodesic. Also, we get other results
on invariant submanifolds. Lastly, we construct an induced structure on a prod-
uct of hyperspheres in an Fuclidean space as an example of a golden Riemannian
structure.
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2. PRELIMINARIES

In this section, we recall some basic facts on golden Riemannian manifolds and
their submanifolds.

A non-trivial C*°-tensor field f of type (1,1) on a C*°-differentiable manifold
M is called a polynomial structure of degree n if it satisfies the algebraic equation

Q(z) =" +anz" '+ Fagx+a Il =0, (1)
where [ is the identity (1,1)-tensor field on M and f"~! (p), f*2(p),...,f(p),I
are linearly independent for every point p € M. Also, the monic polynomial Q (z)
is named the structure polynomial [19].

A polynomial structure ® of degree 2 with the structure polynomial Q (z) =
2?2 — 2 — 1 on a C*-differentiable real manifold M is called a golden structure.
That is, the golden structure ® is a tensor field of type (1, 1) satisfying the algebraic
equation

3 =F+1. (2)
In this case, we say that M is a golden manifold. We denote by T (TM) the Lie
algebra of differentiable vector fields on M. If there exists a Riemannian metric g
on M endowed with a golden structure ® such that g and ® verify the relation

7(PX.Y) =7 (X,®Y) (3)

for any vector fields X, Y € I (TM), then the pair (g, 6) is said to be a golden
Riemannian structure and the triple (M, g, 6) is called a golden Riemannian man-
ifold. The eigenvalues of the golden structure ® are ¢ = 1+T\/5 and 1 — ¢ = %
being the roots of the algebraic equation 2 — x — 1 = 0, where the former is the
golden ratio [9] 17, [I§].

Let M be an n-dimensional submanifold of codimension r, isometrically im-
mersed in an m-dimensional golden Riemannian manifold (H, g, 5). We denote
by T,M and T, M + its tangent and normal spaces at a point p € M, respectively.
Then the tangent space T, M admits the decomposition

T,M =T,M & T,M*

for each point p € M. The induced Riemannian metric on M is given by

9(X,Y) =7(i.X,i.Y) (4)
for any vector fields X,Y € I'(T'M), where i, is the differential of the immersion
i: M — M. We consider a local orthonormal frame {Ny,..., N,.} of the normal

bundle TM+. For every tangent vector field X € I'(T'M), the vector fields D (i, X)
and ® (N,) on the ambient manifold M can be decomposed into tangential and
normal components as follows:

B (1. X) = 0. (B (X)) + Y a (¥) Na (5)
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and '
P (No) =cin (§,) + Y aapNg, e = £1, (6)
B=1
respectively, where ® is a tensor field of type (1,1) on M, £ ’s are tangent vector

fields on M, u,’s are differential 1-forms on M and (ang) is a matrix of type
r x r of real functions on M for any «, 5 € {1,...,7}. Thus, we obtain a structure

(@, g, Ua, €€, (aaﬁ)rm-) induced on M by the golden Riemannian structure (y, 6).

We denote by V and V the Levi-Civita connections on M and M, respectively. Then
the Gauss and Weingarten formulas of M in M are given, respectively, by

VixiV =i, VxY + Y ha (X,Y) N, (7)
a=1
and
Vi.xNo = =i A X + Y lag (X) Np (8)
B=1

for any vector fields X,Y € I'(T' M), where h,,’s are the second fundamental tensors
corresponding to N,’s, A,’s are the shape operators in the direction of N,’s and
lop’s are the 1-forms on M corresponding to the normal connection V= for any
a,B e {l,...,r}. Also, the following relations hold:

h(X,Y):ZT:ha (X,Y) N, (9)

a=1
ha(X7Y):ha(KX)= (10)
he (XaY) :g(AaXaY)v (11)
VN, = ilaﬁ (X) Ng (12)

B=1

and

lozﬂ = _lﬁa (13)

for any vector fields X, Y € T'(TM) [11].
As it is well known, the submanifold M is called totally geodesic if h = 0.
Besides, the mean curvature vector H of M is defined by

H = zn:h(ei,ei),
i=1

where {eq, ..., e,} is orthonormal basis of the tangent space T, M at a point p € M.
If the mean curvature vector H vanishes identically, then M is said to be a minimal
submanifold. If A (X,Y) = g(X,Y) H for any vector fields X,Y € I'(T M), then
M is named a totally umbilical submanifold [20].
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The triple (M, g, ®) is called a locally decomposable golden Riemannian mani-
fold if the golden structure ® is parallel with respect to the Levi-Civita connection
V, i.e., the covariant derivative V @ is identically zero. Also, under the assumption
that the induced structure is a golden structure, the same definition can be applied
to the submanifold (M, g, ®) in terms of the Levi-Civita connection V of M.

3. INVARIANT SUBMANIFOLDS OF GOLDEN RIEMANNIAN MANIFOLDS

This section is mainly concerned with invariant submanifolds in golden Riemann-
ian manifolds. We show that any invariant submanifold in a locally decomposable
golden Riemannian manifold preserves the locally decomposability of the ambient
manifold. We get an equivalent expression to the invariance of any submanifold in
a golden Riemannian manifold. We give some necessary conditions for the totally
geodesicity of invariant submanifolds. Besides, we obtain some results on invariant
submanifolds.

As a beginning, we remember that the notion of an invariant submanifold in
golden Riemannian manifolds. Any invariant submanifold M of a golden Riemann-
ian manifold (M,g,®) is submanifold such that the golden structure @ of the
ambient manifold M carries each tangent vector of the submanifold M into its
corresponding tangent space in the ambient manifold M, in other words,

& (T,M) C T,M

for any point p € M.

Let M be an n-dimensional invariant submanifold of codimension r, isometrically
immersed in an m-dimensional golden Riemannian manifold (M, g, 5). Then we
have £, = 0 and u,, = 0 for any « € {1,...,r}. Hence, and é@ can be expressed
in the following forms:

B (i, X) = i (® (X)) (14)

and
T

E(Na)z E aagNg, (15)
B=1
respectively.

Theorem 1. [I8, Remark 3.1] Let M be an n-dimensional invariant submanifold
of codimension r, isometrically immersed in an m-dimensional golden Riemannian

manifold (M, g, 6). Then the induced structure (@,g,ua =0,e, =0, (aaﬁ)rxr)

on M by the golden Riemannian structure (g, 5) satisfies the following relations:

P?(X)=d(X)+ X, (16)
Gap = ABa; (17)
Y daypy = bap + aag, (18)

v=1
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9(®(X),Y)=g(X,2(Y)) (19)
and
9(2(X),2(Y))=g(2(X),Y)+g(X)Y) (20)
for any wvector fields X, Y € T'(TM).

Theorem 2. [I8 Theorem 3.2] Let M be an n-dimensional submanifold of codi-

mension 1, isometrically immersed in an m-dimensional golden Riemannian man-
ifold (M,g, <I>). Then M is an invariant submanifold if and only if the induced
structure (®,g) on M is a golden Riemannian structure whenever ® is non-trivial.

Theorem 3. [I7, Theorem 2.1] Let M be an n-dimensional invariant subman-
ifold of codimension r, isometrically immersed in an m-dimensional locally de-
composable golden Riemannian manifold (M,g, <I>). Then the induced structure
(@,g,ua =0,e£, =0, (aaﬁ)rw) on M by the golden Riemannian structure (g, ®)
verifies the following relations:

(Vx®)Y =0, (21)
ho (X, ®Y) = 27: hg (X,Y) aga, (22)
B=1
O (AeX) =) aapAsX (23)
B=1
and -
X (aap) = Z Loy (X) ayp + Z lgy (X) aay (24)

for any vector fields X, Y € T(TM).

Theorem 4. Let M be an n-dimensional invariant submanifold of codimension r,
isometrically immersed in an m-dimensional locally decomposable golden Riemann-
ian manifold (M@,E). Then M 1s a locally decomposable golden Riemannian
manifold whenever ® is non-trivial.

Proof. Taking into consideration Theorem [2| the proof is obvious from . O

Theorem 5. Let M be an n-dimensional submanifold of codimension r, isometri-
cally immersed in an m-dimensional golden Riemannian manifold (M, g, 6). Then
M is an invariant submanifold if and only if there exists a local orthonormal frame
of the normal bundle TM~* such that it consists of eigenvectors of the golden struc-
ture ®.
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Proof. At first, we recall that it is possible to transform the local orthonormal
frame {Ni,...,N,} of the normal bundle TM~ into another local orthonormal

frame {N7,..., Ny} such that &, = > kJ¢, and a3 = Aadag, Where (k7) is an
~y=1

orthogonal matrix of type 7 x r and \,’s are the eigenvalues of the matrix (aag),.,.

for any o, 8 € {1,...,r}. If M is an invariant submanifold, then the tangent vector
fields &)’s are zero. Hence, we obtain from that

D(N)=AN.,a=1,...,7,

which shows that the normal vector fields N/,’s are eigenvectors of the golden struc-
ture ®. Conversely, we assume that ® (N/) = A\, N/, for any o € {1,...,7}. Then
it follows from that

f’a:O, a=1,...,r,

from which we conclude that the submanifold M is invariant. (|
Theorem 6. Let M be an n-dimensional submanifold of codimension r, isometri-

cally immersed in an m-dimensional golden Riemannian manifold (M, g, 6). Then
M is a totally geodesic invariant submanifold if the following relations are satisfied:

Bi, = iy (25)
and
ON,=(1—-9¢)Ny,a=1,...,r. (26)
Proof. Using and in and @, respectively, we get
b =0l (27)
and
tap = (1 —¢)dap (28)

for any o, 8 € {1,...,r}. On the other hand, and mean that M is an
invariant submanifold. Thus, in virtue of and , it results by a simple
computation from that

VBAL =0, 0=1,...,r,

which proves that the submanifold M is totally geodesic. As a result, the proof has
been completed. O

Theorem 7. Let M be an n-dimensional submanifold of codimension r, isometri-
cally immersed in an m-dimensional golden Riemannian manifold (M,y, <I>). Then
M s a totally geodesic invariant submanifold if the following relations are verified:

Ti, = (1 - ¢)i, (29)
and
®N, =Ny, a=1,...,r. (30)
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Proof. Applying and to (5) and (6), respectively, we deduce
o=(1-¢)I (31)
and
Gag = Pdap (32)
for any o, 8 € {1,...,7}. On the other hand, it is clear from and that M

is an invariant submanifold. Hence, taking into account and , we obtain
by a straightforward computation from that

—VBA,=0,a0=1,...,r,

which implies that the submanifold M is totally geodesic. Consequently, the proof
has been shown. O

Theorem 8. Let M be an n-dimensional submanifold of codimension r, isometri-
cally immersed in an m-dimensional golden Riemannian manifold (M, g, 6). Then
the second fundamental tensors hg’s are zero for any 0 € {1,...,t <r} if the fol-
lowing relations are satisfied:

di, = Dl (33)
TNy =(1—¢)Ng, =1,...,t (34)
and
ON, =¢N,, p=t+1,...,7. (35)
Proof. Taking account of (33), and (35)), in view of (5)) and (6, we obtain
¢ = ¢l (36)
agy = (1 — @) gy, 6,9 =1,...,t (37)
and
Quy = GOy, v =t+1,...,7. (38)

On the other hand, it follows from (33)), and (35) that the submanifold M is
invariant. Hence, by means of , (137) and , (23) takes the form

VBAg=0,0=1,....t<r,
from which we have
he=0,0=1,...,t<r.
O

Theorem 9. Let M be an n-dimensional submanifold of codimension r, isometri-
cally immersed in an m-dimensional golden Riemannian manifold (M, g, 6), Then
the second fundamental tensors hg’s are zero for any 6 € {1,...,t <r} if the fol-
lowing relations are verified:

Di, = (1 — @) i, (39)

6N9=¢Ng,9:17...,t, (40)
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and
ON,=(1—¢)N,, p=t+1,...,r. (41)
Proof. By reason of , and , we infer from and @ that
=(1-9)1, (42)
04919:(]5(5919, 9729:1)"'7t (43)
and
ay :(1_ NV7/’[’7V_t+1 (44)

On the other hand, it is obv1ous from (39), (40) and that the submanifold M
is invariant. Thus, using . and (44)), ) is reduced to

—ngzO,@zl,...,t<r7
which implies
hg=0,0=1,...;t<r.
O

Theorem 10. Let M be an n-dimensional totally umbilical invariant submanifold
of codimension r, isometrically immersed in an m-dimensional golden Riemannian
manifold (M g, ) If

{tr(@)}* #n{n+tr(@)},
or equivalently

{tr(®)}” # N*n?,

then M is a totally geodesic submanifold, where A is one of the eigenvalues of the
golden structure ®.

Proof. We denote by {e1,...,e,} an orthonormal basis of the tangent space T, M
at a point p € M. Since the submanifold M is totally umbilical, there are constants
04’s such that h, = 0,9 for any « € {1,...,r}. Then is given by

0ag (X, V) =Y agaopg(X,Y) (45)
B=1

for any vector fields X,Y € I'(T'M). Putting X, =Y, =¢; for any i € {1,...,n}
at the point p € M in , we have

oag (€i; Pe;) :g(ei,ei)Zagaaﬁ. (46)
p=1

Summing over 4 in , we get

n T
Z Uag (ei) q)e’b) =n Z aﬁaa,@a
i=1 B=1
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which implies
tr(®)o, = nZagaaﬁ. (47)
B=1

Multiplying by the matrix element ag, and then summing over «, we obtain

tr(®) Z ABaTo =N Z Z ABa a0 ~- (48)
a=1 y=1a=1
Using , takes the form
tr(®) Z ABa0a =N03 + N Z a8~y0~,
a=1 y=1
from which we have
1 T
= — (tr(®) — a0 49
op = (tr(®) n);aﬁU (49)

Hence, substituting into , we find
{tr(®) (tr(®) — n) — n*} Z aapop = 0. (50)
B=1

On the other hand, on account of the fact that {tr(®)}> # n {n + tr(®)}, or equiv-
alently {tr(®)}* # A?n2 in the hypothesis, it follows from (50) that

T
Z Qap0pR = 0.
p=1

Therefore, we infer from that
op=0,=1,...,r,
which demonstrates that the submanifold M is totally geodesic. O
Now, we give an example.

Example 11. Let (EQ(IH“Z)7 {, >) be the 2(p+q)-dimensional Euclidean space, where
p and q are two positive natural numbers. Hereafter we use the following abbrevia-
tions for a point and a tangent vector in the FEuclidean space E*PT9 | respectively:

(xi,yi,zj,wj) = (931,...,z”,yl,...,yp,zl,...,zq,wl,...,wq)
and
(XY, 27, W) = (X', XP Y Yzt 2 W W)
We consider a tensor field ® of type (1,1) defined by
(XY, ZI W) = (X', 0Y", (1= ) Z7, (1 — ¢) W)
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for any tangent vector (X', Y, Z7, W) € T(miﬁyi’zijj)E2(p+q), where ¢ and 1 — ¢
are the roots of the algebraic equation > —x —1 =0, i.e., ¢ = 1+T‘/5 and1—¢ =

1*2—\/5. In this case, it is easy to show that ((,) ,5) is a golden Riemannian structure
and (EQ(pJ“q), (,) ,5) is a golden Riemannian manifold.

Because of the fact that E>PT9) = EP x EP x EY x E9, we have the following
four hyperspheres:

SP=l(ry) = {(xl’”_’xp) : Z (a:l)Q _ T%} 7
Sp—l (1“2) = {(yl’“_’yp) . Z (yz)Q _ T%} ;

a
St (r3) = (zl, Sz Z (zj)2 =r?
and
q o,
S171 (ry) = (w17...,wq) : Z (w?)” = 2
We construct the product manifold SP=1 (r1) x SP=1 (ry) x St (r3) x S971 (ry)

in a similar way as in [18]. We denote it by M for simplicity. Its every point has
the coordinates (x’,yl, z%uﬂ) satisfying the equation

.
Il
N

P P q q
i\ 2 i\ 2 i\ 2 2
2 @)+ ) (@) () = R
i=1 i=1 =1 J=1
where R? = r{ + 13 + 13 +r3. Then M is a submanifold of codimension 4 in the
Euclidean space E*P*9) and M is a submanifold of codimension 3 in the sphere
S2(r+a)=1(R). Hence, there exist successive embeddings such that
M — §2(pt+a)-1 (R) — E2(pta)
Also, its tangent space T(yi yi i wiyM al a point (:ci,yi, 27, wj) 18 as follows:
T 0400.0) ST~ (1) @ T (01,0300 S~ (r2) BT (01,01 23,09y ST~ (13) BT (07,01, 03,91 5T (7).
As it is seen, any tangent vector (Xi, Y, 79, Wj) € T(xi7yi7zj,wj)E2(p+q) belongs

to Tiyi yi 2 wiyM for every point (xi,yi, 27, wj) € M if and only if

Z:L‘ZXZ = ngYZ = ZzJZ] = ZwJWJ =0.

i=1 i=1 j=1 j=1
In addition, since (Xi, Y 79, Wj) is a tangent vector on the sphere S2(P+a)—1 (R),
we have

Tiai yi z3,wiyM C T(wﬂyi,zf;wj)SQ(pﬂ)_l (R)
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for every point (a:i,yi, zj,wj) e M.
Let us consider a local orthonormal basis { N1, Na, N3, N4} for the normal space

T(zi7yi7z_7‘)wj)MJ_ at a point (:Ei,yi7 zj7wj). Then we can choose the normal vectors
N1, Ny, N3 and N4 such that

and
Lfry jr3 o T2, T1
2 Y2
Ny=—=|—2"—y", ——2,——u’ ].
LT r3 T4

We identify i.X with X for any tangent vector X € T(4i yi i wiyM. From @, we
have

4
INa=€a+ ) aapNs (51)
p=1
for any a € {1,2,3,4}. Also, we remark that
aag = (PNa, Ng)

for any o, B8 € {1,2,3,4}. Then by straightforward computations, we obtain the
elements of the matriz A = (aap),,, as follows:

1
_ _ 2 2,2 _,2_ .2
1 =022 = 5 (R +\/5(r1+7‘2 —r3 —r4)>,
a12 = az1 = azq = as3 =0,
Vb
(13 =31 = —024 = —G42 = 7 (r1r3 —12r4),

5
&14204120423:(132:@(
1
s (B2 = VB (13 =18 —03)).
Hence, using the matriz elements ang’s given above, it follows from that
§1=8=8=4= 02(p+q)~ (52)

riTs + Tor3),

a33 = Q44 =

In this case, we have
B (Tlat iyt 29,0 MT) € Tty 23,0y M
From (@, we can write the following relation:

4
(XY, ZI W) = (X', Y, 29, W) + Z U (X1, Y, Z7,W7) Ny.  (53)

a=1
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We recall that

Ua (Xi7yi’ Z]’Wj) =¢ <(Xi’Yi7 Zj’ WJ) 7£a>

for any o € {1,2,3,4}, where e = £1. Then we get from (59) that

U1=U2:U3=U4=O. (54)

Thus, we infer from and that

(XYL ZI W) =& (X', Y, ZI, W) .

In the circumstances, we have

and

) (T(zi’y'i’zijj)M) - T(z'i’yi’zj,wj)M

2=+ 1.

Consequently, we establish an induced structure (<I>, (,) €80 = Oa(ptq)s Ua = O,A)

on the product of hyperspheres M by the golden Riemannian structure ((,) ,<I>) on

the Euclidean space E*®+9 . Moreover, (®,(,)) is a golden Riemannian structure
and M is an invariant submanifold in the Euclidean space E>®+a).
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LATTICE STRUCTURES OF AUTOMATA
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ABSTRACT. Structures and the number of subautomata of a finite automaton
are investigated. It is shown that the set of all subautomata of a finite automa-
ton A is upper semilattice. We give conditions which allow us to determine
whether for a finite upper semilattice (L, <) there exists an automaton A
such that the set of all subautomata of A under set inclusion is isomorphic to
(L, <). Examples illustrating the results are presented.

1. INTRODUCTION

With the advent of electronic computers in the 1950’s, the study of simple formal
models of computers such as automata was given a lot of attention. The aims
were multiple: to understand the limitations of machines, to determine to what
extent they might come to replace humans, and later to obtain efficient schemes
to organize computations. One of the simplest models that quickly emerged is
the finite automaton which, in algebraic terms, is basically the action of a finitely
generated free semigroup on a finite set of states and thus leads to a finite semigroup
of transformations of the states. From its very beginning, the theory of automata,
especially the algebraic one, was based on numerous algebraic ideas and methods.
The fact that automata without outputs, and hence the automata without outputs
belonging to arbitrary automata, can be treated as algebras whose all fundamental
operations are unary, that is as unary algebras. This makes possible to investigate
automata from the aspect of Universal algebra and to use its ideas, methods and
results [1, 3, 4, 5, 6, 8, 9, 10].

Here we deal with some important concepts of lattice theory and automata theory
that will be used in the paper. Let (P, <) be a poset and let a,b € P with a # b.
Then a is called a predecessor of b, and b is called a successor of a if a < ¢ < b and
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¢ € P imply ¢ = a or ¢ = b. We denote this relation by < a,b >. By |D| we denote
the cardinality of D. For every element a of P we set |[{b € P :< b,a >}| = o(a),
o(P) denotes max{o(a) : a € P} and B(P) = {a € P : o(a) < 1}. Two posets
(P1, <) and (Py, <5) are said to be isomorphic, denoted by (P, <1) & (P, <s), if
there exists a bijection f of P; onto P» such that for any a,b € Py, a <7 b if and
if only f(a) <2 f(b). A poset (L, <) is said to be an upper semilattice if for any
x,y € L there exists the least upper bound of z and y [1, 7, 8].

Let ¥ be a nonempty finite set. Denote by ¥* the free monoid over ¥ and
¢ the empty string of ¥. A finite automaton is a triple A = (X,%,\) where
X and ¥ are nonempty finite sets called a state set and alphabet, respectively
and A : X X ¥* — X is the transition function satisfying Vx € X, Va,b € X*,
Az, ab) = M A\(z,a),b) and A(z,e) = z. Define a relation ~ on X by Vp,q € X,
p ~ ¢ if and only A(p,u) = ¢, A(g,v) = p for some u,v € ¥*. The relation ~ is an
equivalence relation. Let p € X. We denote the equivalence class {qg € X : p ~ ¢}
by T,. This subset T, is called a layer of X. If p( A) = {T, : p € X}, we
define a partial order < on p( A) as follows: For p,q € X, T, < T, if and only
if there exists v € ¥* such that A(¢,v) = p. An automaton B = (X', %,0) is
called a subautomaton of automaton A = (X,X, ) if and only if X’ C X and
0 = A x/xx=, i.e., 0 is the restriction of A to X’ x ¥*. We denote the set of all of
subautomata of A by o( A). Let B, C € o( A). By BC C, we mean that B is
a subautomaton of C. Then C is a partial order on o( A); hence (o( A),C) is a
poset, see [7]. Moreover, (o( .A),C) is a finite upper semilattice by [7, Proposition
2]. Throughout this paper, we shall assume unless otherwise stated, that posets,
upper semilattices, lattices and automata are finite.

A directed graph is a graph that is a set of vertices connected by edges, where the
edges have a direction associated with them. We define a directed graph on finite
poset (A, <), G(A), with vertices as elements of A and for two distinct vertices a
and b, we have edge (a,b) if and only if < a,b > (for a vertex a, the in-degree of a,
deg~ (a), is the number of edges going to a).

2. SUBAUTOMATON
Our starting point is the following lemma.

Lemma 1. Let (L, <) be a finite poset. Then there exists an automaton A =
(X, 3, ) such that (p( A), =) = (L, <).

Proof. We construct an automaton 4 = (X, X, A) in the following way. Let X = L
and ¥ = {aj,a2, -+ ,a,}, where n = o(L) +1 ( so n > 1). Now by the same
technique as in [ 7,Theorem 1], for each [ € L, consider Iy,lz,--- Iy, all the
predecessors of [. Define A as follows: A(l,a;) =1; fori =1,2,--- ,0(l) and A(l, a;) =
[ fori=o0()+1,---,n. This gives A([,w) < for any [ € L and w € ¥*. Thus
T, = {1}

Define f : L — p( A) ={T;: 1 € L} by f(I) = T;. Clearly, f is a bijective mapping.
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It remains to prove I <1’ and | # I’ if and only if T} < Ty and T; # T;-. Suppose
that [ <1’ and [ #I’. Since L is finite set, there exist 3 =, 22, -+ , 2y, =1’ of L
such that < x;_1,2; > (i =2,--- ,m). Therefor there is an element a;_; € ¥ such
that A(x;,a;—1) = 2;—1. Thus we have T,, , < T, and T,, , # T,,. Tt follows
T, X Ty and T; # Ty The other implication is clear. So (p( A), <) = (L <). O

At this point we investigate structures and the number of subautomata of a finite
automaton. The following proposition is a reformulation of [7, Theorem 2] and it
gives a more explicit description of subautomaton of an automaton.

Proposition 2. Let A = (X,%,\) be an automaton. Then B = (X', %,0) is a
subautomaton of A if and only if the following conditions are satisfied:

(i) The set X'is an union of layers of X.
(i) If T, and Ty are two layers of X with T, C X' and Ty < T,, then T, C X'.
(i) 6 = Alx7xs--

Proof. The sufficiency follows by (i), (ii) and (iii). Conversely, suppose that B
is a subautomaton of A. To see that (i), let p € X'. Then p € T, C Ugex'Ty;
so X' C Ugex'Ty. For the reverse inclusion, assume that ¢ € Ugex/T,. Then
t € T, for some p € X'; hence there exists w € £* such that A(p,w) = t. Now
A(p,w) = 0(p,w) =t gives t € X'. Thus X' = Ugex'Ty. To prove that (ii), from
T, < T, we conclude that there exists w € X* such that A(p,w) = ¢. Therefore
p €T, C X gives A(p,w) = 0(p,w) = ¢ € X'. By an argument like that (i), we get
T, C X'. (iii) is clear. O

Example 3. Consider automaton D = (X,%, ), where X = {s1,82, - ,57},
Y = {a,b} and X is given in the state diagram below:

By the definition of layer, we have layers: Ty = {s1}, To = {s2}, T3 = {s3},
Ty = {84,585}, Ts = {s6, 87} are all of layers of D. The following Figure describes
relationship between T;, (1 <14 < 7). Set X{ =T5, X5 =Ty UX{, X4 =To U X},
X, =T3UX}, X[ =X, UX}, X =T1UX/} and X, = XL UTy. By Proposition
2, any subautomaton of D is of the form: B; = (X, ¥,0;) where 0; = A x/xx~ for
i=1,...,7.

Definition 4. A non-empty subset L of a poset (P, <) is called a lower set, if for
a€ P,be L and a < b implies a € L. In particular, for any a € P one obtains the
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principle lower set < a>={t€ P:t<a}.

The set of all lower sets of a poset P is denoted by LS(P). The following theorem
shows that relationship between (¢(A),C) and (LS(p(A)), Q).

Theorem 5. Let A be any automaton. Then (o(A),C) = (LS(p(A)), Q).

Proof. By Proposition 2, B is a subautomaton of A if and only if p(B) € LS(p(.A)).
We define the mapping f : 0(A) — LS(p(A)) as follows: f(B) = p(B) for each
subautomaton B of A. An inspection will show that f is a poset isomorphism. [

Corollary 6. Let Ay and As be two automata such that

(p(A1), %) = (p(A2), 2).
Then
(U(Al)’ E) = (U(AQ)v E)

Proof. Apply Theorem 5. O

Proposition 7. Let Ly, Ly and L be Lower sets of a poset (P,<).

(i) < L1,La > if and only if Ly = L1 U {t}, where t is a mazimal element in
Ly.

(ii) If deg= (L) # 0 and D = {t; : t; is a mazximal element in L}, then
|D| = deg~ (L). Moreover, if deg— (L) = 0, then L has an unique mazimal
element.

(iii) If either Ly, Lo are minimal elements in LS(P) or < L,L; > and <
L, Ly >, then there exists L' € LS(P) with < Ly,L' > and < Lo, L' >.

P?”OOf. (1) Assume that < Ll, Lg >. Then L2 = L1 U {tl,tg, e ,tn} for some
t; & L1,(1 < i <mn). Ifn>2 then the set H = {t1,t2,...,t,} has a
minimal element, say ¢'. Set L' = L; U {t'}. By the definition of lower
set, L' € LS(P) such that Ly & L' & Ly which is a contradiction. Thus
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Ly = L1U{t1 }. Now we show that ¢; is a maximal element in Ls. Otherwise,
there exists an element ¢ in Ly such that t; <t and ¢; # t. Therefore t € L
(since Ly = Ly U {t1}). So t; € L; which is a contradiction . The other
implication is clear.

(ii) Let t1,--- ,tx be the all of distinct maximal elements in L. If L is a lower
set of P with < Ly, L >, then there exists an unique element ¢; (for some
1 <i<k)such that L = Ly U{t;} and ¢; & L1) by (i). Also, each lower
set L' with L’ C L such that [{¢; : t; ¢ L'}| = 1 implies that < L', L >;
hence |D| = deg~(L). Finally, If deg~ (L) = 0, then L has not a proper
subset in LS(P). Therefore L = {t} for some element ¢ in P, and the proof
is complete.

(iii) Suppose that Ly, Lo are minimal elements in LS(P). Then L; = {¢1} and
Ly = {tg} Set L' = {tl,tg} . Clearly, < L17L/ > and < LQ,L/ > by (1)
Similarly, if < L,L; > and < L,Ls >, then we set L’ = L; U Lo; thus
L' € LS(P) gives < L1, L' > and < Ly, L' > by (i).

(Il

Lemma 8. Let P be a poset. Then P is a chain with |P| = n if and only if LS(P)
is a chain with |LS(P)| = n.

Proof. Let LS(P) = {Ly,--+,Ly} with L1 C Ly C --- C L,,. Then we can take
Ly ={t1}, Ly = {t1,t2},..., and L, = L = {t1,t2,...,tn} by Proposition 7 (i).
We claim that t; < to < ... < t, . Assume to the contrary, let t ﬁ tg41 for
some k (1 < k < n). Since tx11 is a maximal element in Liyq by Proposition 7
(i), we get txt1 £ ty. Set L' = {t; : t; < tx41}. Then L’ € LS(P) with L' & Ly
and Ly Q L' that is a contradiction. Conversely, suppose t; < to < ... < t,.
For each j (1 < j < n), we set L; = {t1,t2,...,t;}. Then by the definition of
lower set and Proposition 7 (i), L; (1 < j < n) is an element of LS(P) with
L,CLyC...CL,. 0

In view of the proof of the Proposition 7 and Lemma 8, we have the following
corollary for automata.

Corollary 9. °
(a) Let A1, Ay and C be subautomata of A= (X,3%,\).

(i) < Ay, Ay > if and only if p(Ay) C p(Az) and p(A2) = p(Ar) U{T},
where T is a mazimal element in p( As).

(ii) If deg=—(C) # 0 and D = {T; : T; is a mazimal element in p(C)},
then |D| = deg~(C). Moreover, if deg— (C) =0, then C has an unique
mazximal layer.

(iii) If either Ay, Az are minimal elements in o(A) or < C, A1 > and <
C, Ay >, then there exists A’ € o(A) with < A;, A" > and < Az, A’ >.

(b) Let A= (X,%,\) be an automaton. Then p(A) is a chain with |p(A)] =n
if and only if o(A) is a chain with |c(A)| =n



1138 S.E. ATANI, M. S. S. BAZARI

Definition 10. A poset (P, <) is called decomposable, if there exist proper subpoests
(P1, <), (Pn,<) of P such that P =U?_ P, , BBNP; =0 fori #j (1 <i,j <n)
and for every couple a; € P;, bj € P; be incomparable where i # j (1 <14, < n).
In this case, we say that P; is a decomposition component of P (1 <i < n).

Proposition 11. Let (P, <) and (P2, <) be decomposition components of a poset
(P,<). Then L is a lower set of P if and only if it satisfies one of the following
conditions:
(i) Either L is a lower set of Pyor is a lower set of Ps.
(ii) There exist a lower set Ly of Py and a lower set Lo of Py such that L =
Ly ULs.

Proof. Let L = {t1,...,t,} be a lower set of P. If L € LS(Py) or L € LS(P,),
then we are done. Otherwise, without loss of generality, we can assume that L; =
{tl,"' ,tk} C P and Ly = {tk+1,"' ,tn} CcCh (]. < k<n) Ift e Li, t' € L and
t' <tfori=1,2, then ¢ € L; by Definition 10. Now L; € LS(P;), as required. O

Theorem 12. Let (P1,<) and (P, <) be decomposition components of a poset
(P,<). Then
ILS(P)| = (ILS(P1)| + 1(|LS(P)[+1) — 1

Proof. Assume that |[LS(P;)| = m and |LS(P:)| = n. Then the number of lower set
that satisfies conditions (i) and (ii) in Proposition 11 are n+m and nm, respectively,
as required. O

Corollary 13. (i) Let (P1,<), -+, (Pn,<) be decomposition components of a
poset (P,<). Then |LS(P)| =1 ,(|LS(P)| +1) — 1.
(ii) Assume that (P, <) is any poset and let p be a prime number such that
|Ls(P)| =p—1. Then (P, <) is indecomposable.

Proof. °
(i) The proof is straightforward by induction on n and Theorem 12.
(ii) Assume to the contrary, let there exist decomposition components (P, <)
and (P, <) of a poset P. By assumption and (i), (|LS(Py)|+1)(|LS(P2)|+
1) = p that is a contradiction (because |LS(F;)| > 1).
(]

Definition 14. Let (P, <) and (P2, <3) be two finite posets with Py N Py = ().
Then we can define the poset (Py U Pa, <) as follows:

(i) For anyi=1,2,a,b€ P;, a<bifa<;b.

(ii) For anya € Py and b € Py, a <b.
Lemma 15. Let (P1,<,,) = (P[,<,) and (P, <p,) = (P, <py) with PLNP| =
PoNPy=10. Then (P, U P, <) = (P{UP;, <).

Proof. The proof is straightforward by Definition 14. O
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Proposition 16. Let (Py,<;) and (P,, <3) be two posets with Py N Py = () and let
(P1 U Py, <). Then the following hold:
(i) (LS(Py U Py), Q) is poset isomorphic to (LS(Py) U LS(Ps), C). Moreover,
[ILS(P1U Py)| = [LS(P1)| + |LS(P)|

(ii) If (P, <y) is an upper semilattice, then (B(Py)UB(P,),C) = (B(PLUP;), C
).

Proof. °
(i) Define the mapping f : LS(Py) U LS(P2) — LS(Py U Py) as follows: If
L € LS(Py), then L € LS(P, U P); so we set f(L) = L. If L € LS(P,),
then we set f(L) = Py UL. It is easy to see that f is a poset isomorphism.

(ii) Tt suffices to show that B(P;UPy) = B(P;)UB(P2). Clearly, B(P,UP,) C
B(P1)UB(P,). For the reverse inclusion, let [ € P; and deg~(l) < 1. Then
indegree [ in P; UP; is equal to 1 or 0. Moreover, if | € Py and deg™(I) = 1,
then indegree ! in P, U P, is equal to 1. Also, if | € P5 and deg~(I) = 0,
then we have only < 1,1 > in P; U P, (1 is the greatest element in P; );
hence indegree ! in P; U P is equal to 1. So ! in B(P; U P,), and we have
equality.

([l

Corollary 17. (i) Let (P,<) be a poset and t € P be a maximum element of
P. Then |LS(P)| = |LS(P1)| + 1 where Py = P\ {t} is subposet of P.
(ii) Let (P, <) be a poset and t € P be a minimum element of P. Then
|LS(P)| = |LS(Py)| + 1 where Py = P\ {t} is subposet of P.
Proof. Apply Proposition 16 (i). O

According to the above results, computation |o(A4)| become easier.

Example 18. In the Example 3, consider subposets Py = ({Ty,T5}, =) and Py =
({11, T2, T5},=). Then (p(D),xX) = (P U Py, X). We have |LS(P1)| = 2 and
|LS(P2)| =5 by Lemma 8 and Theorem 12, then |o(D)| = 7 by Proposition 16 (i)

The following theorem gives estimate for the number of lower set of a poset.
Theorem 19. Let (P,<) is a poset with |P| = n and t1, - ,t,, be the all of
minimal element of P . Then the following inequality is valid:

2" —1<|LS(P)| <2t 42m -1
Proof. Clearly, every nonempty subset of A = {¢1,--- ,t,,} is a lower set of P.

we know the number of the all non-empty subsets of A is equal to 2" — 1. So
|LS(P)] > 2™ — 1. It remains to prove the other side unequal. It easily seen
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that every lower set is equal to union the number of principle lower sets. Assume
that a,b be two maximal elements of P . Then < a > U < b > is a lower set
of P which is distinct from < a > and < b >. Therefor, if P has more maximal
elements, then there exist more lower sets. Now, if each element of P is maximal
element, then n = m. It follows |LS(P)| = 2™ — 1; Hence we are done. otherwise,

we consider poset P = {t1, - ,tm,l1, - ,ln—m} where t; < I; and each couple
t;,l; are incomparable for ¢ = 1,---,n —m, j = 2,--- ,m. In this case P has
n — 1 maximal elements. Also P, = {t1,l1, - ,lh—m} and Po = {ta, -+ , L, } are

decomposition components of P . Thus |LS(P;)| = 2"~™ by Corollary 16(ii) and
Corollary 13 (i) and |LS(P,)| = 2™~! — 1 by Corollary 13(i). Now the assertion
follows from Theorem 12 . O

Definition 20. An automaton A = (X,3, \) is called decomposable, if there exist
proper subautomata A; = (X1,%, M), -, Ap = (X0, X, \) of A such that X =
U X and X, N X; =0 fori# j (1 <4i,j <n). In this case, we say that A; is a
decomposition component of A (1 <i < n).

The next Theorem follows from Proposition 11, Corollary 13, Proposition 16 and
Theorem 19.

Theorem 21. (i) Let B = (Xg, %, g) and C = (X¢, X, A\¢) be decomposition
components of an automaton A = (X,%,)\). Then A’ = (X', %, \) is a
subautomaton of A if and only if it satisfies one of the following conditions:
(1) FEither A’ is a subautomaton of B or is a subautomaton of C.

(2) There exist a subautomaton B' = (X1,%, A1) of B and a subautomaton
C'=(X5,%3,A2) of C such that X' = X{ U XJ.
(i) (1) Let Ay = (X1,2, M), , Ay = (X, Z, A\y) be decomposition compo-
nents of an automaton A = (X,3,X). Then |o(A)| =", (lo( A;)| +
1) - 1.
(2) Assume that A is any automaton and let p be a prime number such
that |o(A))| =p— 1. Then A is indecomposable.
(iii) Let A be an automaton and (Py,=) and (P2, <) be subposets of (p(A), <)
such that Py N Py = 0 and (p(A),=) = (P U Py, =). Then |o(A)| =

[LS(P1)| + [LS(P)|

(iv) Let A be an automaton , |(p(A)| = n and {T € (p(A) : T is a minimal
layer}| = m. Then Then the following inequality is valid:

2m — 1< Jo(A) <2nt p2mt
The remaining of this paper is dedicated to the following question: For which
posets L does there exist an automaton A such that o(A) is isomorphic to L?.
Theorem 22. If (P, <) is a poset, then (P,<) = (B(LS(P)), Q).

Proof. We define the mapping f : P — B(LS(P)) as follows: If ¢ € P, then
we set f(t) = {t' : ¢/ € P,t' < ¢}. It is clear that f(¢) € LS(P). Since t is
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an unique maximum element in f(¢), Proposition 7 (ii) gives deg™ (f(t)) < 1; so
f(t) € B(LS(P)). An inspection will show that f is a poset isomorphism. O

Theorem 23. If A= (X,X,\) is an automaton, then
(B(a(A)),E) = (p(A), =).

Proof. By Theorem 5, we have (B(c(A)),C) = (B(LS(p(A)), ©)); hence (B(c(A)),
) 2 (p(A), <) by Theorem 22. U

Theorem 24. An upper semilattice (L, <) is isomorphic to an upper semilattice
of subautomata of an automaton if and only if (LS(B(L)),C) = (L, <).

Proof. If (L, <) is an upper semilattice, then (B(L), <) is a poset; hence there
exists an automaton A such that (B(L), <) 2 (p(A), <) by Lemma 1 which implies
that (LS(B(L)), C) = (LS(p(A)),C) = (o(A),C) by Theorem 5. If (L, <) =
(LS(B(L)), <), then we are done. If (L, <) 2 (LS(B(L)),C), then we show that
there is not any automaton C such that (L <) = (0(C), C). Assume to the contrary,
let (L, <) = (o(C), C) for some automaton C. Since (B(o(C)),C) = (B(L), <), it
follows that (B(L), <) 2 (p(C), <) by Theorem 23, so (p(C), X) = (p(A), X); hence
(5(C), £) = ((A), ) by Corollary 6. Thus (L, <) = (o(A), £) = (LS(B(L)), )
that is a contradiction. O

Example 25. (i) Let L be an upper semilattice as described in Figure 2. Then
there is not any automaton A such that (L, <) = (o(A), C). If it is,
then we conclude that the graph G in Figure 3 corresponds to G(B(L)), so
ILS(B(L))] = (2+1)(2+ 1) — 1 = 8 by Lemma 8 and Theorem 12, but
|L| = 6. Thus (LS(B(L)),C) 2 (L, <).

6 |
NN /
JOR0! OO

Ficure 2. L
FIGURE 3. G

(ii) Let Ly be an upper semilattice as described in Figure 4. Then there exists
an automaton A such that (L, <) = (0(A), C) (The graph Gy in Figure 5
corresponds to G(B(L)). An inspection will show that (LS(B(L1)),<C) =

(L1, <))-

1M1
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Theorem 26. Let (L1,<1),(L2,<2) and (L,<) be upper semilattices such that
LiNLy =0 and (L,<) = (L1 U La,<). Then there exists an automaton A such
that (0(A),C) = (L,<) if and only if there exist automata B and C such that
(0(B),E) = (L1, <1)and (0(C),E) = (L2, <2).

Proof. Apply Proposition 16 and Theorem 24 . O

Example 27. Let L be an upper semilattice as described in Figure 6. Then
L1 = {Bl, BQ, Bg, B4, B5, B@} and L2 = {B7, Bg, .Bg7 Bl()7 -8117 312} are subupper
semilattices satisfy conditions of Theorem 26. Also there is not any automaton B
such that (L1, <) = (o(B),C) (see Example 25 (i)). Thus there is not any automa-
ton A such that (L, <) = (c(A),C).

2N

| B12)

Example 28. let L be an upper semilattice as described in Figure 7. Then L, =
{Bl, BQ, Bg, B47 B5, B67 B7, Bg, Bg, Blo, Bll} and

Lo = {D1, D2, D3, Dy, D5, Dg, D7, Dg, Do} are subupper semilattices satisfy condi-
tions of Theorem 26. There exists an automaton C such that (La, <) = (0(C),C)
(see Example 25 (ii)). Similarly, there exists an automaton B such that (Lq, <) =
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(o(B) C). Hence there exists an automaton A such that (L,<) = (0(A),C) By
Theorem 26.
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FIGure 7. L

With the help of results proved by Saliﬁ, we find another way to detect whether
there exists some automaton A such that (¢(A),C) isomorphic to a given finite

upper semilattice (L, <). Salifl consider = (0,%,\) as a subautomaton of an
automaton A = (X, 3, A); so (o(A)U{},C) is a lattice.

Theorem 29. [3,Theorem 8.4] A finite lattice L isomorphic to the lattice (o(A) U
{},©) for some automaton A if and only if it is distributive.

Lemma 30. Assume that (L, <) is an upper semilattice and let 0* be an element
such that 0% ¢ L. Then (L = {0*} U L, <) is a lattice.

Proof. This follows from the Definition 14. O

Theorem 31. An upper semilattice (L, <) is isomorphic to the upper semilattice
of subautomata of an automaton if and only if L is a distributive lattice.

Proof. Assume that L = {0*} U L is distributive. Then there exists automaton A
such that L is poset isomorphic to o(.A) U {} by Theorem 29. Note that 0* and
are minimum elements in L and o(A) U {}, respectively. Thus (L, <) = (o(A), ).
Conversely, suppose that (L, <) = (0(A),C) for some automaton A. Then (L, <
)2 (0(A)U{},C) by Lemma 15. Now the assertion follows from Theorem 29. O

Example 32. Consider upper semilattices L and Ly as described in Example 25
(i), (ii), respectively. L and Ly are defined in Figure 8 and Figure 9. By [2, Theorem
1.7] L is not distributive and Ly is distributive. Then (L1, <) = (o(A), C) for some
automaton A and (L, <) 2 (0(A), C) for every automaton A by Theorem 31.
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Definition 33. (a) [11, Definition 2.1JAn algebra L = (L,<,A,V,,0,1) is
called a lattice-ordered monoid if
(1) L=(L,<,A,V,0,1) is a lattice with the least element 0 and the great-
est element 1.
(2) (L,e,1) is a monoid with identity 1 € L such that for all a,b,c € L.
(3) ae0=0e0a=0.
4) a<b=VrecL aex<bexandzea<zeb.
(5) ae(bVec)=(aeb)V(aec) and (bVc)ea=(bea)V (cea).
(b) [11,Definition 2.2] Let L be a lattice-ordered monoid. Then a 5-tuple F =
(X, X, T,)\,0) is a called crisp deterministic fuzzy automaton if
A= (X,%, ) is a finite automaton and ' is a nonempty finite set.
0 : X x¥X*xI™ — L is a map called the output function such
that 9(p,e,e) = 0, O(p,w,e) = O(p,e,u) = 1 for e # w € ¥* and
e #u €T and O(p, wrwa, uruz) = O(p,wi,uy) ® O(A(p, w1), wa, uz),
forallp € X, wy,ws € ¥* and uy,ug € T'*.
(¢) [11,Definition 2.4] A crisp deterministic fuzzy automaton Fy = (X1,%,T, A1,67)
s called a subautomaton of a crisp deterministic fuzzy automaton F =
(X,Z,F7>\,9) ZfX1 Q X, )\1 = )\|X1><Z* and 91 = 9|X1><E*><F*

Remark 34. (i) It is not to hard to see that : If F1 = (X1,%,T,A1,01) is a
subautomaton of a crisp deterministic fuzzy automaton F = (X,3,T,\,0),
then A; = (X1,%,\1) is a subautomaton of an automaton A = (X, %, )\).
Moreover, if A1 = (X1,%, \1) is a subautomaton of an automaton A , then
Fy = (X1,2,T,\,01) where 01 = 0| x, xs~xr+ 18 a subautomaton of a crisp
deterministic fuzzy automaton F = (X, %, T, \,0). This gives the results
obtained in Theorem 5, Corollary 9 , Theorem 21 is correct similarly for
crisp deterministic fuzzy automata.

(ii) Let A = (X,3, ) be an automaton and L = {0,1} be a lattice-ordered
monoid where 060 = 160 = 0ol =0 and lel =1. Then F' = (X, X, T, \,0)
is a crisp deterministic fuzzy automaton where 6 is defined as follow: if

(1)
(2)
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w=u = ¢, then 8(p,w,u) =0 . Otherwise 8(p,w,u) =1 . From this, we
conclude that there exists a crisp deterministic fuzzy automaton for each
automaton. Which gives An upper semilattice (L, <) is isomorphic to an
upper semilattice of subautomata of a crisp deterministic fuzzy automaton
if and only if (LS(B(L)),C) = (L, <).
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tive comments and recommendations which definitely help to improve the readabil-
ity and quality of the paper.
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ABSTRACT. We prove a factorization theorem for multilinear operators acting
in topological products of spaces of (scalar) p-summable sequences through a
product. It is shown that this class of multilinear operators called product fac-
torable maps coincides with the well-known class of the zero product preserving
operators. Due to the factorization, we obtain compactness and summability
properties by using classical functional analysis tools. Besides, we give some
isomorphisms between spaces of linear and multilinear operators, and repre-
sentations of some classes of multilinear maps as n-homogeneous orthogonally
additive polynomials.

1. INTRODUCTION

The objective of the paper is to present a factorization theorem for multilinear
operators defined on the topological product of spaces of p-summable sequences
through the product of (multiple) scalar sequences. Such a factorization has been
studied for multilinear operators defined on Banach algebras and vector lattices, and
in the last years it has been studied for Banach spaces (see [1,/6,12] and references
therein).

Factorization through a product is closely related to a property that is called zero
product preservation, or orthosymmetry in the case of vector lattices, for which or-
thogonality is used to generalize the notion of having product equal to 0, that is
just given for the case of function lattices. This property states that a multilinear
map B : X; X ... x X;, = Y is 0-valued whenever z; ® x; = 0 for some z; € X,
z; € X; (4,7 € {1,2,...,n}), where ® : X; x ... x X,, — G is a specific map
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PRODUCT FACTORABILITY IN SEQUENCE SPACES 1147

called product. For multilinear operators acting in Banach algebras, this factoriza-
tion gives useful results for the weighted homomorphisms and derivations, where
algebraic multiplication is considered as the specific map (see [1,[2] and references
therein). For Riesz spaces, such a factorization is used to obtain interesting results
regarding powers of vector lattices, in which orthogonality is involved (see [4L6} 7]
and references therein).

Recently, the author together with other mathematicians have investigated the
class of multilinear operators acting in the topological product of Banach function
spaces and integrable functions factoring through the pointwise product and the
convolution operation, respectively (see [12114]). Motivated by these ideas, in this
paper we introduce the notion of product factorability for multilinear operators
defined on topological products of spaces of (scalar) p-summable sequences, and we
prove that this class coincides with the class of zero product preserving multilinear
maps.

This paper is organised as follows: after some preliminaries and notations, in
Section 2 we give the definitions of the specific map product and product factorabil-
ity for multilinear operators with a necessary and sufficient requirement. Section
3 includes the main result of the paper, which as we said above, states that for
a particular product and multilinear operators defined on the topological product
of spaces of p-summable sequences, the class of product factorable maps is the
same as the class of zero product preserving maps. In the sequel, some isometries
between multilinear operators and linear operators are presented. Section 4 con-
cerns compactness and summability properties based on classical functional analysis
properties and theorems of product factorable maps. Section 5 is devoted to give
a generalization of the main factorization theorem by using isomorphism between
Banach spaces and /P spaces. In the last section, some isometries between product
factorable multilinear maps and orthogonally additive n-homogeneous polynomials
are given as an application, and the paper is finished with an example related to
diagonal forms.

Throughout the paper, the standard notations from the Banach space theory
are used. Nevertheless, before going any further let us describe some of them. The
capital letters X, Y, Z will denote the Banach spaces over the scalar field K = R or
C. We write Bx for the unit ball of a Banach space X. X* denotes the topological
dual of the Banach space X. The notations £ =Y and F 2 Y mean F and Y are
isometric and isomorphic, respectively.

Operator (linear, multilinear or polynomial) indicates continuous operator.
L(X1 X ... x X,,,Y) denotes the Banach space of n-linear maps endowed with the
norm

||TH = Sup{”T(xlv 73777,)” TS BXi? 1<i< n}

It will be denoted by £™(X; x ... x X,,), respectively, L(X,Y) if Y = R, respectively,
n=1.
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For a positive real number p > 1, /P is the Banach space of all scalar valued
absolutely p-summable sequences with the norm ||(z;)[|, = (352, |24]P)/P and £
shows the Banach space of all bounded sequences endowed with the norm |[|(z;)]|cc =
Sup;en @il

X{1,2,..,m} will denote the sequence {1,71,0,0,0....} and X{;} shows the elements
of standard basis of the space ¢? whose coordinates are all zero, except j** that
equals 1.

For brevity we will write x}-;X; for the Cartesian product space X; x .... x X,
and x™X for the n-fold Cartesian product of the Banach space X.

A linear operator T : X — Y is called (p,q)-summing if there exists a constant
¢ > 0 such that for every choice of the elements 1, ..., z,, € X and for all positive
integers m,

1/q

(iHTWH@)WSk sup (iuxi,x*w)

r*EBx*

The space of (p, ¢)-summing operators from X to Y is denoted by II, ,(X,Y) —
-II,(X,Y), ifp = gq.

Recall that a Banach space E is said to have the Schur property whenever weak
convergent and norm convergent sequences coincide in it. A Banach space E has
the Dunford-Pettis property if every linear operator from E into a Banach space F’
maps weakly compact sets to norm compact ones.

Recall that an (linear, multilinear or polynomial) operator is called (weakly)
compact if it maps the unit ball to a relatively (weakly) compact set.

2. NORM PRESERVING PRODUCTS AND PRODUCT FACTORABILITY

Let X3, X5,...,X,, and Z be Banach spaces. Consider a Banach space valued
n-linear map ® : X7 x Xo X ... x X, — Z written by

(1,2, .oy Ty) ~ B(T1, T2, .00, Tp) =T D T2 ® ... ® T

forall z; € X; (1 =1,2,...,n).

This particular map is called norm preserving product (n.p. product for short)
if the inclusion By C ®(Bx, X Bx, X ... X Bx, ) holds and for every z; € X, (i =
1,...,n) and we have that

n
| ® (z1, 22, ..., Tn)| 7z = inf { H lzil|x, : @) € X4, 1 =1, ...,n},
i=1

where the infimum is taken over all ®(x1,zs,...,2,) = ®(x),zh,...,x}) (see [12
Definition 2.1]) .

Example 1. Some norm preserving products;
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o The usual convolution operation * from the product L?(T) x L%(T) of Hilbert
space of integrable functions to the Wiener algebra W(T) is a norm pre-
serving product (see [11, Remark 2.1] and references there in for the calcu-
lations),

o Let (0,3, 1) be a o-finite measure space and let Y pi = % and p;,r > 1.
Then the pointwise product © defined on LP* () X ... x LP () to L7 (u) is
a norm preserving product (see [12, Section 4]).

A multilinear operator B : X7 X ... x X,, — Y is called ®-factorable for the n.p.
product ® if it can be factored through the product ® : X; x ... x X,, — Z and
a linear operator T : Z — Y such that B(x1,x2,....,2,) = T o ®(x1,%2, ..., Tp) =
T(x1 ®22® ... ®x,) for all z; € X; (i =1,...,n) (see [12, Def. 2.2]).

Thus, for a certain continuous linear operator 1" : Z — Y, the map B admits a
factorization as the form;

X xXox . xX,—B 5V
‘@
¥ T
7

The author proved in [12, Lemma 2.3.] that a necessary and sufficient condition
for the ®-factorability of a multilinear operator B : X7 x Xo X ... x X;, — Y is
given by the existence of a constant k£ > 0 satisfying the following inequality

m
| Btat,.a)
i=1

<kH lerl®..®z" 1
| < ;%@%@ @t (1)

for every finite sets of vectors {xz T, CX;(=12,..,n).
A multilinear map B : X; X Xs X ... Xx X, — Y is called zero product preserving
(or zero ®-preserving) if

B(x1,x9,....,xy) = 0 if 2 ® z; = 0 for some z, € Xy, x; € X

where k, [ € {1,2,...,n} and k # L.

The class of zero ®-preserving multilinear operators is a Banach space endowed
with the usual operator norm. The Banach space of n-linear zero ®-preserving
operators defined on the X; X X5 x ... x X, to Y will be denoted by £ (X7 x X5 x
X X Y.

3. PRODUCT FACTORABILITY OF MULTILINEAR MAPS ACTING IN SEQUENCE
SPACES

Now, we will give the main theorem of the paper that states the class of zero
product preserving maps defined on xj_,¢?* to the Banach space Y are equal to
the class of the product factorable operators.
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Remark 2. Let Y. 1p@ = % for 1 < rp; < oo (i = 1,....,n). The product

© X7 P — L7 defined by

21O @ay = {at (k) -2 (k)12 = {2(k)}2, =z e ("
for all x; € Pi (i = 1,...,n) is a norm preserving product. Indeed, consider a
{z(k)}3, € Bpr. We can write z(k) = [[1_, |z(k)|"/P:sign(x(k)) for all k € N,

where sign denotes the signum function. Since
T/Pi i T/Pi i\ 1/Pi
(k) 7/ sign(a Zux )"/esign(a(k)])

1 i .
= (Y Jz®)") " = @®)I < 1,

we get {|z(k)|"/Pisign(x(k))}S, € P and By C @(ngl X Bypa X ... X Bypn ). Now,

let us show the equality given in the definition of the n.p. product. Take into account

sequences x; = {x'(k)}32, € Pi fori=1,2,...,n such that 11 ® x2 ® ... ©® T, = z.
By the generalization of Holder’s inequlity it is easily seen that

21 © 22 © o © @ully < lz1llps [22]lps -2 llp,-

Now, let us show the inverse. Since for all k, we can write

w(k) = TTiy (k)| sign(a(k)), we get ||(Jo(k)["/P sign(z (k). = | (@(R)]7/"".
Therefore

llr = = ®E)]» = HII k) = HII (k)| /7" sign(@ (k) ;-

Thus, we get ||z|, = 1nf{\|x1||p1||m2||p2...||xn||pn} and ® is an n.p. product from
LPL X P2 X Lo X AP to 4T

Theorem 3. Let > ", p =1 for1<r,p <oo (i=1,..,n). For a multilinear
operator B : x7_ P =Y the followmg statements imply each other.

(1) The opemtm“ B is zero ©®-preserving.

(2) The operator B is ®-factorable.

(3) There is a constant k > 0 such that for every finite sets of sequences
{@}, .yl } ClPi(i=1,2,....,n), the following inequality holds;

m
H ZB(m;,m?, e @)
i=1 Y

Thus, B admits the following factorization for a unique linear operator

(2)

< kHZm} Oz 0.0}
j=1 "

T:0m—=Y;
Xn:lgp; B 1%
: A
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Proof. (1) = (2) Assume that B is zero ®-preserving. Let us write the sequences
zi € P (i =1,2,...,n) in the form z; = {z*(k)}p2, = Y272, *(k)x (s, then

21© e Oan = {2 (B) - 2" (R}, = Y (k) - 2™ (R) - Xy
k=1

Since Xy © xq3 = 0 whenever k # [, the following equality is obtained

B(z1, .oy ) = B( Z ml(kl)x{kl}, . Z x"(kn)x{kn})
ki=1 kn=1
= Z et (k1) - Z xn(kl)B(X{kl]w"'7X{kn})
ki=1 kn=1

=3 @ (k) 2" (B)B(X(hys s X (1))
k=1

k=1

by the zero product preservartion property of B.

For every natural number m, let us define the map By, (z1,....,x,) = B(z1 ©
X{1,....m}s -+ Tn @ Xq1,....my) for all @; € P (i = 1,2,...,n). It is easily seen that
the sequence { By, }5°_; consists of well-defined, multilinear continuous maps. Since
Ti O X{1,my = Ti © 2oy Xiky = doper T (K)X g1y by the zero @-preservation
property of B

Bh(z1,.yxy) = B(z1 © X{1,..;m}s -+ Tn O X{1,.A.,m})
m m
= B( Z j]jl(kl)X{k.l}, veny Z mn(kn)X{kn})
k=1 kn=1
= Z ' (k) - .. Z 2" (kn) B(X{ky s s Xk })
k=1 kn=1
= Zml(k) et In(k)B(X{k}? ---,X{k})

m

k=1 k=1 k=1

Thus, for all m, the map B,, is written as

_ 1 n
B (1, -, 20) = B(Z%‘ Ce X D Xy ZX{j})
j=1 j=1

Jj=1

= B(‘rl ©.0x,O X{l,A..,m}7X{1,...,m}7 "'7X{1,...,m})
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for all x; € (Pi (1 =1,2,...,n).

Now, for all natural number m and every x = z1 ® ... ® z,, define the map
T 0" =Y by T, (z) = Tn(2z1 © ... © ) = Bi(21, ..., p). Then, it is seen that
for all m, the map T,, is well-defined, linear and continuous operator. Indeed, the
linearity is seen by the linearity in the first variable of the map B,,. Let us show
the continuity of the map T),;

[T (@) ly = | Bm (21, ooy zn) Iy
= 1B(@1 © Xq1,....m}s -+ Tn O Xq1,..mpP) Y
< IBllllz1 © xq1,....m3 - 120 © Xqu,. oy
< 1Bzl llzn I,

since this holds for all representations of the sequence z, it is seen that | T, (z)|ly <
| Bl|||z||.- by the definition of n.p. product. For all m, the operator T}, is indepen-
dent of the representation of the sequence z. Indeed, let us assume z = 210...0x, =
) ®...© ), then it is seen that

Tn(21 0. Oan) = B(T1 O oo © Tn O X(1,.m}s X{1,...om}s -+ X{1,....m})
:B(‘(Eﬁ@@x/n@X{l ..... m}aX{l ..... m}v"'aX{l ..... m})
=Tn(z) ®...0z)).

On the other hand, the set of operators {T,,}°_; is pointwise convergent for each
T=x10..0x, € L. By the separate continuity of the multilinear map B, this is
seen as follows;

lim T, (z1 ©...0z,) = lim B,(z1,...,2,)

m— 00

= lim B(z1 O X(1,.m}> 0 O X(1,.m})
:B( lim QX{l,,m}77 lim xn@X{l,,m})
m—00 m— 00

= B(Z1, ..., Tp)-

Thus, {T),(z)}39_, converges to B(x1, ..., 2, ) for all z € £" such that = 10...0z,
for the elements z; € ¢Pi (i = 1,...,n). Let us define the pointwise limit T'(x) =
limy,— o0 T (). Tt is clear that the limit map T is well-defined and linear. Besides
it is continuous by the uniform boundedness theorem.

Summing up, the linear bounded map 7" : " — Y defined by T'(z1 ©® ... ® z,,) =
B(z1, ..., xy,) is the desired map.

(2) = (3) is obtained by Lemma 2.3. given in [12].
Lastly, let us show (3) implies (1). Consider the sequences x; € fPi (i = 1,...,n) such
that xr ® z; = 0 for some different k,! € {1,...,n}. This implies 1 ® ... ® x,, = 0.
Therefore, zero ®-preservation is seen by Inequality given in the statement
(3). O
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The above theorem gives an isometry between the spaces L£{ (X7, Y) and
L, Y).

Theorem 4. The correspondence B «— T is an onto isometry between the Banach
spaces Lf(xT_ 0P Y) and L7, Y).
Particularly for Y =R, we get L§(xD_,0Pi) = (£7)*.

Proof. Tt is easily seen that the map L (xP_1¢Pi,Y) — L(¢",Y) is linear. Now,
let us show the isometry.

1Bl = sup [B(21, s zn)[ly
(Ilv--wxn)EX?:lBZPi
= sup IT(x1 ® ... ©xn)|ly
(xl,...,a:n)exz’;lngi
> sup [Tz]ly = [Tl

z=210...0T, EByr

For the converse inequality;

17| = Sup [Tx]ly = sup [B(z1, ... zn) || < || B,

Byr (T15eTn)EXT_ Byps

where x; = {2°(k)}32, = {|z(k)|"/Pisgn(z(k))}e, foralli=1,..,n

It is easily seen that the map B — T'is onto, since an n-linear map By is obtained
for every linear map 7' by defining T'(z) = B(x1,...,z,) forallz =21 0...0xz, € ("
for the n.p product ® : xJ_ ;7" — (", O

Corollary 5. As a result of the above isometry, the following isometries are given
for particular p; values.

*x LO(X™PY) = L(P/™,Y), where p > n.

* E"( ngn ) £(€1 )
* E”( ngp) (gp/n) — ¢p/(p—n)

Ly(xmer) = (01" = €.

4. COMPACTNESS AND SUMMABILITY INQUIRIES FOR ®O-FACTORABLE MAPS

In this section, we investigate compactness and summability for ®-factorable
multilinear operator that are based on the classical analysis properties and theorems
like Dunford Pettis property, well-known Grothendieck’s theorem or cotype related
properties.

4.1. Compactness of ©-Factorable operators. By the definition of norm pre-
serving product, it is seen that a ®-factorable multilinear map B : X}, — Y
is (weakly) compact if and only if the linear operator T : ¢" — Y appearing in
the factorization is (weakly) compact. Now, we will give more specific compactness
implications for ®-factorable maps.
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Corollary 6. Let > !, p 71 for1 < rp, < o0 andi = 1,...,n. For a ®-
factorable multilinear operator B : X[ P* — 'Y, we have the following compactness
results;

(1) Forr > 1, the map B is weakly compact.
(2) If r =1 and Y is reflexive, then the map B is compact.
(3) For1<s<r<ooandY = (%, the map B is compact.

Proof. (1) This is easily seen by the weakly compactness of the factorization oper-
ator T : {" — Y which is defined on the reflexive space £".

(2) B factors through the linear map T': " — Y that is weakly compact due to
reflexivity of the space Y. In addition, T" —hence B— is compact by the Dunford-
Pettis property of the space ¢'.

(3) Since the linear operator T : {" — ¢ is compact whenever 1 < s < r < o0
by the Pitt’s theorem, the map B is so also (see |9, Chapter 12]). O

Corollary 7. Let > | p =1forl<p <oo(i=1,..,n) andlet B : x}_(Pi —
Y bea® factomble multilinear operator. For a set A C xD_0Pi, B(A) is norm
compact if {1 ©® ... @ Xy 1 (L1, .0, Tp) € P2 X .. X AP} s weakly compact.

Proof. The ®-factorable multilinear operator B factors throug a linear map T :
! — Y. Since ®(A) is weakly compact, B(A) = T o ®(A) is weakly compact.
Hence it is compact by the Dunford-Pettis property of ¢. O

4.2. Summability Properties of ®-Factorable Operators. Now, let us look
at the summability properties of ®-factorable maps.

Theorem 8. Let >, p =1forl1<p;<oo (i=1,..,m). The followings imply
each other for a Hilbert-space valued multilinear map B xp_ 0P — H.

i) The map B is ®-factorable, _ _
ii) There is a constant k > 0 such that for every finite sets {z%,...,x!,} C

Pi(i=1,..,n)
Z HB(x%,,m? H <k sup Z ‘< @...@m?,z’> ,
J=1 2z’ € Byoo j
ili) For all x; € ¢ (i = 1,...,n) there is a regular Borel measure n over Bys
such that
[B(z1, ... z)|lm < K (21 ® ... © 2, 2') | d(2).

Byoo
Besides, B factors through a completely continuous linear operator due to the
Dunford-Pettis property of the space £' whenever one of the aboves holds.

Proof. i)= ii) Since the map B is ®-factorable, it factors through the linear map
T: 0" — H. Since L(¢*, H) = II; (¢}, H) by a result of the Grothendieck’s Theorem,
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we obtain T is a 1-summing operator and thus, B satisfies the inequality given in
statement (ii).

ii) = iii) The integral domination given in the third statement is clearly obtained
by Pietsch Domination Theorem (see [9, Theorem 2.12]).

ili) = 1) If the map B has the integral domination then it is seen that B(z1, ..., )
= 0 whenever z; @ x; = 0 for some different k,1 € {1,...,n}. Thus, B is zero ©-
preserving and it is ®-factorable by the main theorem of the paper. ([l

We obtain a weaker result by considering some cotype-related properties. It is
known that cotype 2 for a Banach space implies the Orlicz property (see [8, Section
8.9]). Assume that Y has Orlicz property and let > -, p =1for 1 <p; < o for
i1 =1,...,n. The following domination inequality holds for an n-linear ®-factorable

mapB.x?:ﬁ’laY
2 1/2
1)< s [ esto0n

(|3,
j=1 ej={-1,1}
for all finite sets {x%,...,20,} C Pi (i =1,...,n).
Lastly, we will give some results for ®-factorable maps that are ¢P-space valued.
We will use Littlewood inequality that states £(¢*,¢4/3) = H4/3’1(€1,€4/3) (see [8L
Section 34.12]): if B is defined on x!_, /P to £*/3 then

4/3\ 3/4 m L
(ZHB 0 ‘4/3) <k sup ;Kxj@ ®:cj,zl>

for all finite sets {’}7, C 71 (i =1,...,n).

5. A GENERALIZATION OF THE (®O-FACTORABLE OPERATORS

Let >0, z% =1 for1 <rp <oo(i=1,..n). Consider n Banach spaces
X; (i =1,...,n) that are isomorphic to ¢?* by the isomorphisms P; : X; — (Pi. Let
us define the product Oxr Pt Xj Xi — " by

_1Pz(f177fn):P1(f1)®QPTL(fn)v fZGXZ

This product can be illustrated by the following diagram,;

@x? 1 Pi
X —
7
n_gpi
><L:1€ i

We will call a multilinear map B : X7 1 X; — Y is zero Ox»_ p,—preserving if

B(f1,..., fn) = 0 whenever @kapl(fk,fl) P.(fr) © P(fi) = 0 for some k,[ €
{1,...,n} such that k # [.
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Theorem 9. Let > ., i =1 for1 <rp < oo (i =1,.,n). Consider the
Banach spaces X; (i = 1,...,n) that are isomorphic to ¢Pi by means of the iso-
morphisms P; : X; — (P, For an n-linear map B : x] 1 X; — Y, the following
statements are equivalent.
(1) The operator B is zero Oxn_ p,—preserving.
(2) The map B is ©xr_ p,—factorable. That is, there is a linear operator T :
" =Y such that B:=T o ®xn_ p,.
(3) There exists a K > 0 such that the inequality below holds for every finite
sets {fi,...fi} C X;(i=1,.,n);

|3 B ) < K| SR 06 Pal)
j=1 j=1

If one of the aboves is satisfied, then B admits the following factorization;

(s

X?:1Xi—>3(
><L1Pi§ T
v
w9 i

Proof. (1) = (2) Let us assume that B is zero ©xn»  p,—preserving and define the
map B = Bo x}?_, P! : x_ /"' — Y. For the sequences z; € P (i € {1,...,n}),
it is seen that B(z1,..,7,) = B o X! P, Y (Pi(f1), ..., Pu(fn)), where Pi(f;) = x;
for f; € X;. Since B is zero Oxn_ p,—preserving, it is obtained that B(z1,..,m,) =
B(f1,..., fn) = 0 whenever z;, ® x; = Py(fx) © P/(f;) = 0 for some k,l € {1,...,n}.
This shows zero ®-preservation of the map B and therefore B is ®-factorable by
Theorem [3] So we have that there is a linear operator T : " — Y such that
B = To®. By the definition of B, we obtain B = Bo(x[_1F;) = To®o(x 1 F;) =
T o®xr_ p,, the desired factorization.

(2) = (3) If the map B is ©®xn_ p,—factorable then the map B = Bo xn Pt
Xi_fPt — Y is O-factorable. Indeed, for the ®x» p, —factorable map B, there is
a linear operator T : /" — Y such that B:=T o Oxr, P, Thus, B=To Oxr P, 0
x?zlP[l. For the elements f; € X; that are P;(f;) = x; € ¢Pi, we get

B(zy,...zn) =To Oxn_ P, O x?:IPi_l(ajl, ey Tp)
=To QX?ZIPi(Pl_l(xl)a "'7Pn_1(x’ﬂ))
=T(P,P; (21) ® ... © PP (2))
=T(x1 ® ... O xy).

This shows, B is ®-factorable. By Lemma 2.3 given in [12] and Theorem |3, the
inequality given in the statement (3) is obtained.
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(3) = (1) It is clear that B is zero ©xn_ p,—preserving under the assumption of
the statement (3). O

6. APPLICATION: REPRESENTATION AS n-HOMOGENEOUS POLYNOMIAL
Recall that an n-linear map B : x"X — Y is called symmetric if
B(xy,...,wn) = B(To(1), o, To(n)) (21, Tn € X)

for any permutation o of the first n natural numbers. L7(x"X,Y) denotes the
space of symmetric multilinear operators defined on X to Y.

Remark 10. Let p > n. It is easily seen that any O-factorable n-linear map
B : x™P — 'Y is symmetric. Indeed, the map B factors through the linear map
T :P/™ =Y and thus

B(zla axn) = T(xl ©...O xn) = T(xa(l) ©.0 xo(n)) = B(:L'U(l), '“,xo(n))

for all x1,...,x, € P by the commutativity of the product ©.

In addition to this, a symmetry is obtained for the general version. Let X be iso-
morphic to the space £P by the isomorphism P : X — (P. Then any @ x» p—factorable
n-linear map B : x"X —'Y 1is symmetric.

Therefore, the following inclusions hold;

o LT(X™P)Y)C LY(x™MPY),
o LT(X"X,Y) C LM X"X,)Y) if X = (7.

We will give a counterexample to show that the symmetry does not imply zero
©-preservation. Consider a bilinear map B : P x (P — R defined by B(x1,x2) =
22:1 xt(k) - 22(k). It is seen that B is symmetric. For the sequences 11 =
(1,1,0,1,0,-1,-1,0,0,...) and z2 = (1,1,1,0,1,1,1,0,0,...) in £P, it is obtained
that x1 ©® x2 = 0 but B(x1,x2) = 2, thus B is not zero ®-preserving.

A map P : X — Y is called n-homogeneous polynomial if it is associated with
an n-linear symmetric map B : X"X — Y such that P(z) = B(z,...,x) for all
x € X. The class of n-homogeneous polynomials is a Banach space under the norm
[P|| = supjzy=1 [|P(x)[]. It will be denoted by P("X,Y). We refer the book [10]
for more information about polynomials.

An n-homogeneous polynomial defined on the Banach algebra X is called or-
thogonally additive if P(x +y) = P(z) + P(y) whenever zy = 0 for z,y € X.
Similarly we will call an n-homogeneous polynomial defined on the Banach space
X orthogonally additive if P(z+y) = P(z)+ P(y) whenever z®y = 0 for z,y € X
and an n.p. product ® We denote by Py("X,Y) the space of n-homogeneous
orthogonally additive polynomials from X to Y. We will write Py("X) for Y = R.

The Banach space of n-homogeneous orthogonally additive polynomials is closely
related to the zero product preserving n-linear operators and several papers can be
found in this direction in the literature (see [3,/5,/12}/15,/16] and references therein).
Now we will give a generalization of the isomorphisms between orthogonally additive
n-homogeneous polynomial forms and sequences given in the papers |15] and [16].
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Theorem 11. Let 1 < n < p < co. There is an onto isometry between the spaces
L(P/™ YY) and Po(™¢?,Y). Particularly, Po("4?) = ((P/™)* for a scalar field range.

Proof. Consider a linear continuous operator T € L(¢?/™,Y). It is seen that T gives
a O-factorable n-linear map Brp : X™? — Y defined by T(z) = T(z1 ® ... ® ) =
B(z1,...,x,) for all z; € (i = 1,...,n) such that 2, ® ... ® z, = = € P/
Due to the symmetry of the ®-factorable map Br, an n-homogeneous polynomial
Pp, : P — Y is obtained such that it is orthogonally additive. Indeed, for all
x,y € 0P

PBT(x+y) = BT(:c+y,,x+y)

= Z (Z) BT(‘T7 k7 z,Y, n:'ka y)
k=0

= BT(‘ra n’x) + BT(ya n’y)
= PBT(x) + PBT(y)‘

whenever z ® y = 0, thus Pp,. is orthogonally additive. Thus the linear correspon-
dence T" — Pp,. defines an orthogonally additive n-homogeneous polynomial Pg,.
for every T by T'(z™) = Pp,(x), where 2™ =2 ® ™ ® x . Let us show the isometry
now.

ITl = sup |Tall= sup |IP@"")|= sup [|P(y)ll=]P].
lellp/n <1 lzt/m |, <1 lyll<1

For the surjectivity, let us consider an orthogonally additive n-homogeneous polyno-
mial P € Py("¢P,Y). This polynomial defines a 1-homogeneous map T by T'(z) =
P(zt/™) for all x = {x(k)}52, € /™ where x1/" = {|z(k)|*/"sign(z(k))}3<, such
that = = {|z(k)|Y/"sign(z(k))- ™ |z (k)|V/ " sign(z(k))}32, = 2 /" oozt € v/,
The map 7 is linear. Indeed, to see this consider the sequences z} = >7" | x'(k) -
Xy and b = >0 @?(k) - x4y defined by the sequences x1, 23 € el

Since (2} + @)™ = 31 (¢ (k) + 2%(k))/™ - X (4}, by using the n-homogenity
and orthogonally additivity of the polynomial P, we get that

T(a} +ah) = P((ah +25)"/") = P(3 (2 (k) + 22 (k)" - x 13
k=1

=D P (k) + 2 (k)Y xpy) = D (' (k) + 22 (k) Pxay)
k=1
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Since 1 = limy, oo Dy ' (k) - xqpp and zg = limp, oo D50y 22(K) - X gy, it 1
obtained that
T(xy+w2) =T( lim 2y + lim a5)
~ lim T(a} +}) = lim (T(a}) + T(a})
=T(z1 + z2).

Thus, every orthogonally additive n-homogeneous polynomial P defines a linear
map T € L(P/™,Y). We can illustrate this isometry by the following diagram;

/P

Pp.
T A,
ya

NG/

" @ /
N T

¢pin

where A,, is the canonical embedding called diagonal mapping from (P to x™¢P
used to define the n-homogeneous polynomials.

Particularly, every n-homogeneous polynomial form P in Py("¢P) is represented
by a sequence in the space ¢#/ (=) 0

Corollary 12. L(/1,Y) = Po("€",Y) and every orthogonally additive n-homogenous
polynomial P : £ — R is represented by a bounded scalar valued sequence.

From Corollary [f] Theorem [T and Corollary [T2] we get the following isometries;
* LO(X™PY) =Po("¢P,Y), where p > n.
* Lo(x™",Y) =Po("™0™,Y)
* Lo (x™P) = Po(")
x LR(x™m) = Po("").

We can give some isomorphisms for the ®«» p—factorable maps as follows;

Corollary 13. Let1 <n <p< oo and P: E — (P is an isomorphism. There is an
isomorphism between the spaces L(P/™Y) and Po("E,Y). Particularly, Po("E) =
(eP/™)* for a scalar field range.

Let us finish the paper with an example.

Example 14. Let > | i = % for 1 <rp; < oo fori=1,..,n. Recall that a
multilinear form B : x?_Pi — C defined by B(x1, ..., Tpn) = Y poy Ok Tp e TF 08
called diagonal operator, where {ay} is a bounded sequence. Clearly, it is seen by the
definition that B(z1,...,x,) = 0 whenever x, ® ; = 0 for some k, 1 € {1,2,...,n}.
Therefore, it is zero product preserving and there is a linear form T : {7 — C such
that B(x1,...,x,) = T(z), where 1 ® .... ® &, = x. Besides, if we consider p; =
... = pp = p, then we obtain that the zero product preserving map B : x"f? — C
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has a factorization through the linear form T : ¢P/™ — C. Since this gives the
symmetry of the form B : x™? — C, we get the diagonal map B is associated with
an orthogonally additive n-homogeneous diagonal polynomial form P : ¢ — C.
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ABSTRACT. In this study, at first a new polynomial rank transmutation is pro-
posed. Then, a new cubic rank transmutation is introduced by simplifying the
set of transmutation parameters in order to improve its usefulness in statistical
modeling. The purpose of this comment is to clarify some issues that exist in
the methodology of obtaining the distribution by the cubic transmutation and
the stage of proofing it. In this way, both the parameter space is expanded and
the process of establishing the cubic transformed distribution family is given.

1. INTRODUCTION

In this study, we inspire the quadratic rank transmutation map (QRTM) pro-
posed by [16]. The mapping is given as

u—u+ Au(l—u) (1)

where u € [0,1] and A € [ —1,1]. Using this transmutation many distributions have
been derived and still continue to be derived. Beside this, there are also some stud-
ies on the modifications of the QRTM. Some of the pioneering works on proposing
modified QRTM can be given as follows: [1] proposed a new Weibull distribution
by using exponentiated QRTM. [2| generated a new distribution family by con-
sidering exponentiated distribution as the baseline distribution. |11] studied a new
distribution by taking the baseline distribution as exponentiated exponential dis-
tribution. [5] introduced transmuted exponentiated modified Weibull distribution,
and [3] introduced transmuted exponentiated Lomax distribution. The last three
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studies can be seen as a special case of [2]. [9] introduced a new transmutation
map by adding extra two parameters to get more flexible distribution. Then, [10]
introduced a new Lindley distribution by using this new transmutation map ap-
proach. [4] introduced a kind of generalization of QRTM by considering sum of
k- dimensional vector of transmutation parameters. There are two similar studies
which are the generalized transmuted G family by [12] and generalized transmuted
Weibull distribution by [13]. Also, by taking into account recent works, [15] intro-
duced a new distribution named as transmuted generalized Gamma distribution.
They use QRTM to generate this distribution family.

In this study, a new polynomial rank transmutation is proposed additionally to
[17]. Since the parameter set is still complex, a new cubic rank transmutation is
introduced in the light of the idea behind QRTM. In our study, since an extra
transmutation parameter is added, the distribution has become more flexible.

2. MOTIVATION

|17] proposed polynomial rank transmutation map to demonstrate Skew-kurtotic
transmutations. Figure 3 of [17] indicates that admissible parameter region. How-
ever this region is quite complex structure, the points on Figure 5 of them show
some special cases related to family of order statistics up to 3-sized sample. Under
the leadership of this idea, we propose a new polynomial rank transmutation to
get simpler structure of parameter region. Let G(u) stand for the polynomial rank
transmutation defined on [0, 1]. Then, we have

G(u) = u+ Mu (1 —u) + dgu? (1 —u) (2)

with G(0) = 0 and G(1) = 1. Note that, A; and X2 are the transmutation parame-
ters. Parameter region will be defined with following discussion. Since G should
be non-decreasing, non-negativity of the first derivative of G with respect to u is
examined. Thus, the shape of the parameter region is determined. By calling this
derivative with g, we have

g (u, A, Xo) = =3Au? — 2u (A — Ag) + (14 \p). (3)
Non-negativity of g (u, A1, A2) at the end-points, namely the inequalities g (0, A1, A2) =
14+ X >0and g(1,A1,A2) =1 — X — Ay > 0 both requires that
A > —1
A+ A < 1L )

From these two inequalities, it is clear that Ay < 2. When the eq. is taken
into account, g (u,A1,\2) is a concave function for Ay € (0,2]. As long as the
inequality is valid, g (u, A1, A2) will take non-negative values. For A\ < 0, we
will investigate the sufficient conditions on non-negativity of g (u, A1, A2). In this
case, g (u, A1, A2) has a minimum point since it is a convex function. If this minimum
point is within (0, 1), the value at that point of the function g (u, A1, A2) must be
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positive. Accordingly, the minimum point is obtained by taking the derivative of
the eq. and equating them to zero as follows:

— (M1 —2)

g/ (u,/\1,>\2) = —6Xu —2 (/\1 — )\2) =0=u* =
3o

(5)
Then, the value of g (u, A1, A2) at u* must satisfy

g(—(Al—AQ) N A2> AT M A A (B4 0)

= >0 6
39 3 - ( )

Hence, it is necessary to say that the value of the numerator in @ is non-positive.
If this statement given by the numerator is considered as a second order polynomial
of A1, the roots are given by

Xt /=3 (N2 +4
/\11,2 = 2 ( ) (7)

Here, we can say that the condition —4 < Ay must also occur in order for the roots
to be real valued. Thus, under the condition —4 < Ay < 0, we have bounds for Ay

as follows:
—A2 — /=32 (A2 +4 —A2++/—=3X2 (A2 +4
2 2 (A2 +4) <A <22 2 (A2 +4) ®)

For these bounds, the numerator in @ has a negative sign. This leads to the
following conclusion: The range of A; is as in for Ao € [—4,0). However, the
minimum value of the lower bound in can be —1, while the maximum value of
the upper bound can be 3. From this we can say that the range of \; is [—1, 3].
Thus, combining this results, the parameter region for (A1, A2) appears as shown in
the Figure

By considering this parameter set of (A, A2), many well defined distributions are
generated from the eq. with the baseline distribution F. Now, let’s get a map
of the integer values of the pair (A, A1) to see the known distributions tabulated
in Table Il

The distributions specified by the star in Table [1] are described below how they
correspond to some known failure distributions.

Let X,., be the rth order statistic in a sample of size n. By noting that, for
A1 = —1, Ay = —1 generated distribution indicates the failure distribution of the
lifetime of three-component parallel system, namely, this distribution indicates the
distribution of the random variable X3.3 = max { X1, X2, X35} where X7, X5 and X3
are independent and identically distributed as F. Similarly, for Ay = 2, Ay = —1
generated distribution indicates the distribution of the random variable Xi.3 =
min { X7, X5, X3}. For A\; = —1, Ay = 1 generated distribution indicates the dis-
tribution of max {X;, min {X5, X3}}. For Ay = 0, Ay = 1 generated distribution
indicates the distribution of min {X;, max {X5, X3}}. For A\; = —1, Ay = 2 gener-
ated distribution indicates the failure distribution of the lifetime of the three-out-
of- two system, namely, this distribution indicates the distribution of the random
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FIGURE 1. Valid parameter set (ellipsoid and triangle on the right-
side )

TABLE 1. Some generated distributions according to special cases
for the parameter values

A2 | A1 | Some Generated Distributions | Ao | A7 | Some Generated Distributions
—412 [4F®—6F2+3F —1]0 |[F3—F2+F

310 [3F*—-3F2+F 1|1 [F3—-2F?+2F

—3[1 [3F3—4F?+2F —1]2 | F3—3F?+3F*%

—312 [3F®—-5F2+3F 0 |[—-1]F?*

—3[3 [3F3—6F2+4F 0 [0 |F*

—2|0 [2F3—2F?+F 0 |1 |2F—F?*

21 [2F?®—-3F2+2F 1 | —1]2F2%— F3%

—2|2 |2F3 —4F?+3F 1 |0 |F>+F—F3%

—1]—1] F3* 2 | —1|3F%—2F3

variable Xg.3 = max {min {X1, Xo},min{X;, X3} ,min {X5, X3}}. On the other
hand, for \; = —1, Ay = 0 generated distribution indicates the failure distribu-
tion of the lifetime of the two-component parallel system, namely distribution of
Xa0 = max {X1, Xo}. For \y = 1, Ao = 0 generated distribution indicates the
failure distribution of the lifetime of the two-component series system, namely dis-
tribution of X7.o = min { X7, X5}.

In this case, in addition to the known distributions introduced by the quadratic
transmutation, more informative distribution functions occure. However, the set of
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the transformation parameters of the proposed cubic transmutation is still compli-
cated.

In order to eliminate of this complexity, by referring to the concept of reliability
evaluation of coherent system by using signature (see, [6,/7] ), we come up with an
idea inspired by both works of [16}/18] as follows:

Pr (X <t) =Pr(max{X;,Xo} <t)=F*(t)
and
Pr (X1 <t) = Pr(min{X1, Xo} <t) = 2F (t) — F%(t)

where F (t) indicates the failure distribution of the component lifetime, namely,
Pr(X; <t) = F(t). Hence there exists a stochastic ordering relation such as
X190 <X <t Xo.0. In this case, these three failure distributions can be ordered
as F2(t) < F(t) < 2F (t) — F?(t). From the latter inequality, we can say that
F(t) is represented by a convex combination of 2F (t) — F? (t) and F? (t) where
the value of the combination parameter is % On the other hand, it is possible to
obtain many distributions besides F'. Let GG stand for the distribution obtained by
this convex combination. Then, for § € [0, 1], we have

G(t)=0(2F (t)— F2(t) + (1 —6) (F2(t)) (9)
= 20F (t) + (1 — 26) F? (t)

Here, the combination parameter is reparametrized by taking ¢ = % to attain
quadratic rank transmutation. Now, the new parameter A takes the values in

[ —1,1]. As can be seen immediately, A = 0 corresponds to § = % In eq. @,
substituting § by A, we have
Gt)=(1+ N F(t)—AF*(t). (10)

The above expression is the quadratic rank trasmutation proposed by [16]. Now, we
concentrate on 3-component systems with similar thinking. Let X7, X5 and X3 be
independent random variables distributed as F'. Let X,.3 denote rth order statistic
of (X7, Xo, X3) with corresponding distribution F,.3. Then we have

Fs.3(t) = Pr(Xs.3 < t) = Pr(max { X1, Xo, X3} < t) = F3 () (11)
Fy3(t) =Pr(Xas <t)
= Pr (max {min { X7, X5}, min { X1, X35}, min { X5, X5}} <1) (12)
= 3F%(t) — 2F3 (t)
Fi3(t) =Pr(Xq1.3 <t) =Pr(min{X;, Xs, X3} <1t)
=3F(t) —3F?(t) + F3(t).

According to [18], the properties F3.3 < Fy3 < Fi.3 and F = %F3;3 + %Fg;g +
%Fl;g. are hold. In other words, F' can be represented by a convex combination
of Fi.3, F5.3 and F3.3. On the other hand, there is also an ordering for F' such

(13)
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that F3.3 < F < Fy.3. If F5.3 is also included in this ordering, we have for F' > %,
Fy3 < F < Fo3 < Fig and for F < §, Fy3 < Fp3 < F < Fi5. Hence, we
can suggest a convex combination to cover both ordering situations. Our aim is
to determine exactly where F' is. In this case, we can write the following convex

combination obtained by Fj.3 and Fb.3, called as G*.
G =61Fi1.3+ (1 —61) Fas (14)

where d; € [0,1] . Now, let’s write a convex combination between G* and Fj.3.
Denoting this convex combination by G, we have

G = 6G" + (1 — §2) F3.3 (15)
where 5 € [0,1]. Combining with the equations and ([I5)), we obtain G as
G = 6201 F1:3 + 02 (1 — 61) Faiz + (1 — 62) Fius. (16)

If the notation F' is used for the representation of F;..3, and rearranging with respect
to polynomial degree of F', the following expression is obtained:

G = 0261 (3F —3F> + F®) + 65 (1 — 61) (3F% — 2F%) + (1 — 62) F®

17
= 30102F + 302 (1—2(51)F2+(1—3(52+3(51(52)F3 ( )

Undoubtedly, G is a distribution function. However, reparameterization is made
on the model in order to achieve the similar structure of the quadratic rank trans-
mutation. Now, by taking w; = §102 and wy = d2 — §102, eq. (17) can be rewritten
as follows:

G:3wlF+3(’LU2—’LU1)F2+(1—3U)2)F3 (18)
where w1, ws € [0,1]. In eq. (I8), by the reparametrizating as w; = % and
Wy = %7 we have

G=(1+M)F+g—X\)F?— )\ F? (19)

where A1, A2 € [ —1,2]. Since d2 = w1 + we, the parameter set is also constrained
by the condition A; + Ay < 1. Consequently, the parameter set of A\; and Ag is
presented in a simpler form than the parameter region given in Figure This
transmutation defined in eq. is called as cubic rank transmutation and trans-
formed distribution G is named as CRT-F.

As can be seen immediately, CRT-F defines a quadratic rank transmuted distribu-
tion at Ay = 0, and A; = A3 = 0 gives the baseline distribution F'. For this reason,
CRT-F can be seen as a generalized form of QRT. The parameter set of A\; and
A2, which is defined as {(A1, A2) : A1, A2 € [—1,2], A1 + Ay < 1} can be figure out in
Figure 2] Now, referring to the integer values of A\; and Ay, we can determine the
generated distribution functions by the Table 2]

Identifications given in Table [2| show that Table I of [17] is included by CRT-F
according to special choices of transmutation parameters.
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FIGURE 2. Region of the parameter set of CRT-F

TABLE 2. Identifications of CRT-F distribution for special values
of transmutation parameters

A1 Ao CRT-F Identification

-1 -1 3 Distribution of T3.3

-1 0 F? Distribution of T5.o

-1 1 2F? — F3 Distribution of max { X7, min { X5, X3}}
-1 2 3F%2 —2F3 Distribution of T5.5

0 -1 F3—F?+F tFi3+ 2Fss

0 0 F Baseline Distribution

0 1 F?24+ F— F3 Distribution of min {X;, max {Xs, X3}}
1 -1 F3 _2F24+2F [ 2Fi3+ 1F33

1 0 2F — F? Distribution of T7.9

2 -1 F3 — 3F?% + 3F | Distribution of T}.3

Note that, by taking into account the parameter set of , the distribution family
CRT-F is different as compared with the families proposed by [8}[14].

[8] proposed a cubic rank transmuted distribution family motivated by a study
of [17]. The paper contained one theorem (referred to as Theorem 2.1), deriving
cubic transmuted distribution. Here, We would like to point out that the result of
Theorem 2.1 can be reduced to an explicit and understandable form.
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Parameter space of eq. (3) of Theorem 2.1 given by [8] needs to be revised according
to mixture probabilities 7m; (i = 1,2,3). Otherwise, eq. (3) does not provide
the distribution function in some cases of A\; and As. For instance, suppose that
A1 =0and Ay = —1 in eq. (3), then we have

F(z) = —G?(z) + 2G3 (z) = G2 (z) (2G (z) — 1).

Thus, the function F'(z) is positively signed when z is greater than G=! (1/2) which
is the median of G (z). Otherwise, F(z) is negatively signed. More generally,
according to eq. (3), we have the second-order convex polynomial as ¢ (u) =
A+ (A2 —A)u+ (1 —X2)u?. After some algebraic manipulation, we say that
having positively sign of ¢ (u) depends on Ay > W. Furthermore, in proof
of Theorem 2.1, one condition is missing which comes with 0 < 7 + 73 < 1. To
clarify the above claims, recall the distribution of order statistics associated with

sample size of 3:

Pr(Xi3<z) =1-Pr(Xy3>2) =1—(1—F(2))® =3F (2) —3F%(2) + F* (),
Pr(Xos <z) =3F(z)* —2F% (z),
Pr(Xzs <z) = F*(x).

Now, a new random variable T is defined by mixing the above order statistics as
follows:

Xi.3, with probability m
T= Xs.3, with probability o
Xs.3, with probability w3,
where w1 + 79 + m3 = 1. Then the distribution of T is as follows:
Pr(T <t) =m (3F(t) —3F (t) + F*(t)) + w2 (3F? (t) — 2F (1)) + w3 (F° (1))
= (37T1)F(t) +3(7T2 —7'('1)F2 (t) + (7T1 — 2mo +7T3)F3 (t)
By letting m3 = 1 — w1 — w5 then we have
Pr(T <t) =3mF () +3(m—m)F2(t)+ (1 —3m) F*(t).

Since 7; € [0,1], (i = 1,2,3), appropriate parameterization for 71 and 79, can be
taken into account as 3m; = 14+ A1, and 3wy = 1 4+ Ay. New parameters are both
in the interval [—1,2]. Recalling the condition 0 < 71 + w3 < 1, hence we have
—2 < A1 + A2 < 1. Accordingly, latter probability is as follows:

Pr(T<t) =(14+A)F@®)+A\—N)F2(t) = A F? (),

with A, A2 € [-1,2] and —2 < Ay 4+ A9 < 1. Tt should be noted that this is also
obtained by .

Therefore, based on the assumptions in proof of Theorem 2.1., eq. (3) cannot
be obtained. Also, comparing with the family introduced by [14], they give the
similar cubic transmuted distribution family with a narrower parameter space as
A1, A € [—1,1] and —2 < A1 + Ay < 1.
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3. CONCLUSION

In this article, we propose a new version of polynomial rank transmutation. Since
the parameter set is still complex, a new cubic rank transmutation is introduced
in the light of the idea behind QRTM technique. Compared to the two techniques
in the literature, it is seen that the proposed technique covers them in terms of
parameter space.
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ABSTRACT. The wavelet transform is an useful mathematical tool. It is a
mapping of a time signal to the time-scale joint representation. The wavelet
transform is generated from a wavelet function by dilation and translation.
This wavelet function satisfies an admissible condition so that the original
signal can be reconstructed by the inverse wavelet transform. In this study, we
firstly give some basic properties of the weighted variable exponent amalgam
spaces. Then we investigate the convergence of the §—means of f in these
spaces under some conditions. Finally, using these results the convergence of
the inverse continuous wavelet transform is considered in these spaces.

1. INTRODUCTION

Recently, the variable exponent Lebesgue LP(-) (R9) spaces and a class of nonlin-
ear problems with variable exponential growth have been new and interesting topics.
The space has several applications, such as electrorheological fluids (see ), elastic
mechanics (see ) and image processing model. Moreover, the spaces LP()(R?)
and LP(R?) have many common properties, such as Banach space, reflexivity, sep-
arability, uniform convexity, Holder inequalities and embeddings. One of the most
important differences between these spaces is that the space LP()(R) is not trans-
lation invariant . It is also well known that the maximal operator is bounded
in LP()(R?). For more comprehensive information (see , , and )

The amalgam of LP and {9 on the real line is the space (L?,1?), which is also
larger than the space L, consisting of functions which are locally in L? and have [4
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behavior at infinity. Many different forms of amalgam spaces have been studied by
some authors (see [25], [33], [24], [15] and |18]). Moreover, this space play important
roles in recent developments in time frequency analysis and sampling theory, which
are modern branches of harmonic analysis. Signal analysis and wireless communi-
cation issues are quite popular in amalgam spaces (see [20]).

Variable exponent amalgam spaces (Lp('), lq) and some basic properties, such as
Banach function space, Holder type inequalities, interpolation, bilinear multipliers
and the boundedness of maximal operator, have been investigated recently. Some
interesting articles have been published on this subject, but not many. So there are
many open problems in this function spaces [5], [21], [26], [30], [22], (28], [3], |7], 2],
[6].

The so called #-summation method is investigated by some authors, such as |36/,
[32], [38], [39], [40], [34], [8]. The #-summation is defined by

o f(z) = /f (z —t)T"0 (Tt) dt
Rd

for an integrable function # on R. This summability is a generalized form of the well-
known summability methods, like Fejér, Riesz, Weierstrass, Abel, etc. by a suitable
chosen of . Feichtinger and Weisz ( [16], |17], [42]) showed that the -means 5. f
converges to f almost everywhere and in norm as T' — oo for f € LP(R?), (LP,19).
Also we characterize the points of the set of a.e. convergence as the Lebesgue
points. Moreover, Uribe and Fiorenza [10], Szarvas and Weisz [34] obtained similar
results for the space LP(") (Rd) .

In this study we will discuss the convergence of the inverse continuous wavelet
transform in weighted variable exponent amalgam spaces. Also, we investigate the
convergence of the -means of f almost everywhere and in norm in these spaces
under which conditions. Hence we obtain more general results with respect to [34].

2. WEIGHTED VARIABLE EXPONENT LEBESGUE AND AMALGAM SPACES

In this section we give some required definitions and information about wavelet
transform and weighted variable exponent amalgam spaces.

Definition 1. Let z € R%, s € R and s # 0. The continuous wavelet transform is
defined by

Wof (z.5) = |s| / f ()51 (E—0)dt = (f,T,D,g)
Rd

for f and g, where Dy is the dilation operator, and T, is the translation operator,
i.e.,

S

Dsf(t)=|s|gf(t> and T f(t) = f (t — x) (x,teRd, 0#s€R)
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[11], [19]. If n is radial, non-increasing as a function on (0,00), non-negative,
bounded, |f| < n and n € L (Rd), then n is a radial majorant of f. If in addition
n()In(|.| +2) € L' (R?), then n is a radial log-majorant of f.

Definition 2. A point x € R? is called a Lebesgue point f € L}, (Rd) if
tim | o [ @0 - F@)ldu | =0
w0 | 1B (0, 1) s e =

B(0,h)

where
B(a,0)={z eR": |z —a| <4}.

Definition 3. Let g* (z) = g (—x) be involution operator. Then the operators pgf
and pg rf are defined by

y dxds
Psf://ng(ﬂf,S)TxDs’stﬁ
S Rd
and
g dxzd
rds
psrd = [ [Waf @) T G5
S Rd

where 0 < S < T < co. Let define the operator C;,v with

Cony = _/ (g" *7) () In(|z]) d.
Rd

Then Cy ., is finite [29], where g and v both have radial log-majorants.

Let g and 7 be radial, i.e., [pq (9" *7) (z) dz = 0. Assume that g and ~ have a
radial log-majorant. Then we get

lim z) = lim x)=C" x
dim psf (@)= lim psf (2) = C}., 1 (2)
at every Lebesgue point for any f € LP (Rd) (1 <p<o0). The convergence is
proved with respect to LP-norm for T' = oo, |29]. Under some similar conditions,
Weisz has proved similar results [41].

Definition 4. Let p(.) be a measurable function from R? into [1,00) (called a
variable exponent on R?) satisfying the condition 1 < p~ < p(.) < pt < oo, where

* = esssupp (z).

p~ =essinfp(z), p
zERC zERE
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The set P(R?) denotes variable exponents on R, Let p(.) € P(RY). The variable
exponent Lebesgue spaces LT’(‘)(Rd) consist of all measurable functions f such that
Qp(_)(/\f) < oo for some A > 0, equipped with the Luxemburg norm

| g
T mf{A > 00,0 <1},
where

2p()(f) :/If(x)|”“”> da.
R4

If p* < oo, then f € LPO(R?) iff 0p()(f) < oo. The space (Lp(')(]Rd), ||.||p(_)> is a
Banach space. If p(.) = p is a constant function, then the norm ||.|,,  coincides with
the usual Lebesgue norm ||, {27]. A measurable and locally integrable function
w:RY — (0,00) is called a weight function. The weighted modular is defined by

0p() () :/If(:z)|p(r)w(z)dx_
R4

<
p(.)

oo. The dual space of Lﬁ(')(Rd) is Li(;)(Rd), where ﬁ + ﬁ) =1 and w* =

Wl=a0) = 0T Also, Lﬁ(')(Rd) 18 a uniformly convex Banach space, thus reflex-
ive for 1 <p~ <p(.) <p" < oo, 3], [4]

The space e (R9) is of all measurable functions such that ||f||Lp<.>(Rd) = waﬁ

Definition 5. The maximal operator M is defined by

1
M () (&) = suprzo—s / 1 ()] dy,
B(z,r)
for f € L} _(R).

loc

Hasto and Diening [23] defined the class A,y consists of those weights w such
that

< 00,

‘ 1

w

14,0, = 552 1BI ol | 5 |

L ?0) (B)

-1
where 8 denotes the set of all balls in R?, pg = (\%I I ﬁx)dx) and ﬁ) + 1%(_) =
1. If p(.) is a constant function, then A,y = A, where A, is ordinary Muckenhoupt
class.
If p(.) satisfies the following inequality
C

Ip(z) —p(y)| < m
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for all z,y € R, then p(.) provides the local log-Holder continuity condition.
Moreover, if the inequality

C

log (e + =)
holds for some po, > 1, C > 0 and all z € R?, then we say that p(.) satisfies
the local log-Holder decay condition. We denote by P'°8(R¢) the class of variable
exponents which are log-Holder continuous, i.e. which satisfy the local log-Hélder
continuity condition and local log-Holder decay condition [4], [37].

Let p € P%(RY) and 1 < p~ < p(.) < pT < oo. Then M : LEV(RY) —
Lf,(')(Rd) if and only if w € A,y by Theorem 1.1 in [23].
p(.)

loc,w

any compact subset K of R? belongs to L{L(')(Rd).
In this study we take d = 1, and define the weighted variable exponent amalgam
spaces on R.

Definition 6. Let 1 < p(.),q < o0 and Ji = [k,k+1), k € Z. The weighted

variable exponent amalgam spaces (Lf)(')7 lq) are defined by

P (%) = pool <

The space L (Rd) is to be space of functions on R? such that f restricted to

(Lg.)’lq) - {f e LY, (R): HfII(Lngq) < OO}’
1

where Hf”(LE('),lq) = (Zkez HfXJkH(zg(-)(R)) . If the weight w is a constant func-
tion, then the space (Lf,('),lq) coincides with (LPY),19) (see [T, [26)) .

In 2014, Meskhi and Zaighum showed that the maximal operator is bounded in
weighted variable exponent amalgam spaces under some conditions [30].
Throughout this paper, we assume that p(.) € P8(R), 1 < p~ < p(.) <
pT < ooand w € Ap(y-

3. 6—SUMMABILITY ON THE WEIGHTED VARIABLE EXPONENT WIENER
AMALGAM SPACES

Lemma 1. Let 1 < p(.),¢ < o0 and 0 < ¢ < w. Then the inclusion (Lf)('),lq) C
(Ll,loo) holds.

Proof. Take any f € (Lf,('),lq) It is well known that f € (L‘Z('),lq) if and only
. q - . .\

if {”fHLE(')[k,k—s-l)}kez € 11, If we use Proposition 3.5 in [3] and the definition of

-l g1 goey - then we have LEO [k, k+ 1) < L[k, k+1) — L[k, k+1), 19 < 1> for
1<p(.),g<o0,0<¢<wandso

||f||(L1,zoo) = 222 ||fHL1[k,k+1) < Ci?z) ||f||Lg(«>[k,k+1)
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< (S MMyopy) =M 0y <
Hence we obtain that f € (L',1°°) and (Lf,('),lq) C (LY,1). O

Theorem 1. Let 1 < g <p~ <p(.) <pt < oo and 0 < ¢ < w. Then the inclusion

(Lf,('), z(I> < L8 < L9,
hold for all f € (Lf,(‘),lq> .

Proof. Let f € (Lf,(‘),lq) be given. Then we get (Lﬁ('),lq> s (Lff,lq) —
(L%,17) = LI by Proposition 3.5 in [3] and [24]. Hence we have that there exists a
C > 0 such that the inequality

I£z0 < CUSN (120,10

holds for any f € (Lf,('), l‘I). This completes the proof. O

Definition 7. Let 0 € L' (R) be radial function. The 0-means of f € (Lﬁ('), lq) is
defined by

o f () = (f = 07) ( /f (x—1t)07 (¢

where

Or (t) := T (Tt), (z € R, T > 0).

Theorem 2. Let 1 < p(.),q < 00 and 0 < ¢ < w. Assume that 0 has radial
magjorant. Then;
i) The limit

lzm JTf /9 Vdy.f(x

is valid for any Lebesgue point of f € (Lg('), lq).
1) If in addition 1 < q<p~ <p(.) <p' < oo, then the following limit equality

lszTf( )=0

T—0t

is available for all f € (Lﬁ('),l‘?) and ¢ € R.
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Proof. i) Let © € R be a Lebesgue point of f. Since there exists the inclusion
(Lﬁ('), lq) C (L*,1°°) by Lemma 1, we write that

Jim ot @)= [6()dy.f @)
R‘VL
for f € (Lﬁ('),lq>by Theorem 2.2 in [34].
ii) Take any f € (Lﬂ'ﬂ(')7 lq) and = € R. By Theorem 1 and Theorem 2.3 in [34],
we have that f € L7 (R) and

lim o1 () = .

O

Proposition 1. C. (R), which consists of continuous functions on R whose support

18 compact, 1s dense in (Lf)('), lq) for 1 <p(.),q < oo ( see Proposition 2.9 in [0]).

Theorem 3. For all f € (Lﬁ('),lq) the following statements are valid :
i) ||0"0rf||(L5<»>,lq) <C ||fH(L£<.)7lq) (T'>0).
i) Tliﬂ(}oo%f = /9 (x)dx.f in the (Lﬁ('),lq> -norm.
R
1it) Tlin&a%f =0 in the (Lg('),lq) -norm.

Proof. 1) Tt is well known that the maximal operator is bounded in (Lﬁ('), lq> [30].
Then we have that

||<7?er(L5<.>7lq) <C ||f||(L5<->,lq) (T > 0)

for all f e (Lg('),lq) by Theorem 2.1 in [34].
ii) Also, if we follow Theorem 3.8 in [34], Theorem 2.3 in [9], Theorem 5.11
in [10], and Theorem 8 in [1], then we have that

Jim obf=[0(x)de.f
R
in the (Lf)('), lq>—n0rm.

iii) Let € > 0 be given. Using Proposition 1, it is obtained that the following
inequality
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is valid for g € C.. (R), whose compact support suppg is K. Using i) and Proposition
2 in [7], we have that

||J%f||(L§(~),lq) < ||Ug’ (f - Q)H(Lg@lq) + ||Jgjg||([,g(')’lq)
< Ce+[SE)|7 [|o%g]l o) -
Also using Theorem 3.8 in [34], we get the limit
Tli”(;ﬁr ||09T9HL5<->(K) =0.
So this completes the proof. ([l

4. CONVERGENCE OF pg AND pg

Theorem 4. Assume that g,~ have radial log-majorants and fR (9% %) (z)dz = 0.
Ifw e Ay and 0 < ¢ < w,then for all f € (Lf,('), lq) the following relation holds;

pSf:U%fa (S>O)

where
o) 1
1 N Y 1
(g" *7) unt —r1 XB(0,1) (y)du— [ (9" *7) (ﬂ) untL XR7\ B(0,1) (y) du.
1 0

Proof. Let f € LLN (Lf,('), lq) and y € R. Then we have decomposition of pg f (y)

st = [ [ 5 [r00( S0 (A2 s
S R R
= 7 / ;,/f(t)gc;x)y(y;x)dxdtds

] o)
ly t|>S R
= I—-II+1II
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by from [29], [34] . Also it is well known that
= (frey) @) and 1= (F2vy) ),

7 1
/ g *x7) ( )WXB(O,I) (t) du
1

1
1

/ g *7) < >un+1XR"\B(O,1) (t) du

0

by proof of Theorem 1.1 in [29]. On the other hand, Szarvas and Weisz proved that
¢ and v have radial majorants by Theorem 5.1 in [34] in case g and v have radial
log-majorants. Since g, have radial log-majorants, f € LL, w € A; and

[ @z =,

where

and

then we have

I = Z/ Slg/f(t)g<tsz>*y<y8z>dzdtds

by Lemma 2.5 in [29]. Therefore we get
psf(y) = (fw%) () — (f*w
ooy —w1) () = fx0

U=

7 . yy 1 « 1
= (0" = (=) arxsoy W du— [ (§" %) (¥) =5 X B0,1) (¥) du.
u’/ u u
1

0

If ¢, have radial majorants, then § = ¢ — ¥ have radial majorant, that is, 6 is a
non-negative and non-increasing function, and belongs to the space L' N L*>°. So it

is obtained that
100wy = - [Oxseny || < D0 K) < o0
kEZ © kez

and 6 € (L°°7 ll). Then using Holder inequality and Lemma 1, we have
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o] <5t lo (5)]o

< Ol H9||(Loo,zl)
< C Hf||(L5(‘>7lq) 100l Lo 10y -

s ()]

Hence the function pg is linear and bounded from L} N (Lf)(') , lq) to C. Also, it
is well known that the inclusion C, C L. N (Lf}'),m) c (Lﬁ’}'),zq). Since C, is
dense in (Lﬂ(‘),lq) 6], then we find that L. N (Lf,('),lq) is dense in (Lf,('),lq).

Therefore, from the density principle, the function p, is extended from (Lg('), lq)
to C. This completes the proof.

Theorem 5. Let f € (Lﬁ('), lq). Moreover, assume that g, have radial log-
majorants and [, (9* * ) (x)dr =0. Ifw € Ay and 0 < ¢ < w, then
0) lim psf (@) =Gy, f (2)
for any Lebesgue point of the function f.
ii) If in addition 1 < ¢ <p(.) <p" < oo, then
lim  psrf (2) = f (2)

S—0t+t T—
for any Lebesgue point of the function f .

Proof. i) Since p(.) € P°(R) and 1 < p~ < p(.) < p" < oo, then Ay C A,y [4].
By Theorem 2 and Theorem 4, we deduce that

l = l 1 9 d
Jim psf(z) = lim 0% f (2) / yf(z
for all Lebesgue points of f € (LP('),Z‘?>. On the other hand, using Theorem 5.2
in [34] , we have that [, 0 (y)dy = Cj, , and

Jim psf (z) = Gy, f (2).

ii) By Theorem 5.2 in [34] we can write the equality pg f (z) = psf (z)—pr f (2)
for x € R. Then using (i), Theorem 2 and Theorem 4, we obtain that

! = 1 — i
g dim_ psrf (@) Jim psf(z) = lim prf (z)

s ) g 6
= Slin&aéf(w) Jim o’y f (z)

= O S @) -0=C) [ (@),
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Corollary 1. Assume that g,~ have radial log-majorants, [, (g% *~) (x)dx = 0.
If w e Ay and 0 < ¢ < w, then the following statements are valid for any f €

(Lf,(), lq) ;
i) lim p.f (2) = C), f (2) ac.
1) If in addition 1 < q<p(.) <pT < oo, then
lim  pspf(z)=Cy f(z) ae.

S—0t,T—oco

Proof. Let f € (Lﬁ('),lq). Then by Lemma 1, we have f € (Ll,l"o). It is known
that if f € (Ll, l°°), then real numbers almost everywhere is a Lebesgue point of
f, [16], |17]. Hence by the Theorem 5, we complete the proof. O
Theorem 6. Assume that g,~ have radial log-majorants and fR (9% ) (x)dz = 0.
If w e Ay and 0 < ¢ < w, then the following results

i) lim pof =Cy o f,

1 lim =C/
) SH0+,T*>OOPS’Tf g,fyf

are satisfied in the (Lf,('), lq)-norm forall f € (Li('), lq> .

Proof. i) Using w € A; C Ay, Theorem 3 and Theorem 4, we have
Jim pgf = lim oy = / 0(y)dyf
R
in the (Lf,('), l‘1>—norm for all f € (Lﬁ('), lq). On the other hand, since /0 (y)dy =
R
C/

5.~ then we obtain that

Jim psf = Corf
in the (Lf,('), lq>—norm.
ii) Since pgrf = psf — prf, then we have that

lim = lim — Iim
S~>O+,T~>oopS’Tf SHO*pSf T—>oopr
= limolf— limolf=C"
g0k if T oo %f g,'yf

in the (Lf,('), lq>—norm by (i), Theorem 3 and Theorem 4. O
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ABSTRACT. In this paper, we focus on some geometric properties related to the
set F'iz(T'), the set of all fixed points of a mapping T : X — X, on an S-metric
space (X,S). For this purpose, we present the notions of an S-Pata type xo-
mapping and an S-Pata Zamfirescu type xzo-mapping. Using these notions, we
propose new solutions to the fixed circle (resp. fixed disc) problem. Also, we
give some illustrative examples of our main results.

1. INTRODUCTION AND PRELIMINARIES

The notion of an S-metric space was introduced as a generalization of a metric
space as follows:

Definition 1. ,@/ Let X be a nonempty set and S : X3 — [0,00) be a function
satisfying the following conditions for all x,y,z,a € X :

(1) S(z,y,2) =0 if and only if x =y = z,

(2) S(z,y,2) <S(z,z,a) + S(y,y,a) + S(z, z,a).

Then S is called an S-metric on X and the pair (X,S) is called an S-metric
space.

Many researchers have studied on S-metric spaces to obtain new fixed point re-
sults and some applications (see [7,/9L[10,[15,21] and the references therein). Also,
the relationship between a metric and an S-metric was investigated in various stud-
ies and some examples of an S-metric which is not generated by any metric were
given (see for more details).

Recently, the fixed circle problem (resp. fixed disc problem) raised by Ozgiir
and Tag (see and the references therein) has been studied as an geometric
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approach to the fixed-point theory on metric spaces and some generalized metric
spaces (for example, S-metric spaces) (see [8,9,[13}|14},23,24]).

Now we recall the notions of a circle and a disc on an S-metric space given
in [13}20], respectively.

Let (X,8) be an S-metric space and T : X — X be a self-mapping. A circle
C? . and a disc wa. are defined as follows:

C’fmr ={zeX:S,zx0) =r}
and

DS ={zeX:S(xxmx)<r},

To,T

where r € [0, 00).

If To = z for all x € C5 , (vesp. x € D3 ), then the circle C5 . (resp. the
disc D3 ) is called as the fixed circle (resp. the fixed disc) of T'.

A recent solution to the fixed-circle problem was given using the notion of S-
Zamfirescu type xo-mapping on S-metric spaces as follows:

Definition 2. [16] Let (X,S) be an S-metric space and T : X — X be a self-
mapping. Then T is called an S-Zamfirescu type xo-mapping if there exist xg € X
and a,b € [0,1) such that

STz, Tx,z) > 0=

b
STz, Tx,xz) < max {aS(:z:,x,:co), 3 [S(Txo, Txo,z) + S(Tx,Tx,mo)]} ,
forallx € X.
Let the number ¢ be defined as
0 =inf {S(Tz,Tx,x): Tx #x, v € X}. (1)

Theorem 3. [16] Let (X,S) be an S-metric space, T : X — X be a self-mapping
and § be the real number defined in , If the following conditions hold:

(1) T is an S-Zamfirescu type xo-mapping with o € X,

(17) S(Tx,Tx,x0) < ¢ for each x € Cfo,é’

then C’JCSO,(S is a fized circle of T, that is, C5 5 C Fix(T).

Zo,

In this paper, we give new solutions to the fixed circle (resp. fixed disc) problem
on S-metric spaces. In Section [2] we prove some fixed circle and fixed disc results
using different approaches. In Section [3] we give some illustrative examples of our
obtained results and deduce some important remarks. In Section [d] we summarize
our study and recommend some future works.

2. MAIN RESULTS

In this section, we inspire the methods given in [2}/6,/19,/26] and use the number
defined in (1)) to obtain new fixed circle (resp. fixed disc) results on S-metric spaces.
In [19], Pata proved a fixed point theorem to generalize the well-known Banach’s
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contraction principle on a metric space. However, Berinde showed that the main
result in [19] does not hold at least in two extremal cases for the used parameter
€. The corrected version of this theorem was given with some necessary examples
in [2]. In our results, we will not use the Picard iteration. Hence, our main results
hold for all the parameters p € [0, 1] and this situation will be supported by some
illustrative examples given in the next section.

Let © denotes the class of all increasing functions ¢ : [0,1] — [0,00) with

»(0) = 0.

Definition 4. Let (X,S) be an S-metric space, T : X — X be a self-mapping,
a>0,8>1and~y € [0,5] be any constants. Then T is called an S-Pata type
xo-mapping if there exist xg € X and ¢ € © such that

2
for all x € X and each p € [0,1], where ||z||, = S(x, x, z0).

S(Tx, Tz, x) >0 = 8(Ta, Tx,z) < —L ||, + apb(u) (1 + |||, + | T=],]"

Notice that ||zo]|, = S(z0,z0,x0) = 0. Let us consider the inequality given in the
notion of S-Pata type xo-mapping under the cases ;. = 0 and p = 1, respectively.
For ;1 = 0, we have

1
STz, Tx,z) >0= STz, Tx,z) < B Iz, = M
and also for =1, we get
S(Tz,Tz,z) > 0= S(Tz,Tz,z) < ayp(l)[1+ |z|,+ ||Tz|,]"
L1+ |lzll, + [ T],]"
= L[1+S8(z,z,20) +S(Tx,Tx,10)]",
where L = a(1) > 0.
Theorem 5. Let (X,S) be an S-metric space, T : X — X be an S-Pata type
xo-mapping with o € X and d be the real number defined in . Then 050’5 is a

fized circle of T, that is, CSD’(; C Fiz(T).

x

Proof. At first, we show that g is a fixed point of 7. On the contrary, assume that
Txg # xg. Using the S-Pata type xg-mapping property, we obtain

o
5 lwoll, + e () L+ Jlzoll, + [ Toll )" (2)

For i = 0, by inequality , we find
S(TZ‘(), T.To, .130) S 0,

S(T:Eo, TCCQ, 1‘0) S

this is a contradiction. So, the assumption is false. This shows that Tzo = x¢ and
hence ||Tzo||, = ||zol|, = O.

Let 6 = 0. Then we have C2 5 = {zo}. Clearly, C5 ;is a fixed circle of T, that
is, C5 5 C Fix(T).

Z
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Let § >0 and z € C’fo’(; be any point such that Tx # x. Using the S-Pata type
ro-mapping hypothesis, we obtain

1—p

S(Tw, Tz,2) < —— |z, + e () [L + [l + I T]])"- 3)
For p = 0, by inequality , we get
1 S(z,x,x0)
Tx, T < = i Sk it VA
§(Te,Tz,z) < 5 llo], = S0 = 2,
a contradiction with the definition of §. Hence it should be Tx = z. Consequently,
T fixes the circle C2 5 and so CS 5 C Fix(T). O

Corollary 6. Let (X,S) be an S-metric space, T : X — X be an S-Pata type

xo-mapping with xo € X and § be the real number defined in . Then T fizes

whole of the disc D3 5, that is, D3 5 C Fix(T).

Proof. By the similar arguments used in the proof of Theorem [5] the proof follows

easily. O
We define another contractive condition to obtain a new fixed-circle result.

Definition 7. Let (X,S) be an S-metric space, T : X — X be a self-mapping,
a>0,8>1and~v €|0,8] be any constants. If there exist xo € X and ¥ € © such
that

1—
STz, Tz,z) > 0= STx,Tz,z) < T'UMS(:E,:L’O)

Fapp(p) [+ |z, + 1T, + [ Taoll,]7
for all x € X and each p € [0,1], where |||, = S(x,z,z0) and

MS(‘T’y)

= max {S(x,a:,y),

STz, Ta,x) + STy, Ty,y) STy, Ty,x) + STz, Tx,y)
2 ’ 2 ’
then T is called an S-Pata Zamfirescu type xo-mapping with respect to ¢ € ©.

In the above definition, we consider the extremal cases p = 0 and p = 1, respec-
tively. For p = 0, we have

STz, Tx,z) >0 = STz, Tx,z) < %M3($7.’L‘0)
and also for y =1, we get
STz, Tz,z) > 0= S(Tz,Tz,z) <ap(l)[1+ ||z|,+ |Tz|, + |Tzol,]”
= L+, +ITz], + I T=oll,]",

where L = a1)(1) > 0.
Now we investigate the relationship between the notions of an S-Zamfirescu type
To-mapping and an S-Pata Zamfirescu type zg-mapping.
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Let ¢ = max{a,b} in Definition 2| and let us consider Bernoulli’s inequality
1+pt<(1+t)P,p>1,te[—1,00). Then we get

STz, Tx,z) >0 =

)
S(Tz,Tz,z) < max {aS(z,z,20), 2 [S(Two, Txo, z) + S(Tx, Tz, 20)] }
( S(Txo,Txo, at)+S(T:v Tx,x0)

< Emax 4 S(x,x, ),

(Tm,Tz,z)+S(Tx0,Txo,mo) S(Txo,Tzo,x)+S(Tz,Tx,x0)
< &max{S(z,z,xp), 5 , 5

< ﬂmax S(x,z, o),
+(€+ 151 {1 +maX{||$||sv =], e 4 ol H
158 M (@,20) +€ (1+ 222 ) [L+ lall, + T2l + | Tao].]

1
S M (x,20) + s [ llelly + llwoll, + T2, + [ Toll]
S Ms(x,w0) + & € [L+ |l + ol + 1T, + (| Tol ]

S(Tw,Tw7w)+S(Two Tzo,x0) S(Tzo,Txo,x)+S(Tx,Tx,x0) }
2 ’ 2

| /\

IN I/\

Hence we get that an S-Zamfirescu type xg-mapping is a special case of an S-Pata
12e
Zamfirescu type zg-mapping with a =&, ¥(z) =2 ¢ and f=v=1.
Now we prove the following fixed circle theorem.

Theorem 8. Let (X,S) be an S-metric space, T : X — X be a self-mapping and
0 be the real number defined in . If the following conditions hold:
(1) T is an S-Pata Zamfirescu type xo-mapping with respect to 1 € © forxg € X,
(1) S(Tx,Tx,x0) <0 for each x € C’LO 5

then C% ,.6 18 a fized circle of T', that is, C’S s C Fiz(T).

Proof. Using the condition (i), we can easily obtain that Tzo = z¢ and hence
[Tzoll, = [lzoll, = 0. Let 6 = 0. Then we have C5 s = {zo}. Clearly, cs

20,0 is a
fixed circle of T', that is, C’S 5 C Fiz(T).
Let § > 0 and z € C’S s be any point such that Tx # x. Using the conditions
(1) and (i7), we obtain

1—
S(Te,Tr,a) <~ Ms(w,z0) +aplp(w) [+ ], + Tz, + Tzl ]
< 1—p max 46, STz, Tx,x)
2 2

+apl () [L+ |l + |1 T]],]” (4)

For i = 0, using the inequality 7 we get
1 Tx, T
STz, Tx,z) < 5 max {5, W} ,

a contradiction with the definition of §. Consequently, it should be Tz = x whence
T fixes the circle C2 5 and so CS 5 C Fix(T). O
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Corollary 9. Let (X,S) be an S-metric space, T : X — X be a self-mapping and
0 be the real number defined in . If the following conditions hold:
(1) T is an S-Pata Zamfirescu type xo-mapping with respect to 1 € © forxg € X,
(11) STz, Tz, x0) < 6 for each x € Dfo,é
then T fizes whole of the disc DY, that is, DY 5 C Fiz(T).

z0,67 0
Proof. By the similar arguments used in the proof of Theorem |8 the proof follows
easily. a

Remark 10. If a self-mapping T satisfies the conditions of Theorem[8, then we
have ||Txo|l, = ||lzoll, = 0. Therefore, Theorem [§ coincides with Theorem[5 in the
case where Mg (z,x0) = ||z||, for all x € X. On the other hand, if T satisfies the
conditions of Theorem[§ then clearly, T satisfies the conditions of Theorem[§ since
Mg (z,x0) = ||z

3. ILLUSTRATIVE EXAMPLES AND SOME REMARKS

In this section, we give some examples to show the validity of our results obtained
in the previous section.

Example 11. Let X =R be the S-metric space with the S-metric defined by
S(z,y,2) =z —z|+ |z + 2 -2y,
for all z,y,z € R [11]. Let us define the self-mapping T : R — R as
_ x , x €[-2,2]
Tlx{ z4+3 , x€(—00,—-2)U(2,00) ’
for all x € R. Then Ty is both an S-Pata type xo-mapping and an S-Pata Zam-
firescu type xo-mapping with o =0, a==~v=1 and
0o , z=0
xTr) =
() { % , x€(0,1]

Also we have 6 = 1. Consequently, by Theorem |5 and Theorem@ (resp. Corollary@

and Corollary@, T1 fizes the circle Cos’l = {—%, 5} (resp. the disc D&l = [—%, %] .
Example 12. Let X = R be the S-metric space with the S-metric considered in
Example [T Let us define the self-mapping Tr : R — R as

_ T , T €[]—4,00)
Tﬂ{m—i—l , x € (—o0,—4) ’
for all x € R. Then Ty is both an S-Pata type xo-mapping and an S-Pata Zam-
firescu type xo-mapping with xg =0 (orxo =3), a=F=~v=1 and
0o , z=0
w(x)_{ i, 2€(0,1]

Also we obtain § = 2. Consequently, Ty fizes the circles C&Q and C:iQ (resp. the
discs D§ 5 and D5 ,).
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Example 13. Let X = R be the S-metric space with the S-metric considered in
Example [T Let us define the self-mapping Ts : R — R as

T LT z € [-2,2]
TV 0, ze(—00,—2)U(2,00)

for allz € R. Then T3 is not an S-Pata type xg-mapping and an S-Pata Zamfirescu
type xo-mapping with o = 0. But T3 fizes the circle C’é’j4 = {-2,2} and the disc
D§ 4 =1[-2,2].
Now, we give an example of a self-mapping that satisfies the conditions of The-
orem [§ but does not satisfy the conditions of Theorem
Example 14. Let X = R be the S-metric space with the usual S-metric defined by
S(xvyﬁz) = ‘l‘i'z| + |y*Z|,
for all z,y,z € X [21]. Now, we define the self-mapping Ty : X — X by
5
_J 3z, |lz] =1
Taz { z o, |rl#1
We have
0 = inf{S(Tyx,Tyz,z): |z| =1}
inf {2|Tyz — 2| : || = 1}

:|m|:1}

4 4
= inf<-|z|:|z]=1p ==.
3 3

Then, it is easy to verify that Ty is not an S-Pata type xo-mapping for the point
xo = 0 independent from the choice of the parameters o, B, v and the function 1.
But, if we choose o« = 8 = =1 then Ty is an S-Pata Zamfirescu type xo-mapping
for the point xo = 0 with the function

5
= inf{2‘3x—x

Clearly, Ty fizes the circle

and the disc Dg’% ={z:|z| < %}
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The following remarks can be deduced from the obtained results and the given
examples.

Remark 15. (i) The point xo satisfying the conditions of an S-Pata type xq-
mapping and an S-Pata Zamfirescu type xo-mapping is always a fized point of the
self-mapping T. Moreover, the choice of x¢ is independent from the number 0 (see
Ezxample and Example . Also the number of o can be more than one (see
FExample .

(i) The converse statements of Theorem@ C’orollm’y@ Theorem@ and Corol-
lary@ are not always true (see Example. That is, a self-mapping having a fized
circle (resp. fized disc) need not to be an S-Pata type xo-mapping or an S-Pata
Zamfirescu type xo-mapping with xo where the point xy is the center of the fixed
circle (resp. fized disc).

4. CONCLUSION

In this paper, we have presented some new solutions to the fixed circle problem
on S-metric spaces. To do this, we have inspired by the Pata and Zamfirescu type
methods. We have proved two main fixed circle theorems and some related results.
Also, we have given necessary illustrative examples supporting our obtained results.
On the other hand, there are many generalized metric spaces in the literature
(for example, see [3[25] and the references therein). Hence, the fixed circle (resp.
fixed disc) problem can be studied on these generalized metric spaces using similar
approaches as a future work.

On the other hand, a related problem is the best proximity point problem since
the best proximity point theorems investigate an optimal solution of the minimiza-
tion problem {d (z,Tx) : x € A} for a mapping T : A — B where A and B are two
non-empty subsets of a metric space (see [1] and the references therein). In [6], the
existence of best proximity point was investigated using the Pata type proximal
mappings. In [17], the notion of a best proximity circle is introduced and some
proximal contractions for a non-self-mapping are determined. In this context, a re-
lated future work is the investigation of the existence of a best proximity circle via
the notions of p-proximal contraction and p-proximal contractive mapping defined
in [22].

Acknowledgement. Both authors are supported by the Scientific Research
Projects Unit of Balikesir University under the project number BAP 2018 / 021.
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ABSTRACT. One of the problems encountered in estimating the unknown pa-
rameters of the regression models is the presence of outliers in the data set.
This situation may cause problems in providing some assumptions such as the
normal distribution for the parameter estimation process and the homogeneity
of the variances. The case of the presence of outlier observations in the data
set, estimation methods based on fuzzy logic that can be minimized the level
of impact of this data are emerged as available methods. If fuzzy logic is used
in regression analysis, there are two main steps for parameter estimation. The
first of these is to define the clusters that compose the data set, and the other
is calculate the degree of membership to determining the contributions of the
data to each model for the clusters. In this study, type-2 fuzzy clustering algo-
rithm defined as an expansion of fuzzy c-means algorithm in the determination
of membership degrees of data sets was benefited. The presence of outliers in
the data set is addressed. An algorithm has been proposed to estimate the un-
known belonging to parameters of the regression model using the membership
degrees obtained relating to the cluster elements. The parameters were esti-
mated using regression methods to examine the effectiveness of the algorithm
that called robust methods, and the results obtained were compared.

1. INTRODUCTION

The concept of fuzzy sets was first described by Zadeh in 1965 with his work
Fuzzy Sets [1]. The fuzzy c-means method was introduced by Dunn in 1973. The
method was developed with the studies carried out by Bezdek [2]. Zadeh et al.
published their studies on fuzzy sets and their application to decision processes
in 1975 [3]. The fuzzy c-means algorithm developed by Bezdek et al., includes
euclidean, diagonal and mahalanobis distance measurements and the output from
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this algorithm is controlled by validity criteria [4]. Mendel and John precisely
defined type-2 fuzzy sets and used the expansion principle for type-2 fuzzy sets in
2002 [5].

They discussed the uncertainty of the m fuzzifier parameter of the fuzzy c-means
algorithm, and they defined the m parameter as the interval number. The fuzzy
c-means algorithm that include m fuzzifier parameter uncertainty is applied type
reduction, and solutions are obtained in 2007 [6]. Dalkilic and Apaydin determined
the optimal class number using the validity criterion when the independent variables
had an exponential distribution and has been made parameter prediction using
fuzzy neural network [7]. Juang et al. proposes a repetitive type-2 Fuzzy Neural
Networks (FNN) for dynamic system processing. The self-developing network is
a structure that does not require a pre-assignment task and can automatically
develop its parameters according to the training data [8]. Fazel Zarandi et al.
suggested a new type-2 fuzzy c-regression clustering method for the application
of the steel industry in the Takagi-Sugeno (T-S) system identification stage and
the model was tested on the actual data set from a steel company [9]. Enke and
Mehdiyev proposed the use of a hybrid model for the estimation of short-term
US interest rates. The model consists of fuzzy type-2 inferential neural network
that performs input pretreatment with multiple regression analysis and fuzzy type-
2 clustering based on differential evolution. The proposed model was applied to
estimate US 3-Month T-bill ratios in 2013 [10]. In 2015, Kalhori and Fazel Zarandi
presents a new approach to type-2 fuzzy clustering. This approach proposed to
separating clusters that does not use only the distance from the centers, and a new
validity index is suggested to determine the optimal number of clusters [11]. In
2016, Golsefid and Zarandi present an algorithm for clustering. In the clustering
algorithm that developed according to the dicentric type-2 fuzzy clustering model,
the centers of the clusters are defined by the double object. There are no type
reduction or blurring steps in this algorithm [12]. In 2016, Hwak proposed a method
for the design of the linear regression and this method is designed using Type-2
Fuzzy C-Means (T2FCM) clustering. This clustering approach takes into account
the uncertainty associated with the fuzzification factor when estimating cluster
centers. The method was also supported by experimental results [13]. Rubio et al.
presented an extension of the Fuzzy Possibilistic C-Means (FPCM) algorithm. In
this algorithm, Type-2 Fuzzy Logic Techniques were used to increase the efficiency
of the Fuzzy Probabilistic C-Means (FPCM) method. In addition, the performance
of the method was controlled by experimental data [14].

In this study, membership degrees for cluster elements are obtained by using
type-2 fuzzy clustering algorithm, and an algorithm has been proposed for the
regression model to include these degrees based on parameter estimates. The situ-
ation of the outlier observation in the data set was discussed, and estimation values
from the parameters obtained based on type-2 fuzzy clustering were obtained.
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Remainder of this paper is organized as follows. In the second part of the study,
type-2 fuzzy clustering method was described. In the third section, definitions of
robust regression methods to be used in comparison were given briefly. In the fourth
section, an algorithm was proposed for parameter estimation based on the type-2
fuzzy membership. In the application part, Proposed algorithm for data set that
has outlier, and estimates concerning models obtained using regression methods
were compared.

2. Fuzzy CLUSTERING BASED TYPE-2 Fuzzy LocIC

While equal fuzzifier index is given to each set-in type-1 fuzzy clustering, the
fuzzifier index is defined as an interval in type-2 fuzzy clustering. Different fuzzifier
index is given each cluster. Performance loss is prevented with description when
sets have different set volumes. First, volumes of the sets obtained with fuzzy
clustering algorithm are determined. Fuzzifier indexes based on obtained volumes
and cluster center based on these fuzzifier indexes are calculated. The objective
function values are determined based on the principle of minimizing the distance
between cluster centers and cluster elements [15].

The center value and membership values are updated until the objective function
reaches the smallest target value. Fuzzifier indexes that have the optimal center
value and membership degrees are determined, and observations are divided into
sets based on obtained membership degrees. The parameters of the linear regression
model related clusters are estimated based on the membership degree that obtained
from type-2 fuzzy clustering.

In the clustering that based on type-2 fuzzy logic, the objective function that
calculated for interval m = [my, ms] defined as

Iy (U, 0) ZZumldﬁ, (1)

i=1 j=1

m2 U v ZZum2d2

=1 j=1

The aim of the function given by the Eq. (1) is minimizing the error. In the
system of Eq. (1), m; and mo are the fuzzifier index of the first and second
sets, respectively. The weighted least squares function J,,, (U, v) is the sum of the
weighted error squares of the first set and J,,, (U, v) is the sum of the weighed
error squares of the second set, and d3; = ||lz; — v;||* is used to express the distance
between data and cluster centers. Type-2 fuzzy clustering algorithm that is based
on the aim of the function that given by Eq. (1) can be given by the following steps
[16, 17].
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Step 1: Initial values given as; ¢: number of sets, m; and my: fuzzifier indexes
of the first and second sets, U: matrix showing the membership degrees and e:
termination criterion, are determined.

Step 2: Set centers are calculated using U matrix fuzzifier indexes m which is
arbitrarily determined in first step and m = [mq, ms] fuzzifier parameters,

Eﬁzl umflq;i ]
vL; = Zlni’(]jfm'l, ] = ].,...,C7 (2)
i1 Ui

n ma .
v dic Uj;~Ti =1
Rj — n oy ) = L.
die1 Ujs

,C.

Step 3: uj;; and w;; are indicates the upper membership degree and the lower
membership degree respectively [6]. These degrees updated with Eq. (3) and Eq.

(4).

o=

1 . 1
d; )#a Zfzizl(jii) <

_ c ( i
ujl = Zk:l dp; 9

ki
c dj; Tp—1 . . .
D et dm) , in other situations

3)

1 . 1 1
if — > =
wo = I (G s () T ()
Uj; i )
py— (g%) m2=1 - 4n other situations
= 0i

Step 4: When the vy; and vg; are indicated the centers that obtained by using
my and msy respectively Eq. (5) is used to type-reduction for set centers.

VL + VRj

v = B 5 yeeey C (5)

Step 5: Type-reduction process is also performed for membership degrees with
Eq. (6).

Uji +Uj;

5 j=1,..,¢ci=1,..,n (6)

u]‘i =
Step 6: Type-reduction process performed for objective functions of weighted
sets with Eq. (7).

T (U,0) + Ty (U, )
2

J(U7 v) = (7)
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Step 7: If [lvps) —vpe—1)ll < € and |lvry) — vre—1)|l < € the iteration is ended.
In other case it returns to Step 2.

3. ROBUST REGRESSION METHODS

In the case of an outlier in the data set, the resulting regression model moves
away from observations other than the outlier by the effect of the outliers. Residues
of observations other than outliers are increased. In Robust analysis, it is assumed
that these deviations do not significantly affect the performance of the algorithm
[18]. In the case of Robust regression analysis with outlier, parameter estimation
that is less affected by the Least Square Method (LSM) is obtained [19]. In this
study, estimations were obtained by using M methods from Robust methods. The
M method minimizes the function of the residues rather than minimizing the sum of
the squares of the residuals. Regression coeflicients are obtained by the minimizing
the sum.

n

ZP[(% —Zmij/@j)/d] (8)

i=1 j=1

Hubera’s p function is defined as

d = median|r; — median(r;)|/0.6745

where k is called tuning constant and k is set at 1.5. Sometimes the numerator
of d is called the median of the absolute deviations (MAD) [20].
Hampel ¥ function is defined as

2| 0<|z|<a
asgn(z) a<l|z] <b
v = 1
(%) a(c;lil)sgn(z) b<|z|<e (10)
0 c < |z|
+1 z2>0

sgn(z)z 0 z=0
-1 z<0
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Constant values are selected as ¢ = 1.7, b = 3.4 and ¢ = 8.5 in general [21].
Andrews (sinus estimate) ¥ function is defined as

W) = {sm(;) 2| < ke an

0 |z| > km

where if the scale is known, k& = 1.339 requires a premium of 5% otherwise
k=150r k=21 [19].
Tukeya’s two weighted estimate, ¥ function is defined as

o) = {070 = )

0 || >k

where if the scale is known, k = 4.685 implies a premium of 5% otherwise k = 5
or k=6 [19, 20].

4. PARAMETER ESTIMATION BASED ON TYPE-2 Fuzzy LoGgic WHEN DATA SET
HaAs OUTLIER

The general purpose of the regression analysis is to determine the mathematical
structure of the functional relationship between the dependent variable (Y) and
independent variables (X 1,7 " ,Xp). Determination of the mathematical structure
is carried out by estimating regression coefficients (6)

Y =80+ 51 X1+ B Xo+ ... +8,Xp+¢ (13)

The least square method is one of the important methods used to estimate the
parameters of the linear regression model that given by Eq. (13). The important
assumptions to use this method; that error terms related to the model should have
normal distribution with zero-averaged and fixed variance. This assumption is ex-
pressed mathematically with e ~ N (07 02). Estimators of the regression coeflicients

denoted by B and determinate by,
B=(X'X)"'X"Y. (14)
The estimators of the dependent variable Y is shown as Y and determined by

Y = XB. (15)

The error for the linear regression model that expressed as the difference between
observation values Y and estimation values Y is given by,



PARAMETER ESTIMATION BY TYPE-2 FUZZY LOGIC 1199

e= (Y -Y). (16)

In classical regression analysis, the observations that make up the dataset belong
to a single class. If the data set has different distributions in regression analysis,
different methods should be used in parameter estimation, other than classical
methods. These methods do not have to provide the necessary assumptions to use
the classical method. If the data set has different distributions, fuzzy methods are
among the methods that do not require the assumptions of classical regression.
First step of fuzzy regression analysis is to determine the different clusters for the
data set and the other is to obtain the degrees of membership to be used in the
prediction process.

In the process of separating data with different distributions into clusters, fuzzy
clustering algorithms suitable for distribution are used. With fuzzy clustering algo-
rithms, the degree of membership is determined for each cluster. These membership
degrees are used to weight the data. Parameters of the regression model are de-
termined to have a minimum error using data that weighted by fuzzy membership
degree.

Using the type-2 fuzzy clustering process, the algorithm proposed for parameter
estimation of the regression model for data weighted by membership degrees given
by the following steps,

Step 1: Beginning values given as; ¢: number of sets, m: fuzzifier indexes of
the first and second sets, U: matrix showing the degrees of membership and e:
termination criterion, are determined.

Step 2: Set centers are calculated using U matrix and fuzzifier indexes m;

n m .,
>ic1 UjiTi .
=, 7 =1,..

Tl sy C. (17)
Die1 Ui

Vj =

Step 3: Objective function that depend on membership degree and set centers
is calculated by,

J(U,v) :ZZu;’foi—ijQ. (18)

i=1 j=1

Step 4: Membership degrees of each set are updated with,

1
T e (lmiul e (19)
Y= (=)™

’lez'

Step 5: Set centers and objective function are updated with Eq. (17) and Eq.
(18) by use the new membership degrees.
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Step 6: If the difference between the membership degree in t'* step and the
membership degree in (¢t — 1) step is smaller than e stops. It means that the
optimal membership degrees and center are calculated.

Step 7: The membership degrees obtained from Eq. (19) are used to cluster the
data set. m1 and mo fuzzifier indexes are calculate and set centers based on fuzzifier
indexes are calculated with Eq. (2) given in Section (2). Objective functions values
that according to these centers are calculated by using Eq. (1) that given in Section
(2).

Step 8: To reduce the type of fuzziness type-reduction applied to the set centers
by use the Eq. (5) and, objective function value calculated by use the Eq. (7) given
in Section (2).

Step 9: To clustering that use type-2 fuzzy logic, membership degrees determined
by Eq. (3) and Eq. (4), and type-reduction operation is applied to the membership
degree by Eq. (6).

Step 10: After the center value in ¢** step and in (t — 1) step is calculated, the
difference between them is determined. If the difference is less than termination
criterion € for existing sets the optimal center and membership degree achieved.

Step 11: Estimate the linear regression modeld’s parameters are realized by using
membership degree as weight with obtained from type-2 fuzzy clustering [6].

Independent variable is weight by membership degree

XWi(Type—z) = uij(Type_mxj, 1= 1, ce ey G ] = ]., ey (20)
and model parameters are obtained by,

35 !

/!

-1
Bi(rype-2) = ((#juij(rype-2)) 3)  (Titij(rype-2) Yi),
i=1,...,¢; 7=1,...,n;. (21)
The estimated values are calculated by,
}/i(Typef2) = XWi(Typg_Q)Bi(Typefﬂv 1= 17 ..., C (22)

Step 12: Error related to the models measured as

" (v, %)

gi=) — (23)

i=1

The model that has the smallest error is used as estimated linear regression
model.
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5. APPLICATION

In this application, which will be discussed to determine the effectiveness of
the proposed algorithm to obtain the linear regression model the dataset contains a
dependent and an independent variable and set has 61 pairs of observations. Scatter
chart of the data that are shown in Figure 1.

10 T T T

FIGURE 1. Scatter chart of data

As can be seen from Figure 1, there are five outliers in the dataset. Observation
values, estimation values for the all related methods and the error amounts related
to the estimations are given in Table 1. In Table 2, models generated by the
parameters obtained using related methods and the amount of error calculated
from the models.

A graph of error for the models obtained using the relevant methods are shown
in Figure 2.

6. RESULTS AND DISCUSSION

As a result, estimations that obtained with determined of fuzzy parameters in
proposed algorithm for parameter estimation, and the results obtained by robust
regression methods in the literature are compared. As a result of the seven methods
examined, error amounts were obtained. The errors amount belonging to these
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TABLE 1. Predictions values for related method and error values
of related predictions

Yrype—1 EType—1 YType—2 EType—2  YHuber EHuber YHampel EHampel YTukey ETukey YAndrews EAndrews
Y 3 Y 3 L. Y

3.1810  0.3190  3.4014  0.0986  3.9118 -0.4118 3.8906 -0.3906 3.6701 -0.1701  3.9673 -0.4673
34977 -2.9977 29990 -2.4990 0.6169 -0.1169  0.5357  -0.0357 0.1133  0.3867  0.6718 -0.1718
3.4839  4.5161  3.0431  4.9569 1.0876 6.9124 1.0149  6.9851 0.6214 7.3786  1.1426 6.8574
3.4590  4.5410  3.0894 49106 1.5583 6.4417 1.4942  6.5058 1.1295 6.8705  1.6134 6.3866
3.4652  5.0348  3.0884 54116 1.5583 6.9417 1.4942  7.0058 1.1295 7.3705  1.6134 6.8866
3.4273  4.0727  3.1368  4.3632  2.0290 54710 1.9735 5.5265 1.6376 5.8624  2.0842 5.4158
3.4372 45628  3.1352  4.8648  2.0290 5.9710 1.9735 6.0265 1.6376 6.3624  2.0842 5.9158
3.4537  -2.4537  3.0493 -2.0493 1.0876 -0.0876 1.0149 -0.0149 0.6214 0.3786  1.1426 -0.1426
3.4529  -1.9529  3.0497 -1.5497 1.0876 0.4124 1.0149 04851 0.6214 0.8786  1.1426 0.3574
3.4108  -2.9108  3.0993 -2.5993 1.5583 -1.0583 1.4942 -0.9942 1.1295 -0.6295 1.6134 -1.1134
3.4091  -2.4091  3.1000 -2.1000 1.5583 -0.5583 1.4942 -0.4942 1.1295 -0.1295 1.6134 -0.6134
3.4076  -1.9076  3.1008 -1.6008 1.5583 -0.0583 1.4942  0.0058  1.1295 0.3705  1.6134 -0.1134
3.4066 -1.4066  3.1015 -1.1015 1.5583 0.4417 1.4942  0.5058 1.1295 0.8705 1.6134 0.3866
3.3638 -2.3638  3.1512 -2.1512  2.0290 -1.0290 1.9735 -0.9735 1.6376 -0.6376  2.0842 -1.0842
3.3615  -1.8615  3.1527 -1.6527 2.0290 -0.5290 1.9735 -0.4735 1.6376 -0.1376  2.0842 -0.5842
3.3598  -1.3598  3.1541 -1.1541 2.0290 -0.0290 1.9735  0.0265 1.6376 0.3624  2.0842 -0.0842
3.3589  -0.8589  3.1554 -0.6554 2.0290 0.4710 1.9735 0.5265 1.6376 0.8624  2.0842 0.4158
3.3151  -1.8151  3.2052 -1.7052  2.4997 -0.9997 2.4528 -0.9528  2.1458 -0.6458  2.5550 -1.0550
33126 -1.3126  3.2079  -1.2079 24997 -0.4997 2.4528  -0.4528 2.1458 -0.1458  2.5550 -0.5550
33112 -0.8112  3.2107  -0.7107  2.4997 0.0003  2.4528  0.0472  2.1458 0.3542  2.5550 -0.0550
3.2659  -1.2659  3.2624 -1.2624 29704 -0.9704 2.9320 -0.9320 2.6539 -0.6539  3.0257 -1.0257
3.2639  -0.7639  3.2681 -0.7681 2.9704 -0.4704 2.9320 -0.4320 2.6539 -0.1539  3.0257 -0.5257
3.2637  -0.2637 3.2742  -0.2742 29704 0.0296 2.9320  0.0680  2.6539  0.3461  3.0257 -0.0257
3.2184 -0.7184  3.3256 -0.8256 3.4411 -0.9411 3.4113 -0.9113 3.1620 -0.6620  3.4965 -0.9965
3.2183  -0.2183  3.3421 -0.3421 3.4411 -0.4411 3.4113 -0.4113 3.1620 -0.1620  3.4965 -0.4965
3.2214 02786 3.3543  0.1457  3.4411 0.0589  3.4113  0.0887  3.1620 0.3380  3.4965 0.0035
3.1764 -0.6764  3.3773 -0.8773 3.9118 -1.4118 3.8906 -1.3906 3.6701 -1.1701  3.9673 -1.4673
3.1767  -0.1767  3.3933  -0.3933  3.9118 -0.9118 3.8906 -0.8906  3.6701 -0.6701  3.9673 -0.9673
31396 -0.6396  3.4217  -0.9217 4.3825 -1.8825 4.3699 -1.8699 4.1782 -1.6782  4.4381 -1.9381
31411 -0.1411  3.4287  -0.4287  4.3825 -1.3825 4.3699 -1.3699 4.1782 -1.1782  4.4381 -1.4381
3.1475  0.3525  3.4289  0.0711  4.3825 -0.8825 4.3699 -0.8699 4.1782 -0.6782  4.4381 -0.9381
3.1602  0.8398  3.4192  0.5808  4.3825 -0.3825 4.3699 -0.3699 4.1782 -0.1782  4.4381 -0.4381
31132 -0.1132  3.4655 -0.4655 4.8532 -1.8532 4.8491 -1.8491 4.6864 -1.6864  4.9089 -1.9089
3.1227  0.3773  3.4637  0.0363  4.8532 -1.3532 4.8491  -1.3491 4.6864 -1.1864  4.9089 -1.4089
31395 0.8605  3.4569  0.5431  4.8532 -0.8532 4.8491 -0.8491 4.6864 -0.6864  4.9089 -0.9089
3.1078  0.3922  3.5008 -0.0008 5.3239 -1.8239 5.3284 -1.8284 5.1945 -1.6945 5.3797 -1.8797
3.1298  0.8702  3.4947  0.5053  5.3239 -1.3239 5.3284  -1.3284 5.1945 -1.1945  5.3797 -1.3797
31303 0.8697  3.5328  0.4672  5.7946 -1.7946 5.8077 -1.8077 5.7026 -1.7026  5.8505 -1.8505
3.1678  1.3322  3.5245  0.9755  5.7946 -1.2946 5.8077 -1.3077 5.7026 -1.2026  5.8505 -1.3505
3.1390  0.8610  3.5713  0.4287  6.2653 -2.2653  6.2870  -2.2870  6.2107 -2.2107  6.3213 -2.3213
3.1818  1.3182  3.5630  0.9370  6.2653 -1.7653 6.2870 -1.7870  6.2107 -1.7107  6.3213 -1.8213
9.1277  -0.1277  9.1145  -0.1145 5.7946  3.2054  5.8077  3.1923  5.7026  3.2974  5.8505 3.1495
9.0993  -0.0993 9.0911 -0.0911 6.2653 2.7347  6.2870  2.7130  6.2107 2.7893  6.3213 2.6787
9.1000  0.4000  9.0918  0.4082  6.2653 3.2347  6.2870  3.2130  6.2107 3.2893  6.3213 3.1787
9.0738  -0.5738  9.0689 -0.5689 6.7360 1.7640 6.7662  1.7338  6.7189 1.7811  6.7921 1.7079
9.0727  -0.0727  9.0625 -0.0625 6.7360 2.2640  6.7662  2.2338  6.7189 2.2811  6.7921 2.2079
9.0742  0.4258  9.0668  0.4332 6.7360 2.7640 6.7662  2.7338  6.7189 2.7811  6.7921 2.7079
9.0485 -0.0485 89368  0.0632  7.2067 1.7933  7.2455  1.7545  7.2270 1.7730  7.2629 1.7371
9.0504  0.4496  9.0428  0.4572  7.2067 2.2933  7.2455  2.2545  7.2270 2.2730  7.2629 2.2371
9.0275  -0.5275  9.0320 -0.5320 7.6774 0.8226  7.7248  0.7752  7.7351 0.7649  7.7337 0.7663
9.0270  -0.0270  9.0249 -0.0249 7.6774 1.3226 7.7248  1.2752  7.7351 1.2649  7.7337 1.2663
9.0087 -0.5087  9.0222 -0.5222 8.1481 0.3519  8.2041  0.2959  8.2432  0.2568  8.2045 0.2955
9.0080 -0.0080 9.0191 -0.0191 8.1481 0.8519  8.2041  0.7959  8.2432 0.7568  8.2045 0.7955
9.0098  0.4902  9.0202  0.4798 81481 1.3519 8.2041  1.2959  8.2432 1.2568  8.2045 1.2955
8.9915  0.0085  9.0091 -0.0091 8.6188 0.3812 8.6833  0.3167 8.7513 0.2487  8.6752 0.3248
8.9771  0.0229  8.9976  0.0024  9.0895 -0.0895 9.1626 -0.1626  9.2595 -0.2595  9.1460 -0.1460
8.9780  0.5220  8.9973  0.5027  9.0895 0.4105 9.1626  0.3374  9.2595 0.2405  9.1460 0.3540
8.9662 -0.4662 8.9865 -0.4865 9.5602 -1.0602 9.6419 -1.1419 9.7676 -1.2676  9.6168 -1.1168
8.9643  0.0357 89851  0.0149 9.5602 -0.5602 9.6419 -0.6419 9.7676 -0.7676  9.6168 -0.6168
8.9529  0.0471  8.9721  0.0279 10.0309 -1.0309 10.1212 -1.1212 10.2757 -1.2757 10.0876  -1.0876
8.9425  0.0575 89587  0.0413 10.5016 -1.5016 10.6004 -1.6004 10.7838 -1.7838 10.5584  -1.5584

Erype—1 = 42887 erype—2 = 4.2767  cpuber = 5.0208  epamper = 5.0646  erurey = 54003  €andrews = 4.9785
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FIGURE 2. Error amount graph belonging to data.

TABLE 2. Linear regression models and errors

Methods

Models

Errors

Least Square Method

Type-1 Fuzzy Clustering

Type-2 Fuzzy Clustering

Huber Method
Hampel Method
Tukey Method
Andrews Method

Y =1.1909 4 0.8119X

Y) = 3.5395 — 0.0920X
Yy = 9.3577 — 0.0414 Xy,
V) = 2.9495 + 0.1848X

o~

Yy =9.3152 — 0.0601.X;

Y =0.1462 + 0.9414X
Y = 0.0564 + 0.9585.X
Y =0.3949 + 1.0162X
Y =0.2010 4 0.9416X

ELSM = 4.7141
EType—1 = 4.2887

EType—2 = 4.2767

EHuber = 5.0208
EHampel = 5.0646
ETukey = 5.4003
€ Andrews = 4.9785

methods are obtained that LSM is 4.7141, type-1 fuzzy clustering is 4.2887, type-
2 fuzzy clustering is 4.2767, Huber method is 5.0208, Hampel method is 5.0646,
Tukey method is 5.4003, Andrews methods is 4.9785. As can be seen from the
results, the model with the lowest error is the model obtained from type-2 fuzzy
clustering. It can be said that if there are outlier observations in the data set, the
method that using type-2 fuzzy clustering can be preferable as an effective method.
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TO NONLINEAR DYNAMIC GENE REGULATORY NETWORKS
VIA SHORT GENE EXPRESSION TIME SERIES
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ABSTRACT. Sleep spindles, which are believed to have important role of re-
inforcing the sleep duration, are the characteristic wave shapes that are seen
in non-REM sleep stage. Detecting and analyzing the wave forms of spin-
dles as well as determining the areas and durations of sleep spindles are quite
important to understand the sleeping process thoroughly. However, the fact
that spindles have temporary regime features and lower amplitudes compared
to the background EEG signals makes resolving and distinguishing between
them difficult. Although there have been extensive research on the decompo-
sition of EEG signals and about the general characteristics of the spindles, the
existing studies do not decompose the components in a dynamic fashion. This
study takes this argument as its starting point and comes up with a methodol-
ogy to detect the spindles in the sleep EEG. In particular, this study separates
EEG signals into trend and cycle components via frequency analysis, where
the methodology allows for system parameters and the components to be es-
timated simultaneously. Since the methodology allows for the parameters to
vary over time, observing the time patterns of the estimated parameters have
the potential to reveal further information about the sleep process.

1. INTRODUCTION

Gene regulation is one of the most amazing processes taking place in living cells.
From the sequences of hundreds of thousands of genes, cells must decide which genes
to express at a particular time. As the development of the cell evolves, different
conditions and functions require an efficient mechanism to turn on the required
genes leaving the others behind. Cells may also activate new genes to respond to the
environmental changes effectively and play specific roles. The knowledge of which
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gene triggers a particular genetic condition may help preventing the potentially
harmful effects by turning that gene off. For instance, cancer may be controlled by
deactivating the gene that causes it.

Gene expression is the production of functional gene materials, e.g., mRNA.
The level of gene functionality may be measured using microarrays or gene chips to
produce data on gene expression. Using this data reasonably may help us to have
an understanding of how the genes are interacting in a living organism.

Different genes may cooperate to produce a particular reaction while a gene
may repress other genes as well. The potential benefits of gene regulation may
be obtained if only a complete and accurate picture of gene interactions is avail-
able. A network specifying how different genes are interconnected may go a long
way in helping us to understand the gene regulation mechanism. The control and
interaction of genes may be described through a gene regulatory network.

DNA microarray technology has provided an efficient way of measuring the ex-
pression levels of thousands of genes in a single experiment on a single &€cechip.a€1l
It enables the monitoring of expression levels of thousands of genes simultaneously.
Measuring gene expression levels in different conditions may prove useful techniques
in medical diagnosis, treatment, and drug design. In order to infer useful biolog-
ical information and determine the relationships between individual genes, many
research efforts have currently focused on clustering.

Recently, there has been an increasing interest of research to reconstruct models
for gene regulatory networks from time series data. Obviously, choosing a good
model that fits gene regulatory networks is essential to make a meaningful analysis
on the expression data.

Many gene expression experiments produce short time series data with only a few
time points due to its high measurement costs. The time series usually represents
the dynamic response of an organism to a change in conditions, e.g., application
of some drug or other treatment. Therefore, it is highly desired to extract the
functional information from the data on the time series of gene expressions, and
the modeling of gene expression time series has become an increasingly interesting
field of research.

Since it is well known that the gene expression is an inherently stochastic phe-
nomenon, the network should be of a 4€cestochastica€l nature. Recently, dynamic
modeling of gene regulatory networks from time series data has received more and
more research interest.

The state-space model assumes that the gene expression value depends not only
on the current internal state variables but also on the external inputs, which reflects
the nature of a dynamic network. Unfortunately, most results reported on state-
space models have been focused on linear systems, and therefore, the non-linear
phenomenon of the gene networks may not be taken into account. Most of the
literature available concerning the modeling of the time series of gene expressions
have not explicitly dealt with these two features, and therefore, there is a need
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to seek alternative approaches to identify the parameters of a nonlinear stochastic
gene regulatory network through real-time gene expression time series. In search
of such an approach, EKF approach appears to be an appropriate candidate.

The traditional KF addresses the general problem of estimating the state of a
discrete-time system governed by a linear stochastic difference equation. EKF lin-
earizes about the current mean and covariance, and therefore may handle nonlinear-
ities that may be associated either with the process model or with the observation
model, or with the both. On the other hand, EKF is known as an effective recursive
estimator of process variables, which may be suitable for identifying large number
of parameters using a short time series.

In paper [1], the gene regulatory network is considered as a nonlinear dynamic
stochastic model that consists of the gene measurement equation and the gene
regulation equation. In order to reflect the reality, it is considered that the gene
measurement from microarray was noisy; and it is assumed that the gene regulation
equation was a nonlinear dynamic process which is autoregressively stochastic where
the nonlinearity stems from the inherently non-linear regulatory relationship and
the degree among genes. After specifying the model structure, they applied the
EKF algorithm for identifying both the parameters of the model and the actual
value of the levels of gene expression. Note that the EKF algorithm is an online
estimation algorithm that may identify a large number of parameters (including
parameters of nonlinear functions) through iterative procedure by using a small
number of observations. Four sets of data regarding the real-world gene expression
were processed to demonstrate the effectiveness of the EKF algorithm, and the
obtained models are evaluated from the aspect of bioinformatics.

The EKF is extensively used in nonlinear state estimation problems. As long as
the system characteristics are correctly known, EKF gives the best performance.
However, when the system information is partially known or incorrect, EKF may
diverge or give biased estimates. An extensive number of works has been published
to improve the performance of EKF.

Many researchers have proposed the introduction of a forgetting factor, both into
the KF and EKF, to improve the performance. However, there are two fundamental
problems with this approach: the incorporation of the optimal forgetting factor into
EKF and the selection of the optimal forgetting factor.

In paper [245], they proposed a new AEKF with a forgetting factor, and two
methods are analyzed for the selection of the optimal forgetting factor. The stabil-
ity properties of the proposed filter are also investigated. Results of the stability
analysis show that the proposed filter is an exponential observer for nonlinear de-
terministic systems.

In this study, application of the developed model on the gene regulatory networks
has been examined. With the aim of corroborating estimation method, it has been
decided that the AEKF was proper for being used and malaria gene expression has
been applied for the set of data on the time series. A results have been compared
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with the results of the former research [1], and it has been understood that the
estimation results obtained through the developed model were more preferable.

2. GENE MODEL AND PROBLEM FORMULATION

The measured gene expression levels may be modeled as

yi(k) =z;(k) +vi(k) i=1,2,....n k=1,2,...,m. (1)

where y(k) = [y1(k),y2(k), ..., yn(k)]" is the measurement data from microarray
experiments at time k with y;(k) describing the ith gene expression levels at time
k, x;(k) are the actual levels of ith gene expression which stand for mRNA concen-
trations and/or protein concentrations at time k, v;(k) is the measurement noise, n
is the number of the genes, and m is the number of the measurement time points.
Here, v(k) = [v1(k),v2(k), ..., vn(k)]" s assumed to be a zero-mean Gaussian white
noise sequence with constant covariance R > 0, i.e., v(k) N(0, R). The gene regula-
tory network containing n genes is described by the following discrete-time nonlinear
stochastic dynamical system 77:

vi(k+1) =Y agzi(k) + > bijfij (2 (k), 1) + Lai + &(k) (2)
j=1 j=1

1=1,2...,n k=1,2,...,m—1.
nn 18 the linear regulatory relationship and the degree among

represents the nonlinear regulatory relationship and degree
]T

Where A = (a;;)
genes, B = (b;;)

nXxn

among genes; Iop = [lo1, o2, ..., Ion is the constant vector with Iy, standing

for the external bias on the ith gene; £(k) = [¢,(k), &y(k), ..., &, (k)] ~ N (0,Qo);

and the nonlinear function f; (acj, ,uj) is given by
1
fi (xﬁuj) 1 + e Hi%i (3)
with u; being a parameter to be identified. Setting

M(k:) = [Mla Has - 7Mn]T (4)

and

f(x(k),ﬂ) = [fl (xl(k)?ul) 7f2 (mQ(k>7M2) RS fn (mn(k)7un)]T (5)

we can rewrite [I] and ] in the following vector form:

w(k+1) = Ax(k) + Bf(z(k), p) + Lo + £(k) (6)
y(k) = z(k) + v(k) (7)

Letting
Ae = [aa1,a91, - -, an1, a12, G2, . - -aan2>alnaa2na~--;ann]T (8)

Be = [b117 b217 ) bnh b127 b227 CE) bn27 bl'ru b2n7 CE) bm]T (9)
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p(k) = [pg, g,y )" (10)
6= [ATBT 1" (11)

all the parameters to be estimated are denoted by 6 = [AT BT pTIf ]T In order
to establish the gene expression model [2] it is necessary to identify the parameter
vector 6. In this paper, we aim at estimating the parameters of the model2| via the
AEKF method from the measurement data.

3. THE ADAPTIVE EKF APPROACH TO PARAMETER ESTIMATION

The data set is from the time series of malaria gene expression [7]. It consists of
530 genes expressed in 48 equally spaced time points. We choose the time series of
expressions of the first six genes given by z = [z1, 22, 23, 24, 25, 6]

In this study, regulatory network models have been examined; and in the frame-
work of the model@ the AEKF proposed in |2}f3] and used in the real data (Figure|7]
Table [1] ) application studies have been conducted. Estimation results were given
in Figure .State estimation results were given in Figure [2} [6]

In order to compare the estimated observation and the squares of actual obser-
vation values, error criterion is used and given in Figure-1. As it may be seen in
Figure 1 adaptive EKF has a value of estimation more accurate than the normal
EKF.

4. CONCLUSION

In this paper research, application of the developed model on the gene regulatory
networks has been examined. With the aim of corroborating the Kalman Filter
estimation method, it has been decided that the adaptive extended Kalman filter
was proper for being used and malaria gene expression has been applied for the
set of data on the time series. The results have been compared with the results
of the former research [1] and it has been understood that the estimation results
obtained through the developed model were more preferable. AEKF has a value of
estimation more accurate than the normal EKF.

5. EXTENDED KALMAN FILTER

The optimum linear filtering and prediction methods introduced by Kalman
(1960) have been considered as one of the greatest achievements among the theories
of estimation. The Kalman Filter solves the problem of estimating the instanta-
neous states of a linear dynamic system distorted by Gaussian white noise, using
measurements that are linear functions of the system state and corrupted by addi-
tive white noise. Therefore, it is the appropriate estimation procedure for the state
space systems. However, since the the simultaneous estimation of the parameters
and the state problem has a nonlinear nature, the standard linear KF needs to be
modified to solve such a problem. The EKF is one of the most popular estimation
techniques largely investigated for state estimation of nonlinear systems. It consists
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TABLE 1. Data Set.

7=[4,314 2271 2,789 3,788 4,162 2,208
327890  1,8179 2,3653 2,5943 2,9244 2,0724
1,6684  0,7923 1,4219 1,2601 0,9809 0,9977
1,7445  1,2726 1,3902 1,8115 2,1758 1,3763
1,0716  0,7282 1,068 0,9243 0,9998 0,7307
0,0868  0,5669 0,8739 0,8472 0,8891 0,4528
099 0,528 0,649 0831 0,745 0,489
0,778  0,4488 0,7413 0,624  0,5897 0,5092
0,8355  0,5778 0,5219 0,9553 0,9722 0,4854
0,5796  0,3129 0,5056 0,4316 0,3823 0,3545
0491 0,254 0,368 0,423 037 0,258
0,3782  0,2401 0,3691 0,2943 0,3343 0,2504
0,3446  0,2036 0,3232 0,2634 0,3019 0,2264
0,146 0,126 0,173 0,136 0,128 0,117
0,1465 0,1608 0,1002 0,128 0,1482 0,1313
02114 0,1577 0,1133 0,1028 0,1168 0,1554
0,2061 0,171 0,1239 0,0811 0,1129 0,1666
0,172 0,211 0,101 0,097 0,118 0,214
0,1678  0,2138 0,0642 0,0518 0,0839 0,2089
0,17 0,262 0,063 0,049 0,081 0,279
0,2155 0,3233 0,0632 0,0427 0,0948 0,2675
0,2226  0,2806 0,0655 0,0524 0,0917 0,3096
02101  0,3582 0,0467 0,0496 0,0995 0,3894
0,1976  0,4357 0,028 0,0469 0,1074 0,4691
02375  0,3711 0,0608 0,0544 0,1016 0,4062
02131 0,4639 0,041 0,0475 0,109 0,5582
0,253 0,641 0,044 0,075 0,128 0,592
0,1947  0,6707 0,0391 0,0707 0,1381 0,7738
02148  0,8082 0,085 0,1066 0,1739 0,8656
0,2349  0,9458 0,1309 0,1425 0,2098 0,9574
0,265 1,144 0,205 021 0303 1,251
0,6056  1,3391 0,3874 0,5808 0,5905 1,2578
1,013 1,9144 09661 1,0017 0,8967 1,9266
1,4945  2,0826 1,3078 1,7174 1,6631 2,0004
1,991 2,319 1,8535 1,9343 1,7467 2,4258
2,5285  2,5555 2,493  2,2905 2,3982 24844
1,7578  2,9656 1,7872 12,0121 1,8186 2,8291
1,8211  2,3457 2,0033 1,9548 1,5144 2,3201
2,5851  3,3361 3,4185 4,0059 3,6226 7,6102
3,884 32779 4,6765 45845 2.8834 2,9527
3,8805 3,1208 4,7711 5,1805 3,6588 2,7262
6,0726  4,1553 6,6787 6,1378 6,9146 4,197
54836  2,2738 4,1907 4,4675 5,1801 2,3114
46334  2,0388 4,6189 4,125  4,6347 2,3628
3,2207  1,8348 2,5593 3,2643 3,9337 2,0484
1,0636  1,5575 2,3816 19541 2.8011 1,6607
1,561  1,9512 2,9104 2,6247 3,4341 2,0003
1,1717  1,4513 2,3003 1,9380 2,1344 1,3854]
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F1GURE 2. Estimation of parameters

of using the standard Kalman filter equations to the first-order approximation of
the nonlinear model about the last estimate. It should also be noted that the EKF
is very sensitive to its initialization and filter divergence is inevitable if the arbitrary
matrices have not been chosen appropriately.

A non-linear state space model can be written as

ry = f(zi1,t — 1)+ Grqwi (12)



1212 L. 0ZBEK

o

& oo

o
o =N o

b21

o

b31
L oo

o
(=]
o =
O—T 1 O] O O O—T ] O

o &

b41

L 9o
ohNs O=N O

b51

oo

b61

0.02
0.01

mu1

o

oO—— O ——0r—7—— O —— O ——— O ——

0.0105
0.01
0.0095

I’ﬁl.l2

0.0105
0.01
0.0095

™

mu

0.0105
0.01
0.0095

mu4

0.0105
0.01
0.0095

7]

mu,

0.012

Ug

mi
-oo
o
82

FIGURE 4. Estimation of parameters

yr = h (x4, t) + v (13)

where f; and h; are vector-valued functions, W; and v; are uncorrelated zero

mean white noise sequences with covariance matrix @; and R; respectively. The
EKF algorithm is

Py = Cov () (14)

To=F (1‘0) (15)
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FIGURE 6. Estimation of parameters

As it is shown in [2] and [8], the updating equations are:
Ofi_ Ofi_
ft 1 (.',i't_l):| Pt_l |: ft 1

P _ =
tt—1 = Q¢ [axt_l Ozr1

(@—1)] + o Ge_1Qi—1Gy—1 (16)
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FIGURE 7. Real data

Bype—1 = fro1 (T4-1) (17)
-1
ohy . ohy . ohy . '
Ky = Ptlt—l {a—wz (:Ett—l):| {8_332 (mtt—l):| Pt\t—l {8_332 ($t|t—1)] + Ry (18)
oh;y .

P = [I — 1 [a_azz ($t|t—1)] Py (19)

Ty = Type—1 + Ky [yt —hy (xt\tfl):l (20)
t=1,2,...
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HARARY ENERGY OF COMPLEMENT OF LINE GRAPHS OF
REGULAR GRAPHS

H. S. RAMANE and K. ASHOKA
Department of Mathematics, Karnatak University, Dharwad - 580003, INDIA

ABSTRACT. The Harary matrix of a graph G is defined as H(G) = [h;;], where
hij = m if i # j and h;j = 0, otherwise, where d(v;,v;) is the distance
between the vertices v; and v; in G. The H-energy of G is defined as the
sum of the absolute values of the eigenvalues of Harary matrix. Two graphs
are said to be H-equienergetic if they have same H-energy. In this paper we
obtain the H-energy of the complement of line graphs of certain regular graphs
in terms of the order and regularity of a graph and thus constructs pairs of
H-equienergetic graphs of same order and having different H-eigenvalues.

1. INTRODUCTION

Let G be a simple, undirected, connected graph with n vertices and m edges.
Let the vertices of G be labeled as vy, vs, ..., v, . The adjacency matriz of a graph
G is the square matrix A(G) = [a;;], in which a;; = 1 if v; is adjacent to v; and
a;; = 0, otherwise. The eigenvalues of A(G) are the adjacency eigenvalues of G,
and they are labeled as Ay > Ay > --- > \,,. These form the adjacency spectrum of
G . Two graphs are said to be cospectral if they have same spectra.

The distance between the vertices v; and v;, denoted by d(v;,v;), is the length
of the shortest path joining v; and v;. The diameter of a graph G, denoted by
diam(@) , is the maximum distance between any pair of vertices of G. A graph G
is said to be r-regular graph if all of its vertices have same degree equal to 7.

The Harary matrix ﬂgﬂ of a graph G is a square matrix H(G) = [h;;] of order n,
where

2020 Mathematics Subject Classification. 05C50.

Keywords and phrases. Harary eigenvalues, energy of a graph, equienergetic graphs.

& hsramane@kud.ac.in-Corresponding author; ashokagonal@gmail.com
0000-0003-3122-1669; 0000-0002-0248-207X.

©2020 Ankara University
Communications Faculty of Sciences University of Ankara-Series A1 Mathematics and Statistics

1215



1216 H. S. RAMANE, K. ASHOKA

e | Y
hij = { ) 7
0, if i=j.

The Harary matrix was used in the study of molecules in the quantitative struc-
ture property relationship (QSPR) models [9].

The Harary index defined as the sum of the reciprocal of the distances between
all pairs of vertices and it can be derived from the Harary matrix. It has interesting
properties in structure-property correlations [11}/16].

The eigenvalues of H(G) labeled as & > &5 > -+ - > &,, are said to be the Harary
etgenvalues or H-eigenvalues of G and their collection is called Harary spectrum or
H-spectrum of G. Two non-isomorphic graphs are said to be H-cospectral if they
have same H-spectra.

The Harary energy or H-energy of a graph G, denoted by HE(G), is defined
as [5]

HE(G) = I& (1

The Harary energy is defined in full analogy with the ordinary graph energy
E(G), defined as [6]

B(G) =Y Al (2)

The ordinary graph energy has a relation with the total m-electron energy of a
molecule in quantum chemistry [10]. Bounds for the Harary energy of a graph are
reported in [3}5].

Two connected graphs G; and G> are said to be Harary equienergetic or H-
equienergetic if HE(G,) = HE(G2). The H-equienergetic graphs are reported
in |12//13]. The distance energy of complements of iterated line graphs of regular
graphs has been obtained in [8]. In this paper we use similar technique of [8] to
obtain the H-energy of the complement of line graphs of certain regular graphs and
thus construct H-equienergetic graphs having different H-spectra.

The complement of a graph G is a graph G, with vertex set same as of G and
two vertices in G are adjacent if and only if they are not adjacent in G. The line
graph of G, denoted by L(G) is the graph whose vertices corresponds to the edges
of G and two vertices of L(G) are adjacent if and only if the corresponding edges
are adjacent in G. For k = 1,2,... the k-th iterated line graph of G is defined as
L¥(G) = L(L*Y(@)), where L°(G) = G and L}(G) = L(G) |[7].

If G is a regular graph of order ng and of degree rg then the line graph L(G) is
a regular graph of order ny = (norg)/2 and of degree r; = 2ry — 2. Consequently
the order and degree of L*(G) are [1}2]

Tk—1Tk—1 (3)

ne = B)
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and
T = 2Tk_1 — 2, (4)
where n; and r; stands for order and degree of L' (G), i =0,1,....
Therefore
re = 2krg — 281 42 (5)
and
e B e B
0 0 i %
nk:2—k Ti:2—kH(27“0—2+1+2) (6)
i=0 i=0

We need following results.

Theorem 1. [J] If G is an r-regular graph, then its maximum adjacency eigenvalue
s equal to r.

Theorem 2. [15] If A\, Ao, ..., A\ are the adjacency eigenvalues of a reqular graph
G of order n and of degree 1, then the adjacency eigenvalues of L(G) are

ANi+r—2, i=1,2,...,n, and
-2, n(r —2)/2 times .

Theorem 3. [14] Let G be an r-regular graph of order n. If T, A2,..., Ap are the
adjacency eigenvalues of G, then the adjacency eigenvalues of G, the complement
of G, aren—r—1and —X\; —1,i=2,3,...,n.

Theorem 4. (5] Let G be an r-regular graph of order n and let diam(G) < 2. If

T, A2, ..., A\p are the adjacency eigenvalues of G, then its H-eigenvalues are %(n +
r—1) and 3(\;—1),i=2,3,...,n.

Lemma 5. [§] Let G be an r-regular graph of ordern. Ifr < "7_1, then diam (Lk(G)) =
2, k>1.

2. RESULTS

Theorem 6. Let G be an r-regular graph of order n. If r < ”;1, then

HE (m) =r(n—2).

Proof. Let the adjacency eigenvalues of G be 7, Ag, ..., \,. From Theorem [2] the
adjacency eigenvalues of L(G) are

2r — 2, and
N +7—2, i=2,3,...,n, and (7)

-2, n(r —2)/2 times.
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From Theorem [3| and Eq. (7)), the adjacency eigenvalues of L(G) are
(nr/2) —2r +1, and
X —r+1, 1=2,3,...,m, and (8)

1 n(r —2)/2 times.

)

The graph L(G) is a regular graph of order nr/2 and of degree (nr/2) — 2r + 1.
Since r < 271, by Lemma diam (L(G)) = 2. Therefore by Theorem [4] and Eq.

(8), the H-eigenvalues of L(G) are

(nr —2r)/2, and
—(\i+1)/2, i=23,....n, and 9)
0, n(r —2)/2 times.

All adjacency eigenvalues of a regular graph of degree r satisfy the condition
—r < X; <r [4]. Therefore \; +7>0,i=1,2,...,n. Therefore by @D,

n

HE(m) _ nr;2r+z()\i;—r) 0] x n(r2—2)
=2

= r(n—-2) since Z A= —r.
i=2

(] X

FIGURE 1. Cycle Cg and L(Cs).

Example 7. Consider the cycle Cs. It satisfies the conditions of Theorem [0
Complement of L(Cs) is shown in the Figure |l The H-eigenvalues of L(Cg) are
4, 0, —0.5, —0.5, —1.5, —1.5. Hence HE(L(Cs)) = 8 and by Theoremla also,

HE(L(Cg)) = 8.
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Corollary 8. Let G be a regular graph of order ny and of degree rog. Let ny and
1, be the order and degree respectively of the k-th iterated line graph L*(G), k > 1.

Ifrg < "02_1, then

HE(LF(G)) = ri—1(ng_1 — 2).
Proof. If ry < "02_1, then by Egs. and , we have

1 -1
r1:2r0—2§n0—3§§(n0;0—1):nlz .

Hence )
Nk—1 —
PSS
Therefore by Theorem [f]

HE (Lk(G)) — HE (M) = o1 (1 — 2).
O

Corollary 9. Let G be a regular graph of order ng and of degree ro. Let ny and
1, be the order and degree respectively of the k-th iterated line graph L*(G), k > 1.

Ifrg < "02_1, then

k—1
o (5700 <[ 2 Tt 20 2] -2+,
=0

3. H-EQUIENERGETIC GRAPHS

If G; and G are the regular graphs of same order and of same degree. Then
L(G4) and L(G2) are of the same order and of same degree. Further their comple-
ments are also of same order and of same degree.

Lemma 10. Let G; and G2 be reqular graphs of the same order n and of the same
degree r. Ifr < "7_1, then L(G1) and L(G3) are H-cospectral if and only if G1 and
G are cospectral.

Proof. Follows from Egs. , and @ U

Lemma 11. Let G; and G2 be regular graphs of the same order n and of the same
degree v. If r < 251, then for k > 1, L*(G1) and L*(Gs) are H-cospectral if and
only if Gy and Go are cospectral.

Theorem 12. Let G and G2 be regular, non H-cospectral graphs of the same
order n and of the same degree v. If r < "51, then for k > 1, L*(G1) and LF(G5)
form a pair of non H-cospectral, H-equienergetic graphs of equal order and of equal
number of edges.

Proof. Follows from Lemma [[1] and Corollary [9} O
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SOME NUMERICAL CHARACTERISTICS OF DIRECT SUM OF
OPERATORS

Elif OTKUN QEVIK
Avrasya University, Trabzon, TURKEY

ABSTRACT. The connection between some numerical characteristics (numeri-
cal range, numerical radius, Crawford number and sectoriality) of direct sum
of operators in the direct sum of Hilbert spaces and their coordinate operators
has been investigated.

1. INTRODUCTION

The general information on numerical characteristics (as numerical range, nu-
merical radius, Crawford number, sectoriality and etc.) can be found in [1-7].
The obtained results may be applied in perturbation theory, generalized eigenvalue
problems, numerical analysis, system theory, dilation theory and etc. [1-4].

It is known that infinite direct sum of Hilbert spaces H,, n > 1 and infinite
direct sum of operators A, in H,, n > 1 are defined as

o0
o0
H= & Hy=u=(up):ty € Hy, n> 1 ullyy = 3 [lunly, < +oo
n=1 n—1

(see [8]).
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The general theory of linear closed operators in Hilbert spaces and its applica-
tions to physical problems has been investigated by many mathematicians (see for
example [8]).

However, many physical problems of today arising in the modelling of processes
of multi-particle quantum mechanics, quantum field theory and in the physics of
rigid bodies support to study a theory of linear direct sum of operators in the direct
sum of Hilbert spaces (see [9-11] and references there in).

Connections between numerical range and numerical radius for the direct sum
of two operators in the direct sum of Hilbert spaces and coordinate operators have
been investigated in [6].

In this work, the connection between some numerical characteristics of direct
sum of operators in direct sum of Hilbert spaces and their coordinate operators will
be investigated.

2. NUMERICAL RANGE OF DIRECT SUM OPERATORS

Definition 1. [1] Let H be a Hilbert space with inner product (-,-) and norm || - ||
be induced norm by this inner product. In this case, the numerical range of a linear
bounded operator T in H is the subset of the complex numbers C given by

W(T) ={Tz,z) € C:xz € H,||z| = 1}.

Recall that a numerical range of an operator is convex (Toeplitz-Housdorff) and
spectrum of an operator is contained in the closure of its numerical range.
The following result is true.

Theorem 2. If for any n > 1, H, is a Hilbert space, A, € L(H,),H EB

and A= @ A,, A€ L(H), then numerical range of the operator A is in the form

= co (U W(An)> ,

where co (), C C denotes the conver hull of Q.

Proof. Indeed in this case, for any element f € H with norm

£ =D fall =1 fu #0, n> 1,

n=1
we have
(Af,f) Z A fs fo n—Zanni(An (/I fnlln) s Fu/ |l fnlln) Zanun,
n=1 n=1
where

an =l s o = (An (Fa/ IFall) s Fuf 1 falln), € W(AR),n > 1.
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o0
It is clear that 3 a, = 1.

n=1
Now, assume that there exists a number ny € NU {400} such that

frin 20, foa 0, fn, #0, k<00
and
f=10,..,0, fny,0,..,0, frs,0,...,0, fr,, 0, ..., 0, ...) .
In this case,

k

(Af7f)H = Z(Anjfnj’fnj)nj

j=1

k
= 2l (Ans (s sl ) Bl W)

k

= § an]'/’[’nja

j=1

j

where

Qn; = anJ||72‘L7’ Pnj = (Aﬂj (fnJ/ anJHn7) i/ anJHn7) €W (Ay,).

g

k
It is clear that _ o, = 1. O
j=1

3. NUMERICAL RADIUS OF DIRECT SUM OPERATORS

Definition 3. [1] Let H be a Hilbert space with inner product (-,-) and norm || - ||
be induced norm by this inner product. In this case, the numerical radius of a linear
bounded operator T in 'H is a number which is given by

w(T) = sup{|A| : A e W(T)}.
Recall that for any vector = € H, it is true that
(T2, )] < w(T)]|z]|*.

The following result is true.

(oo}
Theorem 4. If for anyn > 1, H, is a Hilbert space, A,, € L(H,),H = @ H, and

n=1
[es)

A= @ A,, A e L(H), then numerical radius of the operator A is in the following
n=1
form
w(A) = sup w(A4,).

n>1
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Proof. For any n > 1, since w(A4,) < w(A), then
sup w(Ay) < w(A). (1)

n>1

On the other hand, if p € W(A), then p = > app,, >, o, =1 and p,, €
n=1 n=1
W(A,) for n > 1. Then

Z Unfly,

Hence, by the definition of numerical radius we get

w(A) < sup w(Ap). (2)

| =

Szan\un\<zanw n) < sup w( nzan—supw Ap).

n>1 n>1

Combining two inequalities (1) and (2), we reach to the desired inequality. [

4. CRAWFORD NUMBER OF DIRECT SUM OPERATORS

Definition 5. [1] Let H be a Hilbert space with inner product (-,-) and norm || - ||
be induced norm by this inner product. In this case, the Crawford number of a
linear bounded operator T in H is given by

o(T) = inf{|\| : A € W(T)}.

The following results are true.

(oo}
Theorem 6. If for anyn > 1, H,, is a Hilbert space, A,, € L(H,),H = @ H,, and

n=1

A= @ A,, A e L(H), then Crawford number of the operator A is in the following
n=1
form
¢(A) < inf c(Ay).
n>1
Proof. Since ¢(A) < ¢(Ay), for any n > 1, ¢(A) < inf c(A,) satisfies. O

n>1
Theorem 7. If for anyn > 1, H, is a Hilbert space, A, € L(H,,), Re(A,) >0 (<
0), H= @ H, and A= @ A, A € L(H), then Crawford number of the operator

n=1 n=
A isin the following form

c(A) =inf c(Ay).

n>1

Proof. If u € W(A), then by Theorem 2, y = Z Ol s Z ap, =1 and p, €
n=1
W(A4,),n > 1.
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On the other hand, since for any n > 1, u,, > 0 (< 0), we have

il =D | = Zanmnvzan w) 2 inf e(4, Zan—wy;c )
n=1 n n
Therefore,
c(A) Z inf c(An). (3)
n>1

In this case, equation (3) and Theorem 6 complete the proof of proposition. O

5. SECTORIALITY OF DIRECT SUM OPERATORS

Definition 8. [1] Let T be a linear bounded operator in Hilbert space H. If
Re(Tx,x) >0 for any x € H, then it is called an accretive operator in H.

Definition 9. [1] Assume that T € L(H) is a accretive operator. If W(T) C
{z € C: |argz| < ¢} for any ¢ € [0,7/2), then it is called a sectorial operator with
vertex v =0 and semi-angle . In this case, T € S,(H).

The following result is true.
Theorem 10. Iffor anyn > 1, Hy, is a Hilbert space, A,, € L(H,), A, € S, (H,),H =
@ H, and A = @ Ay, A€ L(H), then for some ¢ € [0,7/2),

n=1 n=1

A € S,(H) thenecessaryandsuf ficientconditionis sup ¢, < ¢.
n>1

Proof. From Theorem 2, it is clear that W (A, ) C W(A) for any n > 1.
On the other hand, 1f An €8S, (Hy),n > 1, then for any x € H with norm

oo 1/2
B (Z ||w||i> =1, n>1,
n=1

we have

e(Az, ) ZRE Apn, ), > 0.

Then A : H — H is an accretive operator in H.
Moreover, it is clear that

U {z € W(A,) : largz| < @, } C W(A).

n=1

If we choose ¢ = sup y,,, then
n>1

W(A) c {z€C:largz| < ¢}.
Since ¢ € [0,7/2), then A € S,(H).
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On the contrary, if A € S,(H) for some ¢ € [0,7/2), then from the relation
W(A,) C W(A) and accretivity of each coordinate operator A,, € L(H,), n > 1,
we get

W(A,) C{z€C:largz| < ¢}.
Consequently, for any n > 1, A, € S, (Hy). This completes the validity of the
assertion. 0

6. APPLICATIONS OF SOME NUMERICAL CHARACTERISTICS OF DIRECT SUM
OPERATORS
Example 11. Let for any n > 1, H, = (C,|'|), A = anE, a, € C and H =
o0 o0
@D H,=10(C), A= @ (ap,E): H— H. In this case,
n=1 n=1

W(A,) = an,n>1,
w(A,) = |an|n>1,
c(An) = J|an|,n>1
and for Re(ay,) > 0,n > 1, A, is accretive. In addition
Y, = argay,n>1.
Therefore,
W(A) = co{an,n > 1},
w(A) = sup |onl,
n>1
c(A) = inf |an]
n>1

and this case when sup |arga,| < w/2, angle of sectoriality of operator A is
n>1

o = sup |argay,|.
n>1

ie. A€ S,(ly).
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ABSTRACT. A proper vertex coloring of a graph is equitable if the sizes of color
classes differ by atmost one. The notion of equitable coloring was introduced
by Meyer in 1973. A proper h—colorable graph K is said to be equitably
h-colorable if the vertex sets of K can be partioned into h independent color
classes V1, Va, ..., V}, such that the condition |[V;| — |Vj|| < 1 holds for all dif-
ferent pairs of ¢ and 7 and the least integer h is known as equitable chromatic
number of K. In this paper, we find the equitable coloring of book graph,
middle, line and central graphs of book graph.

1. INTRODUCTION

The idea of equitable coloring was discovered by Meyer [4] in 1973. Hajmal
and Szemeredi [3] proved that graph K with degree A is equitable h-colorable, if
h > A+ 1. Later Equitable Coloring Conjecture for bipartite graphs was proved.
Equitable vertex coloring of corona graphs is NP- hard.

The graphs considered here are simple. Vertex coloring is a particular case of
Graph coloring. The collection of vertices receiving same color is known as color
class. A proper h—colorable graph K is said to be equitably h—colorable if the
vertex sets of K can be partitioned into h independent color classes Vi, Vo, ...,V
such that the condition ||V;| — |V;|| < 1 holds for all different pairs of ¢ and j [1].
And the least integer h is known as equitable chromatic number of K [1]. Here
we found equitable coloring of book graph, middle, line and central graphs of book
graph.
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2. PRELIMINARIES

Line graph [2] of K, L(K) is attained by considering the edges of K as the
vertices of L(K). The adjacency of any two vertices of L(K) is a consequence of
the corresponding adjacency of edges in K.

Middle graph [5] of K, M(K) is attained by adding new vertex to all the edges
of K. The adjacency of any two new vertices of M(K) is a consequence of the
corresponding adjacency of edges in K or adjacency of a vertex and an edge incident
with it.

Central graph [6] of K, C'(K) is attained by the insertion of new vertex to all
the edges of K and connecting any two new vertices of K which were previously
non-adjacent.

The g-book graph is defined as the graph Cartesian product S(,11) X P2 , where
Sq is a star graph and P» is the path graph.

3. RESULTS

3.1. On Equitable Coloring of Middle Graph of Book Graph.
Order of M(B,) is 5q¢ + 3

Number of incidents of M(B,) is ¢* + 9q + 2

Maximum degree of M (By) is 2(¢ + 1)

Minimum degree of M (B,) is 2

Algorithm A
Input: The value '¢’ of B, for ¢ > 3
Outcome: Equitably colored VM (B,)]

Procedure:
start

{

Vo ={g,h,2};
C(g) =C(h) =1;
Clx)=q+2%
fors=1togq
{

% = {gsvhs};
C(gs) = 5
C(hs) =S

}
fors=1togq
{

‘/C = {k:ﬂls};
C(ks) = s+ 1;
Cls) =s+1;

}
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fors=1togq

{

Vd = {ms};

if s is odd
C(ms) =q+1;
else

C(ms) =q+2;
}

}
V=V, uUuWuvV.uV,
end

Theorem 3.1. For any book graph M(B,) the equitable chromatic number,
X=[M(Bg)] =q+2,Vg >3

Proof. For q > 3, V(Bq) =1{9, M 9s,hs : 1 <5 < qf.

VIM(By)] ={g,h,2} U{gs : 1 <s<qtU{hs:1<s<qtU{ks:1<s<q}U{l:
1<s<qtU{ms:1<s<q}, where z, ks, l; and m; are the subdivision of the
edges gh, ggs, hhs and gsh, respectively.

Let us consider V[M(By)] and the color set C = {c1,¢,...,cq42}. Assign the
equitable coloring by Algorithm A. Therefore,

X=[M(Bg)] < q+2.
And since, there exists a maximal induced complete subgraph of order ¢+ 2 by the
vertices z, g, ks and therefore x_[M(B,)] > ¢+ 2.

€1,C2, ..., Cqy2 are independent sets of M(By). And ||¢;| —|¢j|| < 1, for every
different pair of ¢ and j. Hence,

X=[M(Bq)] = q+ 2.
(]

3.2. On Equitable Coloring of Central Graph of Book Graph. Features
of Central Graph of Book Graph

Order of C(By) is bg + 3
Number of incidents of C(B,) is 2(¢> + 3¢ + 1)
Maximum degree of C(B,) is 2¢ + 1
Minimum degree of C(By) is 2
Algorithm B
Input: The value '¢’ of B, for ¢ > 3
Outcome: Equitably colored V[C(B,)]
Procedure:
start
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{

fors=1togq
Vo = {g7h7ms}§
ifs=1to3

Clg) = C(h) = C(ms) = 1;

else

(7(ﬂ@5) =s—1
}

fors=1togq

{

‘/b = {937hs}§
C(gs) :5+1;
C(hs) =s+1;
}

if q is odd

{

Ve= {ks,ls,z};
fors=1togq

{
ifs=1tog—1
{

C(ks) = s+ 2;
C(ls) =s+2
}

else

C(z) =C(ks) = C(ls) = 2;
}

else

{

fors=1togq
‘/c = {ks7lsaz};
C(z) =2
Clks)=C(ls)=qg—s+2;
}

}

}

V=V, uWuV,
end

Theorem 3.2. For any book graph C(B,) the equitable chromatic number,
x-[C(Bg)| =q+1,Yq >3

1231
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Proof. For q > 3,
V(Bq) = {g7hagsahs : 1 S S S (]}

VIC(By)] = {g,h,z}U{gs:1<s<qtUfhs:1<s<q}
U{ks @ 1<s<qtU{l;:1<s<qtU{ms:1<s<q},
where z, kg, ls and m, are the subdivision of the edges gh, ggs, hhs and gshs
respectively.

Let us consider V[C(B,)] and the color set C = {ci,ca,...,cq4+1}. Assign the
equitable coloring by Algorithm B. Therefore,

x=[C(By)] <g+1

And x[C(By)] = g + 1. That is, x_[C(B,)] > x[C(B,)] = ¢ + 1. Therefore,
X=[C(By)] = ¢ + 1.

€1,C2, ..., Cq+1 are independent sets of C(By). And ||¢;| — |¢;|| < 1, for every different

pair of ¢ and j. Thus,
X=[C(By)] = q+1.

3.3. On Equitable Coloring of Line Graph of Book Graph.
Order of L(By) is 3¢ + 1
Number of incidents of L(B,) is ¢(g + 3)
Maximum degree of L(B,) is 2¢q
Minimum degree of L(B,) is 2
Algorithm C
Input: The value '¢’ of By, for ¢ > 3
Outcome: Equitably coloring V[L(B,)]

Procedure:
begin

{

fors=1togq

{

Vo = {g,2} U{ms};
C(ms) = s;
Cz)=C(g9) =1
}

fors=1togq

{

‘/b = {ks7ls};
C(ks) = s+ 1;
C(ls) =s+1;

}

}
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V=V,uUV,
end

Theorem 3.3. For any book graph L(B,) the equitable chromatic number,
X=[L(Bq)l=q+1,vq >3

Proof. For q > 3,

V(Bq) = {gJL,gs,hs :1<s< Q}-
The edge set of By is {z, ks, ls,ms : 1 < s < g} where z be the edge corresponding to
the vertices gh, each ks be the edge corresponding to the vertex ggs, each edge s be
the edge corresponding to the vertex hhg , each edge ms be the edge corresponding
to the vertex gshs. By the definition of line graph, the edge set of line graph is
converted into vertices of L(By).

VIL(By)] = {2}U{ks:1<s<qtU{ls:1<s<gq}
U{ms : 1<s<gq}.

Let us consider the V[L(B,)] and the color set C' = {c1,¢a,...,cq41}. Assign the
equitable coloring by Algorithm C. Therefore,

X=[L(Bg)] < g +1

And since, there exists a maximal induced complete subgraph of order ¢+ 1 by the
vertices z, ks and therefore
X=[L(By)] Z ¢+ 1.
C1,C2, ..., Cq+1 are independent sets of L(B,). And ||c;| — |¢;|| < 1, for every different
pair of ¢ and j. Thus,
X=[L(Bg)] = ¢+ 1.
O

3.4. On Equitable Coloring of Book Graph. Features of Book Graph.
Order of B, is 2(¢ + 1)
Number of incidents of B, is 3¢+ 1
Maximum degree of By is ¢+ 1
Minimum degree of B is 2
Algorithm D
Input: The value 'q’ of By, for q > 3
Outcome: Equitably colored V(By)

Procedure:
start

{
fors=1togq
{

Vo = {gsa h} ;

C(h)=1,;
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Clgs) =1,

}
fors=1togq
{

Vo =1{g,hs};
Clg) =2;
C(hs) =2;

}

}
V=V,UuV,
end

Theorem 3.4. For any book graph B, the equitable chromatic number,
X=(Bgq) =2,Vqg > 3.
Proof. For n > 3,
V(Bg) ={g,h}U{gs : 1 <s<q}U{hs:1<s<g}

Let us consider the V(B,) and the color set C = {c1,c2}. Assign the equitable
coloring by Algorithm D. Therefore,

X=(Bg) < 2.

And since, there exists a maximal induced complete subgraph of order 2 in B, (say
path P»). Therefore,

X=(Bg) = 2
c1,c2 are independent sets of By. And ||¢;| — |¢;|| < 1, for every different pair of ¢
and j. Hence,

X:(Bq) =2

REFERENCES

[1] Furmanczyk, H., Equitable coloring of Graph products, Opuscula Mathematica, Vol 26. No.1,
(2006).

[2] Harary, F., Graph theory, Narosa Publishing home, New Delhi, 1969.

(3] Hajnal, A., Szemeredi, E., Proof of a conjecture of Endos, in: Combinatorial theory and its
applications, Collog. Math. Soc. Janos Bolyai, 4 (2) (1970), 601-623.

[4] Meyer, W., Equitable coloring, Amer. Math. Monthly, 80, (1973).

[6] Michalak, D., On middle and total graphs with coarseness number equal 1, Springer Verlag
Graph Theory, Lagow Proceedings, Berlin Heidelberg, New York, Tokyo, (1981), 139-150.

[6] Vernold Vivin, J., Harmonious coloring of total graphs, n-leaf, central graphs and circumdetic
graphs, Bharathiar University, Ph.D Thesis, Coimbatore, India, 2007.



https://communications.science.ankara.edu.tr

Commun.Fac.Sci.Univ.Ank.Ser. A1 Math. Stat.
Volume 69, Number 2, Pages 1235-[[239] (2020)
DOI: 10.31801/cfsuasmas.768497

ISSN 1303-5991 E-ISSN 2618-6470

OF
COMMUNICATIONS

Received by the editors: March 03, 2020; Accepted:August 20, 2020 SERIES Al

ON STAR COLORING OF MODULAR PRODUCT OF GRAPHS

K. KALIRAJ!, R. SIVAKAMI?, and J. VERNOLD VIVINS3

IRamanujan Institute for Advanced Study in Mathematics, University of Madras, Chepauk,
Chennai 600 005, Tamil Nadu, India
2Department of Mathematics, RVS College of Engineering and Technology, Coimbatore 641 402,
Tamil Nadu, India, and, Part-Time Research Scholar (Category-B), Research & Development
Centre, Bharathiar University, Coimbatore 641 046, Tamil Nadu, India
3Department of Mathematics, University College of Engineering Nagercoil, (Anna University
Constituent College), Konam, Nagercoil 629 004, Tamil Nadu, India

ABSTRACT. A star coloring of a graph G is a proper vertex coloring in which
every path on four vertices in G is not bicolored. The star chromatic number
Xs (G) of G is the least number of colors needed to star color G. In this paper,
we find the exact values of the star chromatic number of modular product
of complete graph with complete graph Ky, ¢ Ky, path with complete graph
Py, © Ky, and star graph with complete graph Ki m ¢ Kn.

1. INTRODUCTION

All graphs in this paper are finite, simple, connected and undirected graph and we
follow for terminology and notation that are not defined here. We denote the
vertex set and the edge set of G by V(G) and E(G), respectively. Branko Griinbaum
introduced the concept of star chromatic number in 1973. A star coloring @
of a graph G is a proper vertex coloring in which every path on four vertices uses
at least three distinct colors. The star chromatic number x, (G) of G is the least
number of colors needed to star color G.

During the years star coloring of graphs has been studied extensively by several
authors, for instance see .

Definition 1. A trail is called a path if all its vertices are distinct. A closed trail
whose origin and internal vertices are distinct is called a cycle.
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Definition 2. A graph G is complete if every pair of distinct vertices of G are
adjacent in G. A complete graph on n vertices is denoted by K,,.

Definition 3. A star graph is a complete bipartite graph in which m — 1 vertices
have degree 1 and a single vertex have degree (m — 1). It is denoted by Ki .

Definition 4. The modular product [§] G o H of two graphs G and H is the graph
with vertex set V(G) x V (H), in which a vertex (v, w) is adjacent to a vertex (v', w’)
if and only if either

v =1" and w is adjacent to w’, or

w=w and v is adjacent to v', or

v is adjacent to v’ and w is adjacent to w', or

v is not adjacent to v’ and w is not adjacent to w'.

2. MAIN RESULTS

In this section, we find the exact values of the star chromatic number of modular
product of complete graph with complete graph K,,, ¢ K,,, path with complete graph
P,, ¢ K,, and star graph with complete graph K ., ¢ K.

2.1. Star chromatic number of K,, ¢ K,,.

Theorem 1. For any positive integers m,n > 2,

m, when n = 2

XS(K"L < Kn) = { n(m _ ]_), Oth@']"w7586~

Proof. Let K,, be the complete graph on m vertices and K, be the complete graph
on n vertices. Let

V(Km) ={u;:1<i<m}
and

V(K,) ={v;:1<j<n}
By the definition of the modular product, the vertices of K,, ¢ K, is denoted as
follows:

m

V(Ko Kp) = | J{(uiv)) : 1 <5 <n}.
1=1

Case(i): When m > 2 and n = 2

Let {c1,¢2,...,¢m} be the set of m distinct colors. The vertices (u;,v;) where
1<i<mand1<j<2 can be colored with color ¢;. Thus x (K, ¢ K,) = m.
Suppose x; (K ¢ K,,) < m, say m — 1. Then the vertices (u;,v;) where 2 < ¢ <
m,1 < 7 < 2 has to be colored with one of the existing colors {1,2,...,m — 1}
which results in improper coloring and also gives bicolored paths on four vertices
(since the vertices (u;,v1), 1 < i < m and the vertices (u;,v2), 1 < i < m forms
bipartite graphs) and so contradicts the star coloring. Hence x, (K, ¢ K,) = m.
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Case(ii): When m > 2 and n > 2

Let {c1,c2,...,Cnm—1)} be the set of n(m — 1) distinct colors. For 1 <i < 2 and
1 < j < n, the vertices (u;,v;) can be colored with color ¢;, and for 3 < i < m
and 1 < j < n, the vertices (u;,v;) can be colored with color c(;_g),;. Thus
Xs(Km o Ky) =n(m—1) whenm > 2, n> 3.

Suppose X, (K, ¢ K,) < n(m —1), say n(m — 1) — 1. Then the vertex (um,, v,) has
to be colored with one of the existing colors {1, 2, ...,n(m—1)—1} which results in
improper coloring and also gives bicolored paths on four vertices (since (uy,,vy,) is
adjacent to every vertices (u;,v;),1 <i<m—1,1 < j <n—1) and this contradicts
the star coloring. Hence x (K, ¢ K,) = n(m — 1). O

2.2. Star chromatic number of P,, ¢ K,,.

Theorem 2. For any positive integers m,n > 1,

3, when m >4, n=2

n, when m = 2,3 andn > 2
X (Pm © Kn) = n+1, whenm=4, n>2

2n, Otherwise.

Proof. Let P, be the path graph on m vertices and K, be the complete graph on
n vertices. Let

V(Pn)={u;:1<i<m}
and
V(K,)={v;:1<j<n}
By the definition of the modular product, the vertices of P, ¢ K, is denoted as

follows:

V(PnoKy) = U{(ui,vj) :1<j<n}
i=1

Case(i): When m >4 and n =2
Let {c1,c2,c3} be the set of 3 distinct colors. Then the vertices (u;,v;) where
1<i<[%]and 1< j <2 are colored with color ¢;. For i =2 (mod 4),1 <i<m
and 1 < j < 2, the vertices (ui,vj) can be colored with color cs. Similarly, the
vertices (u;,v;) where 4 =0 (mod 4),1 <¢<m and 1 < j <2 can be colored with
color c3. It is obvious that x (P, ¢ K;,) =3 when m >4 and n = 2.

Case(ii): When m = 2,3 and n > 2
Let {c1,c2,...,¢,} be the set of n distinct colors. The vertices (u;,v;) where
1 <j<mnandi=1,2,3 can be colored with color ¢;. Thus x, (P, ¢ K,) = n when
m=2,3 and n > 2.
Suppose X,(Pm ¢ Kp) < n, say n — 1. Then the vertices (u;,v,), 1 <4 < m has to
be colored with one of the existing colors {1,2,...,n—1} which results in improper
coloring since the vertices (u;, v, ), 1 <i < m is adjacent to the vertices colored with
colors 1,2,...,n — 1 and so contradicts the star coloring. Hence x (P, ¢ K,) = n.
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Case(iii): When m =4 and n > 2
Let {c1,ca,...,¢nt1} be the set of n 4+ 1 distinct colors. For 1 < ¢ < 3 and
1 < j < n, the vertices (u;,v;) can be colored with color ¢;. And the vertices
(u4,vj), 1 < j < n, can be given the color ¢;;1. Thus x,(Pn ¢ K;) = n+ 1 when
m=4and n > 2.
Suppose X, (P, ¢ K,,) < n+ 1, say n. Then the vertices (u4,v;), 1 < j < n has to
be colored with the j** color which results in bicolored paths on four vertices and
so contradicts the star coloring. Hence (P, ¢ K,,) =n + 1.

Case(iv): When m >4 and n >3
Let {c1,c2,...,con} be the set of 2n distinct colors. The vertices (u;,v;) where
i=1,2,3 (mod 4),1 <i<mand 1< j <n can be colored with color ¢;, and the
vertices (u;,v;) where i = 0 (mod 4),1 <¢ < m and 1 < j < n can be given the
color ¢,,+;. Thus x,(P, ¢ K,,) = 2n when m > 4 and n > 3.
Suppose X,(Pm ¢ K,) < 2n, say 2n — 1. Then the vertices (u;,v,) where i = 0
(mod 4),1 < i < m has to be colored with one of the colors {1,2,...,2n— 1} which
results in bicolored paths on four vertices and so contradicts the star coloring.
Hence x (P, ¢ K,,) = 2n. O

2.3. Star chromatic number of K ,, ¢ K.

Theorem 3. For any positive integers m > 2 and n > 3,

Xs(K1,m 0 Ky,) =n.

Proof. Let K ,, be the star graph on m+ 1 vertices and K, be the complete graph
on n vertices. Let

and

V(K,) ={v;:1<j<n}
By the definition of the modular product, the vertices of K ,, ¢ K,, is denoted as
follows:

m+1
V(Kl,mOKn) = U {(u,-,vj) :1<j<n}.
=1

Let {c1,c2,...,cn} be the set of n distinct colors. The vertices (u;,v;) where 1 <
i <m+1and 1 <j <n can be colored with the color ¢;. Thus x (K1, ¢ K,) =n.
Suppose x,(Ki,m ¢ K,) < n, say n — 1. Then the vertices (u;,v,), 1 <i<m+1
has to be colored with one of the existing colors {1,2,...,n — 1} which results in
improper coloring (since the vertices (u;,v,), 2 < i < m + 1 is adjacent to every
vertices (u1,v;), 1 < j <mn — 1 which are colored 1,2,...,n — 1 and also since the
vertex (u1,vy,) is adjacent to every vertices (u;,v;), 2 <i<m+1,1<j<n-1
which are colored 1,2,...,n — 1 and this contradicts the star coloring. Hence
Xs(K1m ¢ Ky) =n, whenm > 1,n > 3. O
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ABSTRACT. In this paper, we introduce a operator in order to derive some
new symmetric properties of Gaussian Fibonacci numbers. By making use of
the operator defined in this paper, we give some new generating functions for
Gaussian Fibonacci numbers, Gaussian Lucas numbers, Gaussian Pell num-
bers, Gaussian Pell Lucas numbers, Gaussian Jacobsthal numbers, Gaussian
Jacobsthal polynomials, Gaussian Jacobsthal Lucas polynomials and Gaussian
Pell polynomials.

1. INTRODUCTION

In the paper [9,/10], a second-order linear recurrence sequence (U, (a, b;p, q))n>0
or briefly (U,,),>¢ is considered by the recurrence relation:

Un+2 = pUn+1 + qU,,

with the initial conditions Uy = a and U; = b, where a,b € C and p,q € Z, for
n > 0. The special cases are listed below:

e Forp=qg=b=1,a=1 one gets the Gaussian Fibonacci numbers;

e Forp=qg=1,a=2—1,b=1+ 2¢ one has the Gaussian Lucas numbers;

e For p=2,g=1,a=1,b=1 one has the Gaussian Pell numbers;

e Forp=2g=1,a=2-2i,b= 2+ 2i one has the Gaussian Pell Lucas
numbers;

eforp=1,g=2,a= % ,b =1 it yields Gaussian Jacobsthal numbers;

eforp=1,g=2,a=2— % ,b =1+ 2i one has the Gaussian Jacobsthal
Lucas numbers.
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In this paper, a second-order linear recurrence polynomials P, (z) is given by the
following recurrence relation:

Pria(z) = aPyyi () + Br P (),

with Py(x) = p+ gz and Pi(z) = r + sz, where p,q,r,s € C and «,8 € Z, for
n > 0. The special cases of the polynomials P, (z) are listed as follows:

e Fora=r=1,=2;p= %7 q = s = 0 it yields the Gaussian Jacobsthal
polynomials G.J,, (x);

e Fora=1,=2;,p= 2—%, q=0,7r=1,s = 2iit reduces to the Gaussian
Jacobsthal Lucas polynomials Gj,(z).

In [11], Djordjevic and Srivastava defined incomplete generalized Jacobsthal and
Jacobsthal-Lucas numbers.

The Gaussian Jacobsthal and Gaussian Jacobsthal Lucas polynomials GJ, (x)
and Gj,(x) are defined and studied by authors |15]. They give generating func-
tion, Binet formula, explicit formula, () matrix, determinantal representations and
partial derivation of these polynomials. S. Halici and S. Oz are defined in 2016 the
Gaussian Pell and Gaussian Pell-Lucas numbers. They give generating functions
and Binet formulas of Gaussian Pell and Gaussian Pell-Lucas numbers. The authors
in |16] defined Gaussian Pell polynomials, they give the generating functions and
Binet formulas for this type polynomials. On the other hand, many kinds of gen-
eralizations of Gaussian Fibonacci numbers have been presented in the literature.
In particular, a generalization is the Gaussian Fibonacci numbers, the Gaussian
Fibonacci numbers, say (GFy,)nen, is defined in [14], recurrently by

GFy =i, GF, =1
GFn = GFn—l + GFTL—27 Vn > 2

For n > 1: One can see that

GFn :Fn+iFn—1a
where F,, is the n-th usual Fibonacci numbers.
The Gaussian Pell polynomials, say (GP,(z))nen, is defined in |16] recurrently
by
GP,(z) =22GP,_1(z) + GP,_2(x), Vn > 2
It is note that we have an important relation between Gaussian Pell polynomials
and usual Pell polynomials as follows.

GP,(z) = Po—1(x) +iPy—2(x), Vn > 2.
k

In this contribution, we shall define a useful operator denoted by d, ,, for which
we can formulate, extend and prove new results based on our previous ones, (see
[4-6]). In order to determine new generating functions of some well-known numbers
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and polynomials, we combine between our indicated past techniques and these
presented polishing approaches.

In section 2, we introduce a symmetric function and give some properties of this
symmetric function. We also give some more useful definitions which are used in
the subsequent sections. we find generating functions of the products of Gaussian
Fibonacci numbers, Gaussian Lucas numbers, Gaussian Pell numbers, Gaussian Pell
Lucas numbers, Gaussian Jacobsthal numbers, Gaussian Jacobsthal polynomails,
Gaussian Jacobsthal Lucas polynomails and Gaussian Pell polynomails, in section
3. In section 4 generating functions of some well-known polynomials.

2. DEFINITIONS AND SOME PROPERTIES

In this section, we introduce a symmetric function and give some properties
of this symmetric function. We also give some more useful definitions from the
literature which are used in the subsequent sections.

We shall handle functions on different sets of indeterminates (called alphabets,
though we shall mostly use commutative indeterminates for the moment). A sym-
metric function of an alphabet A is a function of the letters which is invariant
under permutation of the letters of A. Taking an extra indeterminate z, one has
two fundamental series [3].

1

A2(A) = Maea(l +a2), 0.(4) = Moea(l—a2)’

the expansion of which gives the elementary symmetric functions A, (A) and the
complete functions Sy, (A) :

“+o0 +oo
A) = A (A)z", 0.(A) =) Sa(A)2"

n=0 n=0

Let us now start at the following definition.

Definition 1. (see [1]]) Let A and B be any two alphabets, then we give S, (A — B)
by the following form:

M ZS"A B)z" = 0.(A - B), (2.1)

1I (1-
aEA CLZ n=0

with the condition S, (A — B) =0 forn <0 .

Corollary 2. Taking A =0 in (2.1) gives

Myep(1 — bz) Zs = \.(—B). (2.2)
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Further, in the case A =0 or B =0, we have

f Sn(A—=B)z" = 0.(4) x A.(=B). (2.3)
n=0
Thus,
Sn(A=B)=>" S, 1(A)Sk(~B) (seec [). (2.4)
k=0

Definition 3. [12] Let n be positive integer and A = {ay,a2} are set of given
variables, then, the n-th symmetric function S,(a1 + ag) is defined by

g (A) g (a i ) a?l“b-‘rl _a721+1
n — PInl 1l 2) —
a1 —az
with
So(A) = So(a1 + CLQ) = 1,
Sl(A) = Sl(al + ag) = a] + a2,
SQ(A) = Sg(al +CL2) = a?+a1a2+a§,

k

aia2

Definition 4. [7] Given an alphabet A = {a1,a2}, the symmetrizing operator 6
is defined by
k _ ok
oo far) = S (01) — 03T (a2) 25)

a1 — a2

Example 5. If f(a1) = a1, the operator (2.5) gives us

b+l _ gkt

Oaranf(a1) = = Sk(a1 + az).

a1 — as
3. GENERATING FUNCTIONS OF SOME WELL-KNOWN NUMBERS

The following theorem is one of the key tools of the proof of our main result. It
has been proved in [7] for the completeness of the paper we state its proof here.

Theorem 6. Given two alphabets A = {a1,a2} and E = {e1,ea}, then

1 — aiaseie92?

b Sn(—A)e’fz"> (+2°° S, (— A)egzn> '

n=0 n=0

400
> Sn(A)Sn(E)z" = ( (3.1)

€1€e2

“+o0
Proof. By applying the operator 8! __to the series f(e1) = 3. S, (A)elz", the left
n=0

hand side of formula (3.1) can be written as

+oo
Ocre,fle1) = e, (ZSn(A)e’fz">
n=0
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—+oo +oo
er >, Sp(A)ehz" —ea > Sp(A)elzm
n=0

_ n=0
€1 — €y
+oo n+l __ n+l
— an(A) <61€2> o
0 €1 — €2
+o0
= ) Su(A)Su(E)2",
n=0

and the right hand side of this formula can be written as

+oo +oo
e1 Y. Sp(—A)ehz" —eq Y. Sp(—A)efz"
n=0 n=0

61 1 —
erez | +oo - 400 +o00
S su-Aer | (- en) (£ s ) (£ 5.
n=0 n=0 n=0
_er(l —arexz)(1 —azesz) —ea(l —arer2)(1 — azer 2)
+0o too
@) (£ sul-Aepen ) (£ 5, ajeger
n=0 n=0
_er(1—ea(ar + a2)z + arage3z?) — ea(1 — ey(ay 4 az)z 4 arazeiz?)
- +oo +oo
(@ - ca) (£ Sul-Aet=n ) (£ 5,(-apeger
n=0 n=0
- 1 — ajaqgeieqz?
400 +o00 ’
(5 su-tpern) (5 su(-yeger)
n=0 n=0
The proof is completed. O

In this part, we now derive the new generating functions of the products of some
known numbers.

For the case A = {a1,—as} and E = {e;, —ea} with replacing ay by (—a2), es
by (—e2) in (3.1), we have

+oo 2
n 1 —ajaseiesz
;::OSn(a1+[—a2])Sn(€1+[—€2])z (1 —are12) (1 +ager2) (1 +ajesz) (1 — agesz)’

(3.2)
¢ Based on the relationship (3.2), we obtain

3

+oo
n__ Z — a1a2€1€22
ngoSnfl(a1+[_a2])snfl(el+[_e2])z - (1 _ (11612) (1 ¥+ a2€12) (1 ¥+ Cl1€22') (1 _ 0,2622) .

(3.3)
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This case consists of three related parts. Firstly, the substitutions
al—aQ:l 61—62:1
and ,
aijag = 2 €162 = 2

in (3.2) and (3.3), we obtain

+oo 2
1 -4z
S —as])S —ey)2™ = 3.4
n§:0 wln [aa)Saler + e = T e B
+§oo: St (ar + [~as])Sn_1(e1 + [—es])2" = z— 42 (3.5)
—~ 1—2—1222 — 423 + 1624’

from which we have the following theorems.

Theorem 7. For n € N, the new generating function of the product of Gaussian
Jacobsthal numbers is given by

400 . . 2 L3

v 4 — 4z — 4822 — 1623 4 6424

Proof. We know that

G = (3 Sulan +[~aa]) + (1= D)8 1(ar + [a), (see [13)
We see that

00 +oo . .
DGR = Y (58l +[~aa)) + (1= 5)Su-1(as + [—a]))

n=0
% (5 Suler + [ea]) + (1= 5) S (er + [—ea]))="

B
= 0 Z Sn(ar + [—a2])Sn(e1 + [—e2])2"

. 400
t G4 DY Salm+ [Faa)Suca(er + [-ea))2"
n=0

, +00
H B DY S+ e Suon + [
n=0
. +oo
+ (1 - %)2 Z Sn—l(afl + [_CLQ])S"—l(el + [_62])Zn
n=0
14422 2(2i + 1)(z + 22?)

4 — 4z — 4822 — 1623 + 6424 4 — 4z — 4822 — 1623 + 6424
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(2 —14)%(2 — 423)

+ 4 — 4z — 4822 — 1623 + 6424
=1+ 5248(i+1)2% —4(3 — 44)2®
N 4 —4z — 4822 — 1623 + 6424
This completes the proof. ([l

Theorem 8. For n € N, the new generating function of the product of Gaussian
Jacobsthal Lucas numbers is given by

*f G2 — 1= S+ (24— M)z + (1201 - 72)22 + (807 + 84)2°

4 —4z — 4822 — 1623 + 6424

n=0

Proof. Since

Gin = (2= 3)Salor + [-az]) + (5 = DSu-s(ar +[-aa)), (see [13),
From which we have
= = i 5i
Y G = 3 (2= $)Sular + ) + (5 — DSaoi(a + [—aa])
n=0 n=0
x(2= $)Suler +[—ea) + (5 = Dofer + [—eal))s"

. “+o0
- (2- %)2 Z Sn(a1 + [=az])Snler + [—ea])2"

=+ (2 - =)= - 1 Z S a1 + —as )Sn_l(el + [—62])2’”
+ 2-2)(=-1 Z Sp(er + [—ea])Sn—1(a1 + [—az])z"
54 =
+ (5 — 1)2 Z()Sn_l(al -+ [*ag])Sn_l(el + [*62})2”
Then
*i’G,Q 0 (15 — 8i)(1 — 422) N (44i — 6)(z + 222)
Tn® T T4, 4822 — 1623 + 6428 | 4 — 4z — 4822 — 1623 + 6424

(208 + 21)(z — 423)
4 — 4z — 4822 — 1623 + 6424
15 — 8i + (24i — 27)z + (1200 — 72)22 + (80i + 84)23
4 — 4z — 4822 — 1623 + 6424
The proof is completed. O
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Secondly, the substitutions
al—agzl and 61—62:1 ’
ajao = 1 €162 = 1

in (3.2) and (3.3) we obtain

1—22
1—2—422 — 23 4 2%’

400
Z Sn(ar + [—az])Snler + [—e2])2" =

Z—ZB

1—2—422 — 23 424

+oo
Z Sn—l(al + [_GQDSTL—I(el + [_62])'2” =
n=0

We have the following theorems.
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Theorem 9. For n € N, the new generating function of the product of Gaussian

Fibonacci numbers is given by

i"GFQ n =142z 4 (20 +3)2% + 2028
z 5 = .
— " 1—2—422 — 234+ 24

Proof. From the reference [13] we have

GFn = iSn(al -+ [7&2}) -+ (1 — i)Sn_l(Cbl -+ [70,2]),

and from it

+oo +oo
Y GE:Z" = ) (iSa(ar +[=az]) + (1 1)Su-1(a1 + [~az)))
n=0 n=0

X (1Sp(er + [—e2]) + (1 —1)S,_1(e1 + [—e2])) 2"

+oo
= = Sular +[~az])Su(er + [ea])2"
n=0

+oo

+ i(1—10)> Sp(ar + [—az])Sui(er + [—e2])2"
n=0
“+oo

+ i(1—i)> Suler + [—e2])Sn1(ar + [—az])z"
n=0
+oo

+ (1 —1d)? Z Sn—1(a1 + [—a2])Sn—1(e1 + [—e2])2".

n=0

Therefore

+ZOOGF227L _ Z2_1 2(1+Z)(Z+22)
~ " T 1—2z—422— 23424 1 —z—422 — 3 4 24
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(1—i)*(z—2%)
1—2—422 — 23 4 24
—1+ 22+ (2i 4 3)22 + 2i23
1—2z—422— 23424

+

This completes the proof. (I

Theorem 10. For n € N, the new generating function of the product of Gaussian
Lucas numbers is given by

= o 3—4i+ (8i—6)z + (18i — 1)z + (6i + 8)23
ZGLWZ = 2 _ 3 4 :
= 1—2z—422—2°+ 2

Proof. According to [13], we have
GL, = (2 - i)Sn(CL1 + [—ag]) + (Si — 1)Sn,1(a1 + [—az]).

From which we have

+o00o +o00
Z GL?L,Z” = Z((2 — Z)Sn(a1 + [—CLQ]) + (3Z — 1)Sn—1(a’1 + [_QQD)
n=0 n=0
X((2 = 1)Sp(e1 + [—ea]) + (3i — 1)S,_1(e1 + [—e]))2"
+oo
= (2—-14)? Z Sp(ar + [—az2])Sn(er + [—e2])2™
+oo
+ (2=9)Bi— 1)) Sular + [~a2))Su1(e1 + [—e2])2"
n=0
“+o00
+ (2-)Bi—1) ) Saler + [—e2])Sno1(ar + [~az])2"
n=0
+o0
+ (3= 1)) Suoi(ar + [—a2])Sn_1(e1 + [—ea])2".
n=0

By using the relationships (3.6) and (3.7), we obtain

*fGLQZ,L (3 —4i)(1 - 22) 2(7i +1)(z + 22)
= 1—2—-422 -2 +24  1—z—-422-23+2*
(3i — 1)%(z — 23)
1—2—422 — 23 4 24
3—4i+ (8 —6)z+ (18i — 1)2% + (6i + 8)23
1—2—422 — 23424 '

The proof is completed. O
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Thirdly, the substitutions
{a1a2—2 {6162_2
and ,
ajas =1

in (3.2) and (3.3) we obtain

+oo
Z Sn(el + [_62])Sn(€1 + [_62])Zn

n=0

_ 1—=2
T 1—4z— 1022 — 423 4+ 24’

2—23

T4z — 1022 — 423 4 24

+oo
>~ Su-ler + [eal)Snoi(er + [—eal)="

and we have the following theorems.
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(3.8)

(3.9)

Theorem 11. Forn € N, the new generating functions of the product of Gaussian

Pell numbers is given by

*fapgzn 14524 (94 449)2% + (3 + 4i)2°
o neo 1—4z— 1022 — 423 + 24

Proof. By [13], we have GP,, = 1Sy, (a1 + [—azg]) + (1 — 28)Sp—1(a1 + [—a2]).
Then, we can see that

“+o0 “+o0
> @GP = > (iSu(ar + [—aa]) + (1 — 20)Sn_1(a1 + [—as]))
n=0 n=0

x(iSn(e1 + [—ea]) + (1 — 20)S,_1(e1 + [—e2]))2"

400
= 42 Z Sp(ay + [—az])Sn(e1 + [—e2])z"

+oo
+ i1 —=2i) ) S(ar + [—az])Sn-1(e1 + [—e2])2"
n=0
+oo
+ (1= 20) > Suler + [—ea])Sn-1(ar + [—as])2"
n=0
+oo
+ (1-20)" Y Sp1(ar + [=a2])Sno1(er + [—ea]) 2™
n=0
Therefore
f P —1(1 = 2?) 2i(1 — 2i)(2z + 222)
= " 1 —4z—-1022 — 423+ 24 1 —4z— 1022 — 423 + 24

(1 —2i)%(z — 23)
1—4z — 1022 — 423 4 24
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—1 452+ (9+4i)2% + (3 + 4i)23
1—4z — 1022 — 423 + 24 ’

This completes the proof. (Il

Theorem 12. Forn € N, the new generating functions of the product of Gaussian
Pell Lucas numbers is given by

i" G2 on — S0z + (325 720)22 + (32 + 241)2°
—m 1— 4z — 1022 — 428 + 24 '

Proof. Since
GQ, = (2 —20)Sp (a1 + [—az]) + (6i — 2)S,—1(a1 + [—az]), (see |13]).

From which we have

+00 +o0
DGR = ) (2 20)Su(ar + [~a]) + (60 — 2)Sn-1(a1 + [~az]))

n=0

x((2—24)Sp(e1 + [—e2]) + (6i — 2)S,_1(e1 + [—e2])) 2"
+oo

= (2-2i)? ;Sn(al + [~a2))Sn(e1 + [—e2]) 2"
+ (2-2i)(6i—2) izsﬂ(al + [~a2])Sn_1(e1 + [~ea])2"
+ (2—24)(60 —2) izsn(el + [—e2])Sn—1(a1 + [—azg])2"
+ (6i—2)? :Zoj)snl(al + [—a2])Sn—1(e1 + [—e2])2".
Therefore _
IR EE M S (8

(67 — 2)%(z — 23)
1—4z — 1022 — 423 + 2*
—8i +40iz + (32 4 72i)2% + (32 4 244) 23
1—4z—102%2 — 423 + 24 '

+

The proof is completed. O
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4. GENERATING FUNCTIONS OF SOME WELL-KNOWN POLYNOMIALS

In this part, we now derive the new generating functions of the products of some
known polynomials.
This case consists of two related parts. Firstly, the substitutions

al—agzl and 61—62:1 ’
ai1ao = 2x eres = 2y

in (3.2) and (3.3) we obtain

+oo
> Sn a1+ [~az]) Sn (e1 + [~e2]) 2"
n=0

1 — dayz?
- | (4.1)
1—2—2(z+y+4day) 22 — dayz3 + 1622y22*
+oo
D Suo1 (a1 + [~az)) Suoi (1 + [—ea]) 2"
n=0
—4 3
2z —dxyz (4.2)

T1-z-2 (x +y + doy) 22 — doyz? + 1622y224’
from which we have the following theorems.

Theorem 13. For n € N, the new generating function of product of Gaussian
Jacobsthal polynomials is given by

“+oo . 2 N3
—-14+5 49+ 2 4 —4dxy(3 — 4

E Gn(2)GJn(y)2" = Foer iy )(x-l—y)—; gl 3 o 2 2221Z

= 4—4z — 8(x +y+4day) 22 — 162y23 + 6422y~

Proof. From the reference [13] we have

Gn(x) = 2 Su(an + [~aa]) + (1= 2)Su (o + [-as]),

and from it

+oo too . ;
> GI@)GI)z" = Y (55a(ar +[=az)) + (1= 5)Sn-n(ar + [~aa]))

n=0
x(%Sn(q +[—e2]) + (1 — %)Sn—l(el + [—e2]))2"

1 I
= Y Sular + [Faal)Saler + [
n=0

. . +oo
+ 51— 35) Y Sular + [~a2])Sua(er + [—ea))”
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i i <X
+ 5l=3) Z Sn(er + [—e2])Sn-1(a1 + [—az])z"

. 4oo
+ (1- %)2 Z Sn—1(a1 + [~az])Sn-1(e1 + [—e2])2"

n=0
Therefore

+oo 2
dxyzc —1
GJ,(z)GJ =
Z: n(@)GIn(y)2 4—4z —8(z+y+4zy) 22 — 162y23 + 6422y?2*

(20 +1)(z + 2222)
4—4z —8(x+y+4day) 22 — 162y23 + 64a2y?24

(26 + 1)(2 + 2y2?)
4—4z — 8(x+y+4zy) 22 — 162y23 + 64x2y22*

(3 — 4i) (2 — 4zyz?)
4—4z - 8(x +y+4day) 22 — 162yz3 + 64a?y?24
—14+52z+4 ((4i + 2)(z +y) + 4zy)2? — day(3 — 4i)23

4—4z — 8(x+y+4day) 22 — 162y23 + 64a2y?24

This completes the proof. ([l

Theorem 14. For n € N, the new generating function of product of Gaussian
Jacobsthal Lucas polynomials is given by

Z Gin(2)Gjn(y

B 15 — 8 + (8i(x+y) — 16ay — 11 + 8i)z — ((14 — 12i)(x + y) + (44 — 96i)xy) 2>
B 4—4z — 8(x +y+4day) 22 — 162y23 + 64x2y?24
dry(16xy + (4 + 8i)(x +y) — (3 — 44))23
4—4z — 8(x +y + 4dwy) 22 — 162y23 + 64202y224"
Proof. We know that

Gjn(z) = (2 - %)Sn(al + [—ag)) + (2iz + % —1)S,_1(a1 + [—az]), (see [13]).
We see that
400 . ;
ZGJn JGin()=" = (2= 5)Sular + [~az)) + (2iw + 5 = 1)Sp-1(a1 + [~a2])
n=0
x((2 — %)Sn(el + [—e2]) + (2iy + % —1)S,—1(e1 + [—ea]))2z"

. —+oo
= @ DY Sular +[Fas)Su(e + [ea)
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. : +oo
+ 2= )@Y+ 35— 1Y Salar +[~az))Su-r(er + [~ea))=”

+

+

+

n=0

. ) +o0
(2= )izt L 1Y Suler + [ea]) Sua (o + [an))2"

n=0
) )

—+oo

X Z Sn,l(al + [—ag])sn,1(€1 + [—62])2”

n=0

(2—5)*(1 — 4zy2?)

1—2z—-2(x+y+4zy) 2?2 — dayz3 + 1622y 24
(2 4)2iy + 5 — 1)(2 + 222%)

1—2—2(x+y+4ay) 22 — 4oyz3 + 1622y22*
(2— §) 20z + § — 1)(z + 2y2?)

1—2z—-2(x+y+4ay) 22 — doyz3 + 1622y2 24
(2iz + £ —1)(2iy + £ — 1)(2 — dayz?)

1—2z—=2(x+y+4zy) 22 — dzyz3 + 1622y224

15— 8i + (8i(x +y) — 16zy — 11 + 8i)z — ((14 — 12i)(z + y)

4—4z —8(x +y+ 4day) 22 — 162y23 4 64x2y? 24
(44 — 96i)zy) 2% + day(16zy + (4 + 8i)(z + y) — (3 — 4i))23

4—4z — 8 (x4 y + 4day) 22 — 162y23 + 64a2y? 24

This completes the proof.

Secondly, the substitutions

a; — ay = 2x and el —ey =2y
aias =1

ejes =1

in (3.2) and (3.3) we give

“+o00
> Sular-+[~az])Suler +[—ea))="

n=0

+o0

> Sn-1(ar+[—az])Sn-1(er+[—e2)2"

n=0

1— 22

O

2—23

T 1 —dayz — (42 + %) + 2)22 — dayd + 24
(4.3)

from which we have the following theorem.

T 1 —dayz — (422 +y?) + 2)22 — dayzd + 24
(4.4)
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Theorem 15. Forn € N, the new generating functions of the product of Gaussian
Pell polynomials is given by

“+ o0
Z GP,(z)GP,(y)z"
n=0
=1+ (dzy + 1)z + (42 + y?) + 2i(z + y) + 1)2% + (2i(z +y) + 4oy — 1)23
B 1 —dzyz — (4(22 + y2) + 2)22 — day23 + 24 '
Proof. We know that
GP,(z) = iSp(a1 + [—az]) + (1 — 2iz)Sp—1(a1 + [—as]), (see [13]).

and from it we obtain

+o0 +o0
S GPL@)GPu(y)=" = 3 (iSu(ar + [~as]) + (1 — 2i) Sp—1(as + [~a2])
n=0 n=0
X (iSy(e1 + [—e2]) + (1 — 2iy)Sp_1(e1 + [—e2]))2"
+oo
= i2 Z Sn(al + [_QQDSn(el + [_62])2n
n=0
“+o00
+i(1 — 2iy) Z Sp(ar + [—az])Sn—1(e1 + [—e2]) 2"
n=0
+oo
+i(1 — 2ix) Z Sn(e1 + [—ea])Sn—1(ar + [—az])z"
n=0
+oo
+(1 = 2iz) (1 — 2iy) > Sn-1(ar + [—a2])Sn1(e1 + [—e2])2".

n=0

By using the relationships (4.3) and (4.4), we obtain

400 2
z¢ =1
GP,(x)GP, "=
7;0 (@) (v)2 1 —dayz — (4(22 + y2) + 2)22 — doyz3 + 24
N i(1 — 2iy) (222 + 2y2?)

1 —dayz — (4(22 + y2) + 2)22 — dzyz3 + 24
N i(1 — 2iz)(2yz + 2x22)
1 —dayz — (4(22 + y?) + 2)2% — dayz3 + 24
N (1 — 2ix)(1 — 2iy)(z — 23)
1 —dayz — (4(22 + y?) + 2)22 — dayz3 + 24
—1+ (doy + 1)z + (4(z? + ) + 2i(z + y) + 1)22 + (2i(z + y) + 4oy — 1)23
1 —dayz — (4(22 + y2) + 2)22 — dayz3 + 24 '

The proof is completed. O
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5. CONCLUSION

In this paper, by making use of Eq. (3.1), we have derived some new generating
functions for the products of Gaussian Fibonacci numbers, Gaussian Lucas num-
bers, Gaussian Pell numbers, Gaussian Pell Lucas numbers, Gaussian Jacobsthal
numbers, Gaussian Jacobsthal polynomials, Gaussian Jacobsthal Lucas polynomi-
als and Gaussian Pell polynomials. The derived theorems are based on symmetric
functions and products of these numbers and polynomials.
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ABSTRACT. In this paper, the geometry of normal metric contact pair mani-
folds is studied under the flatness of conformal, concircular and quasi-conformal
curvature tensors. It is proved that a conformal flat normal metric contact pair
manifold is an Einstein manifold with a positive scalar curvature and has pos-
itive sectional curvature. It is also shown that a concircular flat normal metric
contact pair manifold is an Einstein manifold. Finally, it is obtained that a
quasi-conformally flat normal metric contact pair manifold is an Einstein man-
ifold with a positive scalar curvature and, is a space of constant curvature.

1. INTRODUCTION

Contact transformations were defined as a geometric tool to study system of
differential equations in 1872 by S.Lie [1]. Afterward the notion of contact manifolds
has occurred in the manifold theory. Contact manifolds have many applications in
mathematics and some applied areas such as mechanics, optics, thermodynamics,
control theory and theoretical physics [2]. The Riemannian geometry of contact
manifolds give us some geometric interpretation about Einstein manifolds which
are arisen from the theory of relativity.

A conformal transformation is a map which converts a metric to another with pre-
serving angle between two vector fields. Conformal curvature tensor on a Riemann
manifold is a curvature tensor of the (1,3)—type that is invariant under confor-
mal transformations. This tensor gives important information about the Riemann
geometry of the manifold. If it vanishes then the manifold is said to be conformally
flat, that’s mean the manifold is flat under conformal transformations. A concircu-
lar transformation is a special conformal transformation and, preserves the geodesic
circle. These type of transformations and their applications to differential geometry
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were studied by Yano [3]. In same paper Yano defined concircular curvature ten-
sor and showed that this tensor is invariant under concircular transformations. A
manifold is called concircularly flat if this tensor vanishes. Yano and Sawaski [4] in-
troduced quasi-conformal curvature which includes both concircular and conformal
curvature tensor as special cases. If this tensor vanishes on the manifold identically
then the manifold is called quasi-conformally flat. Flatness conditions of conformal,
concircular and quasi-conformal curvature tensors on contact manifolds has many
geometric and physical applications. For example, while a conformal flat Sasakian
manifold is of constant curvature [5], a normal complex contact metric manifold is
not conformal, concircular and quasi-conformal flat [6].

Blair, Ludden and Yano [7] studied on complex manifolds consider the results
on Calabi-Eckman manifolds S?P*! x §24t1 By consider two Sasakian structure
on S?+1 and S29*! they gave the second fundamental form on Calabi-Eckman
manifold, defined Hermitian bicontact manifold and obtained an f—structure on
bicontact manifolds. Also normality of bicontact manifolds was given in same work.
Bande and Hadjar [8] studied on bicontact manifolds under the name contact pairs.
Further they considered a special type of f—structure with complementary frames
related to a contact pair and, called by contact pair structure. The normality of
contact pair structures were given by same authors [9-{11]. The conformal flatness of
a normal metric contact pair manifold were studied by Bande, Blair and Hadjar |12].
They proved that a conformal flat normal metric contact pair manifold is locally
isometric to Hopf manifold S?+1(1) x S1.

In this paper we studied on conformal, concircular and quasi-conformal curvature
flatness of normal metric contact pair manifold. We prove that a conformal flat
normal metric contact pair manifold is an Einstein manifold with a positive scalar
curvature and, has positive sectional curvature. Also we obtain that a concircular
flat normal metric contact pair manifold is an Einstein manifold. Finally we prove
that a quasi-conformal flat normal metric contact pair manifold is an Einstein
manifold with a positive scalar curvature and, is a space of constant curvature.

2. PRELIMINARIES

In this section a short survey is given for contact manifolds and contact pair
structures. For detail we refer to reader [8H10L[13].

2.1. Real and Complex Contact Manifolds. A real contact manifold is defined
by a contact form 1 which is a volume form on a real (2p + 1)— dimensional
differentiable manifold M. The kernel of 1 defines 2p—dimensional a non-integrable
distribution of T'M:

D={X:9(X)=0, X € (TM)}.

We also recall D contact or horizontal distribution. Let take a vector field £ on M
which is dual vector of 5. Then for (1,1)—tensor field ¢, M is called an almost
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contact metric manifold if following conditions are satisfied:

P =—T+n®¢& nE) =1, glps e)=—g(e pe)
where T is identity map on TM and g is a Riemannian metric [13]. Also we call g by
compatible metric. Similar to Kdhler manifold we have a second fundamental form
on an almost contact metric manifold Q(e,e) = dn(e,e). Also dn(e, e) = g(e, pe)
and in this case we recall g is an associated metric.

The geometry of contact manifold is studied in different classes. One of them
is Sasakian manifold which has a Kihler form on Riemannian cone M x R*. A
Sasakian manifold has also an almost contact metric structure. The almost contact
structure on a Sasakian manifold is normal i.e. N(pe, pe) + 2dn(e, )¢ = 0 where
N(pe, pe) is the Nijenhuis tensor field of .

In 1959 Kobayashi [14] defined complex analogue of a real contact manifold.
Therefore the concept of complex contact manifold entered to the literature. 1980s
Ishihara and Konishi [15] constructed almost contact structure on a complex contact
manifold and they defined compatible metric. A complex almost contact metric
manifold is a complex odd (2p + 1)—dimensional complex manifold with (J, ¢, o
J,§,—J o0&, m,mo J g) structure such that

p*=(pJ)? =-I+n@&—(noJ)®(Jof),
nE) =1 ,n(=Jo&) =0,(noJ)(=Jo&) =1, (neoJ)(¢) =0,
g(ipe,8) = —g(e,00), g((poJ)e e) =—g(e (poJ)e)
where g is a Hermitian metric on M, J is a natural almost complex structure.
The normality of complex almost contact metric manifolds were given by Ishihara-

Konishi and Korkmaz [15,/16]. Normal complex contact metric manifolds were
studied by several authors [6}|16}/17].

2.2. Metric contact pair manifold.

Definition 1. Let M be a (2p + 2q + 2)-dimensional differentiable manifold. A
pair of (a1, az) on M is said to be a contact pair of type (p,q) if
o a1 N\ (dOLl)p N ag A\ (dOLQ)q 7é 0
o (day)P* =0 and (daz)?™1 =0
where p,q are positive integers [§].

For 1—forms a; and as we have two integrable subbundles of TM; D; = {X :
a1(X) = 0,X € T(TM)} and Dy = {X : a(X) = 0,X € TI'(TM)}. Then
we have two characteristic foliations of M, denoted by F; = D; N kerda; and
Fo = Dy N kerdas, respectively. Fy and Fy are (2p+ 1) and (2¢ + 1)—dimensional
contact manifolds with contact form induced by «as and «; respectively. For a
contact pair (a1, @) of type (p, ¢) there are associated two commuting vector fields
Zy1 and Zs, called Reeb vector fields of the pair, which are determined uniquely by
the following equations:

041(Z1) = Oég(ZQ) = 1, Oél(Zg) = OéQ(Zl) = 0,
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iZldOél = izldag = iZQdal = ’L'ZQdOQ =0

where ix is the contraction with the vector field X. In particular, since the Reeb
vector fields commute, they determine a locally free R2-action, called the Reeb
action.

The tangent bundle of (M, (a1, as2)) can be decomposable by different ways. For
the two subbundle of 7'M which are given by

TG; = kerdo; Nkeray Nkeras, i =1,2,

we can write

TF, =TG ®RZy and TF, =TG, ®RZ,
Therefore we get TM =TG, TGy ®RZ; ®RZ,. Also we can state TM = H BV
for H=TG; ®TG> and V = RZ; & RZ,, we call H is horizontal subbundle and V
is vertical subbundle of T'M.

Let X be an arbitrary vector field on M. We can write X = X" 4+ XV, where
XM, XV horizontal and vertical component of X respectively. For X' € T/F; and
X2 € TF, we have X = X' + X2. Also we can write X! = X" + as(X1) 2,
and X2 = X2" + a1(X?)Z;, where X" and X2" are horizontal parts of X1 X2
respectively. Thus we have X" = X" + X2", XV = a1(X?)Z1 + az(X1)Zy. From
all these decompositions of X finally we get

X =X" 4+ X2+ 1(X)Z) + as(X1) 2,
(X)) = (X)) =0, ap(XY") = an(X2") = 0.

Since we have two different 1—forms by above decomposition we understand the
components of X € I'(T'M) in which distributions.

Definition 2. An almost contact pair structure on a (2p + 2q + 2)— dimensional
manifold M is a structure (a1, e, ¢, Z1, Zs), where (a1, ae) is a contact pair, ¢ is
a (1,1) tensor field on M and Z1,Zs are Reeb vector fields such that:

=Tt @Zi+ar®Zs, ¢Z1=¢Z=0.
The rank of ¢ is (2p + 2q) and a;(¢) =0 for i =1,2.

The endomorphism ¢ is said to be decomposable if T'F; is invariant under ¢. If
¢ is decomposable then we have almost contact structure on TF; for i = 1,2 are
induced from (ay, Z;, ¢), i # j, |10]. Unless otherwise stated we assume that ¢ is
decomposable.

Definition 3. Let (aq, a2, Z1, Za, @) be an almost contact pair structure on a man-
ifold M. A Riemannian metric g is called
(1) compatible if g(¢X1,¢X2) = g(X1, X2) — a1 (X1)a1(X2) — aa(X1)az(Xo)
for all Xy, X, € T'(TM).
(2) associated if g(X1,¢X2) = (dag + dag)(X1,X2) and g(X1,Z;) = oi(X7),
fori=1,2 and for all X1, X, € T(TM) [10].
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We call (M, ¢, Z1, Za, a1, iz, g) by a metric almost contact pair manifold and we
have the following properties on M [10]:
9(Zi, X) = i(X), 9(Zi, Zj) = 645,
Vz,Z;j= 0, Vz,0=0,
and for every X tangent to M, i = 1,2 we have
VxZy=—$ X, VxZo=—¢X

where ¢ = ¢; + ¢, [10].
We have two almost complex structures on (M, ¢, Z1, Za, a1, aa, g) as;

J=¢p—®@Z1+a1®Zy, T=¢+a2® 721 —a1 ® Zs.

Definition 4. A metric contact pair manifold is said to be normal if J and T are
integrable [9].

Theorem 5. Let (M, ¢, Z1, Zs, a1, a2, g) be a normal metric contact pair manifold.
Then we have
2

9(Vx,8) X2, X3) = Y (dovi($Xs, X1)ai(X3) — dovi (¢ X3, X1)ovs (X3)),

i=1
where X1, Xo, X3 are arbitrary vector fields on M [10].

On a normal metric contact pair manifold we have VxZ = —¢X for X € I'(TM)
and Z = Zl + ZQ.

We can consider a natural question: could any metric contact pair structure
be considered locally the product of two contact metric manifold? An example of
metric contact pair were given in |18], which is not locally product of two contact
metric manifold. So metric contact pair structure has some different properties
from contact metric manifolds and their results will be useful interpretation for the
geometry of contact and complex manifolds.

2.3. Curvature properties of normal metric contact pair manifolds. We
use the following statements for the Riemann curvature;

R(X1,X2)X3 =Vx,Vx, X3 - Vx,Vx, X3 - Vix, x,) X3,
R(X1, X2, X3, X4) = g(R(X1, X2) X5, X4)
for all Xy, Xo, X3, X4 € T(TM). Also the Ricci operator is defined by

dim (M)

QX = Y R(X,E)E;,

i=1
and the Ricci curvature and scalar curvature are given by

Ric(X1,X2) = 9(QX1,Xo),
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dim(M)
scal = Z Ric(E;, E;).
i=1
where E;, 1 < i < dim(M) are orthonormal basis of M. Let Z = Z; + Z5; from
Lemma 3 of [12] for X;, X5, X3 on a normal metric contact pair manifold with
decomposable ¢ we have

R(X1,Z,7Z,X3) = dog(dX3, X1)a1(Xa) + das(¢p X3, X1)aa(X2)
—da (X3, X1)a1(X2) — das (X3, Xo)as(X7).
Thus for X4, X5 € T'(H) we get
R(X4, 2,7, X5) = —g(X4, X5), (1)
R(Z,X4)X5 = da1 (¢ X5, X4)Z1 + das (¢ X5, X4)Za,
R(X,,2)Z = —¢*X,.
Let take an orthonormal basis of M
{E1, Es, ... Ep,0E1,0Fs, .., 0E, Epi1, Epia, ., Epyg, 0Epi1, 0Ep 9, ..., 0Epiq, Z1, Z2}
then for all X; € I'(T'M) we get the Ricci curvature of M as

2p+2q
Ric(X1,2Z) = Y [don($E;, Ei)on (X1) + dos(E;, Ei)oa(X1)].

i=1
So, we obtain the following results:
Ric(X1,Z) =0, for X; € T'(H), (2)
Ric(Z,7) = 2p + 24, (3)
Ric(Zy,7Z1) = 2p, Ric(Za,Zs) = 2q, Ric(Z1,7Z5) = 0.

Conformal C, concircular W and quasi-conformal curvature tensor Cona (2p+2q+
2)-dimensional normal contact metric pair manifold are given by:

C(X1,X2)X3 = R(Xi,X2)X3

scal
+ Xo, X3) X1 — g(X1, X3) X
(2p+2q+1)(2p+2q) (g( 2 3) 1 g( 1 3) 2)
1
e (g(X1, X3)QX5 — g(X2, X3)QX
2p+2q(9( 1, X3)QX2 — g(Xa, X3)QX4
+R7;C(X17X3)X2 — RiC(XQ, X3)X1),
W(X1,X2)X3 = R(X1,X2)X3
scal
- Xo, X3)X1 — g(X1, X3)X
(2p+24+2)(2p+2q+1)[9( 2, X3) X1 = 9(X1, X)X
5(X1, XQ)X?, = G,R(Xl,XQ)Xg + b[R?:C(XQ,ng)Xl - RiC(X17X3)X2

+9(X2, X3)QX1 — g(X1, X3)QX>]
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scal [ a
20+29+2 2p+2q+1
where X3, Xo, X3 € I(T'M), a and b are constants.

+ 2b][g( X2, X3) X1 — g(X1, X3) X2]

3. HERMITIAN CONTACT PAIR MANIFOLDS

In this section we give an almost contact pair structure on a Hermitian manifold.
Let (M, g,J) be (2p+ 2q + 2)—dimensional Hermitian manifold and (¢4,7;,&;),
(p2,M2,&5) be two almost contact structures on M with following properties.

9(p; X1, X2) = —g(X1, 9, X2), fori=1,2,

JE = —&os JE =&y,

02 X1 = = X1 + 11 (X1)€; +12(X1)Eo, (4)

¢1(JX1) = —Jp1 X1 = pp X1,

Pa(JX1) = =T X1 = —p1 X1,

Pa(p1X1) = —p1(p2X1) = T X1 + 11 (X1)& — n2(X1)&,

where X1, Xy are two arbitrary vector fields on M [19].
Let take ¢ = 1 0p,. Then ¢ is a (1,1) tensor field on M. By direct computation
we get
$* X1 = = X1+ 1y (X1)E; +72(X1)o-
Thus we obtain an almost contact pair structure on M with the contact pair 7,7,
and we state:

Corollary 6. Let (M?P+292 ] g) be an almost Hermitian manifold and (¢;,n;,€;)%—0
be two almost contact structure on M with properties are given in . Then
(N1,Mm9, ®) is an almost contact pair structure on M such that

$* X1 = —X1 41, (X1)&; + ny(X1)Es,
m(s‘j) =05, 1 <4,5,<2,
¢(§z) =0,
for all X, € T(TM).

Also for Xy, Xy € I'(T'M) we have
9(¢X1, Xo) = —g(X1,9X3)

and
9(¢X1, 9 X2) = g(X1, Xa) — 11 (X1)n1(X2) — 12 (X1)n2(X2).

Thus we obtain compatible metric with contact pair structure.

These results show that a contact pair structure on an almost Hermitian mani-
fold could be obtained from two almost contact structure on this manifold. Since
contact pair manifolds have some significant properties, some future works could
be done for Hermitian and contact structure. Also if the manifold is complex, then
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(M, 01,09, J,£1,€9,M1,M9,9) is a complex almost contact metric manifold. This
type of manifolds were studied by several authors [6,[14H17].

4. FLATNESS CONDITIONS ON NORMAL CONTACT PAIR MANIFOLDS

In this section we give some results on the flatness of conformal, concircular and
quasi-conformal curvature tensors.

Theorem 7. A conformal flat normal metric contact pair manifold is an FEinstein
manifold with positive scalar curvature and has positive sectional curvature.

Proof. Let (M, ¢, a1, as2) be a normal metric contact pair manifold. Suppose that
M 1is conformal flat. Then we have
R(X1, X2, X3,X4) = —A[g(Xa, X3)9(X1, Xy) — 9(X1, X3)9(X2, X4)] (5)
B( (Xl, 3)RZ (XQ,X4) — g(XQ,Xg)RiC(X17X4)
+RZC(X17X3)9(X27X4) Ric(X2, X3)9(X1, X4)),
_ scal _
where A = m and B = 2p+2q Taking X = X3 = Z and X1, Xy €
I'(H) in , since g(Z, Z) = 2 and from ({If), we obtain
R(Xl, Z, Z, X4) = —2Ag(X1,X4) — 2BRZC(X1,X4) - (2p + 2q)g(X1,X4)
Also from we get
23R7;C<X1,X4> = (—2A - Q(p + q)B + 1)g(X1,X4)
and thus we obtain
—2A-2(p+q)B+1
2B

So, the manifold is Einstein. On the other hand by direct computation from @
the scalar curvature is

R?:C(Xl, X4) = —

9(X1, X4). (6)

(2p+2¢9)(2p+2¢+1)

dp+q) +1
This shows the scalar curvature is positive. Let choose X7 = X4, Xo = X3 unit
and orthogonal vector fields in . Then the sectional curvature is obtained by

scal =

scal
(2p+2¢+1)(2p + 29)
Thus, the proof is completed. ([l

An Einstein manifold is also Einstein under concircular transformation. Yano
proved that a concircular flat Riemann manifold is Einstein [3]. By similar way we
can easily obtain following result.

Theorem 8. A concircular flat normal metric contact pair manifold is Einstein.

Our finally result is about quasi-conformal flatness of normal metric contact pair
manifold.
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Theorem 9. A quasi-conformally flat normal metric contact pair manifold;
(1) 4s an Einstein manifold with a positive scalar curvature
(2) is a space of constant curvature.

Proof. Let M be a quasi-conformally flat normal metric contact pair manifold.
Then for X1, Xo, X3, X4 € T(TM) we have
0 = CLR(Xl,XQ,Xg,X4) +b[RiC(X2,X3)g(X1,X4) (7)
—RiC(Xl, Xg)g(XQ, X4)
+9(Xa, X3)Ric(X1, X4) — g(X1, X3)g(X2, X4)]
- scal [ a
20+29+2 2p+2g+1
—9(X1, X3)g(X2, X4)].
Let write ﬁ[m + 2b] = K for brevity. In , by taking X; = X4 = F;
and getting sum from ¢ = 1 to i = 2p + 2¢q + 2 we obtain
0= (a+b(2p+2q))Ric(X2, X3) + (bscal — K(2p+ 2q + 1))g(X2, X3)

and therefore we get

+ 20][9(X2, X3)g(X1, X4)

scal
0=la+b(2p+2q)||Ric(X2, X3) — ————g(X3, X3)|.
[a + b(2p + 2q)][Ric(X2, X3) 2p+2q+29( 2, X3)]
Assume that a + b(2p 4 2¢) # 0. Then we have
scal
Ric(Xo, X3) = ————g( X9, X3). 8
ic(X2, X3) 2p+2q+29( 2, X3) (8)

By taking Xs = X3 = Z in and from , we get positive scalar curvature as
scal =2(p+q)(p+q+1).
So, the Ricci curvature has the following form:
Ric(Xs, X3) = (p + q)9(X2, X3). 9)

This shows manifold is Einstein.
On the other hand consider @ in we get

— —_ p+7q .
0 = a[R(X1, X2, X3,X4) 2p+2q+1[9(X2,X5)9(X1,X4)
—9(X1, X3)9(X2, X4)]].
If a # 0 we get
p+q
R(X1, Xo, X3, Xa) = —2 L [g(Xs, X3)9(X1, X4) — g(X1, X3)9(X2, X4)].
(1 2, A3 4) 2p+2q+1[g( 2 3)9( 1 4) 9( 1 3)9( 2 4)]

Thus the manifold is a space of constant curvature. [
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ABSTRACT. In this paper, we introduce the notion of pseudo-slant lightlike
submanifolds of indefinite Kaehler manifolds giving characterization theorem
with some non-trivial examples of such submanifolds. Integrability conditions
of distributions D1, D2 and RadT' M on pseudo-slant lightlike submanifolds of
an indefinite Kaehler manifold have been obtained. We also obtain necessary
and sufficient conditions for foliations determined by above distributions to be
totally geodesic.

1. INTRODUCTION

In 1990, B.Y. Chen defined slant immersions in complex geometry as a nat-
ural generalization of both holomorphic immersions and totally real immersions
([4], [5]). Further, A. Carriazo defined and studied bi-slant submanifolds of al-
most Hermitian and almost contact metric manifolds and further gave the notion
of pseudo-slant submanifolds ([3]). The theory of lightlike submanifolds of a semi-
Riemannian manifold was introduced by Duggal and Bejancu ([7]). Various classes
of lightlike submanifolds of indefinite Kaehler manifolds are defined according to
the behaviour of distributions on these submanifolds with respect to the action of
(1,1) tensor field J in Kaehler structure of the ambient manifolds. Such submani-
folds have been studied by Duggal and Sahin in ([8]). The geometry of slant and
screen-slant lightlike submanifolds of indefinite Hermitian manifolds was studied by
Sahin in ([14], [15]). The theory of slant, Cauchy-Riemann lightlike submanifolds
of indefinite Kachler manifolds has been studied in ([7], [8]).
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The objective of this paper is to introduce the notion of pseudo-slant lightlike sub-
manifolds of indefinite Kaehler manifolds. This new class of lightlike submanifolds
of an indefinite Kaehler manifold includes slant, Cauchy-Riemann lightlike sub-
manifolds as its sub-cases. The paper is arranged as follows. There are some basic
results in section 2. In section 3, we study pseudo-slant lightlike submanifolds of an
indefinite Kaehler manifold, giving some examples. Section 4 is devoted to the study
of foliations determined by distributions on pseudo-slant lightlike submanifolds of
indefinite Kaehler manifolds.

2. PRELIMINARIES

A submanifold (M™,g) immersed in a semi-Riemannian manifold (Mm—m,g) is

called a lightlike submanifold ([7]) if the metric g induced from g is degenerate and
the radical distribution RadT'M is of rank r, where 1 < r < m. Let S(TM) be
a screen distribution which is a semi-Riemannian complementary distribution of
RadT M in TM, that is

TM = RadTM @ope, S(TM). (2.1)

Now consider a screen transversal vector bundle S(T'M~), which is a semi-Riemannian
complementary vector bundle of RadT'M in TM=. Since for any local basis {¢,}
of RadT M, there exists a local null frame {N;} of sections with values in the
orthogonal complement of S(TM*1) in [S(TM)]* such that g(&;, N;) = d;; and
g(Ni, Nj) = 0, it follows that there exists a lightlike transversal vector bundle
ltr(T M) locally spanned by {N;}. Let tr(T M) be complementary (but not orthog-
onal) vector bundle to TM in TM|y;. Then

tr(TM) = ltr(TM) @open, S(TM™*), (2.2)
TM|y =TM & tr(TM), (2.3)
TM|nr = S(TM) ®oren, [RadTM @ ltr(TM)] @open S(TM™). (2.4)

Following are four cases of a lightlike submanifold (M, g,S(TM), S(TML)):
Case.l  r-lightlike if < min (m,n),

Case.2  co-isotropic if r =n < m, S (TM*) = {0},

Case.3  isotropic if r =m < n, S (T'M) = {0},

Case.4  totally lightlike if » = m = n, S(TM) = S(TM*) = {0}.

The Gauss and Weingarten formulae are given as

VY = VxY + h(X,Y), (2.5)

VxV =—-Ay X + V4LV, (2.6)

for all XY € T(TM) and V € T'(¢tr(TM)), where VxY, Ay X belong to T'(TM)
and h(X,Y), V%V belong to T'(tr(T'M)). V and V' are linear connections on M
and on the vector bundle ¢r(T'M), respectively. The second fundamental form h
is a symmetric F(M)-bilinear form on I'(T'M) with values in T'(¢r(TM)) and the
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shape operator Ay is a linear endomorphism of I'(T'M). From (2.5) and (2.6), for
any X,Y € I(TM), N € T(ltr(TM)) and W € T'(S(TM™)), we have

VxY =VxY + A (X,Y)+h*(X,Y), (2.7)
VxN = —-AxX + VYN + D* (X, N), (2.8)
VxW = —AwX + VW + D' (X, W), (2.9)

where hl(X’Y) = L(h(X,Y)), h*(X,Y) = S(h(X,Y)), DZ(X? W) = L(VE(W),
D*(X,N) = S(V%N). L and S are the projection morphisms of ¢r(T'M) on
Itr(TM) and S(T M) respectively. V! and V* are linear connections on Itr(TM)
and S(T M) called the lightlike connection and screen transversal connection on
M respectively.

Now by using (2.5), (2.7)-(2.9) and metric connection V, we obtain

g(r*(X,Y), W) +g(Y, D' (X, W)) = g(Aw X, Y), (2.10)
g(D*(X,N), W) =g(N, Aw X). (2.11)
Denote the projection of TM on S(TM) by P. Then from the decomposition of

the tangent bundle of a lightlike submanifold, for any X,V € T'(TM) and ¢ €
I'(RadT M), we have

VxPY = VL PY + h*(X,PY), (2.12)
Vx&=—-A:X + V¥, (2.13)
By using above equations, we obtain
g(h (X, PY),&) = g(A{ X, PY), (2.14)
g(h*(X,PY),N) = g(Ay X, PY), (2.15)
g(h'(X,£),§) =0, Az =0. (2.16)

It is important to note that in general V is not a metric connection. Since V is
metric connection, by using (2.7), we get

(ng)(Y7 Z) = g(hl(X’ Y)’ Z) +§(hl(Xv Z)’ Y) (217)

An indefinite almost Hermitian manifold (M, g, /) is a 2m-dimensional semi-Riemannian
manifold M with semi-Riemannian metric g of constant index ¢, 0 < ¢ < 2m and
a (1, 1) tensor field J on M such that following conditions are satisfied:
T7'X = -X, (2.18)

G(7X,TY) = g(X,Y), (2.19)
for all X,Y € T(TM).
An indefinite almost Hermitian manifold (M,g,J) is called an indefinite Kaehler
manifold if J is parallel with respect to V, i.e.,

(VxJ)Y =0, (2.20)
for all X,Y € I'(T'M), where V is Levi-Civita connection with respect to g.
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3. PSEUDO-SLANT LIGHTLIKE SUBMANIFOLDS

In this section, we introduce the notion of pseudo-slant lightlike submanifolds of
indefinite Kaehler manifolds. At first, we state the following Lemmas for later use:

Lemma 3.1. Let M be a r-lightlike submanifold of an indefinite Kaehler manifold
M of index 2q. Suppose that JRadT M is a distribution on M such that RadT M N
JRadTM = {0}. Then Jltr(TM) is a subbundle of the screen distribution S(T M)
and JRadT M N Jltr(TM) = {0}.

Lemma 3.2. Let M be a g-lightlike submanifold of an indefinite Kaehler manifold
M of index 2q. Suppose JRadT M is a distribution on M such that RadTM N
JRadT M = {0}. Then any complementary distribution to JRadT M & Jltr(T M)
in S(TM) is Riemannian.

The proofs of Lemma 3.1 and Lemma 3.2 follow as in Lemma 3.1 and Lemma 3.2
of [15], respectively, so we omit them.

Definition 3.1. Let M be a ¢-lightlike submanifold of an indefinite Kaehler man-
ifold M of index 2¢ such that ¢ < dim(M). Then we say that M is a pseudo-slant
lightlike submanifold of M if following conditions are satisfied:

(i) JRadT M is a distribution on M such that RadTM N JRadTM = {0},

(ii) there exists non-degenerate orthogonal distributions D; and Dy on M such that
S(TM) = (JRadT M & Jitr(TM)) @orth D1 Sortn D2,

(iii) the distribution D; is anti-invariant, i.e. JD; C S(TM*),

(iv) the distribution Dy is slant with angle 6(# 7/2), i.e. for each € M and each
non-zero vector X € (Ds),, the angle 6 between JX and the vector subspace (D3),
is a constant(# 7/2), which is independent of the choice of z € M and X € (Ds),.
This constant angle 8 is called slant angle of distribution Dsy. A screen pseudo-slant
lightlike submanifold is said to be proper if Dy # {0}, D2 # {0} and 6 # 0.

From the above definition, we have the following decomposition

TM = RadT M @®orin (JRadT M & Jltr(TM)) Sorer, D1 Sortn, Da. (3.1)

In particular, we have
(i) if D1 =0, then M is a slant lightlike submanifold,
(ii) if Dy # 0 and 6 = 0, then M is a CR-lightlike submanifold.
Thus above new class of lightlike submanifolds of an indefinite Kaehler manifold
includes slant, Cauchy-Riemann lightlike submanifolds as its sub-cases which have
been studied in ([7],[8]).
Let (R%Zn,g, J) denote the manifold R%;” with its usual Kaehler structure given by
g=i(=Y dr' @da' +dy' @ dy' + Y7L dat @ da’ + dy' © dy'),
J(Oom (Xidz; +Yidy:)) = 312, (Yidz; — X,;0ys),
where (z¢,y') are the Cartesian coordinates on R%ZT. Now, we construct some
examples of pseudo-slant lightlike submanifolds of an indefinite Kaehler manifold.
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Example 1. Let (Ri%,7,.J) be an indefinite Kachler manifold, where g is of
signature (—,+,+,+,+,+,—,+,+,+,+,+) with respect to the canonical basis
{021,022, 023, 014, Ox5, O, 33/17 0y2, 0ys, 0y, Oys, Oye } -
Suppose M is a submanifold of R}? given by a! = y? = uy, 2% = ug, y' = us,
23 =yt = uy, 2t = 3> = us, ° = ug cosuy, y° = ugsinuy, 1% = cosug, y° = sin ug,
where u; are real parameters and ug # 0.
The local frame of TM is given by {Z1, Zs, Z3, Z4, Z5, Zs, Z7}, where

Zy = 2(0x1 4+ 0y2), Zo =20x2, Z3 =20y,

Zy = 2(0x3 4 0ys), Zs = 2(0xs + Oys3),

Zg = 2(cos u70x5 + sin uydys — sin ugdzg + cos ugdys ),

Z7 = 2(—ug sinur0zs + ug cosuz0ys).
Hence RadT M = Span {Z1} and S(TM) = Span {ZQ, Zg, Z47 Z5, Z@, Z7}
Now ltr(T M) is spanned by Ny = —0x1 + dyz and S(T M) is spanned by

W1 = 2(8%5 — 8y4), W2 = 2(6$4 — 8y5),

W5 = 2(cos uz0xy + sin uzQys + sin ugdrs — cos uglys),

Wy = 2(ug cos ugO0ze + ug sin ugdyg).
It follows that JZ; = Zs — Z3, which implies that JRadT M is a distribution on
M. On the other hand, we can see that Dy = span{Z4, Zs} such that JZ, =
Wa, JZs = Wi, which implies that D; is anti-invariant with respect to J and
Dy = span{Zs, Z7} is a slant distribution with slant angle 7/4. Hence M is a
pseudo-slant 2-lightlike submanifold of R12.
Example 2. Let (Ri%,g,J) be an indefinite Kaehler manifold, where g is of
signature (—,+,+,+,+,+, —,+,+,+,+,+) with respect to the canonical basis
{021, 0x2, 0x3, 014, Ox5, O, ayl, Y2, 0y3, 0ya, 0ys, 0ys } -
Suppose M is a submanifold of R3? given by —x! = y? = uy, 2% = ug, y' = u3, 23 =
ugcos B, y°> = ugsin B, 2* = ussinB, y* = uscosB, % = ugcosh, y° = uycosb,
28 = ursinf, y® = ug sin @, where u; are real parameters.
The local frame of TM is given by {Z1, Zs, Z3, Z4, Z5, Zs, Z7}, where

Zy = 2(=0xy + 0y2), Zy=20x2, Zz= 20y,

Zy = 2(cos f0x3 + sin 80y3), Zs = 2(sin fOz4 + cos fOy,),

Zs = 2(cos 00x5 + sin 00yg), Z7 = 2(sin 00xe + cos 00ys).
Hence RadTM = Span{Z1} and S(TM) = Span{Zs, Zs, Z4, Z5, Zg, Zr }.
Now ltr(T M) is spanned by N; = dz1 + dys and S(T'M™) is spanned by

W1 = 2(sin f0x3 — cos Bys3), Wa = 2(cos BOx4 — sin S0y,),

W3 = 2(sin 00zx5 — cos 00ys), Wy = 2(cos 00zg — sin 00ys).
It follows that JZ; = Z, + Zs, which implies that JRadT M is a distribution on
M. On the other hand, we can see that Dy = span {Z4, Z5} such that JZ, = Wy,
JZs = Wy, which implies that D; is anti-invariant with respect to J and Dy =
span {Zg, Z7} is a slant distribution with slant angle 26. Hence M is a pseudo-slant
2-lightlike submanifold of R32.
Now, for any vector field X tangent to M, we put JX = PX + FX, where PX
and FX are tangential and transversal parts of JX respectively. We denote the



PSEUDO-SLANT LIGHTLIKE SUBMANIFOLDS 1271

projections on RadT M, JRadT M, Jltr(TM), Dy and Dy in TM by Py, P, Ps, Py,
and Pj respectively. Similarly, we denote the projections of tr(T'M) on ltr(TM),
J(D1) and D’ by Q1, Q2 and Q3 respectively, where D’ is non-degenerate orthog-
onal complementary subbundle of J(D;) in S(TM=). Then, for any X € ['(TM),
we get

X = PLX + PyX + P3X + PyX + P X. (3.2)
Now applying J to (3.2), we have
JX =JPX +JP,X +JP3X + JPyX + JPs X, (3.3)
which gives
TX = TP, X + TP,X + JPsX + JP,X + fPsX + FP;X, (3.4)

where fP;X (resp. FPs;X) denotes the tangential (resp. transversal) compo-
nent of JPsX. Thus we get JP1X € I'(JRadT M), JP2X € I'(RadT M), JP3X €
D(itr(TM)), TP,X € D(JDy) C T(S(TMY)), fPsX € T(Ds) and FPsX € T(D').
Also, for any W e I'(¢tr(TM)), we have

W =Q1W 4+ QW 4+ QsW. (3.5)
Applying J to (3.5), we obtain
JW = JQW + JQ2W + JQ3W, (3.6)
which gives
JW = JQW + JQ2W + BQsW + CQsW, (3.7)

where BQsW (resp. CQ3sW) denotes the tangential (resp. transversal) component
of JQ3W. Thus we get JQ1W € T'(Jltr(TM)), JQ2W € T'(Dy), BQsW € T'(Dy)
and CQsW € I'(D").

Now, by using (2.20), (3.4), (3.7) and (2.7)-(2.9) and identifying the components
on RadTM, JRadT M, Jltr(TM), Dy, Da, ltr(TM), J(D1) and D’, we obtain

P(VxJPY)+ P(VxJPY) — Pi(AgpyX) + Pi(Vx fPY)

= Pi(Appy X) + Pi(Agpy X) + TRV XY, o
Py(VxJPY) + Po(Vx JPY) - Pi(A7P4YX) + PV fPY) (3.9)
= Py(Arpy X) + Po(Agp,y X) + JPIVXY,
P3(VxJPY) + P3(VxJPY) — Pi(A7P4YX) + Ps(Vx [ P5Y) (3.10)
= P3(App,y X) + P3(A7p,y X) + Jh'(X,Y),
RdvxjaY)+PMVX7%Y?—P%AqmyX)+FMfoBﬂ7 (3.11)
= Py(App,y X) 4 Pa(Azp,y X) + JQ2h° (X, Y),
Po(VxTRY) + B(VxTPY) = Po(Agpy X) 4 B(VXSBY) o

= P5(AFp5yX) + P5(A7P3YX) + fP5VXY + BQghS(X, Y),
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(X, TP YY)+ h(X,TPY) + D' (X, TP,Y) 4+ h (X, fPsY)

_ TP, VxY - VTP — DI(X, FP,Y), (3.13)
Qb (X, JPY) + Qoh*(X, JBY) + @V JEAY + Qoh*(X, fF5Y) (3.14)
= Q2VXFPY — Q2D%(X, JP3Y) + JP,V Y,
Qsh* (X, TPY) + Qsh®(X, TPY) + Qs Vi JPyY + Qsh*(X, fPs5Y) (3.15)

= CQ3h*(X,Y) — QsV4 FPY — QsD*(X, JPY) + FPsVx Y.

Theorem 3.3. Let M be a q-lightlike submanifold of an indefinite Kaehler manifold
M of index 2q. Then M is a pseudo-slant lightlike submanifold of M if and only if

(i) JRadT M is a distribution on M such that RadTM N JRadT M = {0},

(ii) the distribution D is an anti-invariant, i.e. JDy C S(TM™),

(iii) there exists a constant X € (0,1] such that P?X = —)\X.
Moreover, there also exists a constant p € [0,1) such that BFX = —uX, for all
X € T'(Ds), where Dy and Dy are non-degenerate orthogonal distributions on M
such that S(TM) = (JRadTM @ Jitr(TM)) ©ortn, D1 Sortn Do and X\ = cos? 6, 0
is slant angle of Ds.

Proof. Let M be a pseudo-slant lightlike submanifold of an indefinite Kaehler
manifold M. Then distribution D; is anti-invariant with respect to J and .J RadT M
is a distribution on M such that RadTM N JRadT M = {0}.

Now for any X € I'(D3), we have |[PX| = [JX|cos 6, which implies

cosf = =—. (3.16)

29 _ [PX? _ g(PX.PX) _ g(X.PX)

In view of (3.16), we get cos TXPE T gUXTX)  gx X)) which gives

9(X, P2X) = cos? 0 g(X, T°X). (3.17)
Since M is pseudo-slant lightlike submanifold, cos® @ = A(constant) € (0,1] there-
fore from (3.17), we get g(X, P2X) = Ag(X, T-X) = g(X, \J X), which implies

g(X, (P2 = XTHX) =0. (3.18)
Since X is non-null vector, we have (P? — )\72)X = 0, which implies
P2X = \T°X = —\X. (3.19)
Now, for any vector field X € T'(Ds) , we have
JX = PX + FX, (3.20)

where PX and F'X are tangential and transversal parts of JX respectively.
Applying J to (3.20) and taking tangential component, we get

~ X = P?X + BFX. (3.21)
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From (3.19) and (3.21), we get
BFX = —sin?0 X, VX eT(D,), (3.22)

where sin® § = 1 — A = p(constant) € [0,1).

This proves (iii).

Conversely suppose that conditions (i), (ii) and (iii) are satisfied. From (3.21), for
any X € I'(Dy), we get

— X = P?X — uX, (3.23)
which implies
P2X = —cos? 0 X, (3.24)
where cos? 0 = 1 — u = A(constant) € (0,1].
_ 9(UX.PX) _ _g(X.JPX) _ _g(X,P?X) _ _g(X.J°X) _ yg(UX,JX)
Now cosf = T5eiipx] = ~oxipx| — TXIPX] — NIxIPx] — NUx|px|
From above equation, we get
|JX|
50 = A\——. 3.25
cos PX| (3.25)

Therefore (3.16) and (3.25) give cos? § = \(constant).
Hence M is a pseudo-slant lightlike submanifold.

Corollary 3.1. Let M be a pseudo-slant lightlike submanifold of an indefinite
Kaehler manifold M with slant angle 0, then for any X,Y € T'(D3), we have

(i) g(PX,PY) = cos? 0 g(X,Y),

(i) g(FX,FY) =sin?0 g(X,Y).

The proof of above Corollary follows by using similar steps as in proof of Corollary
3.1 of [15].

Theorem 3.4. Let M be a pseudo-slant lightlike submanifold of an indefinite
Kaehler manifold M. Then RadT M is integrable if and only if

(Z) Pl(VX7P1Y) = Pl(VYjP1X) and P5(VX7P1Y) = P5(VYjP1X),

(i) Qoh* (Y, JP1X) = Q2h*(X, JPY) and h'(Y,JP, X) = h' (X, JPY),

(iii) Q3h* (Y, JP1X) = Q3h*(X, JP\Y), for all X,Y € T'(RadTM).

Proof. Let M be a pseudo-slant lightlike submanifold of an indefinite Kaehler man-
ifold M. Let X,Y € I'(RadTM). From (3.8), we have P, (VxJPY) = JP,VxY,
which gives Pi(VxJPY) — Pi(VyJPX) = JP[X,Y]. From (3.12), we get
Ps(VxJPY) = fPsVxY+Bh*(X,Y), which gives Ps(Vx JPY)—P5(Vy JP X) =
fP5[X,Y]. In view of (3.13), we obtain h!(X,JP,Y) = JP;VxY, which implies
WYX, TPY) — h{(Y,TP.X) = TP3[X,Y]. From (3.14), we have Qoh*(X,JPY) =
JP,VxY, which gives Q2h%(X, JPY) — Q2h*(Y, JP1X) = JP,[X,Y]. Also from
(3.15), we get Q3h* (X, TPY) = Ch*(X,Y)+FP;VxY, which implies Q3h*(X, TP, Y)—
Q3h*(Y,JP;X) = FPs[X,Y]. This concludes the theorem.
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Theorem 3.5. Let M be a pseudo-slant lightlike submanifold of an indefinite
Kaehler manifold M. Then Dy is integrable if and only if

(i) Pl(AjgyX) = Pl(AjpiXY) and P2(A7PgX) = PQ(AjPiXY)7

(ii) DY(Y,JP;X) = DY(X,JPyY) and Q3V3 JPyX = Q3V%JP,Y,

(ZZZ) P5(A7P4YX) = P5(A7P4XY)7 fO?” all X, Ye F(Dl)

Proof. Let M be a pseudo-slant lightlike submanifold of an indefinite Kaehler man-
ifold M. Let X,Y € T'(D:). From (3.8), we have Pi(A5pX) 4+ JRVXY =
0, which gives Pi(Ap (Y) — Pi(A7p,yX) = JP[X,Y]. From (3.9), we get
Py(Asp v X)+JPVxY =0, which gives Py(A3p, Y )—Po(Agp, X) = JPI[X,Y].
In view of (3.12), we obtain P5(A5p, v X)+fPsVxY +BQ3h*(X,Y) = 0, which im-
plies P5(A5p, xY)—Ps(Azp,y X) = fB5[X,Y]. From (3.13), we have DYX,JPY) =
JP3VxY, which gives D'(X, JP,Y)— DY, JP,X) = JP3[X,Y]. Also from (3.15),
we obtain Q3V5%JPY = CQ3h*(X,Y) + FPsVxY, which implies Q3V5%JP,Y —
Q3V35JPyX = FPs[X,Y]. Thus, we obtain the required results.

Theorem 3.6. Let M be a pseudo-slant lightlike submanifold of an indefinite
Kaehler manifold M. Then Ds is integrable if and only if

(i) Pi(Vx fPsY —Vy [PsX) = Pi(Arp,y X — App,xY),

(ii)) Po(Vx fPsY —Vy fPsX) = Po(Arp,y X — Arp,xY),

(iii) h(X, JPY) — W(Y, [P X) = D\(Y, FP;X) — D\(X, FRY),

(iv) Q2(VX FPY — V3 FPsX) = Qo(h*(X, fBY) — h*(Y, fPs X)),
for all XY € T'(Dy).

Proof. Let M be a pseudo-slant lightlike submanifold of an indefinite Kaehler man-
ifold M. Let X,Y € I'(D3). From (3.8), we have P, (Vx fPsY) — Pi(App,y X) =
jPQVXY, which gives Pl(vaP5Y — vaP5X) — Pl(AFpst — AFP;,XY) =
7P2[X, Y] From (39), we get PQ(VXfP5Y) — PQ(AFpst) = jpleY, which
giVGS PQ(VXfP5Y — vapg,X) —PQ(AFp5yX — AFP5XY) = jPl[X, Y] In view of
(3.13), we obtain k! (X, fPsY)+D!(X, FP;Y) = JP;VxY, which implies ! (X, fP5Y)—
RYY, fPsX) + DY X,FPsY) — D(Y,FPsX) = JP|X,Y]. From (3.14), we have
Q2h* (X, fPY)—QoV% FPsY = JP,VxY, which gives Q2(V5 FPs X —V5% FPsY )+
Q2(h* (X, fP5Y) — Q2h*(Y, fPs X)) = JP4[X,Y]. This proves the theorem.

4. FOLIATIONS DETERMINED BY DISTRIBUTIONS

In this section, we obtain necessary and sufficient conditions for foliations deter-
mined by distributions on a pseudo-slant lightlike submanifold of an indefinite
Kaehler manifold to be totally geodesic.

Definition 4.1. A pseudo-slant lightlike submanifold M of an indefinite Kaehler
manifold M is said to be mixed geodesic if its second fundamental form h satisfies
hX,Y)=0,forall X € I'(D;) and Y € I'(D3). Thus M is mixed geodesic pseudo-
slant lightlike submanifold if h/(X,Y) = 0 and h*(X,Y) = 0, for all X € T'(D,)
and Y € I'(Ds).
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Theorem 4.1. Let M be a pseudo-slant lightlike submanifold of an indefinite
Kaehler manifold M. Then RadT M defines a totally geodesic foliation if and only
if G(VxJPZ + Nx fPZ,JY) = g(A7p, ;X + Agp,, X + Arp,z X, JY), for all
X, Y e (RadT' M) and Z € T(S(TM)).

Proof. Let M be a pseudo-slant lightlike submanifold of an indefinite Kaehler mani-
fold M. It is easy to see that RadT M defines a totally geodesic foliation if and only
if VxY € T'(RadT M), for all X,Y € I'(RadTM). Since V is metric connection, us-
ing (2.7), (2.19), (2.20) and (3.4), for any X,Y € I'(RadT' M) and Z € T'(S(T'M)),
we get G(VxY,Z) = —g(Vx(JPZ + JPsZ + JP,Z + fPsZ + FPsZ),JY), which
gives ?(VX}/, Z) = g(AjP;;ZX + AFp5zX + A7P4ZX - VX7PQZ — fopg,Z,jY)
This completes the proof.

Theorem 4.2. Let M be a pseudo-slant lightlike submanifold of an indefinite
Kaehler manifold M. Then Dy defines a totally geodesic foliation if and only if
(i) GV FZ,TY) = —g(h* (X, £ 2), TY), B
(ii) h*(X, JN) and D*(X,JW) have no components in J(D1),
for all X,Y € T(Dy), Z € T'(Ds), N € T(litr(TM)), W € T(Jltr(TM)).

Proof. Let M be a pseudo-slant lightlike submanifold of an indefinite Kaehler man-
ifold M. The distribution D; defines a totally geodesic foliation if and only if
VxY € I'(Dy), for all X,Y € T'(D;). Since V is metric connection, using (2.7),
(2.19) and (2.20), for any X,Y € I'(D;) and Z € I'(D3), we obtain g(VxY,Z) =
~9(VxJZ,JY), which implies §(VxY, Z) = g(VXFZ + h*(X, fZ),JY). In view
of (2.7), (2.19) and (2.20), for any X,Y € I'(Dy) and N € I'(ltr(T'M)), we have
3(VxY,N) = —g(JY,VxJN), which gives g(VxY,N) = —g(JY,h*(X,JN)).
Now, from (2.7), (2.19) and (2.20), for any X,Y € I'(Dy) and W € T'(JItr(TM)), we
get g(VxY, W) = —g(JY,Vx JW), which implies g(Vx Y, W) = g(JY, D*(X, JW)).
This concludes the theorem.

Theorem 4.3. Let M be a pseudo-slant lightlike submanifold of an indefinite
Kaehler manifold M. Then Dy defines a totally geodesic foliation if and only if
(i) (A, X, fY) = gV IZ.FY),
(ii) G(fY, VX TN) = ~g(FY, h*(X,TN)),
forall XY € I'(D2), Z € T'(D;1), N € (ltr(TM)), W € T'(Jltr(TM)).

Proof. Let M be a pseudo-slant lightlike submanifold of an indefinite Kaehler man-
ifold M. The distribution D, defines a totally geodesic foliation if and only if
VxY € I'(Dy), for all X,Y € I'(D3). Since V is metric connection, using (2.7),
(2.19) and (2.20), for any X,Y € I'(D3) and Z € I'(Dy), we get g(VxY,Z) =
—g(VxJZ,JY), which gives g(VxY, Z) = (A5, X, fY) —g(V%JZ,FY). In view
of (2.7), (2.19) and (2.20), for any X,Y € T'(D3) and N € T'(ltr(TM)), we have
9(VxY,N) = —g(JY,VxJN), which implies g(VxY,N) = —g(fY,VxJN) —
g(FY,h*(X,JN)). Now, from (2.7), (2.19) and (2.20), for any X,Y € I'(Ds)
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and W € T'(Jltr(TM)), we have g(VxY,W) = —g(JY,VxJW), which gives
g(VxY,W) = g(fY, A5, X) — g(FY, D*(X, JW)). Thus, we obtain the required
results.

Theorem 4.4. Let M be a mixed geodesic pseudo-slant lightlike submanifold of an
indefinite Kaehler manifold M. Then D, defines a totally geodesic foliation if and
only if VY FZ, h*(X,JN) and D*(X,JW) have no components in J(D1), for all
X eTl(Dy), Z €T(Dy), N € T(ltr(TM)) and W € T'(Jltr(TM)).

Proof. Let M be a mixed geodesic pseudo-slant lightlike submanifold of an indefinite
Kaehler manifold M. Then h(X,Y) = 0, for all X € I'(D;) and for all Y € I'(Dy).
The distribution D; defines a totally geodesic foliation if and only if VxY € T'(Dy),
for all X,Y € I'(D;). Since V is metric connection, using (2.7), (2.19) and (2.20),
for any X,Y € T'(D;) and Z € T(Dy), we get g(VxY,Z) = —g(VxJZ,JY),
which gives §(VxY,Z2) = —g(V%FZ + h*(X, fZ),JY). In view of (2.7), (2.19)
and (2.20), for any X,Y € I'(Dy) and N € T'(ltr(T'M)), we obtain g(VxY,N) =
—g(JY,VxJN), which implies g(VxY,N) = —g(JY,h*(X,JN)). Now, from
(2.7), (2.19) and (2.20), for any X,Y € I'(D;) and W € I'(Jitr(TM)), we have
FVXY,W) = —g(JY,VxIW), which gives g(VxY, W) = G(JY, D*(X, TW)).
This proves the theorem.

Acknowledgement: This work is financial supported by the Council of Scientific
and Industrial Research (C.S.I.R.), India.

REFERENCES

[1] Atceken, M., Kilic, E., Semi-Invariant Lightlike Submanidolds of a Semi-Riemannian Product
Manifold, Kodai Math. J., 30 (2007), 361-378.

[2] Blair, D.E., Riemannian Geometry of Contact and Symplectic Manifolds, Progress in Math-
ematics, 203, Birkhauser Boston, Inc., Boston, MA, 2002.

[3] Carriazo, A., New Developments in Slant Submanifolds Theory, Narosa Publishing House,
New Delhi, India, 2002.

[4] Chen, B. Y., Geometry of Slant Submanifolds, Katholieke Universiteit, Leuven, 1990.

[5] Chen, B. Y., Slant immersions, Bull. Austral. Math. Soc., 41 (1990), 135- 147.

[6] Chen, B. Y., Tazawa, Y., Slant submanifolds in complex Euclidean spaces, Tokyo J. Math.,
14 (1991), 101-120.

[7] Duggal, K.L., Bejancu, A., Lightlike Submanifolds of Semi-Riemannian Manifolds and Ap-
plications, Vol. 364 of Mathematics and its applications, Kluwer Academic Publishers, Dor-
drecht, The Netherlands, 1996.

[8] Duggal, K.L., Sahin, B., Differential Geomety of Lightlike Submanifolds, Birkhauser Verlag
AG, Basel, Boston, Berlin, 2010.

[9] Johnson, D.L., Whitt, L.B., Totally Geodesic Foliations, J. Differential Geometry, 15 (1980),
225-235.

[10] Kilic, E., Sahin, B., Radical Anti-Invariant Lightlike Submanifolds of Semi-Riemannian Prod-
uct Manifolds, Turkish J. Math., 32 (2008), 429 - 449.

[11] Lotta, A., Slant Submanifolds in Contact geometry, Bull. Math. Soc. Roumanie, 39 (1996),
183-198.



PSEUDO-SLANT LIGHTLIKE SUBMANIFOLDS 1277

O’Neill, B., Semi-Riemannian Geometry with Applications to Relativity, Academic Press
New York 1983.

Papaghiuc, N., Semi-slant submanifolds of a Kachlerian manifold, An. Stiint. Al.I.Cuza.
Univ. Tasi, 40 (1994), 55-61.

Sahin, B., Screen Slant Lightlike Submanifolds, Int. Electronic J. of Geometry, 2 (2009),
41-54.

Sahin, B., Slant lightlike submanifolds of indefinite Hermitian manifolds, Balkan Journal of
Geometry and Its Appl., 13(1) (2008), 107-119.

Sahin, B., Gunes, R., Geodesic CR-lightlike submanifolds, Beitrage Algebra and Geometry,
42(2) (2001), 583-594.

Shukla, S.S., Akhilesh Yadav, Pseudo-Slant Lightlike Submanifolds of Indefinite Sasakian
Manifolds, An. Stiint. Al. I. Cuza. Univ. lasi, TOM LXII, 2(2) (2016), 571-583.

Shukla, S.S., Akhilesh Yadav, Screen Pseudo-Slant Lightlike Submanifolds of Indefinite
Sasakian Manifolds, Mediterian Journal of Mathematics, 13(2) (2016), 789-802.



https://communications.science.ankara.edu.tr

Commun.Fac.Sci.Univ.Ank.Ser.A1 Math.Stat.
Volume 69, Number 2, Pages 1278-[[284] (2020)
DOI: 10.31801/cfsuasmas.628755

ISSN 1303-5991 E-ISSN 2618-6470

COMMUNICATIONS

Received by the editors: October 03, 2019; Accepted: July 20, 2020 SERIES Al

ANNIHILATORS OF POWER VALUES OF -GENERALIZED
DERIVATIONS IN PRIME RINGS

Nihan Baydar YARBIL

Department of Mathematics Faculty of Science Ege University, Izmir, TURKEY

ABSTRACT. Let R be a prime ring with extended centroid C' and maximal left
ring of quotients Q,;(R). For a nonzero element b € R, let F: R — R be a
right b-generalized derivation associated with the map d of R. Suppose that
s(F(z))™ = 0 for all z € R where s is a nonzero element in R and n > 1 is
a fixed positive integer. Then there exist some ¢ € Q. (R) and 8 € C such
that d(z) = adc(z), F(x) = (c+ B)xb for all z € R and either s(c+ ) =0 or
b(c+ B) =0.

1. INTRODUCTION

Throughout this paper R will always denote a prime ring with center Z(R),
extended centroid C, left maximal ring of quotients (respectively right maximal
ring of quotients) Qui(R) (resp. Qmr(R)), the Martindale ring of quotients Q(R)
and the symmetric Martindale quotient ring Qs(R). In case R is a prime ring,
Q(R), Qmi(R), Qmr(R),Qs(R) are also a prime rings and C is a field. For more
details the book [1] is referred.

By a derivation of R we mean an additive map d of R satisfying d(zy) = d(z)y+
xzd(y) for all ,y € R. For a € R, the map d : R — R defined by d(z) = [a, 2]
for all z € R is called an X-inner derivation and denoted by d(z) = ad,(x). Tt
is well known that any derivation d of R can be uniquely extended to Q,;(R) (or
Qmr(R)). Hence any extension of an X-inner derivation is also X- inner which can
be induced by an element ¢ € Q4(R), i.e., d(z) = ady(z). A generalized derivation
g is an additive map of R satisfying g(zy) = g(z)y + zd(y) for all z,y € R where d
is a derivation of R which is uniquely determined by ¢ and is called the associated
derivation of g.
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Let «, 8 be automorphisms of R. An («, §)-derivation of R is an additive map-
ping ¢ : R — R such that §(zy) = 0(z)a(y) + B(x)d(y) for all z,y € R. If a = Id,
the identity automorphism of R, then § is called a (-derivation or simply called
a skew derivation. An additive map 0 of R is a generalized a-derivation if there
exists an a-derivation d of R such that d(zy) = §(x)y + a(z)d(y) for all z,y € R.

The notion of b-generalized derivations is introduced by Kosan and Lee in [10].
They define generalized b-derivations as in the following:

(1) Let d : R — Qm+(R) be an additive map. An additive map F : R —
Qmr(R) is called a left b-generalized derivation with the associated map d
if F(zy) = F(z)y + bzd(y) for all =,y € R.

(2) Let d : R — Qumi(R) be an additive map. An additive map F : R —
Qmi(R) is called a right b-generalized derivation with the associated map
d if F(zy) = xF(y) + zd(y)b for all z,y € R.

When treating an additive map of a ring R, the main goal is to give a charac-
terization of the map or to state some structural results related to the ring itself.
The works have been done related to power values of some kind of additive maps
so far was initiated in [8]. Giambruno and Herstein proved that if R is a semiprime
ring and d is a derivation of R such that d(z)” =0 for all © € R, where n > 1is a
fixed integer, then d = 0. The generalization of this problem has been worked by a
number of researchers . For instance in [2] Bresar proved that if R is a prime ring
with a nonzero derivation d and a is an element of R such that ad(z)™ = 0 for all
x € R, where n > 1 is a fixed positive integer, then a = 0 in case char R # (n—1)
In [11] Lee and Lin obtained the same result on some noncentral Lie ideal of R
without the assumption on the characteristic.

In [3] J.C. Chang proved that if R is a prime ring and 0 is a right generalized
(o, B)-derivation of R such that ad(x)™ = 0 for all z € R and some a € R where
n > 1 is a positive integer, then § = 0 or a = 0.

Motivated by these results we prove the following theorem.

Theorem 1. Let R be a prime ring, F be a nonzero right b-generalized derivation of
R associated with the map d of R and s, b be nonzero elements in R. If s (F(x))" =0
for all x € R where n is a fixed positive integer, then there exist ¢ € Qm and 8 € C
such that d(x) = ad.(z), F(z) = (c+ B)xb and either s(c+ ) =0 or b(c+ ) = 0.

2. PRELIMINARIES

It is well known that the automorphisms, derivations, generalized derivations
and a-derivations of R can be uniquely extended to Q(R), Qm,(R) and Q. (R).
For sure the results obtained for @Q,,,(R) can be adapted to Qi (R) as well.

Before presenting the results we will state the following remarks:

Fact 1. Let T = Qu,(R) *¢ C{X1,Xs,...} be the free product of C-algebras
Qmr(R) and C{X7, Xo,...} where C{X1, Xs,...} is the free algebra in noncommu-
tative indeterminates {X1,...,Xs} over C. Let f(X;) € T, then f is called a GPI
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(that is, a generalized polynomial identity) of T if f(x;) =0 for all z; € T

Fact 2. Let R be a prime ring and I be a two-sided ideal of R. Then I, R
and Q- (R) satisfy the same generalized polynomial identities with coefficients in
Qmr(R) (see [4]).

Fact 3.(Lemma 2 in [4]) Let R be a prime ring and @Q,-(R) is the maximal right
ring of quotients of R. Suppose that B is a basis of Q,,..(R) over C. Let «;,q; € B,
then m; = qoy141 - - - Yngn are called monomials and hence any element in the free
product T' is of the form g = >, a;m;. In that case, the generalized polyno-
mial g = . aym; is zero in T if and only if a; = 0 for all i. Consequently for
h; (Xla--~7Xn)7ki (Xl,...,Xn) € T and

g1 (X17° B aXn) = Zthz(Xh . 'aXn)v
i=1

g2 (X1, X)) =Y Xiki(Xy,..., X)
i=1

if a1,a9 € Q- (R) are linearly independent over C' and
a191 (Xla"';Xn) +a292 (le"'7Xn) = 0 € Ta

then both ¢1 (X1,...,X,,) and g2 (X1,...,X,,) are zero in T.

In the present paper, we consider F' as a right b-generalized derivation of R
with associated map d of R and b € R. It is proved in [10] that if R is a prime
ring with b # 0, then the associated map d must be a derivation of R. For some
a,b,¢c € Qmi(R), the map F(z) = ax + cxb is an example of right b-generalized
derivation of R and called X-inner right b-generalized derivation.

3. THE CASE OF INNER b-GENERALIZED DERIVATIONS

Lemma 2. Let R be a prime ring and s,a,b,c € R with b,s # 0. Suppose that
s(za+ cxb)" = 0 for all x € R where n is a fived positive integer. If R does not
satisfy any nontrivial generalized polynomial identity, then there exists some 5 € C
such that a = Bb and either s(c+ ) =0 or b(c+ 3) = 0.

Proof. If R does not satisfy any nontrivial generalized polynomial identity, then
s(Xa+ceXb)"=0€eT. (1)
We suppose that a # 0. By ,
s(Xa+cXb)" ' Xa+s(Xa+cXb)" eXb=0€cT.

First we consider the case when a and b are linearly C-independent. Then using
Fact 3, we have s(Xa+cXb)" ' Xa = 0. The monomial s(Xa)" is nontrivial in the
last equation since s # 0 and a # 0, which contradicts with the assumption that R
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is not a GPI-ring. Thus a and b must be linearly dependent on C. In that case,
there exists some g € C such that a = 8b. Writing this in , we have

0= s(XBb+ cXb)" = s(c+ B)(Xb(c+ B)".
In view of Theorem 2 in (7], we obtain s(c+ 3) =0 or b(c + 3) = 0. O

Lemma 3. Let R be a prime ring s,a,b,c € R with s,b # 0. Suppose that
s((xa+ cx)b)" = 0 for all x € R where n is a fived positive integer. Then there
exists 8 € C such that (a — )b =0 and either s(c+ ) =0 or b(c+ ) = 0.

Proof. First suppose that R does not satisfy any nontrivial generalized polynomial
identity. Then
s(Xa+eX))"=0€T. (2)
Suppose that s # 0,a # 0. By we have
s((Xa+eX)b)" " Xab+ (Xa+cX)b)" " eXb=0eT.

Now consider the case when ab and b are linearly C-independent. Using Fact 3 we
obtain s ((Xa 4 ¢X)b)" ' Xab =0 € T. The monomial s(Xab)" is nontrivial since
s # 0,a # 0, which contradicts with the assumption on R for not being a GPI-ring.
Hence ab and b must be linearly dependent over C'. In that case, there exists some
B € C such that (a — 8)b = 0. So the equation becomes

0=s((Xa+cX)b)"
=s5((X(a—pB)+ (c+B)X)b)"
—s(c+ B)(Xb(c+ B))". (3)

In view of Theorem 2 in (7], we have s(c+ 3) =0 or b(c+ ) = 0.
Now suppose that R satisfies a nontrivial generalized polynomial identity, i.e.,
R is a GPI-ring. By Theorem 2 in [4]

s((za+cx)b)" =0 (4)

for all x € RC. If C is an infinite field, then let F' denote the algebraic closure of
C and if C is a finite field, then let F = C. Hence the equation holds for all
x € R’ where R' = RC ®¢ F. In the light of Theorem 3.5 in [5], R’ is a centrally
closed prime F-algebra. By Theorem 3 in [13], R’ is a primitive ring with a minimal
idempotent e such that eR'e = Fe and there exists a right vector space Vg such
that R’ acts densely on V.

For a given v € V, the first aim is to see that (ab)v and bv are linearly dependent
over F. First suppose that (ab)v and bv are linearly independent over F. By the
density of R’, there exists # € R such that z(ab)v = v , zbv = 0. Using this in (),
we obtain

0 =s((za+cx)b)" v = sv.
Since the action of R’ on Vp is faithful then s = 0, which leads a contradiction.
Thus we may assume that a(bv) and bv are linearly dependent on F.
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Case 1. If dimp(bV) = 1, then we may choose v’ € V such that bV = bv’'F and
write abv’ = bv'+y for some v € F'. Let v € V and bv = o/bv’ for some o € F. Then

abv = ad’bv’ = o'abv’ = v'a’bv’ = +'bv.
that is abv and bv are linearly F-dependent. The equation
abv = v'bv

gives ab = +'b since the action of R’ on Vi is faithful.
Case 2. If dimp(bV) > 2, then there exists some 3 € C such that abv = 3'bv
which means (a — 8')b = 0 by a similar argument above. Using this in , we have

0=s((z(a—p)+(c+p)z)b)"
=s(c+ ") (mb(c + ﬁ'))n

for all x € R’. By Theorem 2 in [7], we have s(c+ ') = 0 or b(c + ') = 0. Hence
in either cases there exists some 8’ € C such that ab = 3b.

Let {pg,p41,---} be a basis for F' over C and let p, = 1. Writing
B = Bug + By + ... for B,8; € C, we obtain 8 = 8" and ab = Bb for § € C that
is (a — 8)b = 0. Thus it follows from the calculations in that s(c+ ) =0 or
bc+ ) =0. O

Proposition 4. Let R be a prime ring and s,a,b,c € R with s # 0,b # 0. Suppose
that s(xa + cxb)™ = 0 for all x € R, then there exists some § € C such that a = b
and either s(c+ 8) =0 or b(c+ ) = 0.

Proof. 1t is well known that
s(za+cxb)" =0 (5)

holds for all € @Q,,(R). First suppose that R is not a generalized polynomial
identity ring. Then the desired result follows from Lemma [2]

Now suppose that R is a GPI-ring. Since @,,;(R) is also a prime GPI-ring and
a centrally closed prime ring then it follows from Martindale’s Theorem in [13]
that @, (R) is a primitive ring with nonzero socle H. Let H be the socle of
Qmi(R) and H is a regular ring, that is for any w € H, wzw = w for some z € H.
Let Ann,(z) = {z € Hl|zz = 0} be the right annihilator of z in H and first
consider the case a,b € H. Let w € Ann,.(b). Substituting = by wz in we have
s ((wz)a + c(wz)b)™ = 0 and hence

0=s((wz)a+ c(wz)b)" w = sw(zaw)"

for all x € Qi (R). Using Theorem 2 in [7], we obtain either sw = 0 or aw = 0
that is w € Ann,(s) or w € Ann,(a). The first situation leads a contradiction so
w € Ann,(a) and hence Ann,.(b) C Ann,(a).

For a,b € H there exist u,v € H such that aua = a and bvb = b since H is a
regular ring. Let f = ua and g = vb be two elements in H. It is easy to see that f
and ¢ are idempotents. Since Ann,(b) C Ann,(a), then Ann,(g) C Ann,(f) and
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also (1—g)H C (1— f)H. Thus we have f(1—g) =0. Here a = aua = af = afg =
afvb e Hb.
For general case let w € H. Substituting x by zw in we have

0= s((zw)a + c(zw)b)"

for all x € Qu(R). For wa,wb € H by the calculations above it is clear that
wa € Hwb ,i.e., there exists some ¢ € H such that wa = twb. Writing this in
(5), we have s ((zt + cx)wb)" = 0. Using Lemma there exists 3,, € C such that
(t — B,,)wb = 0. Since twb = B, wb, then wa = B, wb.

Fix an idempotent ¢’ € H such that e’a # 0. Then

e'a=Pe'b (6)
for some 8 € C. Let f be an idempotent in H. Hence for some 3, € C, we have

fa=B;fb. (7)

We wish to see that if fa # 0, then 3, = 3. Indeed there exists an idempotent
h € H such that He' + Hf = Hh and

ha = 3, hb. (8)
Here it is clear that e’h = €’ and fh = h.
e'a=cha=¢pB,hb=0,eb.
Using @ in the last equation, we obtain Se’b = ,€’'b and so 8 = 3;,. Analogously
fa= fha= fB,hb= () fb.

In view of (7), we have 3, = 3 s and hence 5, = 8. Until now we have seen that for
an idempotent f in H, there exists some 5 € C such that fa = Sfbin case fa # 0.

Now let f € H be an idempotent such that fa = 0. Our aim is to see fb = 0.
By Litoff’s Theorem (Theorem 4.3.11 in [1]), there exists an idempotent h € H
such that €', f € hHh. If ha = 0, then €¢’a = €¢’ha = 0, which is a contradiction.
So we may assume that ha # 0. If ha # 0, then (h — f)a # 0. Here also note that
h — f is an idempotent. Since ha # 0 then by , ha = Bhb for some 5 € C. Also
(h— f)a # 0 implies (h — f)a = B(h — f)b and so fb = 0. Thus we obtain that if
fa =0, then fb= 0 for any idempotent f € H.

In both cases, we have f(a — 8b) = 0 for all f € H. Since H is a regular ring
then H(a—3b) = 0 implies a = b for some 3 € C. Using this result in (], we have
s(zBb+cxb)™ = s(B+c) (xb(B + ¢))" = 0 for all x € Q,,; which implies s(c+3) =0
or b(c+ B) = 0. O

4. THE PROOF OF THE MAIN THEOREM

Now we may state the proof of Theorem 1.
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Proof. In view of Theorem 2.3 in [10], there exist a derivation d : R — Q,; and
a € @ such that

F(z) = za+d(z)b 9)
for all x € R. If d is an X-inner derivation of R, then there exists some ¢ €
Qmi(R) such that d(z) = [¢,z] for all z € R. Hence by the hypothesis, we have
s (z(a — cb) + cxb)" = 0 for all z € R. By Proposition 4] there exists some 3 € C
such that a = (¢ + 8)b and either s(c+ 8) = 0 or b(c + §) = 0.

Now consider the case when d is not an X-inner derivation of R. Using Kharchenko’s
well known result in [9], we have s (za + yb)" = 0 for all z,y € R. In particular
s(yb)™ = 0 for all y € R. By Theorem 2 in [7], s = 0 or b = 0 which leads a
contradiction. So d must be an X-inner derivation of R and F(z) = (¢ + 8)xb for
all z € R and either s(c+ ) =0 or b(c + B) = 0. O

Example 5. Let R be the ring of 2 X 2 upper triangular matrices over the field F,
i.e., R = {uej; +wejs + zeas|u,w, z € F}. For the right b-generalized derivation F
of R, define F(z) = xa + cxb for all x € R. If we choose

b=e11 +ex2+exm,a=cea,c=e11,5=ep €R

then, s(F(z))™ = 0 for all x € R where n > 1 is a fized positive integer but
s(c+B) #0 unless § =0 inF.
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ABSTRACT. This paper investigates delay-dependent robust stability problem
of fuzzy stochastic Hopfield neural networks with random time-varying de-
lays. Moreover, in this paper, the stochastic delay is assumed to satisfy a
certain probability distribution. By introducing a stochastic variable with
Bernoulli distribution, the neural networks with random time delays is trans-
formed into one with deterministic delays and stochastic parameters. Based
on a Lyapunov-Krasovskii functional and stochastic analysis approach, delay-
probability-distribution-dependent stability criteria have been derived in terms
of linear matrix inequalities (LMIs), which can be checked easily by the LMI
control toolbox. Finally two numerical examples are given to illustrate the
effectiveness of the theoretical results.

1. INTRODUCTION

In recent decades, Neural Networks (NNs) especially recurrent neural networks
(RNNs) and Hopfield neural networks (HNNs) have been successfully applied in
various fields such as pattern recognition, optimization problems, associative mem-
ories, signal processing, etc., see - . One of the best important works is to
study the stability of the equilibrium point of NNs. Since time delays as a source
of instability and poor performance always appear in many neural networks owing
to the finite speed of information processing, the stability analysis for the delayed
neural network has received considerable attention .
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On the other hand, the stability analysis of stochastic systems with time de-
lays has been investigated by many researchers since stochastic modelling plays an
important role in many fields of science and engineering applications [8H16]. In
a real system, time delay often exists in a random form, that is, some values of
the time delay are very large. However the probability of the delay taking such
large values is very small and it may lead to a more conservative result, only if
the information of variation range of the time delay is considered. In addition, its
probabilistic characteristic such as Bernoulli distribution and the Poisson distrib-
ution can also be obtained by statistical methods. Therefore, it is necessary and
realizable to investigate the probability-distribution delay and therefore in recent
years, the stability problems of NNs with probability-distribution delay have been
widely investigated [17.[18].

It is well known that fuzzy logic theory has shown to be an appealing and efficient
approach to dealing with the analysis and synthesis problems for complex nonlinear
systems. The well-known Takagi-Sugeno (T-S) fuzzy model [19], is a popular and
convenient tool to transform a complex nonlinear system to a set of linear sub-
models via some fuzzy models by defining a linear input/output relationship as its
consequence of individual plant rule. Recently, a lot of research works have been
produced on T-S fuzzy model in the existing available literature [20/22].

Based on the above discussion, we consider the problem of delay-dependent ro-
bust stability analysis for uncertain fuzzy stochastic Hopfield neural networks with
time-varying delays. Some sufficient condition for delay-probability-distribution-
dependent stability criteria of the addressed system have been derived in terms of
linear matrix inequalities by constructing proper Lyapunov-Krasovskii functional
and stochastic theory. Finally, numerical examples are provided to show the effec-
tiveness of the theoretical results.

Notations: Throughout this paper, R” and R"*™ denote, respectively, the n-
dimensional Euclidean space and the set of all n X n real matrices. The superscript
T denotes the transposition and the notation X > Y (respectively, X > Y'), where
X and Y are symmetric matrices, means that X — Y is positive semi-definite (re-
spectively, positive definite). I,, is the n x n identity matrix. || - || is the Euclidean

norm in R™. Moreover, let (Q, F AF: o, P) be a complete probability space with

a filtration {F;}:>o satisfying the usual conditions (i.e. the filtration contains all
P-null sets and is right continuous). Denoted by L' ([-7,0]; R™) the family of all
Fo-measurable C([—7,0];R") -valued random variables £ = {£(0) : —7 < 6 < 0}
such that sup_r<g<oE[£(0)P < oo, where E{.} stands for the mathematical expec-
tation operator with respect to the given probability measure P.

2. PROBLEM DESCRIPTION AND PRELIMINARIES

Consider the following uncertain stochastic HNNs with time—varying delays

de(t) = | = A@)z(t) + B@)f(x(t) + W) f(2(t - T(t)))} dt
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+[Ho@®)(t) + Hy(®)a(t - 7(t)) | du(),
z(t) = o), Vtel[-7,0], (1)

T
where z(t) € R™ is the neural state vector, f(z(t)) = [fl (z1(2),.-., fn(a:n(t))} €
R™ is the neuron activation function with initial condition f(0) = 0. The time-
varying delay 7(t) satisfies

0<rit) <7 H) < (2)
where 7 and p are constants. In (1), A(t) = A+ AA(t), B(t) = B + AB(t),
W(t) =W + AW (t), Ho(t) = Ho + AHy(t) and Hyi(t) = Hy + AH;(t). Further
A = diag{ai,as,...,a,} has positive entries a; > 0, B, W, Hy, H; are connection
weight matrices with appropriate dimensions and AA(¢), AB(t), AW (t), AHy(t)
and AH;(t) denote the time-varying and norm-bounded uncertainties.
Assumption 2.1 The neuron activation function f;(z;) satisfies

filzi) — fi(yi)

Ti—Yi
Assumptions 2.2 Considering the information of probability distribution of the
time delay 7(t), two sets and functions are defined by

Oy ={t:7(t) €[0,70)} and Qo= {t:7(t) € [r0,7]}

() = {T(t), for teQ and To(t) = {T(t), for t € Qo )

T1, for té€ o, To, for te€Qq,

0<

Sli Vﬂ?iyyi ER, T #ylv i= 1a"'an (3)

Ti(t) Sy <1, Taot) S pp <1, (5)

where 19 € [0,7], T1 € [0,79) and T2 € [10,7]. It is easy to know ¢ € £y means
the event 7(t) € [0,79) occurs and ¢t € Qg means the event 7(t) € [7g, 7] occurs.
Therefore, a stochastic variable «(t) can be defined as

0={5 o 1o k
Assumption 2.3 «(t) is a Bernoulli distributed sequence with

Prob{a(t) = 1} = E{a(t)} = o, Prob{a(t) =0} =1 - E{a(t)} =1 — ao,

where 0 < g < 1 is a constant and E{«(t)} is the expectation of «(t).

Remark 2.4 From Assumption 2.3, it is easy to know that

E{a(t) —ap} =0, E{(a(t) — ag)?} = ap(l — ap).

By Assumption 2.2 and 2.3, the system (1) can be rewritten as

da(t) = [ — A@)x(t) + B(8)f(2(t) + a(O)W () f(z(t - 71(1)))
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(1= a)W @) f (x(t — 72(t)))| dt
+ [Ho(t)w(t) +a(t)Hy(t)z(t —71(t) + (1 — () Hi(t)z(t — 72(1)) |dw(t),  (7)

a(t) = &), tel-7,0]

which is equivalent to
da(t) = [ — A(t)x(t) + B(t) f(x(t) + aoW (£) f (x(t — T1(£)))

+(1 = a0)W () (a(t — 72(1)))
+(alt) — ao) (WO fa(t = 71(1)) = WO (alt — (1)) ) |at

+ Ho(t)l'(t) + Oé(]Hl(t).’E(t - Tl(t)) + (1 - Oé())Hl(t)LC(t - Tg(t))
Hat) = ao) (Hi(®)z(t = 1(8) = Hi(t)a(t - 72(1) ) | dwo(t),  (8)

x(t) = g(t)a tG[-’T‘,O].

Remark 2.5 In this paper, the probability distribution of the delay taking values
in some interval is assumed to be known in advance. Further, a new model of the
SNNs (8) has been derived, which can be seen as an extension of the common SNNs
(1). Specially, in the case of a(t) = 1, system (8) becomes system (1). Moreover,
when the probability of time delay taking values is known a priori, the possible
values that the delay takes may be larger than those previously obtained results
based on the traditional methods, which will be illustrated via example later.
In this paper, we consider the following neural network with parameter uncertainties
and stochastic perturbations which is represented by a T-S fuzzy model. The kth
rule of the T-S fuzzy model is of the following form:

Plant Rule k:

IF 01(t) is n¥ and ... and 6,(¢) is 77’;

THEN

da(t) = [ = Ak®)(t) + B f(2(t) + aoWi(t) flw(t = 71(1)))
(1= a0)Wa () f(a(t — 72(1)))
+(alt) = ao) (Wa D) fa(t = 71(6))) = WaO) fa(t = 72(6))) | at
+ [ Hor(0)2(t) + a0 Hyg(D)(t = 71(8)) + (1 = ao) Hix(t)a(t — 72(1))
+(at) = ao) (Hux(a(t = 71 () = Hur(alt - m2(1))) [dw(t),  (9)

x(t) = &@#), te[-7,0,, k=1,2,..,r
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T
where n¥ (i = 1,2,...,p) is the fuzzy set, 0(t) = [91(t),92(t),...,9p(t)} is the
premise variable vector and r is the number of IF-THEN rules. w(¢) is a one-
dimensional Brownian motion defined on (Q, Fi {Fi} >0, P). ¢ e L%, ([-7,0R")

is the initial value of (9). Ay, Bk, Wy, Hor and Hyj are constant known real
matrices. AAg(t), ABy(t), AWg(t), AHox(t) and AH;(t) denote the time-varying
parameter uncertainties and we make the following assumption.

The parameter uncertainties AAg(t), ABg(t), AWk (t), AHox(t) and AHx(t) are
of the form:

[AAk(t) ABL(t) AWi(t) AHo(t) AHlk(t)]
:GF(t)[E;;‘ EP EY EM E,fl}, (10)

where G, E{!, EB, E}V, E,fo and E,fl are known real constant matrices with ap-
propriate dimensions, and F'(t) is the time-varying uncertain matrix which satisfies

FT()F(t) < I (11)
The defuzzified output of the T-S fuzzy system (9) is represented as follows:

dr(t) = 37 w0 [~ A0)2(6) + Bt [ (1) + 00Wi(t) f(a(t — 71(1)))
k=1

+(1 = o) Wi(t) f((t = m2(1)))
+(a(t) = a0) (W0 f@(t = 71(8)) = Wr(D) ((t = 7(1)))) | dt

+ {HOk(t):c(t) + aoHik(O)x(t — 71(2)) + (1 — ao) Hip (t)z(t — 72(1))

+(at) = ao) (Hix()o(t — 71 (1) — Hix(alt — m2(0))) [do ), (12)

where .
i 00) = 2O 60y = T k65 0)
gl v;(0(t)) j=1

in which 7%(0;(t)) is the grade of membership of 6;(t) in 7%. According to the
theory of fuzzy sets, we have

vp(0(t) >0, k=1,2,...,7, > vg(6(¢)) >0 for all ¢. Therefore, it implies
k=1

pe0@) >0, k=1,2,..,r, > ug(0(t)) =1forall ¢
k=1

Let x(t; &) denotes the state trajectory of system (12) from the initial value z(0) =
£(0) on =7 <0 < 0in L%, ([-7,0;;R™). Tt is easy to see that system (12) admits a
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trivial solution z(¢;0) = 0.
The following definition and lemmas are used to prove our main result.

Definition 2.6 [22] For system (9) and every £ € L%, ([—00,0];R"™), the trivial
solution is asymptotically stable in the mean square if

Jim Blz(t; €)|? = 0.
Lemma 2.7 [23] Let D and N be real constant matrices of appropriate di-
mensions, matrix F(t) satisfies F7(¢)F(t) < I. Then (i) for any scalar ¢ > 0,
DF(t)N + NTFT(t)DT < ¢ 'DDT + eNTN.
(ii) For any P > 0, 2a”b < a® P~'a + b Pb.
Lemma 2.8 [24] For any constant matrix M € R™ " M = M7T > 0, scalar

1 > 0, vector function w : [0,7] — R™ such that the integrations are well defined,
the following inequality holds

(/Onw(s)ds)TM(/Onw(s)d5> < 77/07] wl'(s)Mw(s)ds.

Lemma 2.9 [25] Let M, P, @ be the given matrices such that @ > 0, then

P MT

M -Q
Lemma 2.10 [26] Let U, V(¢), W and M be real matrices of appropriate dimen-
sion with M satisfying M = M7, then

M+UVOW +WIVT)UT <0 forall VIV (t) <1,
if and only if there exists a scalar € > 0 such that
M+e'UUT +eW'W < 0.

Lemma 2.11 [27] Assume that a(-) € R", b(-) € R™ and N € R"**™ are
defined on the interval Q. Then for any matrices X € R"a*" Y ¢ R" X" and
Z € R™>™ the following holds

+ fotomsonas [ ] [ 75 ][50 mom [ ¥ 5] 20

3. MAIN RESULTS

] <0 <= P+M'Q'M<O.

In this section, we consider a general stochastic system dxz(t) = f(z(t),t)dt +
g(x(t),t)dw(t) on t > to with initial value x(ty) = zy € R™, where f : R™ x
RT — R" and g : R® x Rt — R™™. Let C>}(R™ x RT;R*) denotes the family
of all nonnegative functions V(z(¢),t) on R™ x RT which are continuously twice
differentiable in  and once differentiable in t. Let V € CZ1(R™ x R*;R*), an
operator LV is defined from R™ x R to R by

ﬁV(l‘(t),t) = Vt(x(t)7t) + Vz(x(t)vt)f(x(t)vt)
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+gtrace[g” (a(), Ve a(0), Dg((1), 1),

where
V. = Dy, = (2000, V0.0),
Veola).t) = (200 gfa(?j 0
Then, by Ito’s formula, one can have
BV (2(t),t) = BV (20, t0) + B / LV (w(s), 5)ds. (13)

Now, we define the following variables:

A+ AA Z“k ) (A + AAL()), B+ AB(t Zuk ))(Bi + AB(t)),
Z“k ) (Wi + AW (1)),
Ho + AHy (1) Zuk )(Hok + AHo(t)),
Hy + AH(t Z 1 (0(8)) (Hup, + AH(L)),

by using the above notations and parameter uncertainties are not taken into ac-
count, then system (12) can be rewritten as

da(t) = [ — Az (t) + Bf(x(t)) + coW f(x(t — 71(1)) + (1 — ao)W f((t — 72(1)))

+(alt) = ao) (W ((t = (1)) = Wf(a(t - 72(1))) ) |dt

T [Hox(t) FapH(t — () + (1 — ag)Hiz(t — 74(1))

+(at) = ao) (Hra(t = 71(8) = Hao(t = 72(1)) ) | deo(2). (14)

Now, we discuss the stability criteria for stochastic neural network (14) without
uncertainties as follows

Theorem 3.1 For given scalars 71, To, 1, Mo, and 0 < ap < 1 satisfying
appy < 1, the SNNs (14) is globally asymptotically stable in the mean square,
if there exist symmetric positive definite matrices P > 0, Q; > 0 (i = 1,2,3,4,5,6),
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Ry >0, Ry >0, Z; > 0, and Z5 > 0, for any matrices X, Y and positive diagonal

matrices K1 > 0, K3 > 0 and K3 > 0 such that the following LMIs

[ X Z ] >0 and { X Z ] >0
Qk 7_'1T]1Z1 0'7_'1772Z1 7_'2771Z2 0'7_'27’]2Z2 191P O"L92P Y
—T121 0 0 0 0 0 0
* —7—'121 0 0 0 0 0
* * —?QZQ 0 0 0 0
T, = * * * —Tolo 0 0 0
* * * * -P 0 0
* * * * * -P 0
* * * * * * —R
* * * * * * * —

hold for k = 1,2, ...,r, where Q; = (Q,]Zj)lgxlg with

~

:UOOOOOOO

[\

—_
=X
~—

—~
—_
ot

=

<0

Of ) = —PAr — AP+ aom1 X + (1 — ap)T2 X +2Y + Q1 + Q2 + Q3 + Qa + Qs + Qs,

O, =0, Qf 3 =—agY, QF, =0, Qs =—-(1 -V, Qf =0, =0,

QY g = PBy + LKy, Qf g = agPWy, Qf 19 = (1 — ag)PWy, Qf 3 =QF 1, =0,

ko ko

92,2 = —(1—aopy)Q1, Q2,3 =0,
k _ok _ok _0ok _ok _ok _ok _ok _ ok _
Q2,4*92,5*92,6*92,7*92,8*92,9*92,10*92,11*92,12*0,

Q§,3 =—(1—py)Q@s, Q§,4 = Q§,5 = Q§,6 = Q§,7 = Qg,s =0,
Q§,9 = LK, Q§,10 = Q§,11 = Q]z«‘f,m =0, 95,4 = —(Q2,

kK _ok _0ok 0ok _0ok 0ok _ok _ ok _
Q4,5—94,6—94,7—94,8—94,9—94,10—94,11—94,12—0a

ng,g) = —(1 — p)Qs, ng,ﬁ =0, ngj = Q§,8 = ng,g =0, Q]g,w = LK,
Q]56,11 = Q]g,u =0, Q]g,G = —Qs, Qéj = Qg,s = Q]g,g =0,

Q]g,lo = Qlé,n = Q]g,m =0, QI?J = —(1 — aopz)Qu,

E _ok _0ok _ok _ ok _ ko
Q7,8 = Q?,g = Q7,10 = Q7,11 = Q7,12 =0, Qs,s = —2Kj,

k _ ok _ok _ ok _ Eo_
Qg9 =18510="511 =512 =0, Qg g=—-2Ko,

k _ok _ ok _ k _ k _ Ok _
Q9,10 = Q9,11 = Q9,12 =0, Q10,10 = —2K3, Q10,11 = Q10,12 =0,
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1-— (&7))]
Qlfl,ll = _( - )Zlv Q1161,12 =0,

T1
k _ Qo
Q12,12 = —(f>Z2,
T2

m=[-A, 00 000 0 By agWe (1—ag)W 0 o]T,

=00 0000000 Wy —W, 0 0,
91 = [Hor 0 aoHix 0 (1—ag)Hiz 0 0 0 0 0 0 0],

9=[0 0 Hy 0 —Hy 0000 0 0 0],

o=+l —ag), P=P+7R +7R;.

Proof: Denoting,

y(t) = —Az(t)+ Bf(x(t) + oW f(2(t — 71(t))) + (1 — ao)W f(a(t — 72(1)))
+(alt) = ao) (WS (w(t = 11 (1) = WF(alt - 72(1)))), (17)
g(t) = Hox(t) + aoHrx(t — 71(t)) + (1 — o) Hyw(t — 72(t))
+(a(t) = ao) (Hia(t = 71(t) = Haw(t = m2(1)) ). (18)
The system (14) can be written as
dx(t) = y(t)dt + g(t)dw(t). (19)

Integrating (19) from ¢ — 71(¢) to ¢, and from ¢ — 72(t) to t, we get the following
equalities

w(t—m() = a(t)— / y(s)ds — / 9(5)du(s) (20)
t—71(t) t—71(t)
st-rat) = a0~ [ wods— [ g @)

t*‘l’g(t) t*Tg(t)

we can rewrite (14) as
do(t) = [ — Ax(t) + Bf(z(t)) + agWG(x(t — 71 (1)) 2(t — 71(1))
+(1 — ag)WG(z(t — (1)) 2(t — T2(t))

+(alt) = ao) (WS ((t = (1) = Wf(at - 2(1))) )| dt
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n [Hox(t) +agH z(t — 71(t) + (1 — ag) Hiz(t — 7o(t))
+(a(t) = ao) (Fra(t - (1))
~Ha(t - 72(75)))} dw(t), (22)

where G(a(t)) = diag(hl(wl(t)), ha(za(1)), oo hn(a:n(t))) and 0 < hy(z;(t)) =
fi(x;(t))/(z;(t)) <lj. Moreover, by substituting (20) and (21) into (22), we obtain

dz(t) = | — Az(t) + Bf(z(t)) + coWG (z(t — 71(¢)))z(2)
—aogWG(z(t — 71(1))) / y(s)ds — agWG(x(t — 71(t))) / g(8)dw(s)
t—71(t) t—71(t)

+(1 = a0)WG(x(t — 72(t))a(t) — (1 — ag)WG((t — 72(1))) / y(s)ds
t—T12o(t)

t

—(1 - ag)WG(a(t — (1)) / 9(5)du(s)

t—7a(t)
+(a(t) = ao) (WS w(t = (1) = Wt - 72(1)))) |t
+ [Erox(t) +agHya(t — m1(8) + (1 — ag)Hya(t — 7o)+
(a(t) — aq) <f_11;v(t (b)) — Hya(t — Tz(t)))} dw(t). (23)

Choose a Lyapunov-Krasovskii functional candidate as follows

t t

V(a(t),t) = 27 () Pa(t) + / 2T (8)01(s)ds + / 27 (5)Qa2(s)ds

t*()éo‘l’l(t) t—To

+ / 2”(5)Qs(s)ds + j o' (5)Qu(s)ds + / 2" (5)Qsa(s)ds

t
+ / 27 (5) Qe (s ds—|—//yT ) Z1y(a dadﬁ—l—// o) Zyy(a)dadp
t*’TQ(t)
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// a)R1g(a dadﬁ—l—// a)Rag(a)dadp. (24)

—T1t+3 —T2t+3

By Ito’s formula, we can calculate LV (x(t),t) along with (24), then we have
dV (z(t),t) = LV (z(t),t) + 227 (t) Pg(t)dw(t), (25)

where

LV (z(t),t) < QxT(t)P[ — Az(t) + Bf(z(t)) + agWG(z(t — 71(2)))x(t)

t

WG (t — (1)) / y(s)ds — aoW G (a(t — 7 (1)) / g(s)duw(s)
t—71(t) t—71(t)
(1 = a0) WG (t — m2(0))2() — (1 — o) WG (@t — 72(2))) / y(s)ds
t—T12(t)

(1= WGalt ~7a(t) [ gls)dls)
t—T2o(t)
+(a(t) — ao) (W f(at = 71(0))) = WS (a(t = 72(8)) )|
+7 (0)Pg(t) + 2" (B)Qra(t) — (1 — aop)a™ (t — aoT1(£)Qual(t — a1 (1))
+a2l (1) Qax(t) — 2T (t — 70)Qax(t — 70) + 27 ()Q32(t) — 7 (t — 7)Q32(t — 7)
+a" (1) Qux(t) — (1 — appy)a” (t — caoT2(t)Quz(t — agTa(t))
2T (0)Qsa(t) — (1 — juy)a” (¢ — 71(1)@sa(t — 71 (1)) + T (1) Qoa(t)
(1= )" (¢t — T2 (t)) Qo (t — (1)

t

020~ [ 7 Z()ds

t—T1

oy (1) Zay () — / yT () Zoy(s)ds + 7197 (D) Rig (t)

P
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— / g7 (s)R1g(s)ds + Tog™ (t)Rag(t) — / 9" (s)Rag(s)ds. (26)

=71 t—72

Define a(-), b(-) and N in Lemma 2.11 as a(a) = z(t), b(a) = y(s), N = PWG(z(t—
71(t))) and using (20), then

t

2002 (t)PW G (2(t — 71(1))) / y(s)ds

t—71(t)

S%H[m [ z(t) r [ X Y—PWG(Z:cl(t—n(t))) ] [ z(t) ]ds

< ao{?le(t)Xm(t) +2eT()[Y — PWG(2(t — 11(t)))] / y(s)ds

t

- / yT(S)Zly(s)dS}

t*‘rl(t)

< apmia? () Xz(t) + 2002t ()Y z(t) — 2002 ()Y 2 (t — 71(2))

“200aT (H)Y / g(5)dw(s) — 20087 () PW G (@ (t — 71.(8))a(t)
t—71(t)

2+ apgx? () PW f(x(t — 71(t))) + 2002 (1) PW G (2(t — T1(1))) / g(s)dw(s)

t—Tl(t)

t
+ag / yT(s)Zly(s)ds. (27)
t*‘f‘l (t)

Define a(.), b(.) and N in Lemma 2.11 as a(a) = x(t), b(a) = y(s), N = PWG(z(t—
72(t))) and using (21), then

“2(1 — ag)aT () PWG(a(t — (1)) / y(s)ds

t—72 (t)
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i ] {;EEHT{X Y—PWG(Z:BQ(t—Tz(t)))}{;((g}ds

t—72o(t)
< (1= a)TorT (1) Xx(t) + 2(1 — ap)zT (1) Yx(t) — 2(1 — ag)z ()Y z(t — 72(t))
—2(1 — a)zT ()Y / g(s)dw(s) — 2(1 — ap)zT (t)PW G (x(t — T2(t)))z(t)

t—Tz(t)

+2(1 — ag)zT (&) PW f(z(t — 72(t))) + 2(1 — a)zT (1) PWG((t — T2(t)))

x / 9(8)dw(s) + (1 — o) / y (5) Zay(s)ds. (28)
Ta(

t) t—T12(t)

Here
flat—m1(t) = Gt —71(1))x(t —71(t)), and
flat—m7a(t) = Gt —72(t))x(t — 72(t))

are used. Using (27) and (28) in (26), we have

LV (x(t),t) < =227 (t)PAx(t) + 22T (t)PBf(2(t)) + coTr2T (t) X a(t)

20zt ()Y x(t — 71(t)) — 200027 ()Y / g(s)dw(s)
t—71(t)

2000 (OPW f(a(t =11 (0) = (1 —a0) [ 4" (5)Zun(s)ds
t—71(t)
+(1 — ap) oz (1) X a(t) + 22T ()Y (t) — 2(1 — ag)a” ()Y x(t — 7o(t))
—2(1 — ap)zT ()Y / g(s)dw(s) +2(1 — ap)a™ (£) PW f(2(t — 12(t)))

t—T2 (t)
t

—ap / yT(s) Zyy(s)ds + 2(a(t) - ozo)
t—T12(t)

xa® ()P (W f(a(t = 71(1)) = Wf(alt = 72(1))))
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+47 (1) (P R+ %2R2) g(t) + 2T (1) Q1 z(2)
7(1 — Ol(),ul)LIZT(t — OloTl(t))Qle(t — Ot()’]'l(t))
+aT (1) Qo (t) — x” (t — 70)Qaz(t — 7o) + 2 (t)Q3x(t) — 2 (t — 7)Qsz(t — 7)
+27 (#)Qux(t) — (1 — apg) 2™ (t — aoT2(£)Qua(t — apT2(t)) + 27 (¢)Qsx(t)
—(1 = )" (t = 71(t)) Qs (t — T1(t))
+a" (1) Qex(t) — (1 — po)a” (t — 72(t))Qez(t — T2(t))
) (%121 + ’I_'QZQ)y(t)

t

- / 47 () Rag(s)ds — / 47 () Rag(s)ds. (20)

t*Tl(t) t*Tz(t)

For symmetric positive definite matrices R;, and Ro, it follows from Lemma 2.7
that

+< / g(S)dw(5)>TR2( / g(s)dw(s))}. (31)

t—Tg(t) t—TQ(t)

It is clear from (3) that

Filas (0) [ £y (1) = i (0)]

AN
jen)
—
(%)
N
—

Fis (b = T ) [ 55t = ma®)) = Ly = 74(0))]

IN
o

, 7=1,2,..,n(33)
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From inequalities (32) and (33), for any positive diagonal matrices K; = diag(k;1, ki2, .-, kin ),
1 =1,2,3, the following inequalities hold

0 < fzzmjfj z;(t [fj wi(8)) — Lz (t ] QZZkW)JfJ i(t —1i(t)))

=1 j=1
X[ ity (¢ = mi(8)) = Lyt = 7a(0))]

= 20T () LK1 f(2(t) — 2f" (a(t)) K1 f (2(t))

+227(t — 71 () LR f (2(t — 71(8))) — 2/ (2(t — 71(2)))

Ko f(x(t —m1(8))) + 227 (¢ — m2(8)) LK3 f (2(t — T2(1)))

=2f T (@t — m2(0) Ka f (x(t — T2(1)))- (34)
where L = diag (ll, loy ...y ln). By Remark 2.4, it is easy to know

B{2(a(t) - a0)a” ()P (W (2t — 71(8)) = W f(w(t = 7)) } =0 (35)

B{y" (1)1 Z1y(t) } = B{ | - Ax(t) + B (@(t) + aoW f(w(t = 71(1))

(1= a)W fla(t — ma(1))]

%7, [ — Az(t) + Bf(x(t) + aoW F(z(t — 71(8)) + (1 — o)W f(x(t — Tz(t)))]
+2(a(t) — ag) [ — Az(t) + Bf(z(t) + aoW F(z(t — 71.(£))) + (1 — ag)W

X f((t = 72(6)| 22 [W (ol = 71(0)) = Wt = 72(8)] + (alt) - a0)”

- _ T
<[ W f(at = @) = W a(t = m20)] 2
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B{y”(0)Zy(t) } = "0 m Zunf + ao(l — a0y Zind (1) (36)
Similarly we have,
B{y"(0)Zay(t) } = T m Zonl + ao(l - a0y Zond (1), (37)

and

B{g"(0)(P+71R1 + 72Ra)g(t) | = ¢ ({01 POT + ao(1 — a0)92P0] }C(2). (38)

8{( [ s@a) m( [ aowe)}=5{ [ o ©moGs)
=71 (8) t—71(8) =71 (f) )
E{( / g(s)dw(s))TRg( / g(s)dw(s))}:E{ / gT(s)Rgg(s)ds}.

t—7a(t) t—7a(t) t—ra(t)
(40)

Using Lemma 2.8 in (29) and substituting (29)-(31), (34) into (25) and taking
mathematical expectation on both sides of (25) then using (35)-(40), we can get

EdV (z(t),t) = B{LV (z(t),1)}

< CT(t){Q + 71 Zant + Trao(l — ao)neZins + Tany Zani
+’7’20&0(1 - OLO)’OQZQ?]g1 + 191?19{ + 050(1 - 050)1921519;

FYRYT 4 YR;lYT}g(t), (41)
where

() = [wT(t) ol (t—aori(t) @' (t—7i(t) 2 (t—70) &’ (t—7a(t))

a(t=7) & (t —aora(t)) f1(x(t) fT(a(t —1(1) [ (a(t —72(1)))

(o) ([ o)
t—r1(t) t—7a(t)

Let us define,

T =Q+7mZint +710(l — ao)naZing + Tamy Zong

+’7’20&0(1 — OLO)T]QZQT]g + 191?19{ + 050(1 — 050)1921519;
+YRTWYT +YR'YT <.
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Considering u;(0(t)) > 0 (k = 1,2,...,7) and T}, < 0 (k = 1,2,...,7) in Theorem
3.1, we have > u,(0(¢))YT; < 0. Noting that > u,(0(¢)) = 1. Where
k=1 k=1

Yi = Q + 71 Zin; + Troao(l — ao)na Zins + Tamy Zong

+7’2040(1 — 040)772Z277§ + ’tglp’ﬁ{
+ap(l — ag)d P93 + YRI'YT +YR'YT <0,

Qk, M1, Mg, Y1, and Y2 are defined as in Theorem 3.1. By Schur complement, we
know that Y, < 0 is equivalent to (16). Let A = min{Anin(—Y%)}, then by the
generalized Ito’s formula [13], we have

EV(x(t),t) — EV(x(0),0) = E/O LV (x(s),s)ds < f)\]E/O |lz(s)||%ds.
Moreover,
]E/O 2(s)|2ds < %EV(x(O),O), £>0.

which indicates that system (14) is globally asymptotically stable in the mean
square. This completes the proof.

In the following part, we extend the above result to uncertain fuzzy stochastic
Hopfield neural network (UFSHNN) (12) and obtain the stability criteria as the
following theorem by means of the feasibility of LMIs.

Theorem 3.2  For given scalars 71, T2, fq, Ho, and 0 < ap < 1 satisfying
appy < 1, the UFSHNN (12) is globally robustly asymptotically stable in the
mean square, if there exist symmetric positive definite matrices P > 0, @Q; > 0
(1=1,2,3,4,5,6), Ry > 0, Ry > 0, Z; > 0, and Z > 0, for any matrices X and
Y, positive diagonal matrices K; > 0, Ko > 0, K3 > 0 and positive scalars ¢; > 0
(j =1,...,7), such that the following LMIs

[X Z]EO and [X 2]20 (42)
[ Y, Iy 7y 73 7Ty 705 T r;
—el 0 0 0 0 0 0
* —T1€2 0 0 0 0 0
* * —T1€3 0 0 0 0
* * * —To€4 0 0 0 <0 (43)
* * * * —To€5 0 0
* * * * * —egl 0
* * * * * * —e7l
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hold for k = 1,2, ...,7, where T; and o are defined as in Theorem 3.1, with
Q]f,1 =—PAy — AP+ aoT1 X+ (1 —ap)TeX +2Y + Q1 + Q2+ Q3 + Qs + Q5 + Qs

+(e1 + 7162 + Toea) (BT (ER) + es(E{) T (B[°), 0 , = 0,

Of 5 = —aoY + ages(B)T(E[), QF , =0,
OF 5 = —(1— ag)Y + (1 — ag)es(E[) " (EL), Qf =0,

Qf . =0, O g = PBy, + LK1 — (€1 + T1e2 + T2ea) (Ef) T (EP),

O g = agPWy, — ag(e1 + 7162 + T2ea) (BT (EY),
Q]f,lo =(1—-ay)PW,—(1- CV(J)(fl +Tie2 + 7_—264)(E;€4)T(EZV)’ Q]f’ll =0

O 15 =0, Q55 = —(1— aopy) Qu,
95,3 = 95,4 = 95,5 = QIQC,G = Q]26,7 = Qg,s = Q’zc,g = Qg,lo =0,
Q126,11 = Q]26,12 =0, Q}g,?) =—(1—py)Qs + 04356(E151)T(E51) + 0257(E1?1)T(E51)’
05, =0, Q55 = e (BT (B + o’er (BT (B,

E _ 0ok _ 0ok _ ko ko k. _ 0ok _
Q3,6 - Q3,7 - Q3,8 =0, Q3,9 - LKQ, Q3,10 =0, Q3,11 - Q3,12 =0,

Eo_ k _ok —_0ok —_0ok —_0ok _0ok _ok _ ok _
Q4,4**@27 Q4,5*94,6*94,7*94,8*94,9*94,10*94,11*94,12*@

V5 = —(1— 1) Qs + (1 — o)’ (BT (E) + o er (BT (B,
ng,ﬁ = 91577 = ng,s = ng,g =0, Q156,10 = LK, ng,n = Q]56,12 =0,

ko E ok —ok —ok ok _ ok _
QG,ﬁ - *Qs, Q6,7 - Qﬁ,s - Q6,9 - Q6,10 - Q6,11 = Q6,12 =0,
ko E ok —ok ok _ ok _

Q77 =—(1—aopg)Qu, W g=0Q79=07 0=, =9 1,=0,

ng,s = 2K, + (61 + T1€0 + 7’264)<E,€B)T(E,€B),
o = anler + Trea + Taea) ()T (B,

OF 10 = (1 — o) (e1 + Trea + Taea) (EF)(BY), Q811 = Q%10 =0,
Qg’g = -2K5 + 04(2) (61 + T1€2 + ?264) (EZV)T<EZV) + 0‘2 (7‘163 + 7’265)(EE/)T(E]ZV>,

QIQC,IO = 0’2 (61 + 7_'162 + 7_'264)(E}€/V)T(E}C/V) — 0'2 (7_'163 =+ 7_'265) X (EIIC/V)T(E}:V),
Qg,n = Q15,12 =0, Q’fo,m =—2K3+ (1 - 0‘0)2(61 +Ti€2 + %254)(EIZV)T(EIZV)

+o? (Tres + ?265)(EZV)T(EZV% Q]fo,n = Qlfo,u =0,
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1—040

Qo
Q]fl,ll = _( — )Zla Qlfl,lQ = 07 QIf2,12 = _(f)ZQ.
T1 T

Proof Replace Ag, By, Wi, Hor and Hig in LMI (16) with Ay + GF(t)Efé,
By +GF(t)ER, Wy+GF(t)EY , Hop+GF(t)EE and Hy,+GF(t) EE* respectively,
we find that (16) for UFSHNN (12) is equivalent to the following condition

Y, + T FOIL, + Ty FT(OTT 4+ 7 Dy F(O)IT], 4 7100 FT (6T

+7 D3 F(OTL, 4+ 71 Mo FT (4T3 + 75Ty F(t)7,,
+ 79I, FT ()T + 7oTs F()T0L,, + 7ollop FT ()T +

Do F ()15, + Hap FT ()T + T7 F(O)S, + My FT(H)TT < 0, (44)

where,

T
rlz[GTPO000000000000000000},
I=[000000000000GT2 000000 0
I's=[0000000000000GT2 00000 0

I,=[00000000000000G 2 0000 0

000000000000000GTZ, 000 0
P6:[0000000000000000GTP000]T,
P7:[00000000000000000GTPOO]T,

Hlkz[—E;;‘OOOOOOE,? aoEY (1—ozo)E,ZVoooooooooor,

H2k=[000000000E,ZV —aE,ZVoooooooooor,

Hgkz{—E,fOanE,fl0(1—a0)E,flooooooooooooooor,

H4k:[000E£{1OaE,flOOOOOOOOOOOOOOO}T.

From Lemma 2.10, (44) holds for all F7(¢)F(t) < I if and only if there exist scalars
g;>0(j=1,2,..,7), such that

T + 51’11“11“{ + €1H1kH{k + 77'162711—‘21—‘5 + %IEQHIkH{k + ?15;1F3Fg

+7’163H2kﬂg]€ + 77'25211—‘4F?; + 7’264H1knfk + 7’285_1F5Fg + 77'2551—12161—13}g
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+eg 'TeT'E + e6llsp 2, + e7 'T7TT + 711y, 11, < 0. (45)

By Schur complement, the Eq. (45) is equivalent to the LMI (43). Then, by
Theorem 3.1, the system (12) is globally robustly asymptotically stable in the mean
square. This completes the proof.

Remark 3.3 In [22], the authors dealt with the problem of delay-dependent
robust stability for uncertain stochastic fuzzy Hopfield neural networks with time-
varying delays. However, the probability distribution delay was not taken into
account in this model. In our paper, we study delay-dependent robust stability
analysis for uncertain fuzzy stochastic Hopfield neural networks with random time-
varying delays. Thus, the results in this paper are lead to an improvement over the
existing ones [|22].

Remark 3.4 In the case of k = 1, the system (12) is reduced to same as in [18]
and the stability criteria for the corresponding reduced system can be obtained by
using Theorem 3.1. Moreover, the traditional assumption such as boundedness,
monotonicity or differentiability on the neuron activation functions [22] have been
removed in this paper.

4. NUMERICAL EXAMPLES

In this section, we will give two examples showing the effectiveness of established
theoretical results.
Example 1  Consider the SNNs (14) without uncertain parameters defined as

30

0.6 —0.4 0.3 04
A=105 ’Bl_{0.5 0.4 } Wl_[o.z —0.5]’

The activation function f(z(t)) = tanh(x(t)), the time-varying delays are chosen
as 71 = 0.4 and 7o = 1. The derivative of time-varying delays 71(t) < p; = 0.9,
To(t) < py = 0.9, ap = 0.2, and using the Matlab LMI toolbox to solve the LMI in
Theorem 3.1, we obtained the following matrices

p _ [ 3274076 24.6582 0 - 29.1065 2.8428
- 24.6582 186.7410 |’ ' T | 2.8428 78.8062 |’
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0, — | 283027 25709 ] [ 283027 25709
27 | 25709 732516 |0 3T | 25709 732516 |°

0s = [ 29.1065 2.8428 Qs — | 1241846 7.8651
7 | 28428 788062 |’ Y | 7.8651 200.4389 |’
Qs = [ 361.9906  25.6513 | [ 53.0635 4.5276
O = | 25.6513 445.1012 |* 7' T | 45276 19.6996 |’
5 _ [ 344196 32734 ] [ 486955 158265
7 | 32734 102579 |* 7' | 15.8265 45.5044 |
_ [ 27.2106 10.5027 e 0.0003  2.3024
Ry = | 10.5027  24.3706 ] X=10"x [ —2.3023  0.0007 } ’
y _ [99647 03887 | [ 139.1778 0
~ | 64928 —22659 | ' 0 139.1778 |’
[ 13.2926 0 33.5343 0
Ky = 0 13.2926 ] » K = { 0 33.5343 } '

Therefore, it follows from Theorem 3.1, that the SNNs without uncertain parame-
ters (14) is globally asymptotically stable in the mean square. The response of the
state dynamics for the SNNs without uncertain parameters (14) which converges
to zero asymptotically in the mean square are shown in Figures 1 and 2.
Example 2  Consider the SNNs (12) with uncertain parameters defined as

30 05 —0.7 04 03
Al_{o 4}’31_{0.3 0.6 }’Wl_[o.zl —0.5]’

0.5 0.7 02 0 30
Hm_[m 0.6}’H11_[0 0.1]’A2_[0 5}’
—04 0.6 02 0.3 0.7 0.5
BZ:{ : }’WZZ[. }’H‘)?:[o.(fs 0.5}’

02 0 10 02 0
Hm_[o 0.1]’L_[0 1]’0_{0 0.3}’

Ef=E)=EP =EP = E)V = EY = pfo = gfo = " = El" = 0.2I.

The activation function f(z(t)) = tanh(z(t)), the time-varying delays are chosen
as 71 = 0.2, 79 = 1.2, The derivative of time-varying delays 71(t) < p; = 0.8,
To(t) < py = 0.8, ap = 0.1 and using the Matlab LMI toolbox to solve the LMI in
Theorem 3.2, we obtained the following matrices

P _ 518.3570  41.1464 0, = 19.7588  —25.7369
B 41.1464 291.9800 |’ '~ | —25.7369 50.5741 |’
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Qy — | 194515 252105 [ 194515 252105
> 7 | —25.2105  49.6365 |’ Y7 | —25.2105 49.6365 |’
0s = [ 13.4952  —17.7217 Qs — | 1241216 —9.4733
Y7 | —1rT217 o 347562 |0 0 T | —9.4733  95.1319 |°

Qs = [970.4180 52.1610 g _ 58.4896  —27.6329
6 = | 52.1610 539.2814 |’ L7 —27.6329 382542 |7

Z, — 21.3870 —12.1165 } Ry —

70.7114  —67.4364
| —12.1165  12.1744 ’

—67.4364 83.8331

R, - | 340450 347188 [ 19.1175  —23.9969
7 | -34.7188 401826 |’ T [ —23.9969 47.1209 |’
vy _ [ 62330 -27589] [ 345.0867 0

~ | —2.7589 36739 |1 T 0 345.0867 |
[ 13.8953 0 111.8889 0

K: = 0 13.8953 ] Ks = { 0 111.8889 } ’
€1 = 2481167, € =167.8423, €3 =492.0111, 4 = 34.7926,
€5 = 150.2244, € =279.6797, €7 = 97.3928.

Therefore, it follows from Theorem 3.2, that the UFSHNN (12) is globally robustly
asymptotically stable in the mean square. The response of the state dynamics for
the UFSHNN (12) which converges to zero asymptotically in the mean square are
shown in Figures 3 and 4.

5. CONCLUSION

The delay-dependent robust stability analysis for fuzzy stochastic Hopfield neural
networks with random time-varying delays has been investigated. By using the
combination of Lyapunov stability theory and stochastic analysis approach, some
delay-dependent criteria have been derived to guarantee that the global robust
asymptotic stability of the system in the mean square. This criteria can be checked
easily by the LMI control toolbox in Matlab. Finally, numerical examples have
been provided to illustrate the advantages and usefulness of the proposed results.
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ABsTRACT. We introduce pointwise bi-slant submersions from cosymplectic
manifolds onto Riemannian manifolds as a generalization of anti-invariant,
semi-invariant, semi-slant, hemi-slant, pointwise semi-slant, pointwise hemi-
slant and pointwise slant Riemannian submersions. We give an example for
pointwise bi-slant submersions and investigate integrability and totally geodes-
icness of the distributions which are mentioned in the definition of pointwise
bi-slant submersions admitting vertical Reeb vector field. Also we obtain nec-
essary and sufficient conditions for such submersions to be totally geodesic
maps.

1. INTRODUCTION

The geometry of slant submanifolds was initiated by B.Y. Chen ﬂgﬂ Later many
geometers obtained some interesting results on this subject. As an extension of
slant submanifolds, pointwise slant submanifolds were considered by F. Etayo
under the name of quasi-slant submanifolds. He showed that a complete totally
geodesic quasi-slant submanifold of Kaehlerian manifold is a slant submanifold.

As a generalization of contact CR-manifolds, slant and semi-slant submanifolds,
the geometry of bi-slant submanifolds in contact metric manifolds was studied by
Carriazo [8]. A bi-slant submanifold of Kaehlerian manifold was defined by Uddin
and et al. (see ) They investigated warped product bi-slant submanifold.
Furthermore, Algahtani and the other authors studied warped product bi-slant
submanifolds of cosymplectic manifolds [4].
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The theory of submersions especially the theory of Riemannian submersions is
one of the important research fields in Riemannian geometry. Riemannian submer-
sions between Riemannian manifolds were introduced by O’Neill [18] and Gray [13].
Watson investigated the Riemannian submersions between almost Hermitian man-
ifolds, (see |28]). Several types of Riemannian submersions have been studying in
different kinds of structures, (see |[LH3L[5L{10L[14H16L[19H25]).

In purpose of the present article is to investigate pointwise bi-slant submersions
from cosymplectic manifolds onto Riemannian manifolds. In section 2, we review
some basic properties about cosymplectic manifolds and Riemannian submersions.
In section 3 we define pointwise bi-slant submersions from cosymplectic manifolds
and study the geometry of leaves of distributions. Also, we obtain necessary and
sufficient conditions for such submersions to be totally geodesic maps.

2. PRELIMINARIES

In the section, we remember the basic concepts about cosymplectic manifolds
and Riemannian submersions for later use.

2.1. Cosymplectic manifolds. Let M be (2n + 1)-dimensional smooth manifold
with an endomorphism ¢, a vector field £ and a 1-form 1 which satisfy

¢2 =—1+n®E ¢=0, noo=0, 77(6) =1
Then M is said to be an almost contact manifold. There always exist a compatible
metric g such that

for XY € T'(TM). The condition for normality in terms of ¢, £ and n on M is
[0, ] + 2dn @ € = 0 where [¢, @] is the Nijenhuis tensor of ¢. The fundamental
2-form @ of M is defined as ® (X,Y) = g (X, ¢Y).

An almost contact metric structure (¢,&,7,g) is said to be cosymplectic if it is

normal and both d® = 0 and dn = 0. Then considering the covariant derivative of
@, the structure equation of a cosymplectic manifold is characterized by the relation

(Vxé)Y =0 and Vx£=0
for any X, Y € T'(TM) [7,17].

2.2. Riemannian submersions. A smooth map 7 : M — N between Riemannian
manifolds M and N with dimension m and n, respectively, is called a Riemannian
submersion if 7, is onto and satisfies [12]

i) 7 has maximal rank,
ii) 7. preserves the lengths of vectors normal to fibers.

For each ¢ € N, 771(q) is a submanifold of M with dimension m — n. The
submanifold 771(g) are called fibers and a vector field X on M is called vertical
(resp. horizontal) if it is always tangent (resp. orthogonal). If X is horizontal
and m-related to a vector field X, on N then X is called basic. The projection
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morphisms on the distributions kerm, and (kerm,)” are denoted by V and H,
respectively.
The type of (1,2) tensor fields 7 and A on M are given by

T(X,)Y) = TxY = HVyx VY + VWyxHY (1)
AX)Y) = AxY =VVuxHY + HVxx VY (2)
for X,Y € I'(TM) where V denotes the Levi-Civita connection of (M, g). On the
other hand for U,V €T (kerm,) and X,Y €T ((ker W*)L> the tensor fields satisfy

the following equations
TyV = TyU (3)
1
AxY = -Ay X = QV[X, Y. (4)

Note that a Riemannian submersion 7 : M — N has totally geodesic fibers if
and only if 7 vanishes identically. Considering the equations (1) and (2), one can
write

VoV = TV + VgV (5)
VX = HVuX + Ty X (6)
VxU = AxU + VVxU (7)
VxY = HVxY + AxY (8)

for X, Y el ((kerw*)J‘) and U,V € T (kerm,), where Vi;V = VVy V. Moreover,
if X is basic then HVy X = AxU.

Lemma 1. ( [18]) Let 7 : M — N be a Riemannian submersion between Rie-
mannian manifolds and suppose that X andY are basic vector fields of M mw-related
to X, and Y, on N. Then
i) H[X,Y] is a basic vector field i.e. . (H[X,Y]) = [X,,Y:] o,
ii) [U, X] is vertical for any vector field U of (kerm,),
iii) HVxY is the basic vector field i.e. m. (HVxY) = Vx, Y,
where V and V are the Levi-Civita connection on M and N, respectively.

Let (M, g) and (N, ¢’) be Riemannian manifolds and ¥ : M — N is a smooth
mapping between them. The second fundamental form of ¥ is given by

VU,.(X,Y) =Vl (Y) -V, (VxY) (9)
for X,Y € I'(TM), where V¥ is the pullback connection. The smooth map ¥

is said to be harmonic if traceVV¥, = 0 and 1 is called a totally geodesic map if
(VU,)(X,Y) =0 for X,Y € ['(TM) [6].

Remark 2. Throughout this article, we consider that the characteristic vector field
& is a vertical vector field.
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3. POINTWISE BI-SLANT SUBMERSIONS

In the present section of the paper we define pointwise bi-slant submersions from
cosymplectic manifolds and obtain necessary and sufficient conditions for integra-
bility and total geodesicness of the distributions.

Definition 3. Let (M, ¢,&,n,9) be a cosymplectic manifold and (N, g’) a Riemann-

ian manifold. A Riemannian submersion w: M — N 1is called a pointwise bi-slant
submersion if

i) for nonzero any U € T'(D1), and p € M, the angle 61 between ¢U and the

space (D1), is independent of the choice of the nonzero vector U € T'(Dy),

ii) for nonzero any V € I'(D3), and q¢ € M, the angle 05 between ¢V and the

space (Dg)q are independent of the choice of the nonzero vector V € I'(Ds)

such that kerm, = D1 @& Dy @ £. Then the angle 0;, is called the slant function

of the pointwise bi-slant submersion. w is called proper if its slant functions satisfy

01,02 #0, 5.

We can give the following example using cosymplectic structure (¢,&,7, g) as in
Example 2.1 of [26].

Example 4. Define 7 : R? — R* as follows:
(21, .y 28, 2) = (21, (cOs @)xa + (sina)zy, (— cos 8)xs + (sin Bz, x¢) ,

where (x1, ..., g, z) are natural coordinates of R®. Then we obtain

0 ) 0 0
Dl_{%_a—m,%_smﬁaxs+cosﬁa—x7} and
0
D = = — = si _— —_ .
» =1{V3 3:58"/4 Smaaxg cosaam4}

Thus 7 is a pointwise bi-slant submersion with slant functions 81 = 3 and 0 = .

Suppose that 7 is a pointwise bi-slant submersion from a cosymplectic manifold
(M, ¢$,&,7,9) onto a Riemannian manifold (N, g'). For U € T (ker 7.), we have

U =PU+ QU +n(U)¢ (10)

where PU € T'(D;) and QU € I' (Ds).
Also, for U €T (ker 7,), we write

oU = U + wU (11)
where U € T (ker,) and wU € T (ker7,)".
For X €T (ker,)™", we have

X =BX +CX (12)
where BX €T (kerm,) and CX €T (kerm,)*
The horizontal distribution (ker 7, )" is decomposed as

(kerm,)t = wD; ®wDy @ p
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where 1 is the complementary distribution to wD; @ wDy in (ker )= .
By using (3.2) and (3.3) we obtain

WDy =Dy, ¢YDo= Dy, BwDy =D, BwDs= Ds.
Considering Definition 3 we can give the following result.

Theorem 5. Suppose that w is a Riemannian submersion from cosymplectic man-
ifold (M,$,&,m,9) onto a Riemannian manifold (N,g’). Then 7 is a pointwise
bi-slant submersion if and only if there exist bi-slant function 8; defined on D; such
that

Yr=—cos?0;, ([ —n®E), i=1,2
Proof. The proof is similar to the proof of Theorem 2 of [10], so we omit it. O

Theorem 6. Suppose that 7 is a pointwise bi-slant submersion from cosymplectic
manifold (M, ¢,&,m, g) onto a Riemannian manifold (N, g') with bi-slant functions
91,02. Then

i) the distribution D1 is integrable if and only if
g (TywpV — TywpU, W) = g (TywV — TywU, vW) + g (HVywV — HVywU, wW)
i1) the distribution Dy is integrable if and only if
g (TwwyZ — TzwyW,U) = g (TwwZ — TzwW,yU) + g (HVwwZ — HV zwW,wU)
where U,V € T'(Dy), W, Z € T (D»).
Proof. From U,V € T'(D;) and W € ' (D3) we have
g (U V], W) =g (VuoV, 6W) — g (Vi 6U, 6W)
=g (VupV,oW) — g (VuwV, oW) + g (Vv U, W)
=g (VywU, ¢W).
Considering Theorem 5 we arrive
g([U,V],W) =cos? 019 (VyV, W) — g (VywipV, pW) — cos 019 (Vy U, W)
+ 9 (VvwyU, ¢W) + g (VowV, W) — g (VvwU, W) .
Thus we get
sin® 019 ([U, V], W) = — g (VywpV, W) + g (VywpU, W) + g (VowV, oW)
-9 (VywU, ¢W).
By using the equation (6) we obtain
sin? 019 ([U, V], W) = — g (TywypV, W) + g (TywpU, W) + g (TywV, v W)
+ g (HVywV,wW) — g (TywU,vW) — g (HVywU,wW).
This completes the proof. (]
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Theorem 7. Suppose that 7 is a pointwise bi-slant submersion from cosymplectic
manifold (M, ¢,&,1,g) onto a Riemannian manifold (N, g') with bi-slant functions
01,05. Then the distribution D1 defines a totally geodesic foliation if and only if

sin? 01 ([U, X],V) =sin 260, X [01] g (¢U, ¢V) — g (AxwypU, V)
+ g (AxwU, V) + g (HV xwU,wV)
and
g (HVywV,wW) = g (TywyV, W) — g (TywV, W)

where U,V € I'(Dy), W € I'(D3) and X €T ((kerﬂ*)l).

Proof. For any U,V € Dy and X € T ((ker W*)l) we write
§(VuV,X) = - g (U, X],V) - g (VxU,V)
=~ g([U, X],V) + g (VxvU, V) — g (VxwU, V).
From Theorem 5, the above equation is obtained as follows
g(VuV, X) =—g([U,X],V) +sin 20, X[01]g (U, V) — cos® 619 (VxU,V)
+9(VxwypU, V) = g (VxwU,¢V)
Using the equation (8) we have
sin? 019 (ViV, X) = — sin®019 ([U, X], V) +sin 20, X [01]g (U, #V)
+ g (AxwypU, V) — g (AxwU, V) — g (HV xwU,wV)
Similarly for W € ' (D3) we have
g(VuV,W) = —g (Vuv?V,W) — g (VowpV, W) + g (VywV, ¢W) .
Thus we write
sin? 0,9 (Vg V, W) = — g (TwpV, W) + g (TywV, W)
+ g (HVywV,wW).
This completes the proof. ([

Theorem 8. Suppose that 7 is a pointwise bi-slant submersion from cosymplectic
manifold (M, ¢,&,m, g) onto a Riemannian manifold (N, g') with bi-slant functions
01,0>. Then the distribution Dy defines a totally geodesic foliation if and only if

sin? g ([W, X, Z) =sin 20, X [02] g (oW, ¢Z) — g (AxwyW, Z)
+ g (AxwW,¥Z) + g (HV xwW,wZ)
and
g(HVwwZ,wU) = g(TwwypZ,U) — g (TwwZ,yU)

where U € D1, W,Z € Dy and X €T ((kerw*)l).
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Proof. The proof of this theorem is similar to the proof of Theorem 5. O

Theorem 9. Suppose that 7 is a pointwise bi-slant submersion from cosymplectic
manifold (M, ¢,&,1,g) onto a Riemannian manifold (N, g') with bi-slant functions
01,05. Then the distribution (ker 7r*)J‘ defines a totally geodesic foliation if and
only if
sin? 6,9 (VxY,U) = (cos2 6 — cos? 91) g(AxY,QU) — g(HVxY,woU)
+ g (wAxY,wU) 4+ g (CHVxY,wU).

where X,Y €T (kerm,)" and U € T (kerm,).

Proof. For X,Y €T (kerm,)" and U € T (ker,) we write
9(VxY,U) = g (§Vx Y, PU) + g (6Vx Y, $QU) + g (6V x Y, )
From Theorem 5 we have
9(VxY,U) =—g (VxY.9*PU) — g (VxY,9*QU) — g (VxY,wyl)
+ 9 (¢VxY,wU)
By using the equation (8) we arrive
sin® 019 (VxY,U) = (cos® 03 — cos® 01) g (AxY,QU) — g (HV xY,wyU)
+ g (wAxY,wU) 4+ g (CHVxY,wU).
Thus we have the desired equation. O

Theorem 10. Suppose that 7 is a pointwise bi-slant submersion from cosymplectic
manifold (M, ¢,&,m, g) onto a Riemannian manifold (N, g') with bi-slant functions
01,05. Then the distribution (kerm.) defines a totally geodesic foliation on M if
and only if

sin’ 019 ([U, X], V) = (cos” 01 — cos” 02) g (6VxQU, $V) + sin 201 X [01] g (¢U, ¢V')
— (sin201.X [61] — sin 202X [02]) g (#QU, QV) + g (AxwypU, V)
— g (AxwU, V) — g (HV xwU,wV) — sin® 617 (VxU) n(V)
where X € T’ (kerw*)l and U,V €T (kerm,).

Proof. Given X €T (kerm,)" and U,V €I (kerm,). Then we derive
g(VuV, X) =—g([U,X],V) =g (VxU,V)
=—g([U,X],V) = g (VxoU, V) = n(VxU)n(V)
By using the equations (10) and (11), we have
g(VuV, X) =—g(U,X],V) =g (VxvPU,¢V) — g (VxyQU, V)
—9(VxwU,oV) = (VxU)n(V).
Thus, we obtain

g(VuV,X)=-g([U.X],V)+ g (Vx¥*PU,V) + g (Vx¢’QU,V)
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+ 9 (VxwpU, V) — g (VxwU,¢V) = (VxU)n(V)
Using Theorem 5 we arrive
9(VuV, X)=—g([U,X],V) +sin20, X [01] g (PU,V)
— sin 260, X[01]n(PU)n(V) + sin 20, X [02] g (QU, V)
— 5in 205 X [02]n(QU)n (V) — cos? 019 (Vx PU, V)
+cos? 01 (Vx PU) (V) — cos? a9 (6V x QU, 4V)
+ 9 (VxwpU, V) — g (VxwU,¢V) —n(VxU)n(V)
From the equation (8) we obtain
sin? 019 (VoV, X) = —sin? 019 ([U, X], V) +sin 20, X [01] g (U, V)
+ (sin 205 X [02] — sin 201 X [01]) g (6QU, ¢V)
+ (0082 01 — cos? 92) g (OVxQU,dV) + g (AxwypU, V)
— g (AxwU, V) — g (HV xwU,wV) —sin? 010 (VxU) n(V)

Using above equation the proof is completed. ([l

Theorem 11. Suppose that w be a pointwise bi-slant submersion from cosymplectic
manifold (M, ¢,&,1,g) onto a Riemannian manifold (N, g') with bi-slant functions
01,05. Then w is totally geodesic if and only if

—c0s? 01Ty PV — cos® 0Ty QV + HV ywiV + CHV ywV 4+ wTywV =0
and

—cos” 01 Ax PU — cos® 03 Ax QU + HV xwipU + CHV xwU + wAxwU = 0
where X € T (ker,)" and U,V € (kerm,).

Proof. Since 7 is a Riemannian submersion for X,Y € I" (ker 7r*)J‘ we have
(Vr) (X,Y) = 0.

Thus for U,V € T (ker 7,) it is enough to show that (Vr,) (U, V) = 0and (Vr.) (X,U) =
0. Then we can write

(V) (U, V) = =, (VyV).
Thus from the equation (9), we obtain
(V) (U, V) = =7 (VuV) = 71 (Vo V + pVywV)
=1, (Vo> PV + Vyi®QV + +VywypV + ¢VywV) .
Considering Theorem 5 we find

(V) (U, V) = m, (= cos? 0, Vy PV — cos® 0V QV + VywipV + ¢VywV) .
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Therefore we obtain the first equation of Theorem 11.
On the other hand, we can write

(V) (X,U) = —m, (VxU).

Using the equation (7) and (8), we arrive
(V) (X,U) = 7, (— cos® 01 Ax PU — cos® 02 Ax QU + HV xwypU + CHV xwU) .
This concludes the proof. O

REFERENCES

Akyol, M.A.,Giindiizalp, Y., Hemi-slant submersions from almost product Riemannian man-
ifolds, Gulf Journal of Mathematics, 4(3) (2016), 15-27.

Akyol, M.A., Sar1, R., On semi-slant £--Riemannian submersions, Mediterr. J. Math., 14
(2017), 234(20 pp).

Akyol, M.A.Sahin, B., Conformal slant submersions, Hacet. J. Math. Stat., 48 (2019), 28-44.
Algahtani, L.S., Stankovic, M.S., Uddin, S., Warped Product Bi-slant Submanifolds of
Cosymplectic Manifolds, Filomat, 31(16) (2017), 5065-5071.

Aykurt Sepet, S., Ergiit,M., Pointwise slant submersions from cosymplectic manifolds, Turk.
J. Math., 40 (2016), 582-593.

Baird, P., Wood, J.C., Harmonic morphisms between Riemannian manifolds, London Math-
ematical Society Monographs, Oxford University Press, Oxford, 2003.

Blair, D.E., Contact manifolds in Riemannian geometry, Lectures Notes in Mathematics 509,
Springer-Verlag, Berlin, 146p., 1976.

Carriazo, A., Bi-slant Immersions, Proceeding of the ICRAMS, (2000), 88-97.

Chen, B.Y., Slant immersions, Bull. Austral. Math. Soc., 41(1990), 135-147.

Erken, I.K., Murathan, C., On Slant Riemannian Submersions for Cosymplectic Manifolds,
Bull. Korean Math. Soc., (2014), 51, 1749-1771.

Etayo, F., On quasi-slant submanifolds of an almost Hermitian manifold, Publ. Math. Debre-
cen, 51 (1998), 217-223.

Falcitelli, M., Ianus, S., Pastore, A.M., Riemannian Submersions and Related Topics, World
Scientific, River Edge, NJ, 2004.

Gray, A., Pseudo-Riemannian almost product manifolds and submersions, J. Math. Mech.,
16 (1967), 715-737.

Giindiizalp, Y., Semi-slant submersions from almost product Riemannian manifolds, Demon-
stratio Mathematica, 49(3) (2016), 345-356.

Giindiizalp, Y., Akyol, M.A., Conformal slant submersions from cosymplectic manifolds,
Turk. J. Math., 42 (2018), 2672-2689.

Lee, J.W., Sahin, B., Pointwise slant submersions, Bull. Korean Math. Soc., 51(4) (2014),
1115-1126.

Ludden, G.D., Submanifolds of cosymplectic manifolds, J. Differential Geom., 4 (1970), 237-
244.

O’Neill, B., The fundamental equations of a submersion, Mich. Math. J., 13 (1966), 458-469.
Sayar, C., Ozdemir, F., Tagtan, H.M., Pointwise semi-slant submersions whose total manifolds
are locally product Riemannian manifolds, International Journal of Maps in Mathematics,
1 (2018), 91-115.

Sayar, C., Tagtan, H.M., Ozdemir, F., Tripathi, M.M., Generic submersions from Kaehlerian
Manifolds, Bull. Malays. Math. Sci. Soc., https://doi.org/10.1007/s40840-018-00716-2.
Sahin, B., Anti-invariant Riemannian submersions from almost Hermitian manifolds, Central
European J. Math., 8(3) (2010), 437-447.



POINTWISE BI-SLANT SUBMERSIONS 1319

Sahin, B., Semi-invariant Riemannian submersions from almost Hermitian manifolds, Can.
Math. Bull., 56 (2011), 173-183.

Sahin, B., Slant submersions from almost Hermitian manifolds, Bull. Math. Soc. Sci. Math.
Roumanie, 54(102) (2011), 93-105.

Tagtan, H.M., Sahin, B., Yanan, §., Hemi-slant submersions, Mediterr. J. Math., 13 (2016),
2171-2184.

Tastan, H.M., Lagrangian submersions from normal almost contact manifolds, Filomat,
31(12) (2017), 3885-3895.

Tastan, H.M., Gerdan Aydin, S., Clairaut anti-invariant submersions from cosymplectic man-
ifolds, Honam Mathematical J., 41(4) (2019), 707-724.

Uddin, S., Chen, B.Y., Al-Solamy, F.R., Warped Product Bi-slant Immersions in Kaehler
Manifolds , Mediterr. J. Math, 14(95) (2017).

Watson, B., Almost Hermitian submersions, J. Differential Geometry, 11(1) (1976), 147-165.



https://communications.science.ankara.edu.tr

Commun.Fac.Sci.Univ.Ank.Ser.A1 Math.Stat.
Volume 69, Number 2, Pages 1320-[[328] (2020)
DOI: 10.31801/cfsuasmas.559608

ISSN 1303-5991 E-ISSN 2618-6470

COMMUNICATIONS

Received by the editors: May 01, 2019; Accepted: August 26, 2020 SERIES Al

ON A JANOWSKI FORMULA BASED ON A GENERALIZED
DIFFERENTIAL OPERATOR

Rabha W. IBRAHIM

Informetrics Research Group, Ton Duc Thang University, Ho Chi Minh City, VIETNAM
Faculty of Mathematics & Statistics, Ton Duc Thang University, Ho Chi Minh City, VIETNAM

ABSTRACT. The central purpose of the current paper is to consider a set of ben-
eficial possessions including inequalities for a generalized subclass of Janowski
functions (analytic functions) which are formulated here by revenues of a gen-
eralized Salagean’s differential operator. Numerous recognized consequences
of the outcomes are also indicated. We present some results involving the sub-
ordination and superordination inequalities. Moreover, growth inequalities are
indicated in the sequel. Real and special cases are suggested containing the
differential operator.

1. INTRODUCTION

The differential operators regularly characterize physical capacities, the deriv-
atives signify their proportions of modification, and the operator expresses a re-
lationship between the two. Because such relatives are exceptionally common,
differential operators play a flat role in many categories involving physics, econom-
ics, engineering and biology. In this direction, Ibrahim and Darus introduced the
following mixed operator : let A be the class of normalized function formulated
by

f)=z2+> anz", z€U={z:]z| <1}, (1)
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then, we have

Dy f(z)
D, f(2)

f(z)
2f'(2) +

Dy f(2) = Du(D ™1 f(2))
=z + Z[n + g(l + (_1)n+1)]m anzn-

Obviously, if we let k = 0, we get the Salagean’s differential operator [2]. We title
D™ the Salagean-difference operator. In addition, D} is a modified Dunkl operator
of complex variables 3] and for recent work [4]. Dunkl operator characterizes a
major generalization of partial derivatives and attains the commutative law in R™.
In geometry, it acquires the reflexive relation, which is plotting the space into itself
as a set of fixed points.

The Hadamard product or convolution of two power series is denoted by (x)
achieving

f(z)xh(z) = (z + i anz”) * (z + i nnz”)

o0
=z+ E ann,z".
n=2

Thus, we have
D' f(z) = D(2) = f(2),

where

D) =2+ Int S(1+ (=) 2"
n=2
=z+ i RIS

Recall that f < g then there exists a Schwarz function w € U such that w(0) =
0,|w(z)| < 1, z € U satistying f(z) = g(w(z)) for all z € U (see [5]). The inequality
f(2) < g(2) is equivalent to f(0) = g(0) and f(U) C g(U).

Furthermore, let J(A, B) denote the family of all functions ¢ that are analytic
in the open unit disk U with ¢(0) = 1 and achieve

1+ Az
p(2) <

ST 1<B<A<I1.
1+ Bz - -
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1+ A4
Note that the function 1 B is univalent in the open unit disk U.

Recently, Arif et all. [6] introduced anew class of analytic functions along with
the concepts of Janowski functions as follows:

Definition 1.1. If f € A, then f € J*(A, B, j) if and only if

1 2D f(2) ) PR
1+ Bz’

b (Déﬂz) ~Dyf(~=2)
(zeU, 1<B<A<1,j=12,.., be(C\{O}),
where Dg+1f(z) is the Salagean’s differential operator.

In our study, we shall extend the above class as follows:
If f €A, then f € J°(A, B, j) if and only if
1 2Dt f(2) ) 1+ Az
1+ Bz’

b (Df;ﬂz) — Dif(—2)
(zeU, “1<B<A<1,j=12,.. beC\{0}, 520),

1.1. Special cases.
o k=0= [6];
e k=0,B=0=[7];
e k=0A=1B=-1b=2= [g].

Lemma 1.2. If P € J(A, B) then its coefficients satisfy
|pn| S(A—B), VTIZL
where
P(z) =1+p12 +p222 +p323 +..., zeUl.
2. REsuLTS

Our results based on two expressions involving the differential operator D}

2.1. Special class of the expression DJ*1/DJ. We have our first result as fol-
lows:

Theorem 2.1. If f € J’(A, B, j
[f(z) = f(=2)], z€U

achieves the following inequality
1<D£+1D(z) 1) 1+ Az
b DJ,;D(Z) 1+ Bz’
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(zeU, 1<B<A<1,j=1,2,.., beC\{0}, /@20),
Proof. Since f € J°(A, B, ) then there is a function P € J(A, B) such that

2D £(2)
W -0 = (550 =)

and

b(P(~z)—1) = ( —2D, 7 (=) )).

DlLf(2) — DLf(—=
This implies that
E(D{;“D(z) B 1) _ P(z) + P(=2)

b\ DIO(z) 2
Also, since
1+ Az
P
(2) = 14+ Bz
1
where il i is univalent then by the definition of the subordination, we obtain
1 /DIiTtO(2) 1+ Az
(=) < .
b\ DiO(z) 1+ Bz
O
Note that

e When k = 0, we get the following result, which can be found in [6]
1 /Dy 1+A

1 (o,iﬂw 1) < +Az

b\ DID(z) 1+ Bz

e When k = 0,b =1, we have a result given in [10]

(Dg“f(z)) PREC
e When k =0,b=1,4A=1— 2w, —1 we attain a result given in [10]
(Dé“f(z)) - 1+ (1—-2a)z

D3 f(2) -2
Corollary 2.2. If f € JY(A, B, j) then the odd function
1
0(2) = 2f(5) - (-] zeU
achieves ) )
z9(z) 1—r B
3%( 0(2) ) T 142 I =7 <1
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Proof. In view of Theorem the function O(z) is starlike in the open unit disk.
The subordination concept implies that

20(z) - 122
O(z) 1422
that is, there exists a Schwarz function p € U, |p(2)| < |2| < 1, p(0) = 0 such that
20(2) | 1-p(2)°
P(2) := <
=00 TR eer
which yields that there is £, |¢] = r < 1 such that

20— 1= 2()
P~ (&) = 11 §el.
A calculation gives that
BT
o = I0Or <

Hence, we have the following conclusion

(0 1+|§|4‘2< A€

Ca—fgr T a—g?
or A ,
1+ ¢ 2[¢]
d(z) — ‘ < .
%)~ Tl < e
This implies that
R(®() > 0 g =r<t
1 e
which completes the proof. ([l

Theorem 2.3. If f € J(A, B,j) then
R(DIFF()) = R(5(1+b(P(2) = 1)e’),
where P(z) € J(A, B) and

soyim [ ORI,

Proof. Let f € J%(A, B, j). It has been shown in [6], Theorem 5 that
DY f(z) = S (14 b(P(=) = 1))e".

But
R(DI 1) = R(DF 1), k20,
it follows that
a%(pgjlf(z)) > %(%(1 L b(P(2) — 1))ew<z>).
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This completes the proof. ([l
Theorem 2.4. If f € J(A, B, j) then

(1 — |b|Ar)r + (1 — |b| Br?) (1+ [b]Ar)r + (1 — [b| Br?))
(1+72)(1—-Br) (1-=72)(1+ Br)

Proof. Let f € J%(A, B, j). This implies the following equality

; B b(A — B)w(z)
DL 1) = 1+ LD

< DI f(2)| < (

1+ W) <zl =r <1, (4)

where .
n(e) = 5 1Dif(2) ~ Dif(~2)]
The function 7 is univalent in the open unit disk U thus in view of the Growth

Theorem, we have
r

Moreover, by taking |w(z)| < |z| = r, a computation gives the inequality

< In(z)] < 2| =r <1

L+ b(A — B)w(z) ‘ B ‘ (14 Bw(z)) + b(A — B)w(z)
1+ Bw(z) | 1+ Bw(z)

< (1 —|b|]Ar) + (1 — |b|)Br

- 1— Br)

< (1+ |b|Ar) + (1 — |b])Br

- 1+ Br) '
By employing the last two inequalities in , we have the desire result. O
Theorem 2.5. For f € A, define the functional

Di

O A )

such that R(¥(z)) > 0. Then
20 (z) 2r
%( >< D olzl=r<l.
W) ) ST FErs
Proof. 1t is clear that ¥(0) = 1. According to the condition of the theorem, there
exists a Schwarz function p € U, |p(z)| < |z| < 1, p(0) = 0 such that

_1+p(2)
1—p(2)

U(z)

This gives the equality
2WU(z)  22¢/(2)

U(z)  1—p(2)?
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Hence, by utilizing the Schwarz-Pick Theorem, we attain
|Z‘I’(Z)’ 2" . 2r 1-lp(@) _ 2
U(z) ~1-lp() ~ 1-lp(=)" 1-r2 — 1-1%

| <

O

2.2. Special class of the expression z(D7 f(2))™ f(z). A function f € A is said
to be in the class S!(h) if and only if the expression z(D f(z))/™ f(z) takes all
values in the conic domain € := h(U), where h(z) is convex univalent then, we can
describe the class as follows:

(DR f(2)

Next result shows the upper bound of the operator D f(z), when f € S (h) and
the upper and lower bound of the expression D" f(z)/z.

Theorem 2.6. Let f € ST (h), where h(z) is convex univalent function in U. Then

D f(z) < zexp (/Oz h(“(?)_ldg),

where w(z) is analytic in U, with w(0) = 0 and |w(z)| < 1. Furthermore, for |z| =,
D f(z) achieves the inequality

exp (/01 h(w(—:??)) - l)dn < ‘D,Z”i‘(Z)‘ < exp (/01 h(w(vz;) - l)dn_
Proof. Since f € S7*(h), we have
(Z(gg}t((j)))/) < h(z), ze€l,

which means that there exists a Schwarz function with w(0) = 0 and |w(z)| < 1

such that ( ()
2(D f(z B
which implies that

(DEIENY 1 Mol) -1

D f(z) z z
Integrating both sides, we have
log D™ f(2) — log 2 :/ h(“’(?ldg.
0
Consequently, this yields
z 0 3
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By using the definition of subordination, we get

D" f(z) < zexp (/OZ h(w(?)_ldf)

In addition, we note that the function h(z) maps the disk 0 < |z] <7 < 1 onto a
region which is convex and symmetric with respect to the real axis, that is

h(=nlz]) < R(h(w(nz))) < h(nlz]), ne(0,1),

which yields the following inequalities:

h(=n) < h(=nlz]),  h(nlz]) < h(n)
and
1 _ _1 1 1 1 1
[ U [y [t <1,
0 n 0 n 0 n
By using the above relations and Eq. @, we conclude that
! — ~1 Dm ! -1
[ U Z | PRI ¢ [ HED) -1,
0 n z 0 n
This equivalence to the inequality
1 _ - m 1 -~
oop ([ M =1y DI ¢ ([ M) =1
0 n z 0 n
Thus, we obtain
1 1
h(w(—nm)) —1 D f(z h(w -1
eXp(/ (w(=m)) )dﬁﬁ‘ f()‘gexp(/ (w(n) )dn-
0 n z 0 ]
This completes the proof. (I

3. CONCLUSION

From above, we conclude that the generalized differential operator is used to
generate a set of new classes of analytic functions in terms of the Janowski for-
mula. Different cases are recognized for recent efforts. One can develop the above
work using another classes of univalent functions such as harmonic, multivalent and
meromorphic.
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ABSTRACT. We give a new characterization for doubly warped products by
using the geometry of their canonical foliations intersecting perpendicularly.
We also give a necessary and sufficient condition for a doubly warped product
to be a warped or a direct product. As a result, we prove the non-existence
of Einstein proper doubly warped product pseudo-Riemannian manifold of
dimension grater or equal than 4.

The characters in abstract should be between 500 to 5000

1. INTRODUCTION

The notion of warped product of pseudo-Riemannian manifolds was defined by
Bishop and O’ Neill in [2] in order to construct a large class of complete manifolds
of negative curvature. In fact, this notion appeared in the literature before [2]
under the name of semi-reducible spaces [10]. Also, this notion is a natural and
fruitful generalization of the notion of direct (or Riemannian) product. One of the
reasons why warped products have been studied actively is that they play very im-
portant roles in physics as well as in differential geometry, especially in the theory
of relativity. In fact, the standard space-time models such as Robertson-Walker,
Schwarschild, static and Kruskal are warped products. Moreover, the simplest mod-
els of neighborhoods of stars and black holes are warped products [12].

In this paper, we first prove a existence theorem for doubly warped products. Sec-
ondly, we give a necessary and sufficient condition, called the mizxed Ricci-flatness
for a doubly warped product to be a warped or a direct product. In order to
achieved this, we use a result of [1] or [14] concerning Ricci tensor of a doubly
warped product. Then by using this result, we prove the non-existence of Einstein
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doubly warped product pseudo-Riemannian manifold of dimension > 4 in proper
case.

2. PRELIMINARIES

Let M; and My be any pseudo-Riemannian manifolds endowed with pseudo-
Riemannian metric tensors g; and gs respectively, and let f; and fo are positive
smooth functions defined on M; x Ms. Also 7wy and 7o are canonical projections
of My x Ms onto My and Ms, respectively. Then the doubly twisted product [13]
My X My of (My,g1) and (Ma,g2) is the product manifold M = M; x M,
equipped with metric g = f3g; ® fZgo given by

9= fami(g1) + fims(g2)
where 77 (g;) is the pullback of g; via m; for ¢ = 1,2. Each function f; is called a

twisting function of the doubly twisted product (7, M7 X7, Mo, g). In this case, if
either f1 =1 or fo =1, but not both, then we obtain a twisted product [4].

If the twisting functions f; and f> only depend on the points of M; and M re-
spectively, then (7, M x 5, My, g) is called a doubly warped product pseudo-Riemannian
manifold [6]. The functions f; and fs are called warping functions of doubly warped
product. In which case, if either f; =1 or fo = 1, but not both, then we obtain a
warped product |2]. If both f; = 1 and fo = 1, then we get a direct (or Riemannian)
product [5]. If neither f; nor fs is constant, then we say that (p, My Xy, Ma,g) is
proper doubly warped product pseudo-Riemannian manifold.

Let (7, My x ¢, Ms, g) be a doubly warped product manifold with the Levi-Civita
connection V and V* denote the Levi-Civita connection of M; for i € {1,2}. By
usual convenience, we denote the set of lifts of vector fields on M; by £(M;) and use
the same notation for a vector field and for its lift. On the other hand, each 7; is a
(positive) homothety, so it preserves the Levi-Civita connection. Thus, there is no
confusion using the same notation for a connection on M; and for its pullback via ;.
Then, the covariant derivative formulas for a doubly warped product manifold [6]

are given as:

VxY = VLY — g(X,Y)V(In(fy 0 m5)) , (1)
VxV=VyX =V(n(feom))X + X(In(f; om))V , (2)
VuV = ViV = g(U,V)V(In(fi o)) (3)

for XY € £(M;) and U,V € £(Msy). Moreover, My X {p2} and {p1} X M>
are totally umbilical submanifolds with closed mean curvature vector fields in
(£, My x4, Ma,g) |11], where p; € My and ps € M.

Remark 1. From now on, we will use the same symbols for warping functions and
their pullbacks.
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Next, we recall that some facts for later use.

Let M a pseudo-Riemannian manifold with metric tensor g. The Ricci tensor of
M is a symmetric (0,2) type tensor defined by

Ric(X,Y) = Zg(Ei, E)g(R(E;, X)Y,E;) | (4)

where X and Y are smooth vector fields on M, {Fy,..., E;,} is an orthonormal
frame field on the set of all smooth vector fields on M and R is Riemann curvature
tensor of M defined by

R(X,Y)Z =VxVyZ -VyVxZ -VixyZ (5)

here V is the Levi-Civita connection with respect to the metric g. For more details,
see [5].

For the Ricci tensor of a doubly warped product f, M; X7 My with
dim(M;) = my > 1 and dim(Mz) = mg > 1, we have the following result from
Theorem 2.5.2 of [14] or the equation (2.19) of [1],

Rice(X,V) = (mq +mg — 2) (XE) <‘;§2> , (6)

where X € L(M;) and V € L(M).

3. MAIN RESULTS
We need the following two facts to prove the first main theorem.

Lemma 2. (Proposition 3-a [13]) Let M = My x Ms and call (D1, D2) the canonical
foliations. Suppose that g is a pseudo-Riemann metric such that D1 and Do are
orthogonal. Then (M, g) is a doubly twisted product r, My Xy, My if and only if Dy
and Do are totally umbilic.

Lemma 3. (Lemma 2.3 [9]) Let y, My Xy, My be a doubly twisted product. It is a
doubly warped product if and only if the mean curvature vector fields of canonical
foliations are closed.

We are ready to prove the main theorem.

Theorem 4. Let (M,g) be a pseudo-Riemannian manifold and D1 and Dy be
canonical foliations on M. Suppose that D1 and Dy intersect perpendicularly every-
where. Then g is the metric of doubly warped product p, My Xy, Moy if and only if
there exists a smooth function p, (resp. pg) on My (resp. Ms) such that for any
Z € L(My) and W € L(M>), we have

Lywg=2W(uylg on M (7)
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and
Lzg=2Z[mlg on My, (8)

where Ly is the Lie derivative with respect to W and My (resp. Ms) is the integral
manifold of D1 (resp. Da).

Proof. Let f,M; xf, M be a doubly warped product with the metric g = fig1 &
f2g2. Then using the Lie derivative formula, for any X,Y, Z € £(M;) and U,V,W €
£(M3), we have

(Lwg)(X,Y) = —29(h1 (X, Y), W) (9)
and

(EZg)(Uv V) = *2g(h2(U7 V)7Z) ) (10)
where h; (resp. hq) denotes the second fundamental form of M; (resp. Ms), (e.g.
see [3, p. 195]). By using and (3), we obtain

(Lwg)(X,Y) = =29(—g(X,Y)V(In f2), W) (11)
and
(Lz9)(U,V) = =29(=g(U,V)V(In f1), Z) (12)
from @[) and , respectively. By direct calculation, we get
(Lwg)(X,Y) = 2W(In fo]g(X,Y) (13)
and
(Lzg)(U,V) = 2Z[In f1]g(U, V) (14)

from and , respectively. Thus, we find the assertion for py = In fo from
and the assertion for gy =1In f; from (14).

Conversely, suppose that the conditions (|7)) and hold. Then for any XY, Z €
£(My) and U, V,W € £(M>), using N, we have

—29(m(X,Y), W) = 2W|uy]g(X,Y) (15)
and
—29(h2(U,V), Z) = 22, ]g(U, V). (16)
After some calculation, we obtain
g(hi(X,Y), W) = g(=g(X,Y)Vpy, W) (17)
and
9(h2(U, V), Z) = g(=g(U, V)V, Z) (18)
from and , respectively. We get
hi(X,Y) = —g(X,Y)Vp, (19)
and
ho(U, V) = —g(U,V)Viy (20)

from and , respectively. The equation (resp. ) tells us the canon-

ical foliation Dy (resp. Da) is totally umbilical with the mean curvature vector
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field =V, (resp. —Vu;). Moreover, the mean curvature vector field —V; (resp.
—Vg) is closed, since its dual 1-form —dp, (resp. —dugy) is closed. Thus by
Lemmas [2| and [3} ¢ is the metric of a doubly warped product y, M; Xy, Ms. O

Before going to give the second main result, let recall the definition of mixed
Ricci-flatness.

Let M = ¢, My x ¢, Ma be a doubly warped product pseudo-Riemannian manifold
with metric tensor g = f2g1 @© f2go. Then we say that (M, g) is mized Ricci-flat, if
we have Ric(X,V) =0 for every X € L(M;) and V € L(M) [7].

Theorem 5. Let ¢, My X ¢, My be a doubly warped product of (M, g1) and (Mz, g2)

with warping functions fi and fa and dim(My) = mq > 1 and dim(Msz) = mg > 1.
Then ¢, My Xy, My is mized Ricci-flat if and only if

(1) either y,My xy My can be expressed as a warped product s, My x My of
(My, 1) and (Ma, g2) with warping function fa, where go = k3gs for some positive
constant ki, or

(2) either ;, My x5, My can be expressed as a warped product My Xy, My of
(My, g1) and (Ma, g2) with warping function fi, where gy = k3gy for some positive
constant kg, or

(3) My Xy, My is a direct product My x My of (M1, ¢1) and (Ma, §2), where
g1 = cggl and go = c%gg for some positive constants ¢1 and co.
Proof. It s, My %y, M> is mixed Ricci-flat, then we have Ric(X,V) = 0 for all
X € L(My) and V € L(M>). Thus, by the hypothesis and (6]), we obtain
Xf)(Vf)=0, (21)
for all X € L(M;) and V' € L(Ms). There are three different cases.

Case 1. Xfi=0and Vfy#0.

Hence, we find f; = ki for some positive constant k. Thus, we can write
g = f291 @ go, where go = kigoe, that is g, My xy, My can be expressed as a
warped product g, M7 x M, with warping function f,, where the metric tensor of
Ms is g2 given above. This is (1).

Case 2. Xf1#0and Vfy=0.
Similarly, r, M1 Xy, Mj can be expressed as a warped product M; Xy, My with

warping function fi, where the metric tensor of this warped product M; Xy Ms
My is g = g1 @ f2 g2 such that g; = k3g; for some positive constant ks, so we get (2).
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Case 3. Xfi=Vfy=0.

Then, it follows immediately that f; = ¢; and fo = co, where ¢; and ¢y are
positive constants. Thus, it is easy to see that y, My Xy Ms is a direct product
My x My of (My,gy) and (Ms, ga), here gi = cg; and gz = c2go. Which is (3).
The converse is obvious from the equation @ ([l

A pseudo-Riemannian manifold (M, g) is called an Einstein manifold if its Ricci
tensor proportional to its metric, i.e., Ric = A\g for some constant A [5].Since, the
Einstein conditions leads to mixed Ricci-flatness, by our main result Theorem [5]
we have following result.

Corollary 6. There exist no Einstein proper doubly warped product pseudo-Riemannian
manifold of dimension greater or equal than 4.

Remark 7. This result was also obtained without dimension restriction in [1|] by
different manner, see Proposition 3.1 of [1|].

Remark 8. In (8], the author asserts that the existence of Einstein doubly warped
product pseudo-Riemannian manifolds, see Remark 3.3 of [§]. But Corollary @
contradicts that result.

Remark 9. The mixed Ricci-flatness condition was also used for a twisted product
to be a warped product by M. Ferndndez Lopez et al [7].

Remark 10. As can be easily seen from the Preliminaries section, there exist no
inclusion relation between the classes of proper twisted products and the classes of
proper doubly warped products.

Remark 11. Some space-time models such as Robertson- Walker and Kruskal have
the mized Ricci-flatness property. Thus, in view of Theorem [3, these space-times
cannot be further generalized to the proper doubly warped products.
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ABSTRACT. A graph G is edge colored if different colors are assigned to its
edges or lines, in the order of neighboring edges are allotted with least diverse
k-colors. If each of k-colors can be partitioned into color sets and differs by
utmost one, then it is equitable. The minimum of k-colors required is known
as equitably edge chromatic number and symbolized by x_(G). Further the
impression of equitable edge coloring was first initiated by Hilton and de Werra
in 1994. In this paper, we ascertain the equitable edge chromatic number of
Py ® Pn, P, ® Cp, and Kl,m®K1,n»

1. INTRODUCTION

In the midst of various coloring concepts of graphs, the motive of equitability
in edge coloring on tensor product of graphs is an inventive approach. Graphs
considered in this paper are of simple finite sets V' and E. Each element of V'
is called its vertices and the elements of E are called its edges, which are the
unordered pair of vertices. Therefore G(V, E) is a graph. We use the standard
notation of graph theory The minimum number of colors needed to color
edges of a graph G is utmost its maximum degree. Since all edges incident to the
same vertex must be alloted with distinct colors. Noticeably x' (G) > A (G). In
1964, Vizing conjectured that for every simple graph x' (G) < A(G) + 1. In
1973, Meyer [4] presented the concept of equitable vertex coloring and its equitable
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chromatic number, which opened the way for introducing equitability in the fields
of edge and total coloring.

The concept of equitable edge coloring was defined by Hilton and de Werra [5]
and the tensor product of graph was defined by P.M.Weichsel [6]. We have merged
both these conception and resolute the equitable edge chromatic number of P, ® Py,
P,,®C,, and K1, ®K; . The combined component of each of these graphs enlarges
as a new structured graph and has wider applications in the areas of networks,
scheduling and assignment domains.

2. PRELIMINARIES

Definition 2.1. An edge coloring of a graph G is a function f : E(G) — C,
where C is a set of distinct colors. For any positive integer k, a k-edge coloring
is an edge coloring that uses exactly k different colors. A proper edge coloring of
a graph 1s an edge coloring such that no two adjacent edges are assigned the same
color. Thus a proper edge coloring f of G is a function f : E(G) — C such that
f(e) # f(e') whenever edges e and €' are adjacent in G.

Definition 2.2. The chromatic index of a graph G, denoted x'(G), is the minimum
number of different colors required for a proper edge coloring of G. The graph G is
k-edge-chromatic if x'(G) = k.
Definition 2.3. For k-proper edge coloring f of graph G, if ||E;| — |E;|| < 1,
i,7 =0,1,2,...,k — 1, where E; (G) is the set of edges of color i in G, then f is
called a k-equitable edge coloring of graph G, and

X_ (G) = min {k : there exists a k-equitable edge-coloring of G}
is called the equitable edge chromatic number of graph G.

Definition 2.4. [0/ The tensor product of G and H is the graph, denoted as GQ H,
whose verter set is V (G) @ V(H) =V (G® H), and for each vertices (g,h) and
(¢',h') are adjacent precisely if g¢' € E(G) and hh' € E (H). Thus

V(GeH) = {(g9,h) /g€ V(G) and he V (H)}

E(GeH) = {(g.h) (4. h)/99" € E(G) and hh' € E(H)}.
Lemma 2.5. [1] For any simple graph G (V, E), x_ > A (G).
Lemma 2.6. [1]] For any simple graph G and H, x_ (G) = X' (G), and if H C G,

then x' (H) < x' (GQ), where x__ (GQ) is the proper edge chromatic number of G. So
Lemma[27] and Lemma[2.8 are obtained.

Lemma 2.7. For any simple graph G and H, if H is a subgraph of G, then
xZ (H) < xZ(G)
Lemma 2.8. For any complete graph K, with order p,

=1( mod 2)
D L ,
X= (Ky) {p—l, p=0( mod 2),
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Lemma 2.9. [7] Let G(V,E) be a connected graph. If there are two adjacent
vertices with mazimum degree, then X', (G) > A(G) + 1.

3. MAIN RESULTS

Theorem 3.1. Form <n, x_ (P, ® PF,) =4.

{v; :1<j<n}. By the

Proof. Let V (Pp,) = {u;:1<i<m} and V(P,) =
1<i<m,1<j<n}and

definiton of tensor product, V (P, ® B,) = {w;v; :

m—1 m—1
E (Pm (9 Pn) = U {uiv]‘,ui_,_lvj_kl 1<5<n—- 1}U U {uivj,ui_klvj_l :2<5< n}
=1 =1

Let eg)(5),(k)@) be the edge of P, ® P, connecting the vertices u;v; and ugv; of

Therefore em G,k € F (P, ® B,) if and only if |k —i| = |l — 4| = 1. Since
P,, ® P, is isomorphic to P, ® P,,. Without loss of generality, we assume m < n
for all cases of m and n. Now let us partition F (P, ® P,) for the following cases.
Case (i) Both m and n are odd

7n2—1 n;l m;l n;l

By = €(24)(2j-1),(2i-1)(24) U{ U €(24)(24),(26+1)(25+1)
i=1 \j=1 i=1 \ j=1
7n2—1 n;l m;l n;l

By = €(2i-1)(25-1),(2i)(24) U U €(20+1)(24),(20)(25+1)
=1 \Jj=1 i=1 \ j=1
nz;l n;l m2—1 n;l

By = U €(20+1)(25-1),(20)(25) U €(2i—1)(24),(2i)(25+1)
i=1 \j=1 i=1 \j=1
7n2—1 n;l m2—1 n;l

By = U €(20)(2j-1),(2i+1)(24) U U €(24)(25),(2i—1)(2j+1)
i=1 \j=1 i=1 \j=1

In this partition |E)| = |Es| = |E3| = |E4| =2 (mT_l
and satisfies || E;| — |E;|| <1 for i # j.
Case (ii) When m is odd and n is even

~—
—
S
||
[
~—

m—1 n m—1 n—2
2 2 2 2
B = U U €(2i)(25—1),(2i—1)(25) U U €(24)(24),(2i+1)(2j+1)
i=1 \j=1 i=1 \ j=1
m—1 n m—1 n—2
2 2 2 2
Ey = U €(2i—1)(25—1),(21)(25) U U €(2i+1)(27),(2i)(25+1)
i=1 \j=1 i=1 \ j=1
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m—1 n m—1 n—2
p) 2 P) =

By = Ue(2i+1)(2j—1)7(2i)(2j) U €(2i—1)(24),(2i)(2j+1)
i=1 \j=1 i=1 \j=1
m—1 n m—1
2 2 2 2

Er = U [Ueeoe-neren | ¢U U €(20)(27), (2i—1)(24+1)
i=1 \j=1 =1 \j=1

In this partition |Ei| = |Eo| = |E3| = |Ea| = (252) (2) + (221) (252)
which infers ||E;| — |E;|| <1 for i # j.
Case (iii) When m is even and n is odd

m n—1 m—2 n—1
2 2 2 2

By = U €(2i)(25—1),(2i—1)(25) U U6(2i)(2‘7'>,(2z'+1)(2j+1) }
i=1 \ j=1 i=1 \ j=1
m n—1 m—2 n—1
2 2 2 2

By = U €(2i—-1)(25-1),(2i)(27) U U€(2z+1)(2j) (2i)(25+1)
i=1 \ j=1 i=1 j=1
m—2 n—1 m n—1
2 2 2 2

Bz = ¢ <U6<2i+1)(2j—1),(2i)(2j) U U [ U eei-veineein }
=1 \j=1 i=1 \ j=1
m—2 n—1 m n—1
2 2 2 2

Es = S U | Ueerei-vemen | tUSU | U eenen.ei-neim }
=1 \j=1 i=1 \ j=1

In this partition |E1| = |Eo| = | B3| = |Ea| = (252) (252) + (2) (252)
which facts that ||E;| — |E;|| < 1 for ¢ # j.
Case (iv)Both m and n are even

2
€(2i)(2j—1),(2i—1)(24) U U

1 i=1

<
3
3
|
M)
3
|
N

By o= €(2i)(2),(2i+1)(25+1)

-

<
Il
[

s
Cw

8
I
A

J

%
U€<2i—1)(2j—1)7<2i)(2j> U

Jj=

g
.- (i
i

3
|
¥
3
|

s
Cw

8
I
i

By = €(2i+1)(2)),(20)(2+1)

,_.
~
Il
—
3 .
Il
[SI-

Q
5
3
i

)
)

2
€(2i+1)(25—1),(20)(25) U U €(2i—1)(25),(2i)(25+1)

Cw

1

<.
m =
-
Il
—
3 <.
Il
m =

L

S
S

NN

2 2
U€(2z‘)(2j—1>,(2i+1)<2j> U U U€(27)(2J) (2i—1)(2j+1)

Jj=1 =1 \ j=1

Ey =

1

<.
I

—_— —— Y—— Y—



1340 J.V. VIVIK, M.M. AKBAR ALI, G.GIRIJA

In this partition |Ey| = |Ea| = (2) (2) + ( m=2) (252)
and |E3| = |Es] = (52) (2) + (2) (%2 ) which signifies ||E;| — |E;|| < 1 for
1 7.

In all the cases by observing the suffixes of the edges of E; and E; (i # j), it
is inferred that there is no common edges in E; and E; (4 ;é j). ie, E;NE; = ¢

for i # j. Clearly FE;’s are pair wise mutually disjoint, also U E, =E(P,®P,).

Here P, ® P, is equltably edge colorable with 4 colors. Hence X_ (Pn®P,) <4
Since A = 4, we have x_ (P, ® P,) > X' (Pn®P,) > A = 4. This implies
X_ (P ® Pn) > 4. Therefore x_ (P, ® Pn) =4. ]

Theorem 3.2. Form <n, x_ (P, ®C,) =4

Proof. Let V(Py,) = {u;: 1 <i<m} and V(C,) = {jzlgjgn}. By the
definiton of tensor product V(Pyn®Cy) ={uv;:1<i<m,1<j<n}and

E(P,®C,) = U {uvj, uip1vj41: 1 < j <n-—1}U U {uvj, uip1vj1 : 2 <j <n}

U U {u;v1, wip10n} U U {wivi, ui—1vn}. Let e, be the edge of P, ® C,

connectlng the vertlces uzv ; and ugv; of P, ® C,.

Therefore e;(j),()1) € E (Pm ® Cp) if and only if |k —i| = |l —i| = 1. Since
P, ® C,, is isomorphic to C,, ® P,,. Without loss of generality, we assume m < n
for all cases of m and n. Now let us partition E (P, ® C,,) for the following cases.
Case (i) Both m and n are odd

m—1 n—1
2

U U €(2i)(25-1),(2i-1)(25)

i=1 \ j=1

Ey

2
U U €(24)(24),(2i+1)(2j+1)

s
I
—

-

{e 2i+1)(1),(20)(n):1<i< ’"51}

( €(20-1)(25-1),(29)(24)

{6(21)(1) (2i+1)(n):1gig%}

0 (9

n—1
2

U €(2i+1)(25),(20)(2j+1)

Jj=

-
3
|

m—

.

&
Il
-

5
Il
——
Cm
-

<.
=
—

C

n—1
2

€(2i+1)(25-1),(20)(24) U €(2i-1)(24),(2i)(25+1)

S|

w

I
/—’H

HC

|
|
|
|

~ \_/ ~

~—— N—— N——
ey

~ ~/ ~

~ N~ ~

N—— N—— N——

=1 j=1
U {e 2i)(1), (21 1)(n)1<i<mzt }
m— n— m—1 /n—1
2 2 2 2
Ey = { €(2i)(2j—1),(2i+1)(25) U U €(20)(24),(2i—1)(2j+1)
i=1 j=1 i=1 j=1



C

Ey

E,

and assures that|| F;]|

EQUITABLE EDGE COLORING ON TENSOR PRODUCT OF GRAPHS

U {e(%*1)(1),(2i)(n):1Si§% }

In this partition |E1| = |Ea| = | B3| = |[Eq| = 2 (252) (251) + (271).
and deduce that ||E;| — |E;|| <1 fori# j
Case (ii) When m is odd and n is even

m—1

n m-1 /n_2
By = U Ue(%)@j—l)v(%—l)@j) U U Ue(2i)(2j),(2i+1)(2j+1)
i=1 \j=1 i=1 \ j=1
U {e<2¢+1)<1>,<2i><n>:193%}
m—1 n m—1 n—2
2 2 2
B = yU (U

<
Il
—
[
—~
®
IS
—
Z
=
®
<
—
=
PN
[
S5
=
=
®
S
=

n
2

Bs = <

U €(2i+1)(27-1),(21)(25)

Jj=1

(24)(1),(2i—1)(n):1<i< ™1 }

3
L_J €(2i)(25—1),(2i+1)(25)

. _om—

=1 Jj=1
U{6(21—1)(1),(21)(n):1<1< }
In this partition |Ey| = |Es| = |E3| = |E4| = (%) (%)—&—(—’1) (”—*2
il = [Ejll <1 fori# j

ase (iii) When m is even and n is odd

m

n—1
2

m—2 n—1
2 2
= (U Ueerci-nenen | (Us U | U eeen e 2g+1)
i=1 \ j=1 i=1 Jj=1
U {e(2z’+1><1),(2z')<n>:1§7¢s m=2 }
C Arn mE2 et
= U U €(2i—1)(2j—1),(2i)(25) U €(2i+1)(2 )(2541)
i=1 \j=1 i=1 \j=1
U {e<2i><1>,<2i+1)<n>:19s%}

-
P T
o
(-
—— /-‘“‘-5 ——
i
— — —
. - <. S <.
LCH,
g
N
L
s
S
s
t
~ ~ ~
——— ——— ————
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n—1 m
‘2 2 2

B = ¢ U | Ueerveneen |  UJU | U eei-neneaci
i=1 j=1 i=1

U{e(2z)(1 (2i— 1)(n):1§i§%}

7n 'n. 1 {

n—1

U €(24)(24),(2i—1)(25+1)
j=1

By = U U%) (25—1),(2i+1)(24)

1=

Tk

—

e(2z 1)(1),(2i)(n):1 ZS%}

In this partition |E1| = [Ep| = () (*57) + ("52) ("37) + ("52),

|Es| = [Ea] = (252) (%57) + (%) (%5%) + (%) and verifies that [|E;| — |Ej|| < 1
for i # j.

Case (iv) Both m and n are even

3
|
M)
3
|
N

m n
2

B = U Ueenei-n.e-ne

i=1 \j=1

U{ €(2i4+1)(1),(2i) (7):195%}

LJe(2Z 1)(25—1),(24)(2)

e |

N‘

-
.

s
Il
=

€(24)(25),(2i4+1)(25+1)

<.
Il
Jan

E,

U €(2i)(1),(2i+1) (n):1<i< 52

B - {U

T

U {e )(1),(2i—1)(n):1<i< 2 }

{6(21 1)(1),(24)(n):1<4 gg}

In this partition |E1| = [Ea| = (%) (
2
2

| =
B3| = |Eal = (252) (3) + (%) (%52
for i # j.
In all the cases by observing the suffixes of the edges of E; and E; (i # j),

it is inferred that there is no common edges in E; and E; (i # j) and implies

<
S
N
N

N

€(2i+1)(27-1),(21)(25) €(20-1)(24),(29)(25+1)

-
-,

s
Il
—

u' Cm\:

—_
<.
I
—

m

n—2
2

3

%
U €(20)(2j—1),(2i+1)(2))

o
-
=,

s
Il
-

U €(2i)(25),(2i—1)(25+1)
j=1

<.
=

I
T
i
RS PR (\ —
Il vl |
= )

)
)
)

3)+ (#52) (%57) + (#52) and
)+ (%) which is evident that || E;| — |E;|| < 1
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4

E;,NE; = ¢ for i # j. Clearly Ejs are pair wise mutually disjoint, also |J E;
i=1

= E (P, ®C,). Here P,, ® C, is equitably edge colorable with 4 colors. Hence

X_(Prn ® Cp) < 4. Since A =4, XL (P, ®C,) > X' (P, ®Cy) > A = 4. This

implies x_ (P, ® Cy,) > 4. Therefore x_ (P, ® C,) = 4. O

Theorem 3.3. For any positive integer m and n, x_ (Kl,m & KLH) =mn.

Proof. Let V (K1) = {uot U{wi: 1 <i<m}landV (Ky,)={vo}{v;:1<j<n}
By the definition of tensor product,
V(Kim®@Kip) ={uv; :0<i<m,0<j<n}and

E(Kl,m & Kl,n) - { U (UOU07uivj) 1 S] < Tl} U{ U {(uivg,uovj) 1 S] < Tl}
e |

= =1
Let e (j),x)(1) be lthe edge of K1, ® K1 conneéting the vertices u;v; and upv;
of the tensor product of star graphs. Since K ,, ® K 5, is isomorphic to K1 5, @K1 m,.
Without loss of generality, we assume m < n for all cases of m and n.
Now we partition the edge set of E (K1, ® K1 ) as

B = {e(oxox(r%])((k—l mod n)+1)} U {‘/’((%mox(ox(k—l mod n>+1>} y1sk<mn

Clearly each of edge classes E1, Es, . .. E}, are independent sets of E (K7, @ K1),
such that |E1| = |Ey| = 2. It satisfies the inequality ||E;| — |E;|| < 1 for every pair
(4,7). This implies

Xl: (Kl,m ® Kl,n) é mn. But XI: (Kl,m & Kl,n) 2 X/ (Kl,m & Kl,n) 2 mn.
Therefore x_ (K1,m ® K1,,) = mn. ]

4. CONCLUSION

The equitable edge coloring of tensor product of graphs is a new inventive ap-
proach and this field of research is wide open. The equitable edge coloration of
Mycielskian of some graphs are obtained by Vivik and Girija [§]. The proofs pro-
vided in this paper establishes an optimal solution for the equitable edge coloring
of tensor product of two different paths, paths with cycles and two star graphs.
It would be further interesting to discern the bounds of equitable edge coloring of
tensor and other product of graphs.
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INVOLVING RIEMANN LIOUVILLE FRACTIONAL DERIVATIVE
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ABSTRACT. This paper is devoted to studying the multiple positive solutions
for a system of nonlinear fractional boundary value problems. Our analysis is
based upon the Avery Peterson fixed point theorem. In addition, we include
an example for the demonstration of our main result.

1. INTRODUCTION

Researchers have focused a great deal of attention on the fractional boundary
value problems due to the rapid progress in the theory and applications of fractional
calculus. Aside from various fields of mathematics, boundary value problems for
fractional differential equations have many applications in the area of chemistry,
physics, biology, aerodynamics, control theory, economics, viscoelasticity, electrical
circuits, and so forth. Driven by the numerous applications, there are many works
related to the existence of positive solutions for the nonlinear fractional boundary
value problems. For an overview of these type of study, we mention Podlubny
[12], Jigiang Jiang, Hongchuan Wang [21], Kilbas, Srivastava, and Trujillo [9], Bai
and Sun [I], Goodrich [3], Cabrera, Harjani and Sadarangani [15], He, Zhang,
Liu, Yonghong Wu and Cui, [16], Wang, Liang and Wang [I7],Kamal Shah,Salman
Zeb,Rahmat Ali Khan [25]. Goodrich [4] studied the following fractional boundary
value problem subject to the given boundary conditions

D%u(t) 4+ f(t,u) =0, 0<t<l, n—-1<a<mn,
u(0)=0,0<i<n-2, Dou(l)=0, 1<5<n-2
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where D¢ is the standard Riemann-Liouville fractional derivative of order o and
f€C([0,1] x [0,00)), n > 3 . The existence of positive solutions was analyzed by
means of the Krasnoselskii’s fixed point theorem on cones.

In [20], C.F.Li et al. considered the following boundary value problem of frac-
tional derivative equations

Du(t)+ f(t,u) = 0, 0<t<1,
u(0) = 0,
DPu(l) = aDPu(n),

where D¢ is the standard Riemann-Liouville fractional derivative of order a, 1 <
a<2,0<8<1,0<a<1,m€(0,1)and f:]0,1]x[0,00) — [0, 00) is continuous.
Here, the argument relies on some fixed theorems on cones.

At the same time, boundary value problems for integer order differential sys-
tems are widely studied, despite fractional differential systems have emerged as a
significant field of investigation quite recently. Thus intensive study of the existence
theory of fractional systems has been carried out by means of methods of nonlinear
analysis such as fixed point theory, lower and upper solutions, monotone iterative
methods, see [111, 13} 14} [, [7, 8, [5l 10, 22] 23] 24] and the references therein.

In this paper, we discuss the multiple positive solutions for the following systems
of nonlinear fractional differential equations :

DU u(t) + f1(t,u(t),v(t)) =0, te(0,1), (1)
D®y(t) + fa(t,u(t),v(t)) =0, te(0,1), (2)

W/ (0) = 0, D" u(1) = uDP u(n) + g / u(s)dAs (s), / o(5)dAs (), (3)

<
—~

o
=

I

0(0) = (0) = 0, DPu(1) = uDPu(n) + gaf / u(s)dAs(s), / o(s)dAs(s)), (4)

in which D is the Riemann-Liouville fractional derivative, 2 < ¢; < 3 and 0 < p; <
L,0<q —pi—1fori=1,20<n<1,pc€(0,00), untri-t <1, fol u(s)dA;(s)
and f01 v(s)dA;(s) are the Riemann- Stieltjes integrals with positive measures, A,
and As are functions of bounded variation, f; € C([0,1] x [0,00) x [0, 00), [0, 00)),
gi € C([0, 0] x [0,00),[0,00)) for ¢ =1, 2.

Motivated by the above papers, our goal is to obtain the existence of multiple
positive solutions for the fractional differential system (1)-(4). Here, we employ
Riemann-Stieltjes integral boundary conditions. As they include multi-point and
integral conditions as special cases, the system (1)-(4) is more general than the
problems mentioned in some literature. Applying the Avery Peterson fixed point
theorem, multiple positive solutions are established. An example is also presented
to illustrate our main result.

In order to present our main result, we will make use of the following concepts
and the Avery Peterson fixed point theorem.
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Let ¢ and 6 be nonnegative continuous convex functionals on the cone P, ¢ be a
nonnegative continuous concave functional on P, and 1 be a nonnegative continuous
functional on P. Then, for positive numbers a,b,c,d we define the following sets:

Plp.d) = {zeP:p()<d},
P(p,¢,b,d) = {z€P:b<d(2),0(z)<d},

P(p,0,0,b,c,d) = {zeP:b<¢d(x),0(x) <celx) <d},
R(p,¥,a,d) = {z€P:a<y(x)p(z)<d}.

Theorem 1. [I8] Let P be a cone in a real Banach space E. and ¢, 0, ¢, i be
defined as above, furthermore ¥ holds ¥(kx) < ki(zx) for 0 < k <1 such that, for
some positive numbers M and d,

¢(x) < P(x) and || < Mp(z)

for all x € P(p,d). Assume T : P(p,d) — P(p,d) is completely continuous and
there exist positive numbers a,b,c with a < b, such that

(S1) : {z € P(p,0,0,b,¢c,d) : p(x) > b} # 0 and ¢(T'z) > b forz € P(p,0,¢,b,¢,d),

(S2) : ¢(Tx) > b for x € P(p,d,b,d) with 0(Tz) > ¢,

(S3): 0¢ R(p,v,a,d) and Y(Tx) < a for x € R(p,,a,d) with (x) = a.

Then, T has at least three fixed points x1, o, x5 € P(p,d), such that

o)) < d, fori=1,2,3;b < ¢(z1), a < P(z2), with ¢(z2) < b and
P(z3) < a.

2. EXISTENCE RESULTS

During the last decade, many definitions on the fractional calculus have been
carried out. In our paper, our work is based upon the Riemann Liouville fractional
operator defined by

D"glt) = s () [ = o alos,

where g : (0,00) — R is a function, n is the smallest integer greater than or equal to
v whenever the right hand side is defined. In particular, for v = n, D" g(t) = D"g(t).

In order to derive the main result of the system (1)-(4), we present the following
lemma:

Lemma 2. If h,y € C[0, 1], then the fractional differential equation
DUy(t)+ h(t) = 0, te(0,1), (5)
D®y(t)+y(t) = 0, te(0,1), (6)
with the boundary conditions (3) and (4) has the solution
t" (1 —

ut) = /0 Hl(t,s)h(s)ds+r(qlml)gl( /0 w(s)dAq (s), /0 v(s)dAr(s)),
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= 1 S s)as w 1US S 1US S
o) = [ s+ T [ us)an), [ o).

where
Hilt ) = Gilt, ) + Lo 1 G, 5) ™)
i(t,s) =G, 8) + =———Gi(n, s),
F(Qz‘)Az’ K
1 [t (1 —g)uPl—(t—g)u-l 0<s<t<l1

G‘ t, — 9 = >t =4 8
i(t5) [(q:) {tq'i—l(l — g)tiPi—l 0<t<s<1, ®)

_ nti—Piml(1 —g)ai=Piml _(n—g)u—Pi7l 0<s<n<1,
Gi(nvs) = . —1 p.—1 (9)

pt—Piml(1 = g) 2=l 0<pn<s<l,

and A; =1 — pun%=Pi=1 (i € {1,2}).

Proof. The equations (5) and (6) can be translated into the following equations:

1 t

W) =~ [ = s et et e,
1) Jo

1 ! 1 -1 2 _3

'U(t) = _F(q ) (t - S)q2 y(s)ds + dtP7 + dot? T 4 dgt?2 T,
2) Jo

Taking into account of (3)-(4) and D7[t¢71] = %tq*"’l (0,9 > 0), we obtain
02263207 d2:d3:0and

! ' q1—p1—
o= I(q1)(1 —anl—pl—l)/o (1-s) Yh(s)ds
a ! q1—pP1—
7F(Q1)(1 — 'u/,](h—lh—l) A (n - S) 1h(5)d8
r(ql)(r1(q_1 ,:nff)pll)gl(/o u(S)dAl(s)),/O v(s)dAi(s)),
L ' q2—p2—1 s)ds
T M@ =) /o (=) y(s)d
£ ! q2—p2—1
_F(qz)(l — pma2—p2—1) /0 (n—s) y(s)ds

I'(q2 — p2) 1 1
JrF(Qz)(l — /qu—pz—l)gQ(/O u(s)dAQ(S))a/o v(s)dAs(s)).

So, the solution is

1 t a=lp(g)ds
u(t) = —7)/0@—5) h(s)d

F(Ql

tai—1

Tl @ — i

)/0 (1 =) 7P1= h(s)ds
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th—lu n “p —1h J
_F(Q1)A1 /o (77 - S) <S) i

—tqlill—‘(ql _pl) 1u S S 1’U S S
ot ([ wda). [ visaas)

t1 (g — py

1 ) 1 1
= [ meants+ S B [Cu@ane). [ oeda).

1 ' q2—1
v(t) = IW/O(tS) y(s)ds

t112—1
+F(Q2)(1 — pmzmp2—1
tQ2—1M

oA / (n— )P Yy (s)ds

q2—1 _ 1 1
il ([ ueda(e). [ u(s)ds)
= [ oo + B [, [ ooiaa),

)/0 (1= 8)=7P27 y(s)ds

O

Lemma 3. (See [2]) The function G;(t,s), i € {1,2} holds the following properties :
(1) Gi(t,s) >0 for any t,s € [0, 1],

(i1) pit% 1 Li(s) < Gi(t,s) < Ly(s) for any t,s € [0,1],
where

s(1— S)Qi_pi_l
INCD

One can easily obtain the following lemma.

Li(s) = (10)

Lemma 4. The function H;(t,s), i € {1,2} holds the following properties :
(i) Hi(t,s) >0 for any t,s € [0,1],

(i) pit9i 1 K;(s) < H;(t,s) < K;(s) for any t,s € [0,1],

s(—s)27 7 pGi(n,s)

where K;(s) = T(q:) + INCOVAV
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Let us introduce the Banach space B = C[0, 1] x C[0, 1] with the norm ||(u,v)|| =
lull + [|v]| for (u,v) € B and ||u|| = max;c|o,1 |u(t)|. Define a cone

P={(we) e Bru(t) 2 0.0(0) 2 0.t € 0,11, min (u(o) +(0) 2 plw, )]

where p = min {pmq1*17p277‘12*1}and operators T; : P — B, i € {1,2}given by

Ti(u,v)(t) = /0H1(t78)f1(8au(3)771(5))d3

t1 1 (g — py

) ! 1
ergl(/o u(s)dAl(s),/O v(s)dA1(s)),
To(u,v)(t) = /0H2(t75)f2(87u(8),v(s))ds

t227 1T (g3 — p2

) ! 1
+W92(/0 U(s)dAz(s),/0 v(s)dA(s)).

Let us set

1
Ni = 4/ Ki(S)dS,
0

1
m; = 2p/ K;(s)ds,
n
= A0 pi) Jy dAiGs)
' D(gi)A; '

To prove that the system (1) — (4) has three positive solutions, the following
three functionals are defined by

o v) = min (u(t) + o(8). V() = 6(u,0) = () = ] + o]
The main theorem of this paper is stated as follows :

Theorem 5. Assume that there exist constants 0 < a < b < % < ¢ < d such that
b< mT’d and f;, g; hold the following conditions:

(C1) filt,u,v) < % fort e [0,1], (u+wv) €10,d],

(Co) fi(t,u,v) > mi fort € n,1], (u+v) € [b, ¢,

(C3) filt,u,v) < % fort e [0,1], (u+v) €[0,q],
+v

(Ch) gilu,v) < "= for (utv) € [0.d J§ dAi(s)].

K2
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Then the system (1) — (4) has at least three positive solutions (u;,v;) (i = 1,2,3)
such that |[(ug, v;)]] < d,i=1,2,3;b < ¢d(u1,v1), a < ||¢(uz,v2)|| with ¢p(ug,vs) < b
and ||(us, v3)|| < a.

Proof. Define the completely continuous operator T': P — B by
T(u,v)(t) = (T1(u, v)(t), Ta(u, v)(t)).

As easily seen, the fixed point of the operator T is the solution of the system
(1) — (4). First, we check that T : P — P. Lemma 4 and the nonnegativity of
fi and g; imply that T3 (u,v)(t) > 0, Ta(u,v)(t) > 0 for ¢t € [0,1]. Besides, for
(u,v) € P

ITyww)] < / Ky(s) fa (s, u(s), v(s))ds

I'(qg1 —p1) 1 1
+W91(/(; U(S)dA1(S),/0 v(s)dAi(s)),

ITa(u,0)]| < / K(s) o5, u(s), v(s))ds

I'(q2 — p2) 1 1
+mg2(/o U(S)dAz(S),/O v(s)dAs(s))

and

in T, (u,v)(t
in 1(u,v)(t)

Y

py / K1(s) fa (5, u(s), v(s))ds

—nql_lr(QI —pl) 1U S S 11) S S
S ([ i), [ o)

> pu™ 7T (u, )]l
In a similar manner, we obtain rr[linl] Ta(u,v)(t) > pan® Y| Ty (u, v)||. Thus,
teln,
[in {71 (v, 0) () + Tow,0) (1)} 2 P T (u, )| + pan™ | Ta(u, )|
m,
> pllITy(u, o) || + 1 T2 (u, v)I]

= pllT(u,v)l,

so T : P — P. Furthermore by employing standard methods, T is a completely
continuous operator.

Now, all the conditions of Theorem 1 will be shown to be verified. First, we
indicate that T' : P(p,d) — P(p,d). If (u,v) € P(p,d), then p(u,v) < d, ||ul| +
[lvll < d . In view of Cy, we can get

o (o) [ uis\daus Jo (u(s) + v(s))dAi(s)
gz</0 u(s)d A (s), / (5)dAi(s)) < ?

%
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d [} dA(s)
Hence, (C1) yields that
tren[éui T (u,v)(t) = trenaa}f] / Hq(t,s)f1(s,u(s),v(s))ds
L@ = p)gy(fy u(5)dAa(s), fy v(s)dA1(5))
[(g1)Aq
1 1
I'(g1 —p1)d
< i/ Kl(s)ds+(‘“7pll/ dA(s)
N1 Jo [(q) ALy
d
< -
- 2
In the same way, one has maxc( 1) T2 (u,v)(t) < %. So, we have T : P(p,d) —
P(p,d). Next, we indicate that (S;) of Theorem 1 is fulfilled. Take (21)7 2’;)
Then, one may verify that (2p, pr) € P(p,0,0,b,¢,d) and ¢(u,v) > b. Hence,

{(u,v) € P(p,0,0,b,c,d) : ¢(u,v) > b} # (). Choose (u,v) € P(p,0,¢,b,c,d), then
this means (u(t) +v(t)) € [b, ] for any t € [n,1]. By Cy we get

¢(T(u,v)) = min (Ty(u, 0)(t) + Ta(u, v)(t))

t€(n,1]

> / Ki(s) f1(s,u(s), ())derp/ Ko(s)fa(s,u(s),v(s))ds

> pf/ Kl d5+p7/ K2

>

Thus (S1) of Theorem 1 holds.
Finally, we need to show that the last condition of Theorem 1 is fulfilled. In fact,
if (u,v) € P(p,9,b,d) with 8(T(u,v)) > ¢, then
tg[lri]nl](ﬂ(u, v) () + To(u,v)(t) > pl|T(u,v)]

> pc>b,

50, (S2) holds.
Since a > 0, 0 is not member of R(p,,a,d) with ¢(u,v) = a. Let (u,v) €
R(p,¢,a,d) and ¥(u,v) = a, then using (C3), we get

(T (u,v) = [T(w )

/K1 ) f1(s,u(s),v s))ds—l—/o Ks(s) fa(s,u(s),v(s))ds
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NG Pl)!h(f 5)dA;(s fo 5)dA1(s))

i (Q1)A1
RACEYALATH ue)dAr(5), Jo v(5)dAs(5))
['(g2)As

IA

Nl/Kl dS—‘rf/ KQ

(g1 —p1)a [* T(g2 —p2)a [
+F(Q1)Alf1 /0 ddu(s) + F(Q2)Azfz /0 dAQ(S)

Because all the condition of Theorem 1 fulfilled, the assertion of Theorem 5 is
satisfied. The proof is complete. ([l

Example 6. Consider

D52u(t) + fu(t,u(t),v(t)) =0, te(0,1),
D 2y(t) + folt,u(t),v(t)) =0, te(0,1),
u(0) = v/(0) = v(0) = v'(0) =0, (11)
DY/24(1) = 1/2DY?u(1/2) + g1 ( fql u(s)dA (s), fql v(s)dA;(s)),
DY2y(1) = 1/2DY2v(1/2) + go( [, u(s)dAs(s), [, v(s)dAz(s)),
in whichqr =q2 =35, pr=p2 =35, p=73, Ai(s) = As(s) = 5%, n = 3,
i dute) (u+v) € [0,10],
Aty = 47+ SR (o) € [10,20)
16, Wy %_*_ 5(u+vg);r376007 (U+U) c [20,600],
L 4700, (u +v) € 600, c0),
4 4 Autv) (u+v) € [0,10],
folt, u,v) = i oo () ¢ 10,20,
s Uy % + 5(u+v%;r37600’ ( + 1}) c [20,600],
5 + 700, (u +v) € [600,00).
And
() = NIn(u+v+1), (u+wv) € [0,600],
gitth N 1n(601), (u+ v) € [600,00).
It is easily seen that Ay = Ay = 3. We obtain, Ny = Ny = ﬁ, then p = (%)%
_ T _ 64 .
mi = mg = 223f And Ly = Ly = VR Choosing,

fi(tu,v) < 3~ 1413,7, for t € [0,1], (u+v) € [0,600],
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fi(t,u,v) > ~ 601,59, fort € [1,1], (u+v) € [20,200],

b
my
filt,u,v) < 3~ 13,29 for t €[0,1], (u+v) € [0,10],

gi(u,v) < U for (u+v) € [0,600].

We conclude that all the assumptions of Theorem 5 are verified, thus the problem
(11) has at least three positive solutions.
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ABSTRACT. The aim of the paper is to obtain generalized convergence results
for nonlinear multidimensional integrals of the form:

Ly(w;z) = QZ:/K(n\t—x| ,w(t))dt.
D

We will prove some theorems concerning pointwise convergence of the family
Ly(w;z) as n — oo at a fixed point € D which represents any generalized
Lebesgue point of the function w € Lp (D), where D is an open bounded
subset of R™. Moreover, we will consider the case D = R"™.

1. INTRODUCTION

The studies so far showed that Musielak was the first researcher who in-
vestigated the approximation characteristics of convolution type nonlinear integral
operators of the form:

b
To(f;s) = /Kw(m — s, f(x))dz, (1.1)

where s € (a,b) C (—00,0), w € Z and 7 is a non-empty index set. His research
was an intriguing contribution to literature related to this kind of nonlinear integral
operators. Later, Swiderski and Wachnicki [19] studied the pointwise convergence
of the operators of type (|1.1). Extensive knowledge concerning this theory can
be found in the monograph by Bardaro et al. . Later on, multidimensional
counterparts of the operators of type were studied by Angeloni and Vinti @ in
some function spaces. Then, Jackson-type generalization of the operators defined
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in [6] were considered by Yilmaz [22]. Some studies on nonlinear operators in
different settings can be found in [5/9}/13,21]. Also, results and applications in wide
range concerning linear operators can be found in [1L/4l/8/12}[17}[20]. Some weighted
approximation results concerning well-known Gauss-Weierstrass and Picard integral
operators can be found in the recent articles [23] and [24], respectively. In [16],
a class of summation-integral-type operators covering many well-known ones was
considered.

In the year 2016, Almali and Gadjiev [3] considered the following certain non-
linear integrals:

Ly(wiz) = Qz:/K(n|t—x|,w(t))dt, (1.2)
D

n

Z (tx — :ck)2 and Q,,_; is the surface
k=1

area of unit sphere S"~! = {z € R":|z| =1} in R™. Here, R" denotes usual
n—dimensional Euclidean space. Also, a real number 7 is considered as a posi-
tive parameter. They obtained pointwise convergence result for Lebesgue points of
integrable functions. In the same article, exponential nonlinear integrals were also
introduced. Some related works can be given as [2}/11].

The aim of the current manuscript is to obtain convergence results for the oper-
ators of type in two different settings via assigning two different definitions to
a symbol D. We will prove pointwise convergence of the family L, (w;x) as n — oo
at a fixed point € D which represents any generalized Lebesgue point of function
w € Ly (D), where D is an open bounded subset of R, and w € Ly (R"), separately.

where D = R", t,o € R", |t—x| =

The space Ly (D) consists of the measurable functions satisfying [ |w(t)|dt < oo.
D
The norm formula in this space is given as follows: [w|; p) = /|w(t)| dt. The
D
definition of the space L; (R™) is analogous. Our results generalize and improve
Theorem 2.2 in [3] in two different directions in view of the usages of generalized
domain of integration and generalized characteristic point, respectively. Now, we
consider the kernel function of the operators of type (1.2). Since n|.| € Ry, for
simplicity, we may denote 7|.| by nv. Therefore, K(n|.|,w(t)) =: K(nv,w), where
ve Ry andw: R" — R.
The conditions on the kernel function to be given below are revised versions of
the conditions used by Almali and Gadjiev [3].
We assume that real-valued kernel function K (nv,w), where nv € R and w :
R™ — R, satisfies the following conditions:
a: For every v € Rl and n € RT, K(nv,0) = 0 and K (nv,w) is analytic at
w = 0 with radius of analyticity 8 = oo for all values of its first variable,
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that is, its Maclaurin series converges for all w € R and for all values of its
first variable.

S is a non-negative and non-increasing function with respect
w=0

to v on Ry for any m = 1,... and for all values of n € RT.
K (nv.w) is a majorant function for all re-

maining derivatives, that is, ag# < W , where m =
w=0 =0
1,..., for all values of v € Rj and n € R*.

: anl/ amK("lt"“’)‘ dt = A,, < oo, where A,, with m = 1,... are
n— w=0

BUJ m

R'IL
certain positive constants which are independent of n and

n" / oMK (n|t],w)

o dt =0

w=0

lim
n—00{d;, 1
¢<|t|<oo

forall( >0and m=1,....

Definition 1. A point x € R™ at which the following relation holds:

. 1
R ) / olt+ o) —w(m)l dt =0,

o<|t|<r

where 0 < a < 1, is called a generalized Lebesgue point of function w € Ly (R™) (or
for any function w which is integrable on sufficiently large domain).

Definition of one-dimensional version of this point can be found in some recent
papers, such as [13] and [5]. Definition of d—point analogue of this point in one-
dimensional case was also considered by Gadjiev [12].

2. MAIN THEOREMS

Theorem 1. Suppose that K(.,w) satisfies conditions (a)-(d). If v € R™ is a
generalized Lebesgque point of function w € L1 (R™) and w is a bounded function
on R™, that is, there exists a number M > 0 which depends on only w such that
w| < M, then for the operators Ly(w;x) which are defined in (1.9), we have

n—o0 m)!

lim L,(w;z) = Z A [w(z)]™
m=1

provided that the function

dr,

w=0

" / {r”(a“)}/ 0K (nr,w)

T 8(,«)

0<r<oo

where r = |t|, is bounded as n — oc.
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Proof. By definition of generalized Lebesgue point, for every ¢ > 0 there exists a
number § > 0 such that

w(t + ) — w(z)| dt < er™tD
o<|t|<r

holds provided that r < ¢ and 0 < a < 1.
Denoting the surface of unit sphere {t' € R" : |t'| = 1} in R™ by S~ !, we define

/ lw(rt’ +z) — w(z)|dt’ =1 u(r),

S

where dt’ is the surface element on S™~! (see p.14 in [18]). For further details about
polar coordinates transformation, we refer the reader to [10]. Therefore, we define
the auxiliary function as

T

£0) = [ulo) o dp (2.1)
0
for which there holds:
f(r) < ermletl) (2.2)
provided that » < § and 0 < a < 1.

Following [3|, we write the Maclaurin expansion of the function K(.,w) with
respect to w as follows:

oo

Krlt—olw) = 3 Kl )0 [w(n)]”
= > LK ol 0) ).
m=1 '

where K™ (|t — 2|,0) = w‘ and for every v € Rf and n € RT
w=0

dw™
with K (nv,0) = 0. Since the conditions of Lebesgue dominated converge theorem
(see, for example, [15]) are fulfilled, we can change the order of summation and
integration. Since R™ is a locally compact abelian group, using change of variables
and binomial representation of [w(t + z)]"", we have

Liw) = i 3 [real0 3 () bt el e
m=1p,

k=0

T 1 i
D /EKS”)(nlthO) ()™ dt.
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Let
- (m [w(t + ) — w(@)]™ " W)

Now, without loss of generality, we consider the case w is not identically zero on
R™. Since w is bounded by a certain positive number M such that |w(z)| < M for
all z € R™, there holds

1l =

m_ (%) ko) s e

IN

= () el o) = @ el + ) = o) o))
k=0

IA
€
=
+
&

|
£
=2
7N\
> 3

) (2M)m7k71 (M)k

A
=
-
_|_
&
|
£
&

S () ey

—
[N}
—
3
3
=3
3
—
—
3
3

Therefore, using condition (c), we can write

m=1
0o

< R B —

m= Rn
< — — [ K, — .
< Q.o m§:1 o w (Mt 0) |w(t + ) — w(x)| dt

R’!‘L
Fixing § > 0, we have the following inequality:

o0

Lywiz) = 3 A (@)

m=1
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< UL [ [ KD 0t ) -l
" [t[>6  |t]<s
1 (63M

_ . 71) n 1/ n i
- -Qn—l 2M {77 ‘[77—|_77 In}

Let us show that 77"];, — 0 as 7 — oo. The following deductions are the natural
consequences of conditions satisfied by our kernel function. Since

0< QKW 0) <1 - ) / KM (], 0)dt

S<[t<r

by (d) and well-known squeeze theorem, we see that r”KL,(Jl)(nr, 0) —0asr — oo

and r — 0. In particular, this observation leads to Kf,l)(nr, 0) — 0 as r — oo and
r — 0. This type analysis is also performed in [3,/18]. For n™I}, we obtain

17”K£,1)(775,0)/ / lw(rt’ + )| "~ tdt' dr

NI, <
§ Sn—t
e [ KD @l 0
6<|t|< o0
< "KL (08,0) |l + K (n]t],0)dt
= N0, V) IWl Ly (rm) n" (n

6<|t|<o0
The terms on the right-hand side tend to zero as n — oo by overall hypotheses
discussed previously. Hence, lim 17”[7’7 =0.
n—00

Now, we consider n"I;/. By relation (2.1), we can write

"I = n”/ / w(rt’ + z) — w(z)| KXY (gr,0)r"~tdt dr
0 gn-1
s

= n/u YK (gr, 0)r™Ldr
0

n”/Kff)(nn 0)df (r).
0
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Using integration by parts for Stieltjes integrals and relation (2.2, we get the
following inequality:

17"[7’7' <en / "(O‘H K(E)l)(nr, 0)dr.
0

Since € > 0 is arbitrarily small and the following expression:

!
n”/ {rme ) KO, 0)dr
0

remains bounded as 1 — oo, we have

lim 77"[7’]' =0.

n—00
Combining all results gives
- Ly
lim L, (w;z) Z — Ay [w(z)]™.

n—00 Wﬂ
m=1

Thus, the proof is completed. O

In the second theorem, we give a local approximation result for nonlinear multi-
dimensional integrals of the form:

T, (wia) = o [ Kt - al w(®)d, (2.3
D

where £ € D and D is any bounded open subset of R™. We replaced R™ by D
compared to operators of type (|1.2).

Theorem 2. Suppose that K(.,w) satisfies conditions (a)-(d). If v € D is a
generalized Lebesgque point of function w € Ly (D) with w : R® — R and w is a
bounded function on D, that is, there exists a number P > 0 which depends on only
w such that |w| < P, then for the operators T, (w;x) which are defined in , we
have

oo
’ITL
lim T, ( E —
n—00 m!
m=1

provided that the function

r [ ey g

0<r<é

dr,

w=0

where r = [t| and § > 0 is a number chosen to ensure the existence of the integral,
is bounded as n — .
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Proof. We follow mainly the proof steps of previous theorem with some additional
considerations.

By definition of generalized Lebesgue point, for every € > 0 there exists a number
0 > 0 such that

w(t + ) — w(z)| dt < er™tD
o<|t|<r

holds provided that r < ¢ and 0 < a < 1.
Denoting the surface of unit sphere {t' € R : |t/| = 1} in R™ by S"~!, we define

/ lw(rt’ +2) — w(z)|dt’ =:u(r),
Sn—1
where dt’ is the surface element on S"~! (see p. 14 in [18]). Therefore, we define

the new function as
,

fr) = /ﬂ (p) p"tdp
0
for which there holds:

~

f (T) < Ern(a-&-l)

provided that r < § and 0 < o < 1.
Now, we define the auxiliary function g by

wo-{ 2058

We recall the Maclaurin series of K(.,w) at w = 0 expressed as

[e.9]

K(nlt —al () = > — K e~ o], 0) (0]

m=1

Owm™

w=0
with K (nv,0) = 0. In view of this, we infer that
Ty (w;x)

where KJ™ (1]t — 2| ,0) := w‘ and for every v € R} and n € Rt

n m

= N - i (m) —x m w —w.Tm_kw:ZZ k
- QM;!m!Kw rle =210 () lo) — o)™ ol at

k=0

’r)n 3 1 (m) m
T / i K& (1t = l,.0) lw(a)]™ dt
m= R

" o [ 1 N
o /*m.KL’”’(nlt—:cLo) (@)™ dt.
n— —1 .
Rn
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Let

=5 () o - e

k=0

Without loss of generality, we consider the case w is not identically zero on D. Since
w is bounded by a certain positive number P such that |w(z)| < P for all z € D,
there holds

i k k
1 = ) [w(t) — w@)™ T ()]
> (%)
S (m w(t) — w(@)" 7 w(t) - w(@)] |w(@)]*
> (%)
< |wlt) - w(z) %(313)’”.

me—1 m!
" s~ [ e (3P)™
< K t—a],0) |w(t) -
- Q"—lmz_:ll[m! ot =l O) () = wle)| Zopdt
77” o m—1 m
m m—k k
TS [ a0 Y () el o) d
mlen\D k=0
< AP _— J—
= Qn_lgpzl ml Kt —x[,0) |w(t) — w(z)|dt
m= D

= IIl +12

Fixing § > 0, we define Bs := {¢t,x € D : [t — x| < §} C D. Therefore, we have the
following inequality:

L < A} KW (p|t — _
VS gt [ KDl o)) - (o) i
te D\ Bs



ON CERTAIN MULTIDIMENSIONAL NONLINEAR INTEGRALS 1365

t/KSmmumwa+m—wuﬂﬁ

lt/<s

1
= S e

Let us show that "I} — 0 as n — oc. For "I}, we obtain

T, < KD (16,0) [l oy + 7 el /in|ﬂm

o< |t|<oo

The terms on the right-hand side tend to zero as 7 — oo by (d). Hence, lim 77"[7’, =
n—00

0.
It is easy to see that I tends to zero as  — oo. The remaining part is analogous
to proof of the preceding theorem. Hence

- L,
lim T, ( — ™.
oo mZ:l m!
Thus, the proof is completed. O

Example 1. In [3], the authors considered the following kernel function satisfying

the hypotheses:
1 2
— () ) _ 1}
exp (e w .
vl

Inspiring from the kernel given above and also Picard kernel, we consider the fol-
lowing kernel function without scaling:

K (nv,w) =

K (qv,w) = exp (e”’vw) -1,

where for nv € Ry, K (nv,0) = 0 and K(Sm)(r]v,O) = e ™" withm = 1,... .
Clearly, this function is non-negative and non-increasing with respect to v on Ra'
for any m = 1,... and for all values of n € RT, and the first partial derivative
majorizes the remaining derivatives. Lastly, in view of the well-known identity
related to gamma function

/6_m>\>\n71d>\ — (n — 1)'
mn

0

where A = nu, we see that the condition (d) easily holds there.
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3. FiINaAL COMMENTS

Some theorems which are analogous to Theorem (3.3) and Theorem (3.5) in the
article by Almali and Gadjiev |3| can be stated and proved using similar arguments.
Also, more general theorems with respect to other characteristic points, such as
u—generalized Lebesgue point, can also be proved.

Acknowledgements. The authors would like to thank the referees for their valu-
able comments and suggestions.
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L. VIDYARANI and R. PADMA PRIYA

Department of Mathematics, Kongunadu Arts and Science College, Coimbatore-641029, Tamil
Nadu, INDIA

ABSTRACT. The main aim of the study of this paper is to work with the prop-
erties of frontier and exterior in intuitionistic supra topological spaces. Consid-
ering this we have introduced intuitionistic supra a-frontier and intuitionistic
a-exterior in intuitionistic supra topological space. We have also deliberated
the properties of intuitionistic suppra a-frontier and intuitionistic supra a-
exterior in intuitionistic supra topological space. The comparative study has
been done with the use of intuitionistic supra a-open set between Intuitionistic
supra frontier, Intuitionistic supra exterior and intuitionistic supra a-frontier,
intuitionistic a-exterior in intuitionistic supra topological space.

1. INTRODUCTION

In 1970, Levine[4] introduced the concept of generalized closed sets in topological
spaces. Njastad.O[12] and Maki.H et al[6] introduced a-closed sets and ga-closed
sets in topological spaces. In 1965 ,0.Njastad[12] introduced «-open sets. The
concept of intuitionistic set and intuitionistic topological spaces was introduced by
Coker[1][2]. Supra topology was introduced by A.S.Mashhour et.al[6] Intuitionistic
supra a-open set was introduced by the Author[8] on intuitionistic supra topologi-
cal spaces and discussed the properties of Intuitionistic supra a-open sets in supra
topological spaces.

The purpose of this paper is to study the properties of a-frontier and a-exterior
in intuitionistic supra topological spaces. Also to study the comparison between
Intuitionistic supra frontier, Intuitionistic supra exterior and intuitionistic supra
a-frontier, a-exterior in intuitionistic supra topological space.
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2. PRELIMINARIES

Definition 2.1 [1] Let X be a non-empty set,an intuitionistic set (IS in short)
A is an object having the form A = (X, A1, As), where A; and A, are subsets of
X satisfying A1 N Ay = ¢. The set A; is called the set members of A, while A, is
called the set of non-members of A.

Definition 2.2 [1] Let X be a non-empty set, A = (X, Ay, A3) and B =
(X, B1,B3) be IS’s on X and let {4;:49 € J} be an arbitrary family of IS’s in

X, where A; = <X7 AZ(-l),AZ(.2)>. Then

(Z) AQB 1ffA1 Q Bl and AQ :_> BQ.
(4i) A=Bif ACBand BCA
(iii) A = (X, A, Ay).

(Z’U) AU B=<X, Al U Bl,A2 N B2>

U) AN =<X,A1mBl,A2UB2>.
(vi) UAi=(X,UA},NA?).

(vii) N A=(X,NALUA?).
(viii) A-B=ANB.
(ix) [| A=(X, Ay, (A1)%)

(:C) <> A:<X7 (AQ)(" A2>
(i) X=(X,X,0).

(wil) 6=(X.0,X)

Definition 2.3 [6] An intuitionistic topology on a non-empty set X is a family
7 of IS’s in X satifying the following axioms:

(1) )N(,qbeT.

(Zl) A1 N Ay €7 for any Al,AQ cT.
(19) UA; € 7 for any arbitrary family {A;: i€ J} C 7.

The pair (X, 7) is called an intuitionistic topological space (ITS in short) and IS
in 7 is known as an intuitionitic open set (IOS in short) in X, the complement of
IOS is called an intuitionistic closed set (ICS in short).

Definition 2.4 [6] The supra closure of a set A is denoted by cl*(A), and is
defined as,
supra cl(A) = ({B: B is supra closed and A C B}.

The supra interier of a set A is denoted by int*(A), and is defined as
supra int(A) =J{B: B is supra open and A D B}.

Definition 2.5 [1] An Intuitionistic supra topology on a non-empty set X is a
family 7 of IS’s in X satisfying the following axioms:
(1) X,¢p €.
(i1) UA; € 7 for any arbitrary family {A; : i€ J} C 7.



1370 L.VIDYARANI, R. PADMA PRIYA

The pair(X,7) is called intuitionistic supra topological space (ISTS in short) and
IS in 7 is known as an intuitionistic supra open set (ISOS in short) in X, the com-
plement of ISOS is called intuitionistic supra closed set(ISCS in short).

Definition 2.6 [1] Let (X,7) be an ISTS and let A = (X, A, A2) be an IS in X,
then the supra closure and supra interior of A are defined by:
cdP(A)=N{K:K isan ISCS in X and A C K}.
int'(A) =J{K : Kis an ISOS in X and AD K}.

Definition 2.7 [8] Let (X,7) be an ISTS and let A = (X, A, A3) be an IS in X
, then the supra « closure and supra « interior of A are defined by:
TacH(A) =N{k: kis an ISaCS in X and A C k}
Taint*(A) = J{k : k is an 1SaOS in X and A D k}

Definition 2.8 [1] Let (X,7) be an intuitionistic supra topological space. An
intuitionistic set A is called intuitionistic supra a-closed set (ISaCS in short)
if cl#(int*(cl*(A))) C U, whenever A CU, U is intuitionistic supra a-open set
(ICa08).

The complement of intuitionistic supra a-closed set is intuitionistic supra a-open
set (ISaOS in short).

3. INTUITIONISTIC SUPRA FRONTIER

Definition 3.1 Let X be an ISTS and for a subset A of a ISTS X, IFr#(A) =
Icl*(A) — Iint*(A) is said to be Intuitionistic supra Frontier of A.

Theorem 3.2 Let X be an ISTS then and for any a subset A of IS in ISTS X |
the following statements hold:

(¢) IFrt(A) = Icd*(A)NIcdH(X — A).

(i) IFri(A) = IFri(X — A).

(idi) IFrt(IFr#(A)) C IFr#(A).

(iv) Icl*(A) = Lint'(A) UIFrt(A).

(v) Iint(A) NIFr*(A)=¢.
)
)

(vi

IFr+ )N() = ¢, IFr+(9) =X.

(
(vid) TFr*(Icl*(A)) C IFr#(A).

Proof. Let A be a IS in ISTS X.
(1) IFr#(A) = Icl*(A) — LIint*(A)=Icl*(A) N Icd*(X — A).
(1) IFr#(A) = Icl*(A) — Iint*(A)=(X — Iintt(A)) — (X — Icl*(A))=Icl* (X —
A) = Iint" (X — A)=IFr*(X — A).
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(i4i) IFT“(IFT“( N=Icl(IFr#(A)) N Icl# (X — IFr*(A)) C Tl (IFr(A)) =
IFr#(X — A). Hence IFr*(IFr+(A)) C IFr*(A).
(iv) Iint*(A )UIFT“(A):Iint“ (AU cl*(A)—Tintt (A))=(Lint* (A)UIcl*(A))—
(Iint*(A) U Tingt (A))=(Iint* (A) U Icl*(A)) — Iint* (A)=Icl*(A).
(v) Iintt(A) NIFr*(A)=Iint"(A) N (Icl*(A) — Iint"(A))=4.

(4
(vi) IF?"“( )= gf),IFr“(d)) X.
(vit) TFr#(Icl*(A )) = Icl“([cl“(A)) — Iint*(Icl*(A)) C Ic*(A) — Iint*(A) =
IFr#(A). Hence IFr#(Icl*(A)) C IFr#(A).
O
The proof of the above theorem is shown in the following example:

Example 3.3 Let X = {a,b,c}. 7= {X,¢7A1,A2,A3}, where A; = (X, {a}, {b,c}),
Ay = (X, {b},{c}) and A3 = (X, {a,b},{c}).

Let A = (X, {a}.,{c}). X — A = (X,{c},{a}). Iint'(A) = (X,{a},{b c}).
Icl*(A) =X. IFr#(A) = (X, {b,c},{a}).

Lint(X — A) = ¢. Iel"(X — A) = (X, {b,c}, {a}).IFr*(X — A) = (X, {b,c}, {a}).

(7) IFr#(A) = Icl*(A) — LIint*(A) = (X, {b,c},{a}) and Icl*(A) N IcdH(X —
4) = (X, {bc} {a}).
(it) TFrH(
(#i1) ITFrH(
ITFrH(
(i) Lint*(A)UIFrt(A) = X.cl”(A) = X .Hence Icl*(A) = Iintt (A)UITFr#(A).
(v) Iint'(A)NIFr*(A) = (b.
) (
) (

(X,{b,c},{a}) and TFr*(X — A) = (X, {b,c},{a}).
(X,{b,c},{a}). IFr*(IFr*(A)) = (X,{b,c},{a}).Hence IFr*(IFrt(A)) C

"

=

) =
)=
)-
)
)N
)

(vi) IFr# = qb,IFr“(r,zS) X.
(vid) TFrt(Icl*(A )) (X {b,c},{a}).IFr*(A) = (X,{b,c},{a}) . Hence IFr*(Icl*(A)) C
IFrH(A).
Definition 3.4 Let X be an ISTS and for a subset A of a ISTS, TaFr#(A)=Iacl*(A)—
Taint*(A) said to be Intuitionistic supra a-Frontier of A.

~

Theorem 3.5 For a subset A of ISTS, IaFr#(A) C IFr*(A).

proof Let x € TaFr#(A) then x € Tacl*(A) — Iaint*(A), implies x € Icl*(A) —
Iint*(A), since every intuitionistic supra closed set is intuitionistic supra a-closed
set. Hence x € TFr#(A). Therefore IaFr#(A) C IFr*(A).
Converse of the above theorem need not be true. It is shown in the following ex-
ample.

Example 3.6 Let X = {a,b,c}. 7= {X, ¢, A1, Ag, Az 7, whereA; = (X, {a}, {b, c}).
As = (X, {b},{c}) and A3 = (X, {a,b},{c}).
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Let A = (X, {¢} {a}), [Fr"(A) = (X, {b,c},{a}), and IaFr"(A) = (X, ¢ {a}).
Here IaFr#(A) C IFr#(A) is true but converse is not true.
Theorem 3.7 Let X be an ISTS then and for any a subset A of IS in ISTS X,

the following statements holds:

(i) TaFrt(A) = Iacl*(A) N Iacl* (X — A).
(i6) IaFrt(A) = IaFr*(X — A).
(131) IaFr*(IaFrt(A)) C IaFr"(A).

(iv) Tac(A) = Iaintt(A) U IaFrt(A).

)

i)

(v) Taint*(A) N IaFr#*(A)=¢.
i)

~

IaFrt(X) = qﬁ]aFr“(d)) X.

~

(v
(vii) TaFr*(Iac ( ) C IozFr“( ).
Proof
(7) IaFr*(A)=Iacl*(A) — Taint'(A) = Tacl(A) N Tac* (X — A).
(i1) IaFrt(A) = Iac*(A) — Taint" (A)=(X — Iaint*(A)) — (X — Iacl*(A)) =
Tacdt(X — A) — TIaint* (X — A)=IaFr*(X — A).
(7it) IaFr*(IaFrt(A)) = Iac*(IaFr*(A))NIacd (X —IaFr*(A)) C Iacd*IaFr*(A)) =
IaFr#(X — A). Hence IaFr*(IaFr*(A)) C IaFr*(A).
(v) Taintt(A)UIaFr*(A) = Iaintt (A)U(Lacl?(A)—ITaint?(A)) = (Taint* (A)U
Tacl*(A))—(Taint* (A)UTaint* (A))=Taint* (A)Ulacl?(A))—Ia mt“( )=Iacl*(A).
(v) Taint*(A)NIaFr*(A) = Iaint*(A) N (Tacl*(A) — Taintt (A)) =

(vi) IaFrH(X)= qS,IaFr”(d)) X.

(X
(vit) IozFr”(Iozcl“( ) = Iozcl”([ozcl“(A)) — Taint*(Tacl*(A)) C Tacl*(A) —
Taint*(A) = IaFr*(A). Hence IaFr*(Iacl*(A)) C IaFr*(A).

~

Example 3.8 Let X = {a,b,c}. 7= {X, ¢, Ay, As, Ag}, where A1 = (X, {a}, {b,c}),

Ay = (X, {c},{a,b}), and A3 = (X,{a,c},{b}).
Let A = (X,{b},{a,c}). X — A = (X, {a,c},{b}). Taint'(A) = qNb, Taclt(A) =

<X, {b} ) {a7c}>' IO‘FTM(A) = <Xa {b} ) {avc}> .
Taint*(X — A) = (X,{a,c},{b}). Tacl*(X — A) = (X,{a,c},{b}). [aFr*(X —

A) = <X, {a7 C} ) {b}>

(i) IaFr*(A) = Tact(A) — Taint*(A)=(X,{b},{a,c}), , and Tacl*(A) N
Tach(X — A) = (X, {b},{a, c}).

(i6) TaFrt(A) = (X,{b},{a,c}) and IaFr*(X — A) = (X, {b},{a,c}).

(7i1) IaFr*(A) = (X, {b},{a,c}). IaFr*(IaFr*(A)) = (X,{b},{a,c}). Hence

IaFr*(IaFr#(A)) C IaFrH(A).

(iv) Iamt”)(A)UIaFr”(A) = (X, {b},{a,c}).Jacl*(A) = (X,{b},{a,c}). Hence

Icl*(A) = Taintt (A) U TaFr*(A).
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(v) Taint*(A)NIaFr#(A) = ?
(vi) IaFr“( )= qS,IozFr“(gb) =
(vit) IaFr"(Iacl“(A)) (X {

X.
I Ea, c}). Hence IaFr*(Iacl*(A)) C IaFrt(A).

4. INTUITIONISTIC SUPRA EXTERIOR

Definition 4.1 Let X be an ISTS and for a subset A of a ISTS X, IExt#(A) =
Iint*(X — A) s said to be Intuitionistic supra Exterior of A.

Theorem 4.2 Let X be an ISTS then and for any a subset A of IS in ISTS X,
the following statements hold:

(i) IEztt(A) = X - Icl#(A).
(44) IExt“(IEzt“(A)) = Lint*(Icl*(A)) D Iint*(A).
(iti) AC B =1Ezt*(B) C IEztt(A).
(iv) IExtt(AU B) = IExt(A) N I Ext*(B).
v) TExt"(AN B) = IExt#(A) U IExt*(B).
(vi) IEa:t“()N() ¢, IEa:t"(¢) X.
(vit) IExtt(A) = [Eat! (X IEztt(A)).
Proof
(1) 1Ext!(A) = Iint"(X — A) = X — Icl*(A).
(i) 1Ext"(IExt"(A)) = Iint"(X — (1Ext!(A)) = Tint"(Icl*(A)) 2 Tinth(A).
(iii) A C B = Lint"(A) C Iint"(B).
[Ext(B) = Tint*(X — B) C Iimt*(X — A) = IExt(A) = [Ext(B) C
IEztt(A).

(iv) IExtt(AU B) = Tint" (X — (AU B)) = Tint" (X — A) N (X — B)) C
Iint"()N( —A)N Iint"()N( — B) = IExt'(A) N IExt"(B).
Hence IExt"(AU B) = I Ext*(A) N I Ext"(B).

(v) IExzt' (AN B) = Iznt“( - (ANB)) = Iint“(({{ - AU ()N( - B)) 2

Iint"(X — A) U Tint"(X — B) = [Ext*(A) U IExt"(B).
Hence IExt*(AN B) = IExtV(A) U IExt!(B).
(vi) TExth(X) = ¢,IE:Jct”(¢) X.

(vit) IExt“(X — IExt"(A)) = [Ext"(X — Iint*(X — A)) = LIint“(X — A)
TEzt*(A).
The proof of the above theorem is shown in the following example:
Example 4.3 Let X = {a,b,c}. 7= {X,gb,Al,Ag,Ag , where A; = (X, {a}, {b, c}),
Ay = (X, {b}, {c}), and A3 = (X, {a, b}, {c}).
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Let A = (X, {a,b},{c}). B=(X,{a,b},0). X — A= (X,{c},{a,b}). Tint"(A)=
(X, {a.b} . {c}). Tel"(4) = X.

Iint*(X — A) = (X, {c}, {a,b}}. IcH(X — A) = ¢. Textt(A) = ¢, Iext!(B) = ¢

~

(1) X - Icl*(A) = ¢. Hence [Extt(A) = X - Icl*(A).
(ii) IEat"(IExt*(A)) = X Hence [Eatt(IEat(A)) 2 Iint#(A).
(#5i) A =(X,{a,b},{c}) C B=(X,{a,b}, ) implies I Ext*(A)=pandl Ext*(B)=¢
implies I Ext*(B) C IExtt(A). h
() [Eat"(AU B) = ¢,IExt"(A) = ¢ U [Exth(B) = 6.
(v) IExt'(ANB) = Zs,IExtM(A) — 6N IExt"(B) = ¢
(vi) TEat!(X) = o, [Eat(¢) = X. "
(vid) IExt“(X [Eath(4) = 6.

Definition 4.4 Let X be an ISTS and for a subset A of a ISTS X, JaEztV(A) =
Taint*(X — A) said to be Intuitionistic supra a-Exterior of A.

Theorem 4.5 Let X be an ISTS then and for any a subset A of IS in ISTS X,
the following statements hold:

(i) IaExtt(A) = X — Lacl*(A).
(16) TaEzxtt(IaExtt(A)) = Iaint*(Iacl?(A)) 2 Taint*(A).
(iit) AC B = IaExt"(B) C IaExtt(A).
(iv) TaExzt'(AU B) = IaExt'(A) N IaExt!(B).
v) IaEzt*(AN B) = IaExt'(A) U IaExth (B).
(vi) IaEa?t“(X) gb, IaEa:t“((b) X.
(vit) TaFEztt(A) = IOzE:z:t“(X TIaExtt(A)).

Proof
(1) IaExtt(A) = Taint*(X — A) = X — Tacl*(A).
(1) IaEztt(IaExtt(A)) = Taint*(X — (IaExtt(A)) = Taint*(Iacl*(A)) D

Taint*(A).
(i7) A C B implies Taint*(A) C Iaint*(B).
IaEzxtt(B) = Iaint*(X — B) C Taint*(X — A) = IaEzth(A) implies

IaExt*(B) C IaEzth(A).
(iv) IaEzt*(AUB) = Iamt"( —(AUB)) = Iaint”(({( —A)N ()NC —B)) C

Taint*(X — A) N Iozmt“(X B) = IaEztt(A) N IaExt!(B).
Hence IaExt' (AU B) = [aExtt(A) N IaExt!(B).
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(v) IaExtt(ANB) = Iozmt“( —(ANB)) =Tamt* (X —A)U(X -B)) D
Taint* (X — A)U Iozmt“(X B) = IaEzt'(A) U IaExt!(B).

Hence IaExt!' (AN B) = [aFExtt(A) U IaExt"(B).
(vi) IaExt“( )= qS,IaExt“(qS) X.

(vii) IozEzt“(X IaEzt“(A)) = IaFExztt (X — Iaint*(X — A)) = Taint* (X —
A) = IaExtr(A).
The proof of the above theoremis shown in the following example:

Example 4.6 Let X = {a,b,c}. 7 = {X,¢,A1,A2,A3} where Ay = (X, {b}, {c}),

Az = (X, {a}, {c}), and A3 = (X, {a, b}, {c}>
Let A= (X,{a,c},{¢}). B=(X,X,0). X — A= (X,,{¢},{a,c}). Taint*(A) =
(Xs {a, e}, {b,¢e}), Tacl(A) = X. aFri(4) = <X7 {b, ¢}, {0})

Taint"(X—A) = (X, {¢},{a,c}) . [acl*(X—-A) = f TIaFr*(X—A) = (X, {¢},{a,c}).
Taextt(A) = ¢, IaExt!(B) = ¢.

~

(¢) X - Tacl*(A) = ¢. Hence TaFExtt(A) = X - Taclt(A).

(44) IaE:z:t“(IaEa:t“(NA)) = X. Hence TIaExtt(IaExtt(A)) D Iaint*(A).
(1it) A= (X,{a,c},{9}) C B=(X,X,¢)implieslaExt'(A) = ¢ and IaExt'(B) =
¢ implies TaFEzt*(B) C IaFExt!'(A). h
) TaExt'(AU B) = 6, IaBat(4) = U laEat(B) = 6
(v) TaExt(AN B) = </>, [aExth(A) = ¢ A IaEzt"(B) = ¢.
) TaBat'(X) = 6, IaBat"(9) = X. i
) (X

IaExtt(X — IaEa:t“( ) = &.
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ABSTRACT. In this paper, similarity groups in the complex plane C, polyno-
mial curves and complex Bézier curves in C are introduced. Global similarity
invariants of polynomial curves and complex Bézier curves in C are given in
terms of complex functions. The problem of similarity of two polynomial curves
in C are solved. Moreover, in case two polynomial curve (complex Bézier curve)
are similar for the similarity group, a general form of all similarity transfor-
mations, carrying one curve into the other curve, are obtained.

1. INTRODUCTION

The invariance is a very important tool in areas data registration, object recogni-
tion, computer aided design applications. In computer aided applications, the iter-
ative closest point(ICP) algorithm is an accurate and efficient method for rigid reg-
istration problem and curve matching. The aim of registration or object recognition
is to find the corresponding relationship between two point sets(or two curves) and
compute the transformation which aligns two point sets(or two curves)(see [1H4])
Generally, Euclidean invariant features are used in above mentioned methods and
a representation of polynomial curve or Bézier curve in the complex plane C are
a useful method to investigate of their global invariants. (see [5,/7H10L/16]) In [16],
taking customary rational Bézier curves in complex plane, complex rational Bézier
curves are investigated. For Bézier curves, rational curves and implicit algebraic
curves, detecting whether two plane curves are similar by an orientation preserving
similarity transformation is important. (see [11419]).
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This paper presents the similarity conditions of two point sets and the similarity
conditions of two polynomial paths(two complex Bézier curve) in the complex plane
C.

The polynomial curve Z(u), W(u),u € [0,1] in defined in terms of monomial
complex control points p;,q; € C as

Z(u) =30, pju’ and W(u) = o pju’, resp.

The complex Bézier curves Z(u), W(u),u € [0,1] in defined in terms of degree
m Bernstein polynomials B;”(u) and complex control points z;, w; € C as

Z(u) = Y7 2B (u) and W (u) = ZT:O w; B (u).

Let GM(C*) be the group of all similarities of C, GMT(C*) be the group of all
orientation-preserving similarities of C. The group of all linear similarities of C is
denoted by M (C*). The group of all orientation-preserving linear similarities of C
is denoted by M (C*).

The problem of similarity of two polynomial curves(or two complex Bézier curves)
Z(u), W (u) for the groups GM(C*) and GM*(C*) is reduced to the problem of
similarity of two polynomial curves(or two complex Bézier curves) Z(u), W (u) for
the groups M (C*) and M+ (C*), resp. Moreover, since a complex Bézier curve can
be define in terms of complex control points, these problems of similarity of two
complex Bézier curves is reduced to the problem of similarity of sets of complex
control points for these groups. Similarly, same problem can given for polynomial
curves. Otherwise, the problem of similarity of sets of complex control points for the
above mentioned groups can be applied to the point set rigid registration problem.

For the groups of Euclidean motions M (n) and Euclidean rigid motions M ¥ (n) in
the n-dimensional Euclidean space, the problems of equivalence two Bézier curves of
degree m and its global invariants are investigated in [15]. In [9], similar problem in
this paper is solved for the groups M (2) and M T (2). For orientation-preserving sim-
ilarity group Sim™(n) in similarity geometry, local differential invariants, existence
and rigidity theorems for a regular curve are obtained in |20]. For only similarity
group Sim(2) and linear similarity group LSim(2), the problems of equivalence
two Bézier curves of degree m are investigated in [18]. For orthogonal group O(2),
special orthogonal group O (2), linear similarity group LSim(2) and orientation
linear similarity group LSim™(2), the conditions of the global G-equivalence of two
regular paths are given in [10}21].

So the paper contains solutions of problems of global similarity of complex Bézier
curves and polynomial curves for the above mentioned groups without using dif-
ferential invariants of a complex Bézier curve and a polynomial curve. In order
to make this paper more self contained from a mathematical points of view, the
structure of the present paper is the following. In Sect.2, relations between complex
plane and two-dimensional Euclidean space and definitions of similarity groups in
terms of complex numbers are introduced. In Sect.3, global invariants of a polyno-
mial curve and a complex Bézier curve are given. For above mentioned similarity
groups, the problem of similarity of two complex Bézier curves are given. In Sect.4,
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conditions of similarity for two m-uples complex number sets and a general form of
all similarity transformations, carrying one set into the other set, are obtained. In
Sect.5, conditions of similarity for two complex Bézier curves and a general form of
all similarity transformations, carrying one curve into the other curve, are obtained.

2. SIMILARITY GROUPS IN THE COMPLEX PLANE

Let C be the field of complex numbers. The product of two complex numbers z;
and 2y has the form

Z129 = (a1 + ibl)(ag —+ Zbg) = (a1a2 — blbg) +i(albg —+ agbl) (21)

Consider the complex number z = a + b in the matrix form z = (Z)

Then, the equality (2.1) has the following form
aias — b1bs a; —b a
= = . 2.2
e <a1b2 +a2b1> <b1 a1 ) <52> (22)
Z for all z = a + i € C. Then
L, : C — C is a mapping and the equality (2.2]) has the form, Vz;, 25 € C,

Here we denote by L, the matrix

Z1292 = LZIZQ. (23)

The field C can be used to represents R? with the inner product < 2,29 >=
aras + b1ba, V21 = a1 + b1, 20 = as + iby € C. Here, the quadratic form on R?
is < 21,21 >= \zl|2 ,Vz1 € C. The conjugate of z;, denoted by Z7, is defined as

Z1 = a1 —ib;. Clearly, from definition we have 21 +27 = 2a1, 2121 = |21 \2, |z1| = |z1]
and < z1,%Z3 >=< 21,29 >. For |z1] # 0, the inverse of z; is defined as 2—11 = ‘ZZ;F.
1
Moreover, let A = (0 _01) Then we have z17 = Az;.
For z; = ay + iby, 20 = ag + iby, the determinant of matrix (Zl ZQ> will be
1 02

denoted by [z1 z2].

Then we put Re(Z1z2) =< 21,22 > and Im(Z122) = [21 22].

For z1,29 € C, in the case z1Z7 # 0, the element z—f exists and the following
equality hold:

)

Put C* = {z € C|z # 0}, S(C*) = {z € C|zz = 1}, MT(C*) = {L,|z € C*} and
MS(C*) ={L.|z € S(C*)}.
It is easy to see that C* is a group and S(C*) is a subgroup of C*.
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We denote the set M~ (C*) = {LZA|A = <1 _01) ,L, € M*((C*)}.

Let MT(C*) and M~ (C*) be sets generated by all orientation-preserving and
orientation-reversing linear similarities of R?, resp. Clearly, MT(C*)N M~ (C*) =
@. The set M (C*) of all linear similarities of R? can be written in the form M (C*) =
M*(C*)U M~ (C*).

The following theorem is known from [23] p.229].

Theorem 1. (i) GMT(C*) = {F : C — C|F(v) = L,v+b,L, € MT(C*),
Yv e C,b e C}.
(i) GM~(C*) ={F:C—C|F(v) = (L,A)v+b,L, € MT(C*),Yv € C,b € C}.

(iii) GM(C*) = GM™(C*)UGM*(C*).

Remark 1. For the essential notations of the group of all similarity transforma-
tions and the group of all orientation-preserving similarity transformations, see
some references [10,|18,[20].

3. ON INVARIANT FUNCTIONS OF AN COMPLEX BEZIER CURVE AND THE
THEOREM ON REDUCTION

Let G be a group GM T (C*) or GM (C*).

Definition 1. A function f(zo,21,-..,2m) of complex numbers zo, z1, ..., 2m in C
will be called G-invariant if f(Fzo, Fz1,...,Fzm) = (20,21, .., 2m) for all F € G.

Example 1. Let zy, 21 be two complex number and zo # 0. The function f(zo,21) =
Re(2t) is M(C*)-invariant. Really, let L. € M(C*). Then by the equality (2.3)), we
have L,w = zw,Vz,w € C. We consider Lzz—(l). Then, we obtain Lzle] = = ;—(1)

Hence, we obtain that Re(L.Z) = Re(2:). So, Re(Z) is M(C*)-invariant.
Similarly, the function f(z0,21) = Im(Z) is M (C*)-invariant.

Example 2. Let 2y, 21,20 be three complex number and zy # z1. The function
f(z0, 21, 22) = Re(2=22) is GM(C*)-invariant. Really, let F € GM™*(C*). Then

Z1—2Z2

by Theorem we have F(v) = Lyv +w,Vz € C* and v,w € C . We consider

?Ezf:zzg Using above the equality, we have ?EZ:EE; = %fi;;i?) = 220, By
above example, we obtain Re(2=22) is GM (C*)-invariant. Similarly, the function

z21—2
f(z0, 21, 22) = Im (=22 ) is GM“‘E(C*)-invam’ant.

A Bézier curve in C is a parametric curve(or U-path, where U = [0, 1]) whose
complex points Z(u) are defined by Z(u) = 377" 2;B}"(u), where z; € C and
Bj"(u) is the Bernstein basis polynomials.

A polynomial curve in C is a parametric curve (or U-path, where U = [0, 1])
whose complex points Z(u) are defined by Z(u) = 37" p;(u), where p; € C is
monomial complex control points( for more details, see [7},8,|16}22])

By lemma in |22} p.166], all polynomial curves can be represented in Bézier curve
form.
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Definition 2. A G-invariant function f(zo,21,...,2m) of control complex points
20521, - - -y Zm Of a Bézier curve Z(u) = Z;-n:o z; B (u) will be called a control G-
invariant of Z(u). A G-invariant function f(po,p1,...,Pm) of monomial control
complex points po,p1, - - -, Pm of a polynomial curve Z(u) = E;n:o p;u? will be called
a monomial G-invariant of Z(u).

Now we define similarity of two Bézier curves of degree m and similarity of two
m-uples of complex points in C.

Definition 3. Bézier curves Z(u) and W (u) in C will be called G -similar if there
exists ' € G such that W(u) = FZ(u) for all u € [0,1].

Definition 4. m-uples {z1,22,...,2m} and {wi,wa,...,wy,} of complex num-
bers in C are called G-similar if there is F' € G such that w; = Fz; for all
j=1,2...,m.

Since Bézier curves can be introduced by control points, the following two theo-
rems means that the problem of G-similarity of Bézier curves reduce to the problem
of G-similarity of two m-uples complex numbers.

Remark 2 Throughout paper, we consider the curves m forms Z(u) = Z;n:o z; B (u) =
Z;.n:opjuj and W(u) = Z}n:o w; B (u) = ZT:O gju’ in C of degree m, where
m > 1. Moreover, Z'(u) and W'(u) are their first derivatives.

Theorem 2. Let Z(u) and W (u) be Bézier curves. Then the following statements
are equivalent:

(i) Z(u) and W (u) are GM™(C*)-similar.

(i1) Z'(u) and W'(u) are M+(C*)-similar.
(i13) m-uples {20, 21, ..., 2m} and {wo, w1, ..., Wy} are GMT(C*)-similar.
(iv) m-uples {z1 — 20,22 — 20y -+, 2m — 20} and {wy — wg, Wo — Wo, . . . , Wy, — Wo }

are M+ (C*)-similar.
(v) {p1,p2,---,Pm} and {q1,q2,..,qm} are M*(C*)-similar.
Proof. Proof is similar to proof of Theorem 2 in [15] and Theorem 4.1 in [9]. O

Theorem 3. Let Z(u) and W (u) be Bézier curves. Then the following statements
are equivalent:

(1) Z(u) and W(u) are GM (C*)-similar.

(13) Z'(uw) and W'(u) are M(C*)-similar.
(791) m-uples {zo,21,...,2m} and {wo,w1,...,wn} are GM(C*)-similar.
(iv) m-uples {z1 — 20,22 — 20y -+, 2m — 20} and {wy — wg, Wo — Wo, . . . , Wy, — Wo }

are M(C*)-similar.
(v) {p1,p2y--,0m} and {q1,q2, ..., qm} are M(C*)-similar.

Proof. Proof is similar to proof of Theorem 1 in [15] and Theorem 4.1 in [9]. O
Remark 3. (1)
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(1) Let {z1,22,...,2m} and {wy,wa,...,wy,} in C be two m-uples such that
zrp #0 and wgy = 0. Then {z1,22,...,2m} and {wy,wa, ..., wy} are not G-
similar. In the case z, = wg = 0, we obtain the problem of G- similarity of
these m—1-uples {z1, 22, ..., 2Zk—1,2k+1s---s2m} and {wy, wa, ..., wWr_1,
Wkt1, .- -5 W}, Therefore, we put z, # 0 and wy, # 0 fork € {1,2,...,m}.

(13) Let z1 and wy in C be two complex number such that z; # 0 and wy # 0.
Then there always is an element L, in G such that wy = L,z,. Therefore,
we put m > 1 for m-uples {21, 29,...,2m} and {wy,wa,...,wy,} in C.

4. CONDITIONS OF SIMILARITY FOR TWO M-UPLE COMPLEX NUMBER SETS

Theorem 4. Let {z1,22,...,2m} and {wi,ws, ..., wy} be two m-uples in C such
that z, # 0 and wy, # 0, where k € {1,2,...,m}. Then these m-uples are M+ (C*)-
similar if and only if

Re(ZL) = Re(—2)

k ik (4.1)
Im(Z) = Im(=2)

Zk Wi

foralli=1,2,... . k—1,k+1,...,m
Furthermore, there is the unique L, € MT(C*) such that w; = L.z; for all i =

1,2,...,m, where the matriz L, can be written as
Re(“x) —Im( ) )
L — < =y =) ) (4.2)
Im (k) (*k)
Proof. =: Assume that {21, 29,..., 2} and {wy,ws,...,w,} in C are M+ (C*))-

similar. Since the funct1ons Re(Z- ) and Im(Z-) are M *(C*))-invariant, we obtain

that the equalities (4.1]) hold.
<: Assume that the equahtles (4.1) hold. By the equality (4.1]), we have

Zi w;

g = ’wik (4.3)
for all 4 = 1 2,....,k—1,k+1,...,m. Consider the element z = w’“ € C. By the
equality (|4 , we have w; = 71’k k—k =~k 2 for all i = 1, 2 Jk—1k+

1,...,m. So by the equality (2.3 .,we have w; = L 2z foralli=1,2,...,k—1,k+
1,...,m. Clearly L, € M*(C*). For uniqueness, assume that L, € M+ ((C*) exists
such that w; = Lyz; for all ¢ =1,2,...,m. Then, by this equality and the equality
, we have v € M T (C*) such that w; = vz; for alli =1,2,...,m. Since 2z # 0,
the equality wy = vz implies that v = Z’—: = z. Hence the uniqueness of L, is
proved. Moreover, using the equality the element z = Z’—: can be written as
the matrix L,, where L, has the form (4.2 ]

Denote by rank {z1, za, ..., zm} the rank of the m-uple {z1,292,...,2,} in C. It
is easy to see that rank {z1, 22, ..., 2} is M(C*)-invariant.
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Theorem 5. Let {z1,22,...,2m} and {wi,wa, ..., wy} be two m-uples in C such
that zp, #0, wy, # 0 fork € {1,2,...,m} andrank {z1, 22, ..., zm} = rank {wy,wa, ..., wy} =
1. Then these m-uples are M (C*)-similar if and only if
Z; w;
Re(—) = Re(—
e(Zk) 6(wk) (4.4)
foralli=1,2,....k—1,k+1,...,m.
Furthermore, there is the unique L, € M(C*) such that w; = L,z; for all i =
1,2,...,m, where the matriz L, can be written as the form (4.2)).

Proof. =: The proof is similar to the proof of Theorem [4
<: Assume that the equality (4.4) holds.
Since rank {z1, 29, .. ., 2m} = rank {wi,ws, ..., w,} = 1, we have Im(j—;) =1Im(74) =

0foralli=1,2,...,k—1,k+1,...,m. Hence the equalities (4.1) in Theorem
hold. Using Theorem |4, we have w; = L,z; for all i = 1,2,...,m and the matrix

L. has the form (4.2]). O
Let m-uple {z1,22,...,2m,} in C. In the case rank{z1, 2a,...,2m} = 2, denote
by

ind{z1, 22, ..., 2m} the smallest of p, 1 < p < m, such that z, # Az for all A € R
and z # 0.

Theorem 6. Let {z1,22,...,2m} and {wi,wa, ..., Wy} be two m-uples in C such
that z, # 0, wg # 0, rank{z1,22,...,2m} = rank{wi,wa,...,wyn}t = 2 and
ind{z1,22,...,2m} = ind{w1,ws,...,wn} =1 for k,1 € {1,2,...,m} and k # L.
Then these m-uples are M (C*)-similar if and only if

[Im(j}i)f - [Im(wf (145)

foralli=1,2,...,m, i #k.
Furthermore, there is the unique L, € M(C*) such that w; = L,z; for all i =
1,2,...,m. Then there exist two statements:
(i) In the case Im(Z-) = Im(yL), the element L. € M™(C*) and it can be
represented by 1)
(#4) In the case Im(ZL) = —Im(L), the element L.A € M~ (C*) and it can be

written as
Re(Z:) —Im(Z)
LA = (Im(wk’“) Re(x) ) : (4.6)

Zk Zk
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Proof. =: Let m-uples {z1,22,...,2m} and {wy,ws, ..., w,} are M(C*)-similar.

. . 2, K Im(Z%)
Since the functions Re(Z), [Im(i)} and I’m(g)
that the equalities (4.6]).

<: Assume that the equality (4.6) holds. Using the conditions zj # 0, wg # 0
and ind{z1,22,...,2m} = ind{wy,wa,...,wy} =1 for k,1 € {1,2,...,m}, k #

are M (C*)-invariant, we obtain

2 2
[ and the equality {Im(j*,i)} = [Im(;“—i)} , we have the equality {Im(j—i)] =
[Im(l%i)} or [Im(%)} = — {Im(;”—i)] Moreover, since rank{z1,z2,...,2m} =
rank {wy,ws, ..., wy} =2 and
ind{z1,22,...,2m} = ind{wi, wa, ..., wn} =1, we have Im(Z-) # 0.

(i) Assume that Im(ZL) = Im(;t). Then, using this equality and the equality

(4.1) hold. Then by Theorem [l there is the unique L, € MT(C*) such
that w; = L,z; for all i = 1,2,...,m. The element L, has the form (4.2).

; we have Im(£4) = Im(;ot) for all i # k. So the equalities

(¢1) Assume that Im(ZL) = —Im(t). Then, using this equality and the equal-
ity Im(é) = Im(;“—Z)’ we have Im(Z-) = —Im(y;t) for all i # k. Hence,
we obtain Im(j—;) = —Im(j;;). Then by this equality and the equality
Re(Z:) = Re(£), we have Re(jt) = Re(Z) and Im(5:) = Im(£).

In this case, by Theorem [4] there is the unique L, € M+(C*) such that
w; = L,Z; = L,(Az;)) = (L,A)z; for all i = 1,2,...,m. Then the element
LA has the form (4.6).

O

5. CONDITIONS OF SIMILARITY FOR TWO COMPLEX BEZIER CURVES AND ITS
APPLICATIONS

Using Theorem [2] and Theorem [4 the following corollary obtain.

Corollary 1. Let Z(u) = Y7" pju’ and W(u) = Y7 gju? be two polynomial
curves in C of degree m > 1. Then Z(u) and W (u) are GM™(C*)-similar if and
only if

Re(£L) = Re(dL)

I <];’T> I (qu) o
m\— ) =1ml—
Pm dm

foralli=1,2,...,m—1.
Furthermore, there is the unique F € GM™Y(C*) such that q; = Fp; = L,p; + b for
all i = 0,1,2,...,m, where the matriz L, € M+ (C*) and the constant b € C can
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be written as

Re(12) —Im(%x)
— Pm Pm
.= ( Im(E)  Re(4s) ) (5-2)
and
b=qo— L.po. (5.3)

Example 3. Consider two polynomial curves Z(u) = (2 + 2u,3 — 8u + 11u?) and
W (u) = (=10 + 44u — 55u?,20 — 6u + 22u?) with complex monomial control points
po=2+3i,p1 =2 —8i,p2 = 11t and qo = —10 + 204, q; = 44 — 67, g = —55 + 224
in C, resp. It is easy to see that the equalities in hold for the curves Z(u) and
W(u). Then by Theorem[l], Z(u) and W (u) are GM*(C*)-similar and L, = 2+ 5i
and b =1+ 4s.

Using Theorem [3] and Theorem [6] the following corollary obtain.

Corollary 2. Let Z(u) = E;":()pjuj and W(u) = Z;’L:O qju’ be two polynomial
curves in C of degree m > 1. Let Then Z(u) and W (u) are GM (C*)-similar if and
only if

Re(P4) = Re(i)

DPm dm
(2] = [ 1) 5.0
Im(22) _ Im(2)

Im(%) Im(%)
foralli=1,2,...,m—1and for all j =1,2,...,1—1,1+1,...,m — 1, where
ind{p1,p2,.--sPm} =nd{q1,q2,...,qgmn} =1 forl € {1,2,...,m—1}.
Furthermore, there is the unique F € GM(C*) such that ¢; = Fp; for all i =
0,1,2,...,m. There are the following two cases:

(1) In the case Im(%) = Im(%), F has the form Fp; = L,p; + by for all
1=0,1,2,...,m, where the element L, € M*(C*) and the constant by € C

can be written as and , resp.

(1) In the case Im(F-) = —Im(;-), F" has the form Fp; = L.Ap; + by for all
i=0,1,2,...,m, where the element L, € M (C*) and and the constant
by € C can be written as

Re(&m) —Tm(m)
—_ Pm Pm
b= (i) el ) 5
and
by = qo — L. Apo. (5.6)

Example 4. Consider two polynomial curves Z(u) = (2 + 2u,3 — 8u + 11u?) and
W (u) = (20 — 36u + 55u?,8 + 26u — 22u?) with complex monomial control points
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po=2+3i,p1 =2 —8i,ps = 11i and qo = 20+ 8i,q; = —36 + 267, g2 = 55 — 22i in
C, resp. It is easy to see that the equalities in hold for the curves Z(u) and
W(u). Then by Theorem 2, Z(u) and W (u) are GM (C*)-similar and L, = 2+ 51
and b =1+ 4i. But Z(u) and W (u) are not GM™(C*)-similar.

Using Theorem [2| and Theorem 4] the following corollary obtain.

Corollary 3. Let Z(u) = X270, 2;BY" and W(u) = 37" w;BJ" be two Bézier
curves in C of degree m > 1 such that z,, — zo # 0 and wy,, —wo #0 . Then Z(u)
and W (u) are GM*(C*)-similar if and only if

Re( Zi—Zo):Re(wz‘—wo)

Zm — 20 W — W (57)
Im(ZE= 20y = (10

Zm — 20 Wy — Wo

foralli=1,2,...,m—1.

Furthermore, there is the unique F € GM™(C*) such that w; = Fz; = L,z; + b for
all i =0,1,2,...,m, where the matriz L, € M (C*) and the constant b € C can
be written as

_ | Re(fm=22)  —Im(m=32)
b= ( Ity pe(uaus) (58)
and
b= Wo — LzZO~ (59)

Example 5. Consider two complex Bézier curves Z(u) = Z?:o z;B* and W (u) =

Z?:o w; B with complex control points zo = 2+ 3i,21 = 3 — 4,22 = 4 + 6i and
wy = —10420i, wy; = 12+ 175, we = —21+436¢ in C, resp. It is easy to see that the
equalities in hold for the curves Z(u) and W(u). Then by Theorem 3, Z(u)
and W (u) are GM*(C*)-similar and L, =2+ 5i and b =1 + 44.

Using Theorem [3] and Theorem [6] the following corollary obtain.

Corollary 4. Let Z(u) = X270, 2;BY* and W(u) = 37" w;BJ" be two Bézier
curves in C of degree m > 1 such that z, — zo # 0 and w,, — wo # 0. Let Then
Z(u) and W(u) are GM(C*)-similar if and only if

Zi — 20 w; — Wo
Re = Re(————
(Zm_ZO) (wm_wO)
Zl — 20 2 w; — Wo 2
I = [Im(———
{ m(—— ZO)] [ m(— wo)} (5.10)
(=) Im(zt)
Im(2=2)  Im(=0)

foralli=1,2,...,m—1and forall j=1,2,...,1—1,1+1,...,m —1, where
ind{z1 — 20,22 — 20y - -, 2m — 20} = ind{wy — wp,wy — Wp, ..., Wy —wo} =1 for
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lef{l,2,...,m—1}.
Furthermore, there is the unique F € GM(C*) such that w; = Fz; for all i =
0,1,2,...,m. There are the following two cases:

(1) In the case Im(Z=2) = Im(-2=20) F has the form Fz; = L.z; + by

L
Zm —20 Wm —Wo

foralli=0,1,2,...,m, where the element L, € M+ (C*) and the constant

by € C can be written as (5.8)) and (5.9)), resp.
(@) In the case Im(Z-=2) = —Im(==1%), F has the form Fz; = LAz + by

for all i = 0,1,2,...,m, where the element L, € MT(C*) and and the
constant by € C can be written as

L,= Im(w:t:io) Re(w7y:'iguooo) (5'11)
and
bg = Wo — LZAZO. (512)
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ABSTRACT. In this study, we introduce the concept of neutrosophic soft pre-
open (neutrosophic soft pre-closed) sets and pre-separation axioms in neutro-
sophic soft topological spaces. In particular, the relationship between these
separation axioms are investigated. Also, we give a new definition for neu-
trosophic soft topological subspace and define neutrosophic soft pre irresolute
soft and neutrosophic pre irresolute open soft functions.

1. INTRODUCTION

In 2005, Smarandache introduced the concept of a neutrosophic set [20] as a
generalization of classical sets, fuzzy set theory [20] (see also |10]) , intuitionistic
fuzzy set theory [4] (see also [14]) etc. By using this theory of neutrosophic set,
some scientists made researches in many areas of mathematics [7,/18]. Many in-
herent difficulties exist in classical methods for the inadequacy of the theories of
parametrization tools. So, classical methods are insufficient in dealing with sev-
eral practical problems in some other disciplines such as economics, engineering,
environment, social science, medical science, etc. In 1999, Molodtsov [16] pointed
out the inherent difficulties of these theories. A different approach was initiated by
Molodtsov for modeling uncertainties. This approach was applied in some other
directions such as smoothness of functions, game theory, operations research, Rie-
mann integration, Perron integration and so on. The theory of soft topological
spaces was introduced by Shabir and Naz [19] for the first time in 2011. Soft topo-
logical spaces were defined over an initial universe with a fixed set of parameters
and showed that a soft topological space gives a parameterized family of topological
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spaces. In [1,[25,(6}/9,|11,/13], some scientists made researches and did theoretical
studies in soft topological spaces. In 2013, Maji [15] defined the concept of neutro-
sophic soft sets for the first time. Then, Deli and Broumi [12] modified this concept.
In 2017, Bera presented neutrosophic soft topological spaces in [§].

In this study, our pupose is to adapt the concepts of neutrosophic pre open soft
set, neutrosophic pre closed soft set to neutrosophic soft topological spaces. Then,
we define neutrosophic soft pre interior point, neutrosophic soft pre cluster point,
neutrosophic soft pre interior operator and neutrosophic soft pre closure operator.
By using these definitions and concepts, the concept of pre-separation axioms of
neutrosophic soft topological spaces is introduced. Furthermore, we analyze proper-
ties of neutrosophic soft pre T; -spaces (i = 0, 1,2, 3, 4) and focus on some relations
between them. Characterization theorems of them are also proved. We hope that,
the findings in this document will help scientists to enhance and promote the fur-
ther studies on neutrosophic soft topology to carry out a general framework for
their applications in practical life.

2. PRELIMINARIES

In this section, we present the basic definitions and theorems related to neutro-
sophic soft set theory.

Definition 1. [20] A neutrosophic set A on the universe set X is defined as:
A={{z,Ta(z),1a(z),Faz):xz € X},
where
TI, F:X—]170,1"[and "0 < Ty (z) +1a(z)+ Fa(z) <3T.

Definition 2. [16] Let X be an initial universe, E be a set of all parameters,
and P (X) denote the power set of X. A pair (F, E) is called a soft set over X,
where F is a mapping given by F : E — P (X). In other words, the soft set is a
parameterized family of subsets of the set X. Fore € E, F (e) may be considered as
the set of e-elements of the soft set (F, E), or as the set of e-approzimate elements
of the soft set, i.e.

(F,E)={(e,F(e)):ecE, F: E— P(X)}.

After the neutrosophic soft set was defined by Maji [15]], this concept was modified
by Deli and Broumi [12] as given below:

Definition 3. [12] Let X be an initial universe set and E be a set of parameters.
Let P (X) denote the set of all neutrosophic sets of X. Then a neutrosophic soft set
(FV,E) over X is a set defined by a set valued function F representing a mapping
F:E—P (X), where F is called the approzimate function of the neutrosophic soft
set <ﬁ,E . In other words, the neutrosophic soft set is a parametrized family of

some elements of the set P (X) and therefore it can be written as a set of ordered
PALTS:
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(F E) - {(e <x i) (@) I5) (@), Fi, )(m)>:x€X> :eeE}

where Tz (e)( ), I (@ x), Fie) (x) € [0,1] are respectively called the truth-
membership,
indeterminacy-membership and falsity-membership function of ﬁ(e). Since the
supremum of each T, I, F is 1, the inequality

OSTA(JS)JrIA(JS)JrFA(I) <3

s obuvious.

Definition 4. [§] Let (}NW, E) be a neutrosophic soft set over the universe set X.
The complement of (ﬁ, E) is denoted by (ﬁ,E) and is defined by:

(ﬁ,E)c:{(e, <x FF(e)( x), 1—[15(6)(30), Ty, (x)>::v€X) :eEE}.
It is obvious that [(F, E) ] = (ﬁ,E)

Definition 5. [15] Let (ﬁ,E) and (é,E) be two neutrosophic soft sets over the
universe set X. (f‘,E) is said to be a neutrosophic soft subset of (é, E) if
Tie) (@) < T, (@), I (@) < I (), Fi,) () 2 Fg(, (z), Ve € E, Vo € X.
It is denoted by ( ) C (é, E) (ﬁ,E) 18 said to be meutrosophic soft equal
0 (G,E) if (F, E) C (G,E) and (é,E) C (ﬁ,E) It is denoted by (ﬁ,E) =
(é,E).
Definition 6. [3] Let (ﬁl,E) and (ﬁQ,E) be two neutrosophic soft sets over the

universe set X. Then their union is denoted by (ﬁl, E) U (ﬁg, E) = (ﬁg,, E) and
is defined by:

(ﬁ’g,E) :{(e, <x TFS(E)( x), I(l’),FI;3(e) (JJ)> :xEX) :eEE},

where
Ty (e (@) = maz {Tﬁ(e) (@), Tp, o) (fv)},

I (e) (@) = max {Iﬁ(e) (@), 15, (l‘)},

Fr o (2) = min { Fg, ) (@), F,(,) (@) }.
Definition 7. [3] Let (ﬁl, E) and (ﬁg, E) be two neutrosophic soft sets over the

universe set X. Then their intersection s denoted by (ﬁl, E) N (ﬁg, E) = (ﬁg, E)
and is defined by:
(ﬁg,E) = {(e, <w Ti, o) (@ (z), I(az),FE(e) (az)> S X) re€ E},

where
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Iz, ) (@) = min {Jﬁl 0@ Ih (a:)},
Fr o () = max {Fﬁl(e) (z), Fg, o (x)}

Definition 8. [3/ A neutrosophic soft set (13, E) over the universe set X is said
to be a null neutrosophic soft set if Tgy (x) = 0, g, (x) =0, Fg (x) = 1;
Ve € E, Vo € X. It is denoted by O(x g)-

Definition 9. [3] A neutrosophic soft set ﬁ, E') over the universe set X is said
to be an absolute neutrosophic soft set if Tg ) (z) =1, T (z) =1, Fo (z) =0;
Ve € E, Vo € X It is denoted by 1(x f)-

Clearly O?X,E) =1l(x,p) and 1EX7E) =0(x,E)-

Definition 10. /5] Let NSS (X, E) be the family of all neutrosophic soft sets over
the universe set X and 7 C NSS (X, E). Then T is said to be a neutrosophic soft
topology on X if:

1. Ox,p) and 1(x E) belong to T,

2. the union of any number of neutrosophic soft sets in T belongs to T,

3. the intersection of a finite number of neutrosophic soft sets in T belongs to T.

Then (X, 1, E) is said to be a neutrosophic soft topological space over X. Each
member of T is said tobe a neutrosophic soft open set [5].

Definition 11. [§] Let (X, 7, E) be a neutrosophic soft topological space over X and
(ﬁ, E') be a neutrosophic soft set over X. Then (ﬁ, E) is said to be a neutrosophic
soft closed set iff its complement is a neutrosophic soft open set.

Definition 12. [3] Let NSS (X, E) be the family of all neutrosophic soft sets over

the universe set X. Then neutrosophic soft set xf_ 8.7) 1s called a neutrosophic soft
point for everyx € X, 0 < «, B, v <1, e € E and is defined as follows:

e (/)()_ (O‘aﬂ77)7 Z'fe/:@ancly:x
Flapm (€W = (0,0,1), ife#eory+#zx

It is clear that every neutrosophic soft set is the union of its neutrosophic soft
points.

Definition 13. /3] Let (f‘, E) be a neutrosophic soft set over the universe set X.

We say that mfa 8 € (ﬁ, E) read as belonging to the neutrosophic soft set (ﬁ, E)

whenever
a< Tﬁ(e) (x), < Iﬁ(e) (x) and v > Fﬁ(e) ().
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Definition 14. (5] Let xfa 8.7) and y(el;, 8 ) be two neutrosophic soft points. For

the neutrosophic soft points z‘(faﬁﬂ) and y(ea,ﬁ, over a common universe X, we

)
say that the neutrosophic soft points are distinct points if x?a,ﬁ,w)m y(ea,ﬁ,,,y,) =

O(x,g)- It is clear that x?aﬁm and y(e;,ﬁ, are distinct neutrosophic soft points

if and only if x # 1y ore # €.

)

Definition 15. [7/ Let (ﬁ,El),(é, Eg) be two neutrosophic sets over the uni-
versal set X. Then their cartesian product is another neutrosophic set (IN(,E;),) =
(ﬁ,El) X (é, Eg), where B3 = B x Ey and f((el,eg) = ﬁ(el) X é(eg). The
truth, indeterminacy and falsity membership of (f(,Eg) are given by Ve; € FEq,
Ves € o, Vx € X,

Tier o) (@) = min {Tr. ) (), T, ()},

TR (er.e0) (@) = min {Iﬁ<e1) (@) 1 (es) (m)}’

Fitera) () =m0 { Fi) (2), Foiey) (2)}-
This definition can be extended for more than two neutrosophic soft sets.

Definition 16. [7/ A neutrosophic soft relation R between two neutrosophic soft
sets (f‘, E1> and (é, Eg) over the common universe X is the neutrosophic soft

subset of (ﬁ,El) X (é,EQ). Clearly, it is another neutrosophic soft set (IA?;, E3)
where E3 C El x Fs and

R(ey,e5) = F (e1) x G (e3) for (e1,e3) € Es.

Definition 17. [7/ Let (ﬁ, El), (é, Eg) be two neutrosophic sets over the univer-
sal set X and f be a neutrosophic soft relation defined on (ﬁ, El) X (67 Eg). Then
f is called meutrosophic soft function if f associates each element of (ﬁ,El) with
the unique element of (é,EQ). We write f : (ﬁ, El) — (é, Eg) as a neutrosophic

soft function or a mapping. For x?a 8,y) € (ﬁ', E1> and y(e;, g4 € (é, EQ) when

’ /
€

Tlapn ™ Yo g € f, we denote it by f (x((iaﬁﬁ)) = Yo 5,y Here (F’El)
and (é, Eg) are called domain and codomain respectively and yf(;/ 8 4) is the image

of wfaﬂﬁ) under f.
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Definition 18. [§/ Let (X, 7, E) be a neutrosophic soft topological space and
(ﬁ,E) € NSS(X,E) be arbitrary. Then the interior of (ﬁ,E) s denoted by
(ﬁ,E)O and is defined as:

(ﬁE) =U{(G.B): (G.E) c (F.E), (G.E)er}

i.e., it is the union of all open neutrosophic soft subsets of (ﬁ, E)

Definition 19. [§] Let (X, 7, E) be a neutrosophic soft topological space and
(ﬁ,E) € NSS(X,E) be arbitrary. Then the closure of (ﬁ7E) is denoted by

(ﬁ,E) and is defined as:

(7.8) =n{(G.8): (6.5) c (F.5)., (G.6) er)

i.e., it is the intersection of all closed neutrosophic soft super sets of (ﬁ,E)

3. SOME PROPERTIES

Definition 20. A subset (ﬁ, E) of a neutrosophic soft topological space (X, T, E)

is said to be meutrosophic pre open soft, if (ﬁ, E) C {(ﬁ,Eﬂ . The family of all

neutrosophic pre open soft sets of (X, 7, E) is denoted by NSPO (X). The family
of all neutrosophic pre open soft sets of (X,7,E) containing a neutrosophic soft

point zf, 5 is denoted by NSPO (X, I?aﬂm)

Definition 21. A neutrosophic soft point x?a 8) of a neutrosophic soft topological
space
(X, 7, F) is said to be neutrosophic soft pre interior point of a neutrosophic soft set

(ﬁ, E), if there exists (é, E) € NSPO (X, x?aﬁﬁ)) such that ;Efa’ﬁﬁ) ¢ (é, E)
and (é,E) C (ﬁ,E)

Definition 22. The set of all neutrosophic soft pre interior points of (ﬁ7E> 18
said to be neutrosophic soft pre interior of (ﬁ7 E) and denoted by NS Pint (ﬁ, E)

Definition 23. The complement of a neutrosophic pre open soft set is called neutro-
sophic pre closed soft. The intersection of all neutrosophic pre closed soft sets con-

taining a neutrosophic soft set (15, E) 1s called neutrosophic pre closure of (ﬁ, E)
and is denoted by NSPcl (ﬁ,E)

Definition 24. A neutrosophic soft point xfa ) of a neutrosophic soft topological
space
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(X, 7, F) is said to be neutrosophic soft pre cluster point of a neutrosophic soft set
(F“E) if (éE) ¢ (ﬁE) for any (C?E) € NSPO (X7 xfam)).

Definition 25. A neutrosophic soft topological space (X, 7, E) is said to be a neu-
trosophic soft pre Ty-space if for every pair of distinct neutrosophic soft points

mﬁaﬁm, yfr;’,ﬁ/,v/) there exist neutrosophic pre-open soft sets (ﬁ,E), (é, E) such
that xfa’ﬁﬁ) € (ﬁ,E),

y(e;,’ﬁw,) S (ﬁ,E)C or xfa’ﬁﬁ) IS (67E)c, y(et;,ﬁ,ﬁ,) IS ((N}',E)

Definition 26. Let (X, 7, E) be a neutrosophic soft topological space and' Y C X.
Let (f[,E) be a neutrosophic soft set over Y such that

- )1, difzxeY
TH(e)(x)_{a ifredy

- )1, dfxeyY
IH(e)(x)_{a ifredy

) 1, dfzey
a0 @ =0 gugv

for any e € E.

Let 1y = {(f[,E) n (ﬁ,E) : (ﬁ,E) € T}, then (Y, 7y, E) is called neutro-
sophic soft subspace of (X,7,E). If (ﬁ,E) € 7 (resp. (ﬁ,E) € 1 ), then
(Y, 7y, E) is called neutrosophic open (resp.closed) soft subspace of (X, 7, E).
Theorem 27. A neutrosophic soft subspace (Y, 7y, E) of a neutrosophic soft pre
Ty-space
(X, 7, E) is neutrosophic soft pre Tj.

Proof. Let zfa By)? yf;, 5 ) be two distinct neutrosophic soft points in (Y, 7y, E).
Then, these neutrosophic soft points are also in (X, 7, E). Hence, there exist neu-

trosophic pre-open soft sets (}NW,E), (é,E) in 7 such that xfaﬁv) € (ﬁ,E),
y(e;, g4y € (ﬁ,E) or xfaﬂv) € (é,E) , yf;, g € (é,E) Let (ﬁ,E) be a
neutrosophic soft set over Y as described in Definition 26. Thus, (I;T , E) N (ﬁ' , E)

and (IA{T ,E) N (é, E) are neutrosophic pre-open soft sets in (Y, 7y, E) such that

T 5y € (HE) N (FE) Yo 50 € [(HE) N (FE)} or
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a7 € [(ELE) N (G»Eﬂc; yf;,ﬂ/’,y/) S (ﬁ, E)ﬂ(é7E) Therefore, (Y, Ty, E)
is neutrosophic soft pre Tj. 0

Definition 28. A neutrosophic soft topological space (X, 7, E) is said to be a neu-
trosophic soft pre Ty-space if for every pair of distinct neutrosophic soft points

mﬁaﬁﬁ), yf;,ﬁ/w/) there exists neutrosophic pre-open soft sets (ﬁ, E) and (5’, E)
such that xfa,ﬁﬁ) € (F,E),
yfalyﬁ/’,yl) S (F;E) and x(E/O“ﬁW) S (G7E> ’ y(eo/’ﬁ/’,y/) S (G,E)

Theorem 29. A neutrosophic soft subspace (Y, 7y, E) of a neutrosophic soft pre
T1-space
(X, 7, E) is neutrosophic soft pre T1.

Proof. 1t is similar to the proof of Theorem 27. (|

Theorem 30. Every neutrosophic soft point with the truth-membership value 1,
the

indeterminacy-membership value 1 and falsity-membership value 0, is neutrosophic
pre-closed soft in a neutrosophic soft topological space (X,7,E) if and only if
(X, 7, E) is neutrosophic soft pre T}.

Proof. (=) Suppose that xfa 8) and y(‘e;, 8 ) be two distinct neutrosophic soft
points of (X, 7, E). Then, w?aﬁﬁ) C xfl)l,o) and yfa,)ﬁ,ﬁ,) C yfl)l’o). By hypoth-

!’ ’ c
esis, yEiLLO) and y(eLLO) are neutrosophic pre-closed soft sets. Then, [szl,O)}

c c

and [y(il,o)] are neutrosophic pre-open soft sets such that xfaﬁﬁ) € [y‘é,lyo)] ,
c ’

/ / clcC C c
Yar gy € Hyfl,l,m] } and xf, 5.y € Hxﬁl,m)} } > Yoy € {%,1,0)} :
Therefore, (X, 7, E) is neutrosophic soft pre 77.

(<) Suppose that (X, 7, E) is neutrosophic soft pre T7. Let m?l,l,o) be a neutro-
sophic soft point with the truth-membership value 1, the indeterminacy-membership
value 1 and falsity- membership value 0. Take any neutrosophic soft point y(ea, g~ €

c ’

[mfl’m)} . It is easily seen that xfm,o) and y(ea,ﬁ/ﬁ,) are distinct. From our as-
sumption, there exist neutrosophic pre-open soft sets (ﬁ , E) and (é, E) such that

~ ’ ~ c
0 € (FE): Ui gy € (F.E) and

~ c , ~ , ~ c
T(1,1,0) € (GE) » Yy € (G’ E) Then, Yo 5 ) € (GE) = {95?1,1,0)} :

(&

This means that [:Efl’w)} is neutrosophic pre-open soft. Therefore, x?l,l,o) is

neutrosophic pre-closed soft. (]
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Definition 31. A neutrosophic soft topological space (X, 7, E) is said to be a neu-
trosophic soft pre Th-space if for every pair of distinct neutrosophic soft points

xfa7ﬁ7,y), y(eé,ﬂ,ﬁ,) there exists meutrosophic pre-open soft sets (ﬁ,E) and (é, E)
such that xfaﬂm € (F,E),

C

Yorwon € (FE) . Wi € (GB), 24y, € (G.B) and (F.B) C
(é,E) .

For a neutrosophic soft topological space (X, 7, E') we have the following diagram:

neutrosophic soft pre Tho—space

!

neutrosophic soft pre T7 —space

!

neutrosophic soft pre Tp—space

Converse statements may not be true as shown in the examples below;

Example 32. Let X = {z,y} be a universe, E = {a.b} be a parameteric set and
(f‘a, E) be a neutrosophic soft set defined as E, (a) ={{z,a,a,1 —a),(y,a,a,1 —a)}
and
F, (b) ={(,0,0,1),{(y,a,a,1 —a)} for any « € (0,1]. Then, the family

= {0exm), Loem} U{(Fus B) sae (0,1])

is a neutrosophic soft topology over X. So, (X, 7, E) is a neutrosophic soft topo-
logical space. (X, 7, F) is a neutrosophic soft pre Ty -space but not a neutrosophic
soft pre Ty —space. Because, xl(jo.g, 0.6, 0.2) and y?o.& 0.7, 0.4) ar€ distinct neutro-
sophic soft points in (X, 7, E) and there doesn’t exist any neutrosophic pre-open
soft set that contains xl(’o'g) 0.6, 0.2) but doesn’t contain y?o.& 0.7, 0.4)"

Example 33. Let X = {z,y} be a universe, E = {a.b} be a parameteric set and
(f‘,E) be a neutrosophic soft set defined as F (a) ={{,0,0,1), (y,0,0,1)} and

F(b) = {{(£,0,0,1), (y,0,0,0.9)}. Then, the family T = {O(XE), 1ix.5), (FE)}
is a meutrosophic soft topology over X. So, (X,7,E) is a neutrosophic soft topo-
logical space. (X, T,E) is a neutrosophic soft pre Ty —space. But, it is not a neu-
trosophic soft pre Ty —space for the existence of distinct neutrosophic soft points

a b
Z(0.5, 0.5, 0.1) and Y0.4, 0.4, 0.6)°

Theorem 34. Let (X, 7, E) be a neutrosophic soft topological space. (X,7,FE) is
neutrosophic soft pre Ty-space if and only if for any pair of distinct neutrosophic
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soft points a:faﬁﬁ), y(e;,ﬁ,ﬁ,), there exists a neutrosophic pre-open soft set (ﬁ, E)
such that

250 5y € (FE) Yo 51y € (FE) and y{ p i € [NSPcl (FE)} .

Proof. (=) Let z{, 4 . and y?;, 5,41y be two distinct neutrosophic soft points in
(X,7,F) . Since (X,7,F) is a neutrosophic soft pre Ts-space, there exist two
neutrosophic pre-open soft sets (ﬁ,E) and (é,E) such that xfa 8 € (ﬁ,E),
y(a B € (é,E) and (ﬁ,E) C (é,E) . So, it is implied that yz’;, gy €

c

(F E) . Since (é,E) is a neutrosophic pre-closed soft set, N.SPcl (ﬁ,E) -
(G,E) . This means that, (é,E) - [NSPcl (ﬁ,E)r So,

/ ~ C
Yoo € | NSPel (F,E)]
(«<)Take any pair of distinct neutrosophic soft points Lo By) y(e(;/ﬂ,w,) in
(X,7,F). From our assumption, there exists a neutrosophic pre-open soft set

(F,E) such that x‘(jaﬁﬁ) € (F,E)7 yfa,ﬁ,ﬁ,) € (F,E) and y(ea,’ﬁ/ﬁ,) €
[NSPCZ <ﬁ, E)} . Since [NSPCZ <ﬁ, E)} is a neutrosophic pre-open soft set and
~ ~ cqcC

(F,E) C HNSPCZ (F,E)} } , (X, 7, E) is neutrosophic soft pre Th-space. a

Theorem 35. A neutrosophic soft subspace (Y, 7y, E) of neutrosophic soft pre
T5—space
(X, 7, E) is neutrosophic soft pre Ts.

Proof. Let (X, 7, E) be a neutrosophic soft pre To-space, Y C X and (Y, 7y, E) be
a neutrosophic soft subspace. Take any distinct neutrosophic soft points zfa 8.7
and y(e;,ﬂ,w,) in (Y,7y,E).

So, these neutrosophic soft points are also contained in (X, 7, F). Hence, there

exist neutrosophic pre-open soft sets (f, E) and (é, E) in 7 such that x‘(ga, 8. €
y(e;, gy € (é, E) and (f,E) - ( ) Let (H E) be a neutrosophic soft set
over Y as described in Definition 26. Then, ( ) ( > and (H, E) N (G, E)
are neutrosophic pre-open soft sets in (Y, 7y, E) such that x(aﬁ,y) € (ﬁ,E) N

(FE) Yo g € (HE) n (GE) and <HE) n (FE) - [(HE) n (@E%}

This means that (Y, 7y, F) is neutrosophic soft pre Ts.
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Definition 36. Let (X, 7, E) be a neutrosophic soft topological space, (é,E) be

a neutrosophic pre-closed soft set and x‘(faﬁm be a neutrosophic soft point such
that mfaﬂﬁ) € (ﬁ,E)c, If there exist neutrosophic pre-open soft sets (C:’,E) and
(I?,E) such that m‘(ga,ﬁm € (é,E), (ﬁ,E) C (I?,E) and <I~(,E> C (é,E)C,
then (X, 7, E) is said to be a neutrosophic soft pre regular space.

Definition 37. A neutrosophic soft topological space (X, 7, E) is said to be a strong

neutrosophic soft pre T -space if every neutrosophic soft point is a neutrosophic pre-

closed soft set in (X, 7, F).

Definition 38. A neutrosophic soft pre regular space (X,T,E) is said to be a
neutrosophic soft pre T3—space if it is also a strong neutrosophic soft pre T —space.

Theorem 39. Every neutrosophic soft pre Ts3—space is a neutrosophic soft pre
To—space.

Proof. Let mfa 87) and y(e(;, 8 ) be two distinct neutrosophic soft points of a
neutrosophic soft pre Ts-space (X, 7, FE). Then, y(e;, B~ is neutrosophic pre-

closed soft set and .

mfaﬁﬁ) € y(e;,’ﬁ,ﬁ,)} . From the neutrosophic soft pre-regularity, there exist

disjoint neutrosophic pre-open soft sets (é, E) and (f(, E) such that mfa 8) €
(é,E) and

y(e(;, g~ C ([?,E) Thus, a:?uﬁw) S (é, E) and y(e;, g € ([N(,E) Therefore,
(X, 7, F) is neutrosophic soft pre Th-space O

Theorem 40. A neutrosophic soft subspace (Y, 7y, E) of a neutrosophic soft pre
Ts—space (X, 1, E) is neutrosophic soft pre Ts.

Proof. Let (X, 7, E) be a neutrosophic soft pre T3-space, ¥ C X and (Y, 7y, E)
be a neutrosophic soft subspace. Let xfa 8.7) be any neutrosophic soft point in
(Y, 7y, E). It is obvious that x{, 5, is also a neutrosophic soft point in (X, 7, E).
Since (X, 7, FE) is a strong neutrosophic soft pre 7Tj-space, ;Efaﬁv) is a neutro-

sophic pre-closed soft set in (X, 7, E). Consider the neutrosphic soft set (ﬁ , E)

over Y defined in Definition 26. It is easily seen that (ﬁ,E) N xfa 8.7) is neu-

trosophic pre-closed soft in (Y,7y,FE). This means that (Y,7y,FE) is a strong
neutrosophic soft pre-Ti-space. Now, we must show that (Y, 7y, E) is also a neu-

trosophic soft pre-regular space. Let (é,E) be a neutrosophic pre-closed soft
set in (Y, 7y, F) and xfa 5) be a neutrosophic soft point in (Y, 7y, F) such that

x‘(zaﬁﬂ) € (é, E) . Then, (é,E) = (fNI,E) N (ﬁ,E) for some neutrosophic
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pre-closed soft set (ﬁ,E) in (X,7,F). Hence, m‘ga,ﬁﬁ) € [(EI,E) N (ﬁ,E)r
So, x(eaﬁﬂ) € (ﬁ,E)CU (ﬁ,E)C. Because of the description of the neutro-
sophic soft set (PNI, E) in Definition 5.2, it is clear that x?aﬁm ¢ (PNI, E)C. This
means that Ifa,@ﬁ) € (F ,E)c. From the neutrosophic soft pre-regularity of
(X, 7, E), there exists neutrosophic pre-open soft sets (IN{,E) and (E,E) such
that af, , | € (I?E) (ﬁE) C (EE) and (I?E) c (ZE) This implies
that (H,E) (I?,E) and (I;' E) (Z E) are neutrosophic pre-open soft sets in
(Y. 7y, E) such that o, , € ( ) ( ) (ﬁE) c (f{rE) n (ZE) and
(ﬁ,E) (K,E) C ( ) ( ) Therefore, (Y, 7y, E) is neutrosophic soft
pre T5. U
Definition 41. Let (X, 7, E) be a neutrosophic soft topological space, (ﬁl, E) and
(ﬁQ,E) be meutrosophic pre-closed soft sets such that (ﬁl,E) - (ﬁQ,E)C. If
there exist neutrosophic pre-open soft sets (é, E) and (f(, E) such that (fl,E> -
(é,E), (ﬁg,E) - (I?,E) and (G,E) C (f(,E)C, then (X, 7, E) is said to be a
neutrosophic soft pre normal space.

Definition 42. A neutrosophic soft pre normal space (X, 7,F) is said to be a
neutrosophic soft pre Ty-space, if it is also a strong neutrosophic soft pre T1— space.

Theorem 43. Let (X, 7, E) be a fuzzy soft topological space. Then, the following
statements are equivalent:
(1) (X, 7, E) is a neutrosophic soft pre normal space.

(2) For every neutrosophic pre closed soft set (f(, E) and neutrosophic preopen
soft set (E,E) such that ([?,E) C (E,E), there exists a meutrosophic pre open
soft set (ﬁ,E) such that <I~(,E) C (ﬁ,E), NSPcl (f’, E) C (E,E)

Proof. (1) = (2) Let (IN(,E) be a pre closed soft set and (E,E) be a fuzzy pre
open soft set such that (IN( E) C (L E) Then, (IN( ,E), (E,E)c are neutrosophic
pre closed soft sets such that (L E) C (K E) . It follows from (1), there exist
neutrosophic pre open soft sets (F,E) and (G,E) such that (IN(,E) - (ﬁ,E),
(E,E)c - (é,E) and (ﬁ,E) C (é,E)c. Since (é,E)C is neutrosophic pre
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closed soft, N.SPcl (ﬁ,E) - (é,E)C. So,
NSPcl (ﬁ,E) - (E,E) Therefore, the neutrosophic pre open soft set (ﬁ, E)

satisfies the conditions. B
(2) = (1) Let (Fl,E> and (Fg,E) be neutrosophic pre-closed soft sets such

that
(ﬁl, E) C (ﬁg,E) , where (ﬁg, E) is neutrosophic pre open soft. From our hy-

pothesis, there exists a neutrosophic pre open soft set (f , E) such that (ﬁ 1, E) -
(f,E) and

NSPel (ﬁE) c (E,E)c. So, (E,E) c [NSPcl (fE)} (ﬁl,E> c (17“, E)
an (& c C

[NSPCZ (F,E)} - (F,E) , Where {NSPcl (F,E)} and (F,E) are are neutro-

sophic pre open soft sets. Thus, (X, 7, F) is neutrosophic soft pre normal space.

Theorem 44. A neutrosophic pre closed neutrosophic soft subspace (Y, 7y, E) of
a neutrosophic soft pre normal space (X, 7, E) is neutrosophic soft pre normal.

Proof. Let (ﬁ,E) and (é, E) be neutrosophic pre closed soft sets in (Y, 7y, F)
such that (ﬁ,E) C (é,E)C. Consider the neutrosphic soft set (ﬁ, E) over Y
defined in Definition 26. Then, (ﬁ , E) is neutrosophic pre closed soft in (X, 7, E),
(ﬁ,E) = (f[,E) N ([?,E) and (CNJ, E) = (f[,E) N (E,E) for some neutrosophic
pre closed soft sets (I?,E) and (E,E) in (X, 7, E). Hence, (ﬁ,E) N ([N(,E) and
(ﬁ,E) N (E,E) are neutrosophic pre closed soft sets in (X, 7, F) and (IA{T,E) N
(IN(,E) - Kﬁ,E) N (i,E)]c. Since (X, 7, E) is neutrosophic soft pre normal,
there exist neutrosophic pre open sets (]\7 , E) and (]\7 , E) such that

(fI,E) N (f{E) - (1\7 E) (f[,E)m (EE) c (]\7, E) and (M E) c (NE)
So,

(ﬁ, E) N (]\7, E) and (f[, E) N (]\7, E) are neutrosophic pre open sets in (Y, 7y, E)
such that (ﬁE) - (ffE) N (M E) (éE) c (ﬁE) N (NE) and

(ﬁ,E) N (]\7, E) C Kﬁ, E) N (]\NT,E)]C Therefore, (Y, 7y, E) is neutrosophic

soft pre normal. O

Definition 45. Let (X,71,E), (Y,72,K) be neutrosophic soft topological spaces
and
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f:(X,71,E) = (Y,72,K) be a neutrosophic soft function. The function f is said
to be neutrosophic pre irresolute soft, if f1 ((é, E)) € 11 for any (é,E) € To.

Definition 46. Let (X,71,E), (Y,72,K) be neutrosophic soft topological spaces
and

f:(X,11,E) = (Y, 72, K) be a neutrosophic soft function. The function f is said to
be neutrosophic pre irresolute open soft, if f ((ﬁ, E)) € 19 for any (ﬁ,E) €Ty.
Theorem 47. Let (X, 71, E) and (Y, 72, K) be neutrosophic soft topological spaces
and

f(X,71,E) — (Y, 72, K) be a neutrosophic soft function which is bijective, neu-
trosophic pre irresolute soft and neutrosophic pre irresolute open soft. If (X, 71, E)
is a neutrosophic soft pre normal space, then (Y, T2, K) is also a neutrosophic soft
pre normal space.

Proof. Let (ﬁ,E) and (é,E) be neutrosophic pre closed soft sets in (Y, 72, K)
such that . N
(F,E) - (G,E) . Since f is neutrosophic pre irresolute soft, then f~1 ((F,E))
and =

ft ((G, E)) are neutrosophic pre closed soft sets in (X, 71, F) such that

ft ((ﬁ,E)) C {f‘l ((CNJ, E))} . Since (X, 71, E) is a neutrosophic soft pre nor-

Ez:t space, there exist neutrosophic pre open soft sets (f{E) and (EE) such
£ ((F5)) @ (Rp). 17 ((60)) < (F.5) et (o) ()0

P [ (F)] < (7). (6. - 1 [ ((@8)] <
F((L.B)) and f ((K.E)) < 7 ((L.B) ) 7 ((% ))} From the fact that

f is neutrosophic pre irresolute open soft, f K ,E)) and f L7 FE) ) are neutro-

sophic pre open soft sets such that (ﬁ,E) cf ((I?,E)), (é,E) cf ((Z,E))
and f <([~(,E)) C [f ((E,E))}C This means that (Y, 72, K) is a neutrosophic

soft pre normal space. (Il

N—
N—

4. CONCLUSION

The notions of neutrosophic pre open soft sets, neutrosophic pre closed soft
sets, neutrosophic pre soft interior, neutrosophic pre soft closure, neutrosophic soft
pre-interior point, neutrosophic soft pre-cluster point and neutrosophic soft pre
separation axioms are introduced, and some properties of the notions are studied.
Also, several interesting properties have been established. Additionally, a new
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approach is made to the concept of neutrosophic soft topological subspace. Since
topological structures on neutrosophic soft sets have been introduced by many
scientists, we generalize the pre topological properties to the neutrosophic soft
sets which may be useful in some other disciplines. For the existence of compact
connections between soft sets and information systems the results obtained
from the studies on neutrosophic soft topological space can be used to develop
these connections. We hope that many researchers will benefit from the findings in
this document to further their studies on neutrosophic soft topology to carry out a
general framework for their applications in practical life.
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ABSTRACT. In this study, we establish existence and uniqueness theorems of
best proximity points for new types of Z-proximal contractions defined on a
complete metric space. The presented results improve and generalize some
recent results in the literature. Several examples are constructed to demon-
strate the generality of our results. As applications of the obtained results, we
discuss sufficient conditions to ensure the existence of a unique solution for a
variational inequality problem.

1. INTRODUCTION

Khojasteh et al. presented the notion of Z-contraction involving a new class
of mappings namely simulation functions and proved new fixed point theorems by
using different methods than others in literature.

Definition 1.1 ( [14]). A simulation function is a mapping ¢ : [0, 00) x [0,00) — R
satisfying the following conditions:
(¢1) €(0,0) =0,
(¢s) ¢(a,b) <b—a forall a,b>0,
(¢3) If (an), (bn) are sequences in (0,00) such that lim, o @y = lim, 00 by, > 0,
then

limsup ((an,b,) < 0. (1.1)

n—oo
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Theorem 1.2 ( [14]). Let (M,d) be a complete metric space and T : M — M be
a Z-contraction with respect to ¢ satisfying the conditions (()-((3) in Definition

[I1] that is,
C(d(Tu,Tv),d(u,v)) >0, for all u,v € M.

Then T has a unique fived point and, for every initial point ug € M, the Picard
sequence {T"ug} converges to this fized point.

Afterwards, Argoubi et al. [3] partly modified Definition by removing the
condition (¢, ), because of the fact that the condition (¢;) was not used in the proof
of Theorem On the other hand, Roldan-Lopez-de-Hierro et al. [17] extended
the family of all simulation functions by replacing the condition ({3) in Definition

with the following proviso.
[L.1] gp
(¢4) If (an), (by) are sequences in (0,00) such that lim a, = lim b, > 0 and

ap < by, for all n € N, then the inequality (|1.1)) is satisfied.

In this study, we will consider simulation functions satisfying the conditions ({,)
and ({,). For the sake of openness, we identify the following families of function.

2, ={¢: ( satisfies conditions ({;), (¢5) and (¢5)},
Z5 ={(: ( satisfies conditions ({,) and ({5)},
Z3 ={(: ( satisfies conditions ({;), ({5) and ({,)},
Z, ={(: ( satisfies conditions ({,) and (¢4)}.

Remark 1.3. It is obvious that Z1 C 29 C Z4 and also Z3 C Z4.
Example 1.4. Let ¢ : [0,00) x [0,00) — R be a function defined by
1 if (s,t) = (0,0),
Clt,s)=¢2(s—1t) ifs<t,
As —t otherwise,

where X € (0,1). Then it is easy to see that ( € Z4, but & Z1, 2, Z3.

The main concern of the paper is to establish existence and uniqueness theorems
of best proximity points for new types of Z-proximal contractions in complete metric
spaces. The obtained results extend and complement some known results from the
literature. Several examples are constructed to demonstrate the new concepts and
the generality of our results. Also, sufficient conditions to guarantee the existence
of a unique solution to the problem of variational inequality are discussed.

2. PRELIMINARIES

A best proximity point generates to a fixed point if the mapping under consid-
eration is a self-mapping. For more details on this research subject, we refer the
reader to [1}2}/4H7L/9H13}16L/18-22].
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Let P and @ two nonempty subsets of a metric space (M,d). We will use the
following notations:
d(P,Q) :=inf{d(p,q) :p € P,q € Q};
Pyi={p€ P:d(p,q) = d(P,Q) for some g € Q};
Qo :={q€Q:d(p,q) =d(P,Q) for some p € P}.

Throughout this study, the set of all best proximity points of a non-self-mapping
T : P — @ will be denoted by

Best(T) = {u € P: d(u, Tu) = d(P,Q)}.

Jleli and Samet [12| introduced the concepts of a-1-proximal contractive and
a-proximal admissible mappings and established best proximity point theorems
for such mappings defined on complete metric spaces. Subsequently, Hussain et
al. [9] modified the aforesaid notions and substantiated certain best proximity point
theorems.

Definition 2.1 ( [12]). Let 7T : P - Q and o : P x P — [0,00) be given mappings.
Then T is said to be a-proximal admissible, if

a(uy,ug) > 1
d(phTul) = d(P7 Q) — 04(?17?2) Z 1)
d(p2, Tuz) = d(P,Q)

for all uy,us, p1,ps € P.

Definition 2.2 ([9]). Let 7 : P — Q and a,n : Px P — [0,00) be given mappings.
Then T is said to be («,n)-proximal admissible, if

afur, uz) > n(ur, us)

d(plaTul) = d(Pa Q) — a(php?) Z T/(php?)a

d(p2, Tuz) = d(P,Q)

for all uy,uz,p1,p2 € P.

Note that if we take n(u,v) = 1 for all u,v € P, then the previous definition
reduces to Definition .11

Very recently, Tchier et al. [22] introduced the concept of Z-proximal contrac-
tions as follows.

Definition 2.3 ( [22]). Let P and Q be two nonempty subsets of a metric space
(M,d). A non-self-mapping T : P — @ is said to be a Z-prozimal contraction, if
there exists a simulation function ( € Z5 such that

d(p, Tu) = d(P,Q)
20, Tv) = d(P.Q) } = C(d(p. ), d(w,0)) 2 0, (2.1

for all p,q,u,v € P.

Let us introduce the following notions which will be used in our main results.
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Definition 2.4. Let T : P — @ and a,n : P x P — [0,00) be given mappings.
Then T is said to be triangular (o, n)-prozimal admissible, if
(1) T is (o, n)-prozimal admissible;
(2) a(u,v) > n(u,v) and a(v, z) > n(v, z) implies that a(u,z) > n(u, z), for all
u, v,z € P.
Definition 2.5. Let P and @ be two nonempty subsets of a metric space (M,d),
(€24 and a,n: Px P —[0,00) be mappings. A non-self mapping T : P — Q 1is
said to be (o, n)-Z-proximal contraction, if
alu,v) > n(u,v)
d(p,Tu) =d(P,Q) ¢ = ((d(p,q),d(u,v)) >0, (2.2)
d(q,Tv) =d(P,Q)

for all p,q,u,v € P.

We provide the following examples illustrating Definition [2.5] where Definition
is not applicable.

Example 2.6. Let M =R be endowed with the usual metric d, P = [0,3]U{1,10}
and Q = [0, %] U{1,10}. Define a mapping T : P — Q by

10, ifu=1,
Tu=141, ifu=10,
v ifuel0,i].
It is obvious that d(P,Q) = 0 and Py = Qo = Q. Now, define a,n: P x P — [0,00)
by

0, otherwise,

4 ; 1
a(u,v) = { » Huwvelo ], and  n(u,v) = 2.

Then T is («,n)-Z-proximal contraction, but not a Z-proximal contraction where
C(t,8) = %s —t for all t,s € [0,00). Indeed, let us consider

a(u,v) = n(u,v),
d(p, Tu) = d(q, Tv) = d(P, Q).

Taking into account , we get that u,v € [0, %], and sop = Tu = & and
q=Tv=g. Then

1
¢ (d(p,q),d(u,v)) = §d(u7 v) —d(p,q)
1 1
= |u—v|—=|u—2v|>0.
5 lu — | 5 |lu—v| >0
It means that T is («,n)-Z-prozimal contraction. On the other hand, let
d(0,70) =d(P,Q) =0,
d(10,71) =d(P,Q) = 0.



BEST PROXIMITY PROBLEMS 1409

Then
¢ (d(0,10),d(0,1)) = %d(o, 1) - d(0, 10)
_ % — 10 #0,

and hence T is not a Z-proximal contraction.

Example 2.7. Let M = {(0,1),(1,0),(—1,0),(0,—1)} be endowed with the Euclid-
ian metric d. Consider P = {(0,1),(1,0)} and Q@ = {(0,-1),(-1,0)}. We
have d(P,Q) = /2. Let T : P — Q be given as T(u,v) = (—v,—u). Choose
C(t,s) = ks —t for s,t >0, with k € (0,1). Take a,m: P x P — [0,00) as

1

a(u,v):{l’ fu=uv, and n(u,v):{‘“ fu=uv,

0, otherwise, 3, otherwise.
Let u,v,p,q € P such that
a(w,0) > n(u,v) and d(p, Tu) = d(g, Tv) = d(P,Q) = V2.
We should have u = v = p = q¢ = (0,1) oruw = v = p = q = (1,0). Then,
¢(d(p,q),d(u,v)) = ¢(0,0) =0, that is, T is (a,n)-Z-proximal contraction.
On the other hand, by taking v =p = (0,1) and ¢ = v = (1,0), we have
d(p, Tu) =d(q, Tv) = d(P,Q),

but ((d(p, q),d(u,v)) = ((vV2,V/2) = (k—1)v/2 < 0, that is, T is not a Z-proximal
contraction.

3. MAIN RESULTS
The first result of this study is the following.

Theorem 3.1. Let (P, Q) be a pair of nonempty subsets of a complete metric space
(M, d) such that Py is nonempty, T : P — Q and a,n : P X P — [0,00) be given
mappings. Suppose the following conditions are satisfied:
(i) Py is closed and T (Py) C Qo;
(i8) T is triangular («, n)-proximal admissible;
(#i1) there exist ug,u; € Py such that d(uy,Tug) = d(P,Q) and «(ug,u1) >
n (UO’ ul);

(iv) T is a continuous (a,n)-Z-prozimal contraction.

Then T has a best prozimity point in P. If a(u,v) > n(u,v) for allu,v € Begst(T),
then T has a unique best proximity point u* € P. Moreover, for each uw € M, we
have lim,,_.oo 7"™u = u*.

Proof. By virtue of the assertion (ii%), there exist ug,u; € Py such that

d(uy, Tup) = d(P,Q) and «(ug,u1) > n(ug,ur).



1410 H. ISIK, H. AYDI

Since T (Py) C Qo, there exists us € Py such that
d(UQ,TUﬂ = d(P,Q)-
Thus, we get

a(uo, ur) = n(uo, ur),
d(ul,Tuo) = d(’lLQ, Tu1) = d(P, Q)

Since 7 is an («,n)-proximal admissible, we conclude that a (uy,us) > 1 (u1,uz) .
Now, we have
d(uz, Tur) =d(P,Q) and «(u1,us) >n(u,us).
Again, since T (FPy) C Qo, there exists ug € Py such that
d(U3, TUQ) = d(P, Q),

and thus
a(u, uz) > n(uy, ug),
d(u2,7u1) = d(U3, TUQ) = d(P, Q)
Since 7 is (a,n)-proximal admissible, this implies that o (ug,us) > 71 (uz,us).
Thereby, we have
d(uz, Tuz) =d(P,Q) and «(ug,us) >n(uz,us).
By repeating this process, a sequence {u, } in Py can be constituted by the following
way:
d(tni1, Tup) =d(P,Q) and «a(Un,Unt1) > 1 (Un, Unt1), (3.1)
for all n € NU {0} . If there exists ng such that u,, = tn,+1, then

d(uanU’nn) = d(un0+17 Tunn) = d(Pv Q)

This means that u,, is a best proximity point of 7" and the proof is finalized. Due
to this reason, we suppose that u, # u,41 for all n. Using , for all n € N, we
get

(6% (unfh U/n) Z n (unfly un) )

d(tn, Ttp—1) = d(tpt1, Tu,) = d(P, Q).

Since 7 is an (o, n)-Z-proximal contraction, for all n € N, we obtain
0 < {(d(un,Unt1), d(Un—1,un)) < d(Un—1,Un) — d(tUn, Un+1)- (3.2)
It follows from the above inequality that
0 < d(un,tnt1) < d(up—1,u,), forallneN.

Therefore the sequence {d(uy,,u,+1)} is decreasing and so there exists r > 0 such
that lim,, o d (4, un+1) = 7. Now, our purpose is to show that » = 0. On the
contrary, assume that r > 0. Set the sequences {a,} and {b,} as a, = d(un, unt1)
and b, = d(up—1,uy). Then since lim,,_, o @, = lim;, s b, = r and a,, < b, for all
n, by the axiom ((,), we deduce

0 <limsup ¢ (d(tn, Unt1), d(tn—1,up)) <0,

n—oo
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which is a contradiction. That’s why r = 0, that is,
lim d(up,tnt1) =0. (3.3)

n—oo
Let us prove now that {u,} is a Cauchy sequence in Py. Suppose, to the contrary,
that {u,} is not a Cauchy sequence. Then there exists an € > 0 for which we can
find two subsequences {u,, } and {uy, } of {u,} such that n; is the smallest index
for which ny > my > k and

d (U, Un,) =€ and  d(tmy,, Un,—1) < €. (3.4)
Using the triangular inequality and 7 we have
€ < d(Umy,Un,) < d(Umy, Ung—1) + d (Uny—1,Un,)
<e+d(Uny—1,Un,) -
Letting kK — oo in the above inequality and using ), we obtain
leII;od (U Uny ) = €. (3.5)
Again, using the triangular inequality,
|d (Wimg+15 Uny4+1) — d (Ui Uny, )| < d (Umy415 Uy ) + d (U Ung41)
which yields that

kli—{go (umk-‘rl’ unk-i-l) =& (3.6)
Since 7 is triangular (o, n)-proximal admissible, by using (3.1]), we infer that
(U, Up) > (U, uy), for all n,m € NU {0} with m < n. (3.7)

By combining (3.1)) and (3.7)), for all £ € NU {0}, we have

a(umk ) u'ﬂk) Z n(umk ’ unk)’
d(u’mk-‘rl) Tumk) = d(unk-‘rly Tunk) = d(P7 Q)

Since 7 is an («,n)-Z-proximal contraction, the last equation gives us that, for all
ke Nu{0}

0 S C(d(umk-i-la U”nk-i-l)a d(u'mkvunk)) < d(umkyunk) - d(umk—i-la unk—i-l)- (38)

Choose the sequences {ay = d(Um, +1,Un,+1)} and {by = d(tm,,,un,)}. Then, from

13.5), (3.6) and (3.8)), we conclude that limg . ar = limg_oo b =€ and ap < by
for all k. Taking lim sup of (3.8) and considering ({,), we get

0< lim sup C((d(umk“rl?unk"rl)? d(ummunk)) < 07

n—oo
which is a contradiction. Accordingly, {u, } is a Cauchy sequence in Py. Since Py is
a closed subset of the complete metric space (M, d), there exists u € Py such that

lim d(up,u) =0.

n—o0

In view of the fact that 7 is continuous, we deduce that
lim d(7up,Tu) =0.
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Thus, using the last two equations and (3.1]), we have

d(P,Q) = lim d(upt1,Tuy)=d(u,Tu),

which means that v € Py C P is a best proximity point of 7. As the final step,
we shall show that the set Bes:(7) is a singleton. Assume that v is another best
proximity point of 7. Then, by hypothesis, we have a(u,v) > n(u,v), and thus

a(u,v) = n(u,v),
d(u, Tu) = d(v, Tv) = d(P, Q).

Then, by the argument (iv), we infer that
0<¢ (d(u7 ”U), d(u, U)) < d(ua 'U) - d(ua U) =0,

which is a contradiction. Thus, the best proximity point of 7 is unique. O

The following example illustrates Theorem [3.1]
Example 3.2. Let M = [0,00) %[0, 00) be endowed with the metric d((uy, uz), (v1,v2)) =

lug — v1| + Jug — v2|. Take P = {1} x [0,00) and @ = {0} x [0,00). We mention
that d(P,Q) =1, Py = P and Qo = Q. Consider the mapping T : P — Q as

CJo,5Ey fo<u<t
T(Lu)_{(o,u‘l—%) if u> 1.

Note that T is continuous at ug = 1 and T(Py) C Qo. Consider ((a,b) = kb — a
with k € (%, 1), for all a,b > 0. Define a,n: P x P — [0,00) as follows

{a((l,u),(l,v))zl if woela] {n((l,u),(m)):; if wvelo,1]
a((1,u), (1,v)) =0 if not, n((1,u), (1,v)) =2 if not.

Let (1,u),(1,v),(1,p) and (1,q) in P such that

a((L,u), (1,0)) = n((1,u), (1,v))
d((1,p), T(1,u)) = d(P,Q) =1,
d((1,9),7(1,v)) =d(P,Q) = 1.

Then, necessarily, (u,v) € [0,1] x [0,1]. Also, p = 1'2“2 and q = 1'2'“2. Here, we
have that «((1,p), (1,q)) > n((1,p), (1,q)), that is, T is («,n)-proximal admissible.



BEST PROXIMITY PROBLEMS 1413

Moreover,

2 2
= ¢(|7 = T lu—w)
u2 1)2
—klu—v] — | — — —

1
:k|u—v|—i(u+v)|u—v|
1
2(k—§)|u—v|20.

Then T is an (o, n)-Z-prozimal contraction. Also, for ug = (1,1) and uy = (1, 1),
we have
1 1

d(u1, Tuo) = d((1, 5)7 (0, 5)) =1=d(P,Q) and o(uo,u1) = n(uo,u1),
that is, condition (iii) holds. Moreover, it is obvious that T is triangular (o, n)-
prozimal admissible. All hypotheses of Theorem[3.]] are verified, so T admits a best
prozimity point, which is u = (1,2 — \/3).
In the subsequent result, we replace the continuity assertion in the previous
theorem with the following condition in P:
(C) If a sequence {u,} in P converges to u € P such that a (un,unt1) >
N (U, Upt1), then a (uny, u) > n (up,w) for all n € N.
Theorem 3.3. Let (P, Q) be a pair of nonempty subsets of a complete metric space
(M,d) such that Py is nonempty, T : P — Q and a,n : P x P — [0,00) be given
mappings. Suppose the following conditions are satisfied:
(1) Py is closed and T (Py) C Qo;
(13) T is triangular («, n)-prozimal admissible;
(79t) there ewxist ug,u; € Py such that d(uy,Tug) = d(P,Q) and «a(ug,u1) >

n (’IL(], ul);
(iv) (C) holds and T is an (a,n)-Z-proximal contraction.

Then T has a best prozimity point in P. If a(u,v) > n(u,v) for allu,v € Best(T),
then T has a unique best proximity point u* € P. Moreover, for each uw € M, we
have lim,,_.oo 7"™u = u*.

Proof. By pursuing on the lines of the proof of Theorem there exists a Cauchy
sequence {u,} C Py satisfying the expression (3.1) and wu,, — p. In view of (i), Py
is closed and so p € Py. Also, since 7 (FPy) C Qo, there exists z € Py such that

d(z,Tp) = d(P,Q). (3.9)
On the other hand, by (C), we get
a (un,p) > 1 (un,p), forallneN.
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Thus, from (3.1]), we have
a(un, p) > n(tn,p),
d(upt1, Tuy) =d(z,Tp) = d(P,Q).

Therefore, from the assertion (iv), we conclude

0 < C(d(unJrla Z)a d(unvp)) < d(unvp) - d(un+1a Z)v (310)

and so

lim d(upy1,2) <O0.

n—oo

By the uniqueness of limit, we obtain z = p. Consequently, from (3.9)), we have
d(p,Tp) = d(P,Q). Uniqueness of the best proximity point follows from the proof
of Theorem [B.11 O

Example 3.4. Let X = R? be endowed with the Euclidian metric,
P = {(0,u):u>0} and Q@ = {(1,u) : uw > 0}. Note that d(P,Q) = 1, Py = P
and Qo = Q. Define T : P — Q and a: P x P — [0,00) by

1, fo<u<l1
T(O,’U,): (7?)’ Zfo—u— 3
(175)7 qu>]~a
and

~ ) 2n((0,u),(0,v)), if u,v€[0,1]oru=w,
a((0,u), (0,v)) = {0 =n((0,u),(0,v)), otherwise.

Choose ((a,b) = %b —a for all a,b € [0,00). Let u,v,p,q > 0 such that
a((0,u),(0,v)) = ((0 u), (O,U))

d((0,9),T(0,v)) = d(P,Q) = 1.

Then u,v € [0,1] or u = v. We distinguish the following cases.
Case 1: u,v € [0,1]. Here, T(0,u) = (1,§) and 7(0,v) = (1, 5). Also,

\/1+(p—;)2=\/1+(q—g)2=1,

that is, p = g and ¢ = §. So, a((0,p), (0,q)) > n((0,p), (0,q)). Moreover,

C(A((0,9). (0.0)), (0, ), (0,0))) = 2d((0, ), (0,2)) — d(0, £),(0, )
_§|u— | — fu =l > 0.

Case 2: u=v > 1. Here, T(0,u) = (1,3) and T(0,v) = (1, 3). Similarly, we get

thatp = q = 1. S0, a((0,p), (0,0)) > n((0,p), (0, )). Also, C(d((0, ), (0,4)), d((0, ), (0,v))) >
0.

Case 3: u,v > 1 with u # v. Then, the proof is similar to that in Case 2.
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In each case, we get that T is («,n)-proximal admissible. It is also easy to
see that T is triangular (a,n)-proximal admissible. Also, T is («,n)-Z-proxzimal
contraction. Moreover, if {u, = (0,pn)} is a sequence in P such that o (up,, Upnt1) >
7 (U, Unt1) for all n and u, = (0,p,) — u = (0,p) as n — oo, then p, — p. We
have pn, pnt1 € [0,1] or pp = Dpi1. We get that p € [0,1] or p,, = p. This implies
that o (up,u) > 1 (un,u) for all n.

Also, there exists (uo,u1) = ((0,1),(0,3)) € Py x Py such that

d(ur, Tug) =1=d(P,Q) and o (uo,u1) = n(uo,u1)-.
Consequently, all conditions of Theorem[3.3 are satisfied. Therefore, T has a unique
best prozimity point in P which is (0,0).

Corollary 3.5. Let (P, Q) be a pair of nonempty subsets of a complete metric space
(M,d). Suppose that T : P — @ is a Z-proximal contraction and Py is nonempty
closed subset of M with T(Py) C Qo. Then T has a unique best proximity point
u* € P. Moreover, for each u € M, we have limy,_.oo T"u = u*.

Proof. The proof follows from Theorem (Theorem [3.3)), if we take a(u,v) =
n(u,v) = 1. O

Remark 3.6. Theorem (Theorem extend and improve various best proz-
imity point and fized point results in complete metric spaces. Furthermore, some
best proximity point and fixed point results in metric spaces endowed with a graph or
a binary relation can be derived from our results under some suitable a-admissible
mappings.

4. A VARIATIONAL INEQUALITY PROBLEM

Let C be a nonempty, closed and convex subset of a real Hilbert space H, with

inner product (-, -) and corresponding norm || - ||. A variational inequality problem
can be stated as follows:
Find u € C such that (Su,v —u) >0 for all v € C, (4.1)

where S : H — H is a given operator. This problem has been a classical sub-
ject in economics, operations research and mathematical physics, particularly in
the calculus of variations associated with the minimization of infinite-dimensional
functionals; see, for instance, [15] and the references therein. It is closely related to
many problems of nonlinear analysis, such as optimization, complementarity and
equilibrium problems and finding fixed points; see, for instance, [8,/15,/23]. To solve
problem , we define the metric projection operator Po : H — C. Here, we
recall that for each u € H, there exists a unique nearest point Pou € C satisfying
the inequality
|lu— Poull < [lu—ovl, forallvecC.

The following lemmas correlate the solvability of a variational inequality problem
to the solvability of a special fixed point problem.
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Lemma 4.1. Let z € H. Then u € C satisfies the inequality (u — z,y — u) > 0,
for ally € C if and only if u = Poz.

Lemma 4.2. Let S: H — H. Thenu € C is a solution of {Su,v —u) > 0, for all
v € C, if and only if u = Po(u — ASu), with A > 0.

Theorem 4.3. Let C be a nonempty closed and convex subset of a real Hilbert space
H. Suppose that S : H — H is such that Po(I — AS) : C — C is a Z-proximal
contraction. Then there exists a unique element v* € C such that (Su*,v—u*) >0
for all v € C. Moreover, for any arbitrary element ug € C, the sequence {u,}
defined by uny1 = Po(un — ASuy,) where A > 0 and n € NU {0}, converges to u*.

Proof. We consider the operator F' : C — C defined by Fz = Po(x — ASz) for
all z € C. By Lemma[{.2] u € C is a solution of (Su,v —u) > 0 for all v € C,
if and only if w = Fu. Now, F satisfies all the hypotheses of Corollary [3.5 with
P = Q = C. It now follows from Corollary [3.5 that the fixed point problem u = Fu
admits a unique solution u* € C. (]
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ABSTRACT. In 1934 the concept of algebraic hyperstructures was first intro-
duced by a French mathematician, Marty. In a classical algebraic structure,
the composition of two elements is an element, while in an algebraic hyper-
structure, the result of this composition is a set. In this paper, we prove some
results in topological hyper nearring. Then we present a proximity relation on
an arbitrary hyper nearring and show that every hyper nearring with a topol-
ogy that is induced by this proximity is a topological hyper nearring. In the
following, we prove that every topological hyper nearring can be a proximity
space.

1. INTRODUCTION

In 1934, the concept of hypergroups was first introduced by a French mathemati-

cian, Marty . In the following, it was studied and extended by many researchers,
namely, Corsini , Corsini and Leoreanu , Davvaz , Frenni , Koskas ,
Mittas , Vougiouklis, and others. The topological hyper nearring notion is de-
fined and studied by Borhani and Davvaz in [2].
In the 1950’s, Efremovic , a Russian mathematician, gave the definition of
proximity space, which he called infinitesimal space in a series of his papers. He
axiomatically characterized the proximity relation A is near B for subsets A and
B of any set X. The set X, together with this relation, was called an infinitesimal
(proximity) space. Defining the closure of a subset A of X to be the collection of
all points of X near A, Efremovic showed that a topology can be introduced
in a proximity space.

In this paper, we study some remarks on topological hyper nearring, then we
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define a proximity relation on hyper nearring and, we will prove that every hyper
nearring with a topology that is induced by this proximity is a topological hyper
nearring. In the following, we show that every topological hyper nearring is a
proximity space.

2. PRELIMINARIES

In this section, we recall some basic classical definitions of topology from [21]
and definitions related to hyperstructures that are used in what follows.

Definition 1. [6] A hyper nearring is an algebraic structure (R, +, -) which satisfies
the following axioms:

(1) (R,+) is a quasi canonical hypergroup, i.e., in (R, +) the following conditions
hold:

(i) z4+(y+2)=(x+y)+zforal z,y,z € R;
(ii) There is 0 € R such that z+0 =0+ z =z, for all z € R;
(iii) For any = € R there exists one and only one ' € R such that 0 € © + z’
(we shall write —z for 2’ and we call it the opposite of x);
(iv) z€x+yimpliesy € —x +z and z € 2 — y.
If A and B are two non-empty subsets of R and =z € R, then we define:

A+B= U a+b, x4+ A={z}+ AandA+z = A+ {x}.

acA
beB

(2) (R, ) is a semigroup respect to the multiplication, having 0 as a left absorbing
element, i.e., z -0 =0 for all x € R. But, in general, 0 - x # 0 for some = € R.

(3) The multiplication is left distributive with respect to the hyperoperation +,
ie,x-(y+z)=z-y+ax-zforalzxyzeR.

Note that for all z,y € R, we have —(—z) = 2,0 = -0, —(x +y) = -y — x
and z(—y) = —xy. Let R and S be two hyper nearrings. The map f: R — S is
called a homomorphism if for all z,y € R, the following conditions hold: f(z+y) =
flz)+ fly), f(x-y) = f(z)- f(y) and f(0) = 0. It is easy to see that if f is a
homomorphism, then f(—z) = —f(z), for all z € R. A nonempty subset H of
a hyper nearring R is called a subhyper nearring if (H,+) is a subhypergroup of
(R,4+), i.e., (1) a,b € H implies a + b C H; (2) a € H implies —a € H; and (3)
(H,-) is a subsemigroup of (R,-). A subhypergroup A of the hypergroup (R,+) is
called normal if for all z € R, we have x + A — xz C A. Let H be a normal hyper
R-subgroup of hyper nearrring R. In [14], Heidari et al. defined the relation

x ~ y(mod H) if and only if (zx —y) N H # 0, for all z,y € H.

This relation is a regular equivalence relation on R. Let p(z) be the equivalence
class of the element x € H and denote the quotient set by R/H. Define the
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hyperoperation @& and multiplication ® on R/H by

pla) ®pb) = {p(c) : c€pla)+pb)},

pla) © p(b) = pla-b),
for all a,b € R. Let (R,+,-) be a hyper nearring and 7 a topology on R. Then,
we consider a topology 7* on P*(R) which is generated by B = {Sy : V € 7},
where Sy = {U € P*(R) : U CV,U € 7}, V € 7. In the following we consider
the product topology on R x R and the topology 7* on P*(R) [2].

Definition 2. [2] Let (R,+,:) be a hyper nearring and (R,7) be a topological
space. Then, the system (R, +,-,7) is called a topological hyper nearring if

(1) the mapping (z,y) — = +y, from R x R to P*(R),
(2) the mapping « — —z, from R to R,
(3) the mapping (z,y) — z.y, from R x R to R,

are continuous.

EXAMPLE 1. [2] The hyper nearring R = ({0, a, b, c}, +, ) defined as follows:

+ ‘ 0 a b c . ‘ 0 a b ¢
0] {0} {a} {b} {c} 0|0 a b ¢
a | {a} {0,a} {b} {c} al| 0 a b c
b | {o} {b} {0,a,¢} {b,c} b| 0 a b ¢
c | {c} A} {b,c} {0,a,b} c| 0 a b ¢

Let 7 = {&, R, {0,a}}. Then(R,+,,7) is a topological hyper nearrring.

Lemma 1. [9] Let (R, +,-,7) be a topological hyper nearring. If U is an open set
and a complete part of R, then for every c € R, ¢+ U and U + ¢ are open sets.

Definition 3. [24] A binary relation 6 on P(X) is called a prozimity on X if and
only if § satisfies the following conditions:

(P1) ASB implies BSA,

(P2) AdB implies A # 0,

(P3) AN B # 0 implies AéB,

(P4) AS(BUC) if and only if AéB or AdC,

(P5) A B implies there exists E C X such that A SE and B SE°.

The pair (X, §) is called a prozimity space. If the sets A, B C X are d-related,
then we write AJB, otherwise we write A §B.

EXAMPLE 2. Let A,B C X and AdB if and only if A # () and B # 0. Then ¢ is a
proximity on X.

The following theorem shows a proximity relation § on X induces a topology on
X.
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Theorem 1. [2/|] If a subset A of a prozimity space (X,9) is defined to be closed
if and only if x6A implies x € A, then the collection of complements of all closed
sets so defined yields a topology 7 = 7(9) on X.

3. SOME RESULTS ON TOPOLOGICAL HYPER NEARRINGS

In this section, we present some results and properties in topological hyper near-
ring.

Lemma 2. Let (R,+,-,7) be a topological hyper nearring. Then, 0 € |J U.
RAUET

Proof. 10 ¢ |J U, thenforevery R£AU €71,0¢ U. Let U € 7, U £ 0
R#AUeT
and 0 # x € U. By the continuity of the mapping +, there exist neighborhoods
V1,Vo € 7 of z and 0, respectively, such that V3 + V5 C U. Hence, we conclude that
Vo=Rand V; + RC U. Hence, we have 0 € x + (—z) CV; + RC U and it is a
contradiction. Therefore, we have 0 € |J U. O
RAUEer
Lemma 3. Let (R,+,-,7) be a topological hyper nearring such that every open
subset of it is a complete part of R. Let U be the system of all neighborhoods of 0,
then for any subset A of R,
A= N (A+U).
veud
Proof. Suppose that 2 € A and U € U. x — U is an open neighborhood of z,
hence we have © — U N A # (). Thus there exists a € A such that a € x — U. So,

r€a+UCA+U,forallU € U. Therefore, AC (| (A+U). Now, let z € A+U,
veu
for every U € U and let V' be a neighborhood of x. = — V is a neighborhood of 0,

hence x € A+ (z — V). So, there exist a € A and ¢t € x — V such that z € a + ¢.

Thusacx—tCax+V —x=V. Then ANV # 0 and this proves that € A and
N (A+U) C A. Therefore, A= | (A+U). O
Ueu veu

Corollary 1. Let (R,+,-,7) be a topological hyper nearring such that every open
subset of it is a complete part of R and let U be the system of all neighborhoods of

0. Then,

(i) {0} = N U;
veu I
(ii) For every open set V and every closed set F' such that V N {0} # 0 and
Fn{0} #0, we have {0} CV and {0} C F ;
(iii) {0} is dense in R if and only if R has trivial topology {0, R}.
Proof. (i) It follows immediately from of Lemma

(ii) Let V' be open, V N{0} #0andtcVn{0} . V is a neighborhood of ¢ and
t € {0} , thus V is a neighborhood of 0 and by (i), {0} C V. Now, suppose that
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Fis a closed subset and F N {0} # (. Then, {0} € F°. F¢ is open thus we have
{0} N F¢ = ). Consequently, we get {0} C F.

(iii) Let {0} is dense in R and U be nonempty and open in R. Then, R = {0}
and by (ii) {0} C U. Therefore, R = U. 0

Lemma 4. Let (R,+,-,7) be a topological hyper nearring such that every open
subset of it is a complete part of R. Then {0} is open if and only if T is discrete.

Proof. 1t is straightforward. O

Theorem 2. Let (R,+,-,7) be a topological hyper nearring such that every open
subset of it is a complete part and H be a normal subhyper group of it. Then R/H
is discrete if and only if H is open.

Proof. Suppose that R/H is discrete and 7 is the natural mapping z +— 7(z) =
H + z of R onto R/H. Then, the identity, 7(0) of R/H is an isolated point. So,
7~1(w(0)) = H is open of R. Now, if H is open, since 7 is open, it follows that
m(H) is open. Hence the identity w(H) of R/H is an isolated point. Therefore, we
conclude that R/H is discrete. O

Theorem 3. Let (R,+,-,7) be a topological hyper nearring such that every open
subset of it is a complete part. Then, the following conditions are equivalent:

(1) R is a Tp- space;

(2) {0} is closed.

Proof. (1=2) Let R be a Ty- space and let 2 € {0}. We prove that z = 0. If z # 0,
then by (1) there exists an open neighborhood U containing only 0 or z, but since
T € m, hence U is a neighborhood of 0, such that x € U. So, z € —U + z. By
Lemma —U + x is an open neighborhood of x, such that 0 ¢ —U + x (Because if
0 € —U + z, then there exists u € U such that 0 € —u + z. So, x =u+0 € U),
this is a contradiction. Thus, x = 0 and it follows that 0 is closed.

(2=1) Let {0} be closed and z,y € R,z # y. We show that there exist an open
neighborhood U containing only z or y. If y = 0, since {0} is closed and x # 0,
then z is an interior point of R\ {0}. Hence, there exists a neighborhood U of x
such that 0 ¢ U. Now, if z # 0,y # 0 and = # y, then 0 € z — y. Consequently,
by the previous part, for every t € x — y there exists a neighborhood U, of ¢, such
that 0 ¢ U;. We consider U = |J U;. Thenz —y C U and 0 € U.Thus U + y

tex—y
is a neighborhood of x such that y ¢ U + y (since 0 ¢ U). Therefore, R is a Tp-
space. ([l

Let (X, 7) be a topological space. If f is a arbitrary mapping from X onto Y,
then consider the family 7 = {U : U C Y, f 1(U) € 7}. Obviously 7 is a
topology on Y.

Theorem 4. [25] Let f : (X,7) — (Y, 7') be a continuous function. Then " < Ty.
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Lemma 5. Let f : R — R’ be a homomorphism of hyper nearrings. Then for every
subset AC R, f~1(f(A)) = kerf + A.

Proof. Let AC Rand t € f~1(f(A)). Then f(t) € f(A) and it follows that there
exists a € A such that f(¢t) = f(a). Thus 0 € f(t) — f(a) = f(¢t — a). Hence there
exists & € t —a such that f(z) =0. Then « € kerf. Thust € z+a C kerf+ A and
this shows that f=1(f(A)) C kerf + A. It is obvious that kerf + A C f~1(f(4)).
Therefore, f~1(f(A)) = kerf + A. O

Theorem 5. Let (R,+,-,7) and (R',+',',7") be two topological hyper nearring
such that every open subset of them is a complete part and [ from R onto R’ be a
homomorphism. Then (R',T¢) is a topological hyper nearring.

Proof. We should show that +', -/ and inverse operation are continuous on (R’, 7).
Suppose that z’,y’ € R and 2’ +'y" C U’ € 74. Since f is onto, then there exist
x,y € R’ such that f(z) = 2’ and f(y) = /. Hence f(x +y) = f(z) +' fly) =
' +'y CU'. So, z+y C f~1(U’) € 7(since U’ € 7¢). Since + is continuous, then
there exist neighborhoods U, € 7 and U, € 7 of elements = and y, respectively,
such that U, + U, C f~4(U’). By Lemmas and Y fU) =kerf+' U, €T
and f~!(f(U,)) € 7. Hence f(U,) € 75 and f(U,) € 7¢. Therefore, we obtain

fU) + f(U,) = f(U +Uy) C f(fTHU) =U".
This completes the proof. O

Theorem 6. Let f from (R,7) onto (R',7") be a homomorphism of topological
hyper nearrings. Then f: (R,7) — (R',T¢) is continuous and open.

Proof. If U € 7y, by the definition of 74, f~!(U) € 7. Thus, f is continuous.

Now, let U be an open subset in R. Then by Theorem [5| f ~*(f(U)) = kerf + U is
open in (R, 7). Thus by the definition of 74, f(U) € 7. This means f(U) is open
in R'. Therefore, f is open. a

Let R be a topological hyper nearring, H be normal hyper R-subgroup of R and
7 be natural mapping of R onto R/H by x — 7(z) = H + x. Then, by Theorem
3.30 |2] (R/H, 1) is a topological hyper nearring. It is called the quotient space of
topological hyper nearring R that we showed 7, by 7 in [2].

Theorem 7. Let R be a Ty-topological hyper nearring such that every open subset
of it is a complete part of R and H be a discrete subhypergroup of R. Then H is
closed.

Proof. Let x € H. Since H is a discrete subhypergroup of R, then 0 € H and
there exists an open neighborhood V of 0 such that V N H = {0}. By Lemma
x — V is an open neighborhood of x. Therefore, x — V N H # () (because x € H).
Hence there exists h € H such that h € x — V and h € x — v, for some v € V.
Thusv € ~h+x CVNHCVNH (lett € VN H and Uy is a neighborhood of

t. U; NV is an open neighborhood of ¢ and since t € H, then (U;NV)NH # 0




1424 S. BORHANI-NEJAD, B. DAVVAZ

and Uy N (VN H) # 0. Tt follows that t € VN H and VN H C VN H). Thus
v € VNH = {0} = {0}(by Theorem [3) and it follows that z = h € H and H is

closed. O

Theorem 8. Let R be a topological hyper nearring and H a dense subhypergroup
of R. If V is a neighborhood of 0 in H, then V is a neighborhood of 0 of R.

Proof. Since V is a neighborhood of 0 in H, it follows that there exists an open
neighborhood U of 0 in R such that U N H C V. Hence, we obtain U =U NG =
UNH CUNH CV. Therefore, 0 is an interior point V and V is open in R. O

4. TOPOLOGICAL HYPER NEARRING DERIVED FROM A PROXIMITY SPACE

In this section, we define a proximity relation on an arbitrary hyper nearring and
prove that every hyper nearring with topology whose is induced by this proximity
relation is a topological hyper nearring. Also, we show that every topological hyper
nearring is a proximity space.

Theorem 9. Let (R,+,) be a hyper nearring, N be a normal subhypergroup of R
and A, B C R. We define AdB if and only if there exist a € A and b € B such that
—b+a C N, then (R,0) is a proximity space.

Proof. (P1) Suppose that AdB. Then, there exist a € A and b € B such that
—b+aC N. So, we get —a+bC —N = N. Therefore, B/A.

(P,) Tt is obvious.

(P3) Let there exists t € AN B # (. Then —z+x C —x+ N +2z C N. So, we
conclude that AdB.

(Py) Tt is straightforward.

(Ps) Let A B and E := B+ N. If AOE = B + N, then there exist a € A
and b € B such that —(b+ N) +a C N. Therefore, —N — b+ a C N and this
implies that —b4+a C N + N C N. Thus, A6B and it is a contradiction. Hence
A SE. Also, B SE°. If BOE, then there exist b € B and x € (B + N) such that
—x +bC N. Therefore, z € b+ N C B + N and it is a contradiction. O

Theorem 10. In the proximity space (R, ) that (R,+,-) is a hyper nearring and
0 is defined relation in Theorem@ the set 6 ={x+ N : x € R} is a base for the
topology T = 7(0).

Proof. Let U be an open subset of R and let y € U. We should show that y+N C U.
Let t ¢ U, then t € U® and t6U¢ (since U€ is closed). —y+t C —y+y+ N C
—y+ N +y C N. Hence tdy and by (P4), yoU°. Thus y € U€ and it is a
contradiction. This implies that 3 is a base for the topology 7(0). O

Lemma 6. The normal subhypergroup N of R is a clopen set in the topology 7(9)
is defined in Theorem [10}
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Proof. By Theorem [I0} N is open. Now, let 24N, for z € R. Then there exists
n € N such that —m +x C N. Therefore t € n—n+x Cn+ N = N. Thus N is
a closed subset in R. O

Theorem 11. Let (R,+,-) be a hyper nearring, the normal subhypergroup N be a
complete part of R and the relation § is defined in Theorem [d Then the system
(R,4+,-,7(0)) is a topological hyper nearring.

Proof. We should show that +, - and inverse operation are continuous. Suppose
that U is an open subset of R such that x +y C U, for z,y € R. Then by Theorem
there exists ¢ € R such that t +y C ¢t + N C U. Therefore, x + N and
y + N are neighborhoods of x and y such that (z + N)+ (y+ N)=z+y+ N C
t+N+N =t+N C U. Thus + is continuous on R. Now, Suppose that U is an open
neighborhood of —z. By Theorem [I0] there exists ¢ € R such that —z € t+ N C U.
Therefore, z € —N —t = —t + N. Hence —t + N is a neighborhoods of x and
—(=t+ N)=—-N+t=N+t=t+ N CU. This proves that inverse operation
is continuous. Now, we show that - is continuous. Suppose that U is an open
subset of R such that -y € U, for z,y € R. Then there exist ¢ € R such that
x-y €t+ N CU(by Theore. x4+ N and y + N are neighborhoods of x
and y such that (t+ N)-(y+ N) Cz-y+ N (N is a complete part of R, then
x-y+ N is a complete part of R. Hence (x+ N)-(y+ N) C z-y+ N). So,
(x4+N)- (y+N)Cax-y+ NCt+ N+ N=t+ N CU. Thus - is continuous on
R. O

EXAMPLE 3. Let R = {0,a,b} be a set with a hyperoperation + and a binary
operation - as follows:

‘ 0 a b
{0} {a} {0}
{a} {0} {0}
{o} {or {0,a}

>~ O [+

Then, (R,+,-) is a hyper nearring. We consider a normal subhyperring N =
{0,a} of R and define:

AdB if and only if there exist a € A and b € B such that —b+a C N.
Therefore, 7(6) = {2,4{0, a, b}, {0,a}, {b}}. Simply, we can show that (R, +, -, 7(4))
is a topological hyper nearring.

The following theorem, show that every topological hyper nearring is a proximity
space.



1426 S. BORHANI-NEJAD, B. DAVVAZ

Theorem 12. Let (R,+,-,7) be a topological hyper nearring such that every open
subset of it is a complete part of R. Then there exists a proximity relation § such
that (R, ) is a proxzimity space.

Proof. Let U be the system of symmetric neighborhoods at 0, for every A, B C R
and V € U. We define

ASB if and only if ANB+V # 0.

Now, we show that ¢ is a proximity relation.

(Py) Suppose that AdB. Then, there exist a € A and b € B such that a € b+ V.
Hencebea—V =a+V C A+ V. Therefore, B§A.

(P2) It is obvious.

(Ps;) Let ANB # (). Then, there exists € ANB. Therefore, z € ANB+V # (.
Thus AéB.

(Py) Tt is straightforward..

(Ps) Let A B and E := B+ V. If AOB+V, then AN(B+V)+V # 0.
Therefore AN B+ V # 0 (since V is a complete part of R, then V +V C V) and
this proves that AdB, that it is a contradiction. Hence A AFE. Also, if BIE®, it
follows that BN (B + V)¢ +V # (. Hence there exist b € B, x € (B+ V) and
v € Vsuchthat b e z+v. Thusz € b—v C B+ V and it is a contradiction.
Therefore, B SE°. O

5. CONCLUSION

In this paper we expressed the relationship between two important subjects:
algebraic hyperstructures and topology. We studied several characteristics of topo-
logical hyper nearrings and in the following, we related them to proximity spaces.
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ABSTRACT. In this work, we define multiplicative integrals for interval-valued
functions. We establish some new Hermite-Hadamard type inequalities in the
setting of interval-valued multiplicative calculus and give some examples to
illustrate our main results. We also discuss special cases of our main results
which are the extension of already established results.

1. INTRODUCTION

The Hermite-Hadamard inequality discovered by C. Hermite and J. Hadamard,
(see , pp. 137]) is one of the most well established inequalities in the theory
of convex functions with a geometrical interpretation and many applications. These
inequalities state that, if F': I — R is a convex function on the interval I of real
numbers and a,b € I with a < b, then

F (a;b> < bia /bF(at)dx < w (1.1)

a

Both inequalities in hold in the reversed direction if F' is concave. We note
that Hermite-Hadamard inequality may be regarded as a refinement of the concept
of convexity and it follows easily from Jensen’s inequality. Hermite-Hadamard
inequality for convex functions has received renewed attention in recent years and
a remarkable variety of refinements and generalizations have been studied, see |1

and reference therein.
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On the other hand, interval analysis is a particular case of set—valued analysis which
is the study of sets in the spirit of mathematical analysis and general topology. It
was introduced as an attempt to handle interval uncertainty that appears in many
mathematical or computer models of some deterministic real-world phenomena.
An old example of interval enclosure is Archimede’s method which is related to
compute of the circumference of a circle. In 1966, the first book related to in-
terval analysis was given by Moore who is known as the first user of intervals in
computational mathematics, see [27]. After his book, several scientists started to
investigate theory and application of interval arithmetic. Nowadays, because of
its applications, interval analysis is a useful tool in various area which are inter-
ested intensely in uncertain data. You can see applications in computer graphics,
experimental and computational physics, error analysis, robotics and many others.
What’s more, several important inequalities (Hermite-Hadamard, Ostrowski, etc.)
have been studied for the interval-valued functions in recent years. In [9}[10],
Chalco—Cano et al. obtained Ostrowski type inequalities for interval-valued func-
tions by using Hukuhara derivative for interval-valued functions. In [33], Romén-
Flores et al. established Minkowski and Beckenbach’s inequalities for interval-
valued functions. For the others, please see [12}|13}[19,[33[34]. However, inequalities
were studied for more general set—valued maps. For example, in [35], Sadowska
gave the Hermite-Hadamard inequality. In [21,41], authors established Hermite-
Hadamard type inequalities for co-ordinated convex interval-valued functions. For
the other studies, you can see [3,|2529].

The main purpose of this paper is to define *integral/multiplicative integral for
interval-valued functions and to obtain Hermite-Hadamard inequality via these
integrals.

The overall structure of the study takes the form of six sections including introduc-
tion. The remainder of this work is organized as follows: we first recall the interval
calculus by giving the several definitions and properties in Section 2. In section 3,
we define multiplicative integral for interval-valued functions and give some basic
properties of this newly define integral. In Section 4, we define logarithmically
interval-valued h-convex functions and discuss special cases and properties of this
class of functions. In section 5, we obtain Hermite-Hadamard inequalities and re-
lated inequalities for our new class of convex functions by utilizing our newly define
integral. At the end, in section 6, we give concluding remarks about our work.

2. INTERVAL CALCULUS
A real valued interval X is bounded, closed subset of R defined by
X=[XX]={teR: X <t<X}

where X, X € R and X < X. The numbers X andﬁ X are called the left and the
right endpoints of interval X, respectively. When X = X = q, the interval X is
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said to be degenerate and we use the form X = a = [a,a]. Also, we call X positive
if X > 0 or negative if X < 0. The set of all closed intervals of R, the sets of all
closed positive intervals of R and closed negative intervals of R is denoted by Rz,
R}' and R7 respectively. The Hausdorff-Pompeiu distance between the intervals
X and Y is defined by

4(X,Y) = d([X.X]. [¥.F]) = max {|X - V| .[X - 7]}

It is known that (Rz,d) is a complete metric space [4].
Now, we give the definitions of basic interval arithmetic operations for the intervals
X and Y as follows:

X+Y = [X+Y,X+Y],

X-Y = [X-YV,X-Y],

XY = [minS maxS] where S={XY XY, XY, XY},

X/Y = minT,maxT] where T ={X/Y,X/Y,X/Y,X/Y} and 0 ¢ Y.

Scalar multiplication of the interval X is defined by
[AK , )\E , A>0

AX =X[X, X] =1 {0}, A=0

AX,AX], A<o.

where A € R.
The opposite of the interval X is

for A = —1.
The subtraction is given by

X-Y=X+(-Y)

Il
™

|
~
>

|
<

Use of monotonic functions
F(X)=[F(X),F(X)].
For example, F (z) = e®, z € R and F (z) = Inz, > 0 then we have
exp(X) = [exp (X),exp (Y)]
In (X) [In(X),In (X)].
In general, —X is not additive inverse for X i.e X — X £ 0.
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The definitions of operations lead to a number of algebraic properties which allows
Rz to be quasilinear space (see, [24]). They can be listed as follows (see, [4,22H24)
27])

1) (Associativity of addition) (X +Y)+Z =X+ (Y + Z) for all X,Y,Z € Ry,
2) (Additive element) X +0=0+ X = X for all X € Ry,

(Commutativity of addition) X +Y =Y + X for all X,Y € Rz,

(Cancelation law) X + Z =Y +Z = X =Y for all X,Y, Z € Ry,
(Associativity of multiplication) (X.Y).Z = X.(Y.Z) for all X,Y,Z € Rz,
(Commutativity of multiplication) X.Y =Y.X for all X,Y € Rz,

(Unit element) X.1 = 1.X for all X € Ry,

(Associate law) A(uX) = (Ap) X for all X € Rz and all \, p € R,

(First distributive law) A(X +Y) = AX + AY for all X,Y € Rz and all A € R,
(10) (Second distributive law) (A+p)X = AX 4+pX for all X € Rz and all A\, p € R.
Besides these properties, the distributive law is not always valid for intervals. For
example, X =[1,2],Y =[2,3], Z = [-2, 1]

X.(Y+Z)=10,4]
whereas
XY+ X.Z=1[-25].
But, this law hold in certain cases. If YZ > 0, then
XY+2)=XY+XZ
What’s more, one of the set property is the inclusion "C" that is given by
XCY+«—=Y<X and X <Y.

Considering together with arithmetic operations and inclusion, one has the following
property which is called inclusion isotony of interval operations:
Let ® be the addition, multiplication, subtraction or division. If X,Y, Z and T are
intervals such that

XCY and ZCT,

then the following relation is valid

X0ZCYoT.

3. *INTEGRAL OF INTERVAL-VALUED FUNCTIONS

In this section, we define *integral or multiplicative integral for the interval-valued
functions and give properties of this new integral. Throughout in this section, we
shall use F (t) = [F(t), F (t)] is positive interval-valued function, IR is the notation
for the interval-valued integrals and I* means the multiplicative integral.

First, we recall that the concept of *integral is denoted by f; (F (2))™ which in-
troduced by Bashirov et al. in [5]. In multiplicative integrals we replace the sum
by product and the product by raising to power of a function F' on [a,b] .

We give the following relation between Riemann integral and *integral:
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Proposition 1. If a positive function F is Riemann integrable on [a,b], then F is
*integrable on [a,b] and

b
/ (F (z))d:f _ eji’ In(F(z))dz

For further details of *integral reader can read [5].

Now we recall the concept of Interval-valued integral given by R. E. Moore in [2§].
Let F : [a,b] — Rz be an interval-valued function such that F(t) = [E(t), F(t)] .
The interval-valued Riemann integral of function F' is defined by

/abF(:c) dz = /ab [F (z),F(z)] da.

Let’s define interval-valued *integral or multiplicative integral (I*R):
A function F' is said to be an interval-valued function of ¢ on [a,b] if it assigns a
nonempty interval to each t € [a, ]

F(t) = [E(t), F(t)] -
A partition of [a,b] is any finite ordered subset P having the form
Pia=ty<t; <..<t,=h
The mesh of a partition P is defined by
mesh(P) =max {t; —t;—1:1=1,2,....,n}.

We denote by P ([a, b]) the set of all partition of [a,b]. Let P (4, [a, b]) be the set of
all P; € P ([a,b]) such that mesh(P) < §. Choose an arbitrary point £, in interval
[ti—1,t:], 4 =1,2,...,n and we define the product

P(F,Py,0) HF ylti—tizal

where F : [a,b] — Rz is a positive function. We call P(F,P1,6) a Riemann product
of F' corresponding to P; € P (4, [a,b]) .

Definition 1. A positive function F' : [a,b] — Rz is said to be integrable in
multiplicative sense or *integrable (I*Rintegrable) on [a,b] if there exists A € Ry
such that, for each ¢ > 0, there exists § > 0 such that

d(P(F,P1,0),A) <¢

for every Riemann product P of F' corresponding to each P; € P (J,[a,b]) and
independent of choice of §; € [t;—1,%;] for 1 < i < n. In this case, A is called the
I* R-integral of F on [a,b] and is denoted by

b

A= (I*R)/(F(t))dt.

a
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The collection of all functions that are I*R integrable on [a,b] will be denote by
TR (jap)-

The following theorem gives relation between I* R-integral and multiplicative inte-
gral (I*-integral):

Theorem 1. Let F : [a,b] — Rz be a positive interval-valued function such that
F(t)=[Ft),F(t)] € I*R(a) if and only if F(t), ()EI([ab]) and
b b

wm [ o) = |@) / (1) /

where I(*[a’b]) denotes the all *integrable functions.

It is seen easily that if F(t) C G(t) for all t € [a,b], then (I*R) [ (F(t)" C

8 —o

b
(I"R) [ (G(6)™".

a
It is very easy to notice that if positive function F is interval-valued integrable
(I R—integrable), then F is I*R integrable and

b
(I*R)/ (F (t))dt — oJ.(InoF)(t)dt

As we know that InoF is (I R) integrable on [a, b] and continuity of the exponential
we have

S (ti—ti1)(InoF)(€,)
P(valv(s):eiZI '

imply the above statement and conversely, we have

[ r@a=m [ ()"

Ezample 1. A positive interval-valued function F : [1,2] — R; be defined by
F(t)= [t2,et2] 7
dt
then F is interval-valued *integrable on [1,2] and ff ([tz, etQD = J[2mee?]ar _
[2.1651,10.3119].

Now we give some properties of *integral for interval valued functions. We consider
F and G are positive interval-valued functions then the following equalities hold:

(1) 2 (F@))* = ( L (ﬂ)dt)p

@) [} (PO ()" = [} (F )" [} G 0)"
t ff(F(t))df

® [ (6H) = P
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@) [2(F@n™ = [SF @)™ [P (F ()", where a < ¢ <b.

Proof. Now we give the proofs of above properties.

(1) =

b
/(F(t)p)dt _ 6fabln(F(t)")dt

— (ef;’ 1n<F(t>)dt>”

- ( / b <F<t>>‘“>

/ b (F()G@)" = elimF@G@)d

o I(F()dt+ [ In(G(1))dt

_ / "Ewy. / (G )

/(I;((I))yt _ Jim(s)a
— S dt—[! In(G(1)dt
LG

b
/(F(t))dt _ efjln(F(t))dt

—  oJem(F@)di+ [T In(F(1)dt

[ | "Ew.

4. LOGARITHMICALLY INTERVAL-VALUED CONVEX FUNCTIONS

In [42], Zhao et al. introduced a kind of interval-valued convex function as follows:
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Definition 2. Let h : [¢,d] — R be a non-negative function, (0,1) C [¢,d] and
h # 0. We say that F : [a,b] — RF is an interval-valued h-convex function if for all
x,y € [a,b] and t € (0,1), we have

h(t)F(z) + h(1 —t)F(y) C F(tz + (1 — t)y). (4.1)
SX (h,[a,b],RF) will show the set of all interval-valued h-convex functions.

The usual notion of convex interval-valued function corresponds to relation (4.1
with h(t) = t [35]. Also, if h(t) = t* in (4.1]), then Definition [2| gives the other
interval-valued convex function defined by Breckner [6].

Definition 3. [30|Let A : [c,d] — R be a non-negative function, (0,1) C [c,d] and
h # 0. A function F : [a,b] — (0, 00) is called log-h—convex function, if
Ftz+ (1= t)y) < [F @) [F )",

for all z,y € [a,b] and ¢ € [0, 1]. For brevity, we can say that F' € SXL[h, [a,b],R]]
instead of logarithmically interval-valued-h-convex function.

In [20], Guo et al. gave the concept of interval-valued log-h-convex functions as
follows:

Definition 4. Let h : [¢,d] — R be a non-negative function, (0,1) C [¢,d] and
h # 0. A function F : [a,b] — R} is said to be logarithmically interval-valued-h-
convex function if for all z,y € [a,b] and ¢ € [0, 1], we have

[F ()" [F ()] C F(ta + (1 - t)y).

Remark 1. If we set h(t) = t in Definition[d] then we have new definition of interval-
valued convex function which is called log-interval-valued convex function.

Definition 5. A function F : [a,b] — R is said to be log-interval-valued convex
function if for all z,y € [a,b] and t € [0, 1], we have

[F @) [F ()] ™" € Fltz+ (1 - t)y).

Remark 2. If we use h(t) = t° in Definition {4} then we have a new definition
of interval-valued convex function which is called s-logarithmically interval-valued
convex function.

Definition 6. A function F : [a,b] — R} is said to be s-log-interval-valued convex
function if for all z,y € [a,b], s € [0,1] and ¢ € [0, 1], we have
[F @) [F )" C Flta+ (1~ 1)y).

Remark 3. If we use h(t) = 1 in Definition 4] then we have a new definition of
interval-valued convex function which is called logarithmically interval-valued P-
convex function.
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Definition 7. A function F : [a,b] — R is said to be log-interval-valued P-convex
function if for all z,y € [a,b], and t € [0, 1], we have

[F' ()] [F (y)] € F(tz + (1 - 1t)y).

Remark 4. If we put h(t) = } in Definition [4] then we have a new definition
of interval-valued convex function which is called logarithmically interval-valued

Q-convex function.

Definition 8. A function F : [a,b] — R is said to be log-interval-valued Q-convex
function if for all z,y € [a,b], and ¢ € [0, 1], we have
1 .
[F ()] [F ()] ™" C F(tz + (1 —t)y).
Remark 5. If we put h(t) = % in Definition 4l then we have a new definition

tS
of interval-valued convex function which is called s-logarithmically interval-valued

Q-convex function.

Definition 9. A function F : [a,b] — R} is said to be s-log-interval-valued Q-
convex function if for all x y €la,b],se [O 1] and t € [0, 1], we have

I
[F ()] [F (3)]7 7 C F(ta+ (1 t)y).

Remark 6. If we put h(t) = h (%) in Definition 4] then we have a new definition
of interval-valued convex function which is called logarithmically interval-valued
jensen type convex function.

Definition 10. A function F : [a,b] — R} is said to be log-interval-valued jensen
type convex function if for all z,y € [a,b] and ¢ € [0, 1], we have

F @)") [F )"} € Fta+ (1~ t)y).
Proposition 2. If F,G € SXLIh, [a,b],Rf], then FG € SXL[h, [a,b] ,R}].
5. HERMITE-HADAMARD INEQUALITIES

Theorem 2. Let F : [a,b] — Rf, h : [0,1] — R and h(3) # 0. If F €
SXL (h, [a, b], R}) and F € T*R[q,y)), then following double inequality holds:

{F (;b)] () ( / bF(m)flﬂ‘f)bla SIF@F IO )

Proof. Since F' € SXL (h, [a, b], R;L then we have
F(5) 2 @@ .

By setting t =ta+ (1 —t)band y =tb+ (1 — t) a, we get

(S5 2n (L) e 0 on snE@ 0Dl 62)
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Integrating inequality (5.2)) with respect to t over [0, 1], we have

lnF(a;b) ) h<;) UollnF(m+(1—t)b)dt

+/011nF(tb+(1—t)a)dt}

and by changing the variable of integration, we have

InF <a+b) 5 2 (3) /ablnF(a:)dx

2 ~ b—a

In {F (‘“2“’)] =(3) 5 bia /ablnF(x)dx.

[F <a —Qi_ b>:| @ ) (ef: lnF(x)da:)ﬁ

b =
dx
- ( [ ) )
a

which is the first inequality in (|5.1)).
Now we have to prove second inequality in (5.1]), for this first we note that F' €
SXL (h, [a, b], R}r) , SO we have

InF(ta+(1—t)b) Dh(t)InF(a)+h(1—t)InF (b). (5.3)
Integrating inequality ([5.3) with respect to ¢t over [0, 1] and change the variable of
integration we have
5 / InF(x)de 2 [lnF(a)—l—lnF(b)]/ h(t)dt

—aJg 0

= In(F (a) F (b))fo "O"

which implies that

Hence

which implies that

17 "
(ef: lnF(z)da:) e o (F (a)F(b))fol h(t)dt
Thus

( / " <x>>‘“> S (Pl P o)

which is the second inequality in (5.1)).
The proof of the theorem is completed. O

Remark 7. If F = F, then our Theorem [2 reduces to [30, Theorem 3.1].
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Corollary 1. Under the assumptions of Theorem @ if we put h(t) = t, then
we have following new Hermite-Hadamard inequality for log-interval-valued convex

functions
a ’ o
JEUE ( | @ (@)‘“) 2 G(F(a).F (1) (54)

where G (F (a), F (b)) referes to the geometric mean of F (a) and F (b).

Ezample 2. A function F : [z,y] — R} with 0 < 2 < y is defined as

F @) = [£@).F@)] = 3. -1

then F € SXL ([a,b], RF) and we have

and

Q
=
=
s
=
I

V/F (a) F (b)
[\/g,\/(e“ —1)(eb — 1)] :

Thus for all a,b € [x,y] inequalities (5.4]) satisfies and we have

[y - 2l L e

—0, €
a+b’
for verification we suppose a = 1 and b = 2, then we have

[0.6666, 3.4816] D [0.6796, 3.4260] 2 [0.7071,3.3131].

Remark 8. If F = F in Corollary |1} then we have inequality for log-convex function
which can be found in [14} p. 197, (5.3)].

Corollary 2. Under the assumptions of Theorem@ if we let h(t) = t°, then we
have a new inequality of s-logarithmically interval-valued convex functions

" (;b)} > (/b (¥ <x>>“)bia > (F () F (D)7

Remark 9. If F = F in Corollary then Corollary [2 reduces to |30, Corollary 3.3].
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Corollary 3. Under the conditions of Theorem@, if we use h(t) = 1, then we have
a new inequality for the logarithmically interval-valued P-convex functions

F(a—;b) 2 (/abw(m))d””);a D F(a)F(b).

Remark 10. If F = F in Corollary |3} then Corollary [3| reduces to [30, Corollary
3.4].

Corollary 4. Under the assumptions of Theorem@ if we set h(t) =t~% in first
inequality, then we have following inequality for the logarithmically interval-valued

Q-conver functions
(1)) 2 (feor)

Remark 11. If F = F in Corollary 4, Then Corollary 4| reduces to [30, Corollary
3.5].

Corollary 5. Under the conditions of Theorem@ if suppose h (t) = t=* in first in-
equality, then we have new inequality for s-logarithmically interval-valued Q-convex

functions 1 N
()2 (freor)

Remark 12. If F = F in Corollary |5, then we have following new inequality for the
s-logarithmically @-convex functions

(3] ([0

Theorem 3. Let F,G : [a,b] — RE, h: [0,1] — R" and h(3) # 0. If F,G €
SXL (h, [a, b], R}) and F,G € T*R(a,p)), then following double inequality holds:

(s (O 5 ([ re foer)

[F (a) ()G () G)f0 "% (5.5)
Proof. Since F,G € SXL (h, [a, b], R}'), so F and G can be written as

|V}

U

1

F (“y) S P @3 [P )e) (5.6)

and
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By setting  =ta+ (1 —¢)band y = tb+ (1 — t) a in (5.6) and (5.7), we have

F (a;b> SFitat (-0 B F@+1-nal'® 58

and

[N

; )| (5.9)

From and (5.9), we have
In 7 <a+b> G (a+b>
2 2
5 b @) InF (ta+ (1 — )b) + 0 F (th+ (1 — ) a)

+InG(ta+ (1 —t)b) +InG (tb+ (1 —t) a)] (5.10)
and integrating (5.10]) with respect to ¢ over [0, 1], we have

a+b a+b
lnF( 5 )g< 5 )

> h(;) [/OllnF(ta—&-(l—t)b)dt+/011nF(tb+(1—t)a)dt

9<a+b>2uum+<1wwﬁ@>wab+awan“

+/O lng(ta+(1—t)b)dt+/0 lng(tb—i—(l—t)a)dt} (5.11)

By changing the variable in last inequality, we have

2h1(é)lnF<a—2|—b>g<a—2|—b> 5 bia Vablnp(m)dﬁfabmg(x)dx]

which implies that

1

[ a+b a+b _2’1(%) S In F(z)da+ [P In G(x)dx =
B a a .
(e ()] = )

(85 (5] ([ e foer)

which is the first inequality in (5.5)).
To prove the second inequality in 1) first we note that F, G € SXL (h, [a,b], R'I*'),

so we have

Hence

F(ta+ (1—1t)b) 2 [F ()" [F (&))" (5.12)
and
G(ta+(1—-1t)b) 2 G ()" [ ®)"" V. (5.13)
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From and (5.13)), we have
InF(ta+(1—1t)b)G (ta+ (1 —1¢)b)
2 h(t)[InF(a)+InG(a)]+h(l—¢t)[InF(b)+1ngG (b)) (5.14)
and integrating inequality with respect to ¢ over [0, 1], we get

/1lnF(ta—|—(1—t)b)g(ta+(1—t)b)
’ 1
> [lnF(a)+an(a)]/ b () dt
0

+[1nF(b)+1ng(b)]/1h(1—t)dt.
0

By changing the variable of integration, we have

1 1
o [ P @G (@) de 2 [F (@) F (5)G a) g 05"
- 0
which implies that
(eff In F(o)da+ [ lngwdi) TS [F(a) F (b)G ()G (b)) o MO

Thus
b b =1 1
(/ F(:c)dm./ Q(x)dm> D [F (a)F(b)g(a)g(b)]fo h(t)dt

which is the second inequality in (5.5).
The proof of theorem is completed. O

Corollary 6. If we use h(t) =t in Theorem@ then following new inequalities for
logarithmically interval-valued convex functions hold:

F<a;b)g(“;b) (/:F(m)dx./abgu)‘”);a

D> G(F(a),F(b).G(G(a),G (b))

where G (.,.) referes to the geometric mean.

V]

Remark 13. If F = F in Corollary |§|, then Corollary |§| reduces to [3, Theorem 7).

Corollary 7. Under the assumptions of Theorem @ if we let h(t) = t°, then
following inequalities for the s-logarithmically interval-valued convex functions hold:

s (5] 2 ([ for)
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1

2 [F(a) F(0)G(a)G (b)) .

Corollary 8. Under the conditions of Theorem@ if we choose h(t) =1, then we
have following inequalities for the logarithmically P-convez functions

F(a—zkb>g<a—2+—b) (/abF(x)dw./abgwdx)&

2 [F(a)F(0)G(a)G ()

Corollary 9. If we put h(t) =t~ in first inequality of Theorem@ then we have
following inequalities for the logarithmically interval-valued Q-convex functions

()5 (3] = (Lo o)

Corollary 10. Under the assumptions of Theorem@ if we set h(t) =1t"% in first
inequality, then following inequalities for s-logarithmically interval-valued Q-convex
functions hold

(o332 ([ e foer)

Theorem 4. Let F : [a,b] — Rf, h : [0,1] — RT and h(3) # 0. If F €
SXL (h7 [a, b], R'I") and F' € T*R(qp)), then following inequalities hold:

1 1

(22 = o

V)

U
/-~
p\

o
eS|
&
Ly
8
~—
4

where

3a+b a+ 3b
s = (B0) ()

Ay = F(a)F(b)F? (““’).

2

Proof. Since F € SXL (h, [a, b], R}') then for t € [a, %], we have

2
3a+b

InF

r(45)
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a+b a+b
.- <ta+(1—zt);r (1—t)a+t;>

2 + 2

o (100 ) P (i)

(2)

ta+ (1 —t) «tb 1—t tath
InF (a—i—(2)2) +1InF <()a+2 . (5.15)
Integrating inequality (5.15)) with respect to ¢ over [0, 1], we have

2
1 t 1—t)etb
me (22l 5 (L /lnF tar(1-D%5 ),
2 2) |/, 2
1 1—t tatb
+/ lnF<()Z+2 dt
0

and by changing the variable of integration, we have

1

+

3a+b\\m(3) - 1 /zb
_— D
ln<F( 1 >> 27—/ InF (x)dzx

which implies that
1 a+b ﬁ
(F (3“: b>>4h(2) > (/ : F(x)d"”> . (5.16)

(N ([ rer) T e

Multiplying (5.16]) and (5.17]), we have

o7 ((22) (=52 = o)™

Now from Theorem [2] one has

() - )

Similarly, we have

V)

V)
»—AD,;;
.
(S
~—1
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(£rer)”

I

I

(F(a)F(b)F2< 5
AQ% [ h(t)dt
> ([F (@) F (b))% [F (a) F (b)]"}

= (F(a) F (b)lz ()] Jo e

which completes the proof.

a + b) ) % fol h(t)dt

))fol h(t)dt

O

Corollary 11. Under the assumptions of Theorem , if we set h(t) =t in
Theorem[f), then following inequalities for the logarithmically interval-valued convex

functions hold

1

() = v ([rer)”
> A DG(F(a),F (b))

where G (.,.) referes to the geometric mean.

Ezample 3. A function F : [z,y] — R} with 0 < < y is defined as

F @) = [E@). F@)] = 5. 1),

then F € SXL ([a,b], RF) and we have

(/ab F (.T[,'))dw> b-a _ ebia [1n<%)71+17b2;a2].

On the other hand

F aer _ 2 7(3&7%—1
2 la+0b
[ 16 3a+b a+3b
Ay = |—————, e -1
! _(3a+b)(a+3b)’(e ’ )(e ’
[1 2 atb
Ay = |—, (=1 (e =1)||——,e 2 —
2 _aba(e )(6 ):| {a—f—b’e 2

and

(5.18)
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Thus for all a,b € [z, y] inequalities (5.18) satisfies and we have

2 . 2 16 . wisn
2] 2 [y () ()
ebia [111(272)71+1,b2;a2}

(v )

2 [ b’ (ea—l)(eb—l)‘|

for verification we suppose a = 1 and b = 2, then we have

[0.4444,12.1215] [0.6761, 3.4409)]
[0.6796, 3.4260)]
[0.6865, 3.3963]
[ ]

)
2
2
O [0.7071,3.3131].

Corollary 12. Under the assumptions of Theorem if we let h(t) = t°, then
following inequalities for the s-logarithmically interval-valued convex functions hold:

(1) = s (fre)

) A22(s+1) ) (F(a)F(b))%[%—k%] .
Corollary 13. Under the conditions of Theorem if we choose h (t) = 1, then we
have following inequalities for the logarithmically P-convez functions

1
b—a

J

7 a+b 5 A%Q bedr =
(“3°) 2 af (/ (@) )
> VA, 2 (F(a)F(b)?,

Corollary 14. If we put h (t) =t~ in first two inequalities of Theorem then we
have following inequalities for the logarithmically interval-valued Q-convex functions

(r(5) 2ot ([ o)
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Corollary 15. Under the assumptions of Theorem if we set h(t) =t° in first
inequality, then following inequalities for s-logarithmically interval-valued Q-convex

functions hold
G b\\ T =
() 2o [ r)”

6. CONCLUSION

In this paper, authors define multiplicative integral for the interval-valued functions
and derived some new Hermite-Hadamard and related inequalities for logarithmi-
cally interval-valued h-convex functions by utilizing our newly define integral. Au-
thors also gave some more new results in the special cases of our main results. Inter-
ested readers can obtain more results by using the notions used in this paper. The
results in this paper can be a new contribution in the field of Hermite-Hadamard
integral inequalities.

Acknowledgment. This work is partially supported by National Natural Science
Foundation of China (No. 11971241).
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ABSTRACT. Based on the viscosity approximation method, we introduce a new
cesaro mean approximation method for finding a common solution of split
generalized equilibrium problem in real Hilbert spaces. Under certain condi-
tions control on parameters, we prove a strong convergence theorem for the
sequences generated by the proposed iterative scheme. Some numerical ex-
amples are presented to illustrate the convergence results. Our results can be
viewed as a generalization and improvement of various existing results in the
current literature.

1. Introduction

Let R denote the set of all real number, H; and H> be real Hilbert spaces and C
and @ be nonempty closed convex subset of H; and Hs, respectively. A mapping
T : C — C said to be a k-strictly pseudocontractive if there exists a constant
0 < k < 1 such that

IT(2) = T()|* < o —yl* + k(I =Tz — (I = Dy|?,  Va,yeC.
When k£ =1, T is said to be pseudocontractive if
IT(x) = TW)I* < lle = yl> + (I =)z — I = T)yl*,  Va,yeC.

If k=0, T is called nonexpansive on C.

The fixed point problem (FPP) for a nonexpansive mapping T is: Find z € C
such that € Fiz(T), where Fiz(T) is the fixed point set of the nonexpansive
mapping 1.

The class of k-strictly pseudocontractive falls into the one between classes of
nonexpansive mapping and pseudocontractive mapping.
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A set-valued M : H — 2" is called monotone if for all z,y € H,u € M(x)
and v € M(y) such that (z —y,u —v) > 0. A monotone mapping M : H — 27
is maximal if the Graph(M) is not properly contained in the graph of any other
monotone mapping. It is known that a monotone mapping M is maximal if and
only if for (z,u) € H x H,{x — y,u —v) > 0, for every (y,v) € Graph(M) implies
that v € M (x).

Let E : H — H be a single-valued nonlinear mapping, and let M : H — 27
be a set-valued mapping. We consider the following variational inclusion problem
(VIP), which is: Find x € H such that

0 € E(z)+ M(z),

where 0 is the zero vector in H. The solution set of (VIP) is denoted by I(E, M).
Let the set-valued mapping M : H — 2 be a maximal monotone. We define
the resolvent operator Jjs,» associate with M and A as follows:

Jua(z) = I+ M) (z), reH

where ) is a positive number. It is worth mentioning that the resolvent operator
Jum () is single-valued, nonexpansive and 1-inverse strongly monotone [2,/22].

In 1994 Blum and Oettli [1] introduced and studied the following equilibrium
problem (EP): Find = € C such that F(z,y) > 0, Vy € C, where F : C x C — R
is a bifunction.

Kumam et al. |[11] considered an iterative algorithm in a Hilbert space:

TT(F1,$01)( — rnAzy)

Uy = Tq(fz#z)( — ¢, Bt, ),
Up = JMl,)\l (un >\1E1un)7
Wp = JMQ,)\Q (Un >\2E2'Un)a

Yn,i = Oni®o + (1 — i) fo" $)Whwpds,
Cri1,i = {2 € Cri ¢ |y, — 2l < llzn — 2017 + anilllzoll® + 2(zn — 0, 2))},
n+1 ﬂl 1 C’n+1 X

Tn+1 = PCnJrl

Moudafi [15] introduced the following split equilibrium problem (SEP):
Let Fi : C xC — Rand F; : @ X Q — R be nonlinear bimappings and let
A : Hy — Hs be a bounded linear operator, then the SEP is to find z* € C such
that
Fi(z*,2) >0, Ve € C
and such that
y* = Az* € Q solves Fy(y*,y) >0, Vy € Q
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The solution set of (SEP) is denoted by @ = {p € EP(Fy) : Ap € EP(Fy)}.
(SEP) includes the split variational inequality problem, split zero problem, and
split feasibility problem ( see, for instance, [3-6}/14}/15]).

Recently, Kazmi and Rizvi [10] introduced a split generalized equilibrium prob-
lem (SGEP): Find z* € C such that

Fy(z*,2) + ¢ (z",2) >0, Ve € C
and such that

y* = Az™ € Q solves Fa(y*,y) + ¥o(y*,y) >0, Yy € Q

where F1,9; : C x C — R and Fj,94 : C' x C — R be nonlinear bi functions and
A : Hy — Hj is bounded linear operator. The solution set of (SGEP) is denoted
by I' = {p € GEP(Fy,v,) : Ap € GEP(F3,1,)}. They considered the following
iterative method:

wy = T30 (@ + SAN(T0Y) — 1) Awy);
Tpy1 = anyf(2n) + Bpan + (1 —B8,)1 — O‘nB)L fosn T(s)unds.

Sn

In 2015 Wang [19] introduced and studied the following iterative method to prove
a strong convergence theorem for F/(T') and VIP in real Hilbert space:

Yn = apu + (1 - an)mna
Tn+1 = 6711'71 + (1 - 6n)TJTn (yn - rnAyn), vn > ]-7

where v is fixed element and J,, = (1+7,B)~ L.
In 2017 Zhang and Gui [21] introduced an iterative algorithm in a Hilbert space
as follows:
Up = Tf:} (xn + (514*(TSIZ2 —D)Az,)
Tnt1 = o f(2n) + (175%) 22:0 T up,
where T; : C' — C is an asymptotically nonexpansive mapping for ¢ = 0,1,...,n.
Motivated by the works of Kumam et al. [11], Kazmi and Rizvi [10], Zhang and
Gui [21), Wang [19] and by the ongoing research in direction, we introduce and
study an iterative method for approximating a common solution of SGEP,VIP
and F'PP for a nonexpansive semigroup in real Hilbert spaces.

2. Preliminaries

Let H be a Hilbert space and C' be a nonempty closed and convex subset of H.
For each point « € H, there exists a unique nearest point of C, denoted by Pcz,
such that ||z — Pez|| < ||z — y|| for all y € C. Pg is called the metric projection of
H onto C. It is well known that P¢ is nonexpansive mapping and is characterized
by the following property:

(x — Pox,y — Poy) < 0. (2.1)
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Further, it is well known that every nonexpansive operator 1" : H — H satisfies,
for all (z,y) € H x H, inequality

(z =T(x) = (y =T (), T(y) = T(x)) < (%)H(T(ﬂ?) —a) = (T(y) -y, (22)
and therefore, we get, for all (z,y) € H X Fiz(T),

((z =T(2)),(y = T(y))) < (%)H(T(m) - )% (2.3)

see, e.g. |9).It is also known that H satisfies Opial’s condition [16], i.e., for any
sequence {z,} with z, — x the inequality

liminf ||z, — || < liminf ||z, — y|| (2.4)
n—oo n—oo

holds for every y € H with y # x.

Definition 2.1. A mapping T : H — H is said to be firmly nonexpansive, if
(Tx —Ty,z —y) > ||Tz — Ty|?*, Yo,y € H.
Lemma 2.2. [7] The following inequality holds in real space H :
o+ gl < lz]* + 2(y. x +y), Yo,y € H.
Definition 2.3. A mapping T : C — H is said to be monotone, if
(Te —Ty,x —y) >0, Va,yeCl.

T is called a-inverse-strongly-monotone if there exists a positive real number o such
that

(Tx — Ty, x —y) > a| Tz —Ty||*, Vz,yeC.

Lemma 2.4. [29] Let M : H — 2H be a mazimal monotone mapping, and let
E : H — H be a monotone mapping, then the mapping M + E : H — 2H s q
mazximal monotone mapping.

Lemma 2.5. [22] Let x € H be a solution of variational inclusion if and only if
x = Jya(x — AEz),YA > 0, that is

I(E,M) = Fiz(Jyx(I — AE)),  ¥YA>0.

Lemma 2.6. [13] Assume that B is a strong positive linear bounded self adjoint
operator on a Hilbert space H with coefficient ¥ > 0 and 0 < p < ||B||=t. Then
11— pB|l < 1-p5.

Lemma 2.7. [17] Let {z,} and {y,} be bounded sequences in a Banach space X
and {B,,} be a sequence in [0,1] with 0 < liminf, .. 8, < limsup,_ . 8, < 1.
Suppose xp11 = (1= 5,,)Yn+ Bptn, for all integers n > 0 and imsup,,_, o (||¥n+1 —
yn” - Hxn—i-l - xn”) S 0. Then limn—>00 ||y’n - xn” =0.
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Lemma 2.8. [20] Let {a,} be a sequence of nonnegative real numbers such that
ant1 < (1—ay)ay, +0,, n > 0 where ay, is a sequence in (0,1) and &, is a sequence
in R such that (1) X221, = oo; (1) limsup,,_, in < 0 or (4i7) X210, < 0.
Then lim,, .~ a, = 0.

Assumption 2.9. [19] Let F : C x C — R be a bifunction satisfying the following
assumption:

(1) F(z,x) >0, Vz € C,

(2) F is monotone, i.e., F(z,y) + F(y,x) <0, YV € C,

(3) F is upper hemicontinuous, i.e., for each z,y,z € C,
limsup, .o F(tz 4+ (1 = t)z,y) < F(x,y),

(4) For each x € C fized, the function x — F(x,y) is conver and lower semi-
continuous;

let ¥ : C x C — R such that
(1) ¥(z,x) >0, Vx e C,
(2) For each y € C fized, the function x — ¥ (x,y) is upper semicontinuous,

(3) For each x € C fized, the function y — ¥ (x,y) is conver and lower semi-
continuous;

Lemma 2.10. [10] Assume that F1,v; : C x C — R satisfy Assumption[2.9 Let
r >0 and x € Hy. Then, there exists z € C such that

1
Fl(z7y)+¢1(z,y)+;(y—z,z—x)20, VyGC

Lemma 2.11. [/] Assume that the bifunctions Fy,1; : C x C — R satisfy As-
sumption and 1, is monotone. Forr > 0 and for all x € Hy, define a mapping
TT(FI’%) : Hy — C as follows:

1
TI(F17¢1)x = {Z eC: Fl(zvy) +¢1(Z,Z/) =+ ;<y_ Z,Z—l’> Z O}a vy eC.

Then the followings hold:
(i)TT(Fl’wl) is single — valued.

(ii)Tr(Fl’wl) 15 firmly nonexpansive,i.e.,

|7 @) = T )2 < (T (@) - T (), 2 — ), @y € Hy.
(iid) Fiz(T\ ™)) = GEP(Fy, ;).
(i) GEP(Fy1,v,) is compact and convex.

Further, assume that Fy,1, : Q X Q@ — R satisfy Assumption @ For s > 0 and
for all w € Hsy, define a mapping TS(FQ’%’) : Ho — @ as follows:

T(FevD)y = {d € Q : Fy(d, ) + Yold,€) + ~(e —d,d —w) > 0}, Ve € Q.
S
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Then, we easily observe that TFee) satisfies in Lemma and GEP(F1,14) is
compact and convez.

Lemma 2.12. [§] Let F; : C x C — R be a bifunction satisfying Assumption
and let Tfl be defined as in Lemma forr >0. Let x,y € Hy and r1,r2 > 0.
Then,
To —T1

Ty = Tl < o —yll + |7r2 Ty — yll.
Lemma 2.13. [1§] Let Fy : C x C — R be a bifunction satisfying Assumption[2.9
and let Tfl be defined as in Lemma forr > 0. Let x € Hy and r1,72 > 0.
Then,

115 - |2 < 2

(T () = T (2), T () — ).

Notation. Let {z,} be a sequence in H, then z,, — x (respectively, z,, — x)
denotes strong (respectively, weak) convergence of the sequence {z,} to a point
reH.

3. Viscosity Iterative Algorithm

In this section, we prove a strong convergence theorem based on the explicit
iterative for fixed point of nonexpansive semigroup. We firstly present the following
unified algorithm.

Let H; and Hs be two real Hilbert spaces; Let C C Hy, Q@ C Hy be nonempty,
closed and convex subsets; Let Fy,¢, : C x C — R and Fs, ¢, : Q x @ — R are
nonlinear mappings satisfying Assumption [2.9 and F3 is upper semicontinuous in
first argument. Let {V; : C'— C} be a uniformly k-strict pseudocontractions and
T : C — C be a nonexpansive mapping on C for i = 0,1,2,...,n defined by
Tix =tz + (1 —1t)V; for each x € C, t € [k,1). Let f: Hi — H; be a contraction
mapping with constant o € (0,1), A : H; — Hs be a bounded linear operator, B
be a strongly positive bounded linear self adjoint operators on H; with constant
Y1 > 0, such that 0 < v < % < v+ é, E be a 7,- inverse strongly monotone
mapping on H; such that 7, > 0, € (0,27,) and M : H; — 25! be a maximal
monotone mapping. Suppose that © = (/_, Fiz(T*) NI NI(E, M) # 0.
Algorithm 3.1. For given xo € C arbitrary, let the sequence {x,} be generated by
the manner:

un = T (@, + 64TV — 1) Awy,)
Wy, = Jpa(un — AEuy,)

Tnt1 = oYV f(2n) + Bpxn + (1 = B, — anB)n%H Z?:o Tiwy, + Tn€ns
(3.1)
where {e,} is a bounded error sequence in Hy, 6 € (0, 25), L is the spectral radius
of the operator A*A and A* is the adjoint of A, {a,}, {B,,} are the sequence in
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(0,1) and {rp} C [r,00) withr >0, {s,} C [s,00) with s > 0 satisfying conditions:
(C1)limy, 00 = limy, 00 B, = 0, X2, = 00

(C2) lim,, =

(C3)limy, 00 [Trt1 — rn| =0, liminf, o rp > 0, lim, o0 |Snt1 — Sn| = 0.

Lemma 3.2. Let p € ©. Then the sequence {x,} generated by Algorithm 18
bounded.

Proof. By Lemma [2.11] (ii), using the similar argument in Remark 3.1 [21], for § €

(0, 555), I +6A* (Tsz’%) —I)A is a nonexpansive mapping and A*(TS(?’%) —-1A

isa ﬁ—inverse strongly monotone mapping. Take p € O.
And similar to Theorem 3.1 |21], we have

un =l < l[@n — plI> + 8(8 — 2)|A* (T2 — 1) Az, ||2. (32)
Since § € (0, 37z), we obtain
un =% < [l2n — p)| (3.3)

Now, we show that I — AF is a nonexpansive mapping. Indeed for z,y € C and
A € (0,27), we have

I(I = AE)z — (I = AE)|* = |lz —y — MEx — Ey)||®
= |l& —ylI* = 2X\(z — y, Bz — By) + \*||Ex — Ey|
< [lz = yl* — 227, Bz — Ey||* + X*| Bz — Ey||?

<z —yl* + AX = 27,) | Ex — Eyl|?

<z -yl
(3.4)
then I — AF is a nonexpansive mapping.
Since Ju,a(un — AEu,,) is a nonexpansive mapping, we have
lwn =l = [IJax(un — AEun) — Jua(p — AED)|®
< [l(up — ABuy) = (p — AEp)|? (3.5)
< lun = pll?,

then
lwn — || < |lun — p]. (3.6)
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Then
[wn = pll < [lzn = p- (3.7)

From Theorem 1 [10], we obtain (1—3,,)I —«a,, B is positive and || (1—8,,)] —a, B]| <

1—-75,, —any,, for any z,y € C.
Now, on setting t" := nil Z?:o T", we can easily observe that the mapping t" is

nonexpansive. Since p € ©, we have

1 n ) 1 n
t"p = Tip = = p.
e I PO

Since {ey} is bounded, using condition (C2), we obtain that {W} is bounded.
Then, there exists a nonnegative real number K such that

Ivf(p) — Bpll + %ﬁ”” <K, Vn >0, (3.8)
therefore
[#nt1 = pll = llanyf(zn) + Bran + (1 = B)] — anB)t"wn + v 60 — |
< anllvf(zn) — Bpll + Byllzn — pll
(A = B — anB)|[[[t"wn — t"p + v,llenll
< an([[vf(@n) = f W) + 17/ () — Bpll) + Bullzn — pll
+(1 =B, — an¥)lwn = pll + Vnllen]|
< apyal|z, = pll + anllvf(p) — Bpll + By llzn — 1
+(1 =B, = any1)llen — pll + v llenl]
< (1= —ya)an)llen — pll + o K
< max{|lz, - pl, 5555
< max{lfeo - pll, =5},
(3.9)
Hence {z,} is bounded. O

We deduce that {u,}, {w,}, {t"} and {f(z,)} are bounded.
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Lemma 3.3. The following properties are satisfied for the Algorithm
Pl. limp e ||Znt1 — zn] = 0.

P2, lim,_ o ||z — t"wy|| = 0.

P3. limy oo (T2 — DAz, |2 =0, limy_.o |Eu, — Epl|| = 0.

P4, limy oo ||un — Znl| =0, limy oo ||wn —un|| =0,  limy, o |[t"w, — wy|| = 0.
Proof. P1: Similar to Theorem 3.1 , we obtain

Trtl — T
Wn)% + MUWJ (3.10)

Sn+1 Tn+1

S - S
s = tnll < s = o + S A2 =2l

where

Tut1 = Sy [T (g + A (T2 1) A1) — (40 +0 A (TP —
DAz,1)|),

My = sup, e (T2 Ay, — T2 02 A, TE202) Ay, — Awy).

Since Jp a(un, — AEuy,) is a nonexpansive mapping, we have
[wnt1 —wnll = [T A(Uns1 — ABupy1) — Jara(un — ABu,) ||

S (tng1 = ABun41) = (un — ABu, )|

< ||un+1 _unH ( )
3.11

Next we easily estimate that

) 2
[ g = | < frasr = ol + 2 =l 5 ol

By (3.10) and (3.11) we can write

67+ s = £ wnl] < omss — @l + S A (22220l )3

+Mgn+1 + %H(Hxn —pll + I,

Tn41

(3.12)
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Setting Zp11 = 8,,Zn + (1 — ,,)yn, then we have

Ynt+l — Yn = 1?%:11 (fyf(:rn+1) — Bt’fl+1u}n+1 + M)

Qg1
+t" w1 — w4 28, (Btn =7 () = 7572).
Using (3.12)), we have

7z ntillentall
Y1 = yall - < 133%(”’”0(5%“) — Bt lap,, || + Dottty

Qn+1

H w1 — Mwa| + 124 (v f () — Bt"w, | + Z2ll))

n nt1llentall
< 13[57:11(”7]0(7371%-1) = Bt" lwy g || + %) + [Znt1 — @l

S - 1 ‘n+1—"n
Ol A (Lrtmenly s 4 Irmsizral g )y 22, — pl| + [Ip]])

Sn+1 Tn41

+ 125 (7 f(z0) — Bt"w,|| + el
which implies that

[Yn+1 = ynll = lZns1 = znl|

< T2 ([l (Ensn) — BE | + Zettlennilly 4 gy g (lrsnmsal g

= 1-B,41 Qnt1 Sn41

Hlatelo, o+ 25 (o = pll + P + 125 (17 f () — B"w, | + 2led)).

Tn4+1

Hence, it follows by conditions (C1) — (C3) that

lim sup([|yn1 = ynll = T2 — 2nl)) <0. (3.13)

From Lemma and (3.13)), we get lim,, oo ||Ynt1 — Znl| = 0, and

e =l = i (= Bl ol =0 (1)
Then lim,, oo [[t" T w1 — t"w,|| = 0.

P2: We can write
|zn —t"wn|l < [|Tpy1 — 2nl
Hlanyf(@n) + Bnan + (1= By)] — anB)t"wy + Ve — " wy|

<N@ns1 = ool + anllvf(@n) — Bt"wul| + B, |75 — t"w || + v, llenl]-
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Then

(1 =B )lzn = t"wn|| < |py1 — 2ol + anllvf(zn) — Bt"wa | + 7, el

Therefore we have

o — M wnll < 125 llnen = 2all + 125 10V (20) = Bt wa | + 22eed).

Since a,, — 0 and ||z,+1 — z,|| — 0 as n — oo we obtain
lim ||a, — t"w,| = 0. (3.15)
n—oo

P3: Since {x,} is bounded, we may assume a nonnegative real number N such that

|z — pl| < N. From (3.5 and (3.2)), we have

[€n+1 — plI
= llanvf(zn) + Bpon + (1 = B)I — an B)t"wy, + 7,60 *PHQ

= lan(vf(zn) — Bp) + B, (xn — t"wn) + (1 — an B)(t"wn, — p) + 'YnenHQ

<[|(1 = anB)(t"w, — p) + Bn(mn - tnwn)HQ +2(an(vf(2n) — Bp) + TnCn) Tn4+1 — p)

< (11 = anB)(t"wn = p)|| + By l2n — t"wn])? + 2000 (v f(2n) — Bp, Tnt1 — p)
+2(v,,€ns Tnt1 — P)

< (1 = anyo)llwn = pll + Bpllzn — " wn))? + 20 (v f (2n) — Bp, nt1 — p)
+27,llenl|N

= (1= an¥1)?[lwn = plI* + Ba |z — t"wn|* + 2(1 = 1) By wn — pllllzn — t"w,||

(3.16)
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< (1= any)tn = plI? + B2llwn — twn® + 21 = any)Bullwn — plll|zn — 7w, ]|
+2an (vf(2n) = Bp, Tni1 — p) + 27, [len | N

= (1= 712 (lzn — pl? + 606 — o)A@V — 1) Ay |2) + (8,)2 |20 — tmw,|?
+2(1 = an¥1) Bpllwn = plll|#n — t"w || + 2000 (7 f (€n) — Bp, Tyt — p) + 27, [lenl| N

< Jlan = 2% + (@n¥1)? 120 — plI? + (1 — 00 71)20(0 — F5)|A=(TE=2) — 1) Az |2
B2 — MWl + 2(1 = 1) Byllwn — pllllzn — 1w,

20, ({(Vf(20) — Bp, Tpy1 — p) + %jn”N)
Therefore

(1 — a71)%6(f5 — )| A= (T V) — 1) Az, |2

< lzn = pIP = llasr = Bl + (@12l = pl* + Bl — 7w
+2(1 = 1) lwn = pllllzn = " wnl| + 200 ((1f (2n) = Bp,wnsa = p) + 2ELN)

< (lzn = pll + 1201 = pDIen = znsall + (@71 lzn = plI* + B3 ll2n — t*wnl?

+2(1 = an71)Bullwn = pllllen — twn|| + 20m (]| £ ()| + | Bp]| + 2ele2l n).

Because of §(7 — 0) > 0, [|zn, — zpq1| — 0 and [z, — t"w,| — 0 as n — oo
and (C1) we obtain lim, . | A* (T2 — 1) Az, |2 = 0

which implies that

lim [(T2%2) — 1) Az, | = 0. (3.17)

It follows from ([3.16)
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|Zns1 —plI* = (1 = an¥1)?llwn — plI + B2 llwn — t"wa?
+2(1 = o 1) Bpllwn — pll[|wn — " wy||
+20, (v f(xn) = Bp, Tnt1 — p) + 27, lenl|N

< (1= an¥1)*(lun = plI? + AA = 29,) [ Bun — Ep]?)

"‘Bi”xn - t"wnllz +2(1 = an¥1) By llwn — pll|zn — t"w,||

+2an<fyf<xn> - Bpa Tn+1 — p) + 27n||en||N

Therefore

(1 — a7l’71)2A(2’72 - /\)”Eun - Ep||2

< (1= an¥1)?un = pl* = llzns1 = ol + B1lwn — t"wa?

1461

+2(1 = an¥1) By llwn — plll|n — t"wu|| + 200 (v f(2n) — Bp, Tny1 — p) + 27, lenl| N

<z = pl? = llznsr = Pl + (@n¥1)? |z = plI* + B7llon — twnl|?

+2(1 = an¥) B llwn = pllllen = t"wn || + 200 (v f (€0) = Bp, Zni1 = p) + 27,/lenl|N

< (lzn = pll + 2041 = pDllzn = 2t ll + (@n71)llzn =PI + B llzn — t"wa|?

+2(1 = an1) By llwn = pllan = " wnll + 20 (£ (@)l + 1Bpl + 232N,

Because of A(255 — A) > 0,||zn, — Zny1|| — 0 and ||z, — t"wy| — 0 as n — o©

and (C1) we obtain

lim ||Eu, — Ep|| = 0.

P4: Since p € ©, we can obtain

(3.18)

[l — p“2 <lzn *pH2 — [Jun — mn||2 + 20Jun — mn””A*(T(gnmeQ) —I)Az,||,

see [21]. It follows from (3.16) that
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|41 — Pl
< (1= 1) lwn = plI? + B2 2n — t"wal2 + 201 — 0 ¥1) B, llwn — plll|z0 — 1w,
20, (7 f(xn) — Bp, Tni1 — p) + 27, lenl| N
< (1= an7)2llun = pl? + B2 w0 — twn | + 2(1 — 1) By lwn — pll2n — tw, |
+20, (7 f(2n) — Bp, Tny1 — p) + 27, |lenl| N
< (1= 502 (len = plI? = l[un — zall? + 20| Alup, — 2) 1TV = 1) Az, )
+ 82|20 — 1w, |2+ 2(1 — ) By lwn — pll [z — 7w,
200 (Vf(Zn) — Bp, Tny1 — p) + 29, llen |V
< Nn = plI2 + (@) ln — plI* = (1 — an¥1)?llun — all®
+2(1 = 7)) 20l A(un — @) [T — D) Az | + 82|20 — 7w, |2

+2(1 = @71 Byllwn = pllllzn — t"wnl + 2cn (7f (@0) = Bp, wns1 —p) + 2IN).

Therefore we have
(1= on¥1)2[lun — 22
< llan = pl? = llza 1 = PI? + (@n71)?l|z0 — pI1?
+2(1 — an1)20| Al — 2 )| (ZEY?) = D Az | + B2 — t7w |2

+2(1 = au1)Bulhwn = Pl — twall + 20 (7] (@) — Bp, s — p) + Zelezl )
< (e — ol + a1 = plDl12n — 2o + (712l — pll?

+2(1 — 1) 28| Aup — ) |[II(TEE2YD = 1) Ay || + B2 |l — t7w, |2

+2(1 = n71) B, [wn = pllllen — t"wn | + 200 (V]| £ () | + | Bpl| + 2de=ly N,

Since a;, — 0, 8,, — 0, ||( 3(52’%) — NAxz,|| — 0 and ||z, — t"w,| — 0 as n — oo
and from (C'1), we obtain

lim ||z, — u,| = 0. (3.19)

n—oo
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Since p € © and Jy,» is 1-inverse strongly monotone [2,22], we can obtain
lwn =l = [Tara(un — ABun) — Jaa(p — AED)|?
< {(un = ABun) — (p — AEp), wp — p)
= 5([(un = AEu,) — (p = AED) | + [lwn — pl|®
~[[(un — ABuy) — (p — AEp) — (wn — p)|I?)
< 5(lun = pl* + lwn = pl* = [(un = ABun) = (p = AED) — (wn — p)||*)
< 3(lzn = pI* + lwa = plI* = lwa = uwnll* + 2M(up — wy, Eun — Ep)

~A?|| Euy, — EplP?),
and hence,

lwn =l < llon = plI* = lwn — wnll* + 2w — wa || Bun — Epll.  (3.20)

It follows from and that
201 = pl?
< (1= an¥y)?lwn = pl? + Ballzn — t"wa|* + 2(1 — @n¥)Bollwn — plll|n — t"w,||
+2an (Vf(2n) = Bp, Tnt1 — p) + 27, [len|| N
< (1= an1)*(lun = plI? = wn = unll® + 2\ [[un — wy ||| By, — Epl)
87 |20 — twn|? + 2(1 = @n¥1) B, [wn — plll|lzn — t"w,||

200 (vf(2n) — Bp, Tny1 — p) + 27, e ||V,

therefore we have
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(1 = an¥y)?lwn — unl®
<lzn = pl? = l[2nt1 = pI* + (@n¥1)* 20 — plI? + (1 = an¥1)?2Mlun — wa ||| Eu, — Ep||
87 |0 — twn|? + 2(1 = @n¥1) B, wn — plll|lzn — t"w,||
+20, (v f(2n) = Bp, Tng1 — p) + 27, llenl|N
< (llzn = pll + lzns1 = pDlzn — zpsall + (@n¥1)? |20 — pl?

+(1 = an1)*2M Jun — wa[[|Bun — Epl| + B3 |20 — t"wn]|?

+2(1 = 0n71) B lwn = plllwn — twn | + 200 (]| £ (@) + [ Bp|| + 222l N,

Since ||zy, — Znt1]] — 0, ||z — t"wy || — 0 and ||Eu, — Ep|| — 0 and from (C1), we
obtain
lim ||wy, —uy| = 0. (3.21)

n—oo

Using (3.15)), (3.19) and (3.21]), we obtain

[t wy — wu|| < "Wy — znll + |20 — un| + |un — wn| — 0, as n — o0

which implies
lim |[t"w, —wy,]| = 0.
n—oo

4. Main Result

Theorem 4.1. The Algorithm defined by convergence strongly to z € (i, Fiz(T")N
I'NI(E, M), which is a unique solution of the variational inequality {(vf — B)z,y—
z) <0, Yyeo.

Proof. Let s = Pg. We get
Is(I =B +~f)(x) =s(I =B+yf)wll <lI—-B+vf)x)— I -B+1/)yl
< M = Bllllz = yll + I (2) = fF W)
< (@ =)z =yl +~rallz -yl
= (1= (7 =)z -yl
Then s(I — B + «f) is a contraction mapping from H; into itself. Therefore by

Banach contraction principle, there exists z € Hy such that z = s(I — B+ f)z =
Po(I — B+~f)z.
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We show that limsup,, . ((vf — B)z,z, — z) < 0 where z = Po(I — B+ ~f). To
show this inequality, we choose a subsequence {w,,} of {w,} such that

Since {wy, } is bounded, there exists a subsequence {wnij }+ of {wy,, } which converges
weakly to some w € C. Without loss of generality, we can assume that w,, — w.
From |[t"wy, — wy]|| — 0, we obtain t"w,, — w.

Now, we prove that w € (\_, Fiz(T") N T NI(E,M). Let us first show that

w € Fiz(t") = =7 Yy Fiz(T'). Assume that w ¢ 5 31 Fiz(T"). Since

Wy, — w and t"w # w, from Opial’s conditions and Lemma [3.3] (P4), we have
liminf, o ||wn, —w| < lUminf, . ||w,, —t"w||
< liminf,— oo (||wn; — t"wn, || + [[t"wn, — t"w]||)
< liminf, e ||wn, — w|,
which is a contradiction. Thus, we obtain w € Fiz(t"). We show that w € T'. Since

Uy = Tr(fl’wl) (T +0A* (Ts(fz’w"’) —1)Ax,), where d,, = ©,, + 5A*(Ts(52’¢2) —1I)Ax,,
we have

1
Fl(unay)+d)1(umy)+7<y*unvun*dn> >0, vy € C.

n

It follows from the monotonicity of F; that

1
¢1(unay)+7<y7unaun*dn> ZF1(umy), VyGC

n

which implies that

F7
o)y, 12 =00 g g o™ = DA
1\%n; —Unp,,

n rn

)) > Fi(y, un,), Yy € C.
Because of [|u, — x| — 0, we get u,, = w and “i-""1 — 0

Since lim,, ||A*(Ts(f2’¢2) — I)Az,|| = 0 then A*(¥

Therefore

) — 0.

Tn

¢1(univy) ZFl(y7uni)7 hl(w7y) ZFl(y,’LU)
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Let y, =ty + (1 — t)w for all ¢ € (0,1]. Since y € C and w € C, we get y, € C. It
follows from Assumption that

0= Fi(yey0) + 1w, 90) < tF1(ye,y) + (1= ) Fi(ys, w)
1 (e, y) + (1= )b (g1, w)
= t(F1(ye, y) + 1 (ye,y))
(1= )(F1(ye, w) + s (ye, w))

§ Fl(ytay) + wl(yt,y)a
50 0 < F1(ys,y) + ¥1 (Y6, y)-

Letting t — 0, we obtain 0 < Fy (w, y)+1; (w, y). This implies that w € GEP(Fy, ;).
Now we show that Aw € GEP(F3,1,). Since ||u, — xn|| — 0, u, — w as n — oo
and {z,} is bounded, there exists a subsequence {,,, } of {z,} such that z,, = w
and since A is bounded linear operator so that Ax,, — Aw.

Because of || (Ts(f’z’%) —I)Az,]|| — 0, we have T§52’¢2)Axnj — Aw. Therefore from
Lemma [2.11] we have

Fy (T;ff’%)Axnj ,v) + wz(T;ff’wZ)Awnj ) V)

1
+ (v — TS,(TZ_Z’wZ)Axnj,Tgff’qﬂﬁAa:nj —Aw) >0, YveQ.
Sn;
Since F5 is upper semicontinuous in first argument, taking lim sup to above inequal-

ity as 7 — oo, we obtain
Fy(Aw,v) 4+ ¢y (Aw,v) > 0, Yv € Q,
which means that Aw € GEP(Fy,1),) and hence w € T.
Now we show that w € I(E,M). It follows from Lemma that M + FE is a
maximal monotone. Let (y,g) € G(M + E), that is ¢ — Ey € M (y).
Since wy, = Jya(un, — AEuy,), we have u,, — ABu,, € (I + AM)(w,,), then
L (un, — wn, — ABup,) € M(wy,).
Since M + F is a maximal monotone, we have

1
<y — Wn,;, 9 — Ey - X(unl — Wnp,; — )‘Eum» > 07

and so
= <y - wnivEy - Ewm + Ewni - Eum + %(um - wn1)>

>0+ <y - wni’Ewni - Euni> + <y — Wn,, %(unz - w”z))
Since E is a J,-inverse strongly monotone, we can easily observe that ||Ew, —
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Euy,l| — 0.
It follows from (3.21)), | Fw., — Euy,|| — 0 and w,, — w that
lim (y —wy,,g) = (y —w,g) > 0.

n—oo

It follows from the maximal monotonicity of M + F that 0 € (M + E)(w), that is
w e I(E,M).

We claim that limsup,, . {((7f — B)z,z, — 2) < 0, where z = Po(I — B + vf).
Now from , we have

S lim bupz—>oo<(7f - B)thnw‘fbi - Z>

= (1 = B)zw—2) <0

Next, we show that x,, — z. It follows from (3.3) that
[Znt1 = 2]
= an<7f(xn) — Bz, Tn+1 — Z> + ﬂn<$n — 2, Tp41 — Z>

(1 =B = anB)("wn = 2) + Vpen, Tnt1 = 2)

< an(Y(f(@n) = f(2),2ng1 — 2) + (7 (2) = Bz, 2ng1 = 2)) + Bollen — 2ll[@n — 2|

(X =B — anB[[[t"wn = zlllzn1 = zll + v, llen |V

< anaylzn = 2ll[#ns1 — 2l + an(vf(2) — Bz, 2ni1 — 2) + Byllan — 2[l[|2n+1 — 2]

+(1 - ﬂn - Oén:}/l)Hl'n - Z||H$n+1 - Z” + ’Yn”en”N

< 1m0 (13, — 2|2 4 [[2ngs — 2]1) + @V (2) = Bz, @nt1 — 2) + Y lenl|N

< oz W g 22 4 g — 2] 4+ an(7f(2) = B2, @ng1 — 2) + vallenl|N.

This implies that

20znir — 27 < (1= an(h1 — aV)llzn = 2lI° + [Tnsr — 2]

+2a”(<7f(z) - Bzaxn-',-l — Z> + %?L”N)
Then we have

lZns1 — 2”2 < (= an(¥1 —ay)llzn — Z||2 + 20, My, (4.3)
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where k, = a,,(5; — ay) and M,, = {(vf(2) — Bz,xp+1 — 2) + %:”HN.

Since limy, oo & = 0 and X952y, = 00, it is easy to see that lim, ... k, = 0,
Yo okn = oo and limsup,, ,., M, < 0. Hence, from and and Lemma
we deduce that x,, — z, where z = Po(I — B+ vf)z. O

5. NUMERICAL EXAMPLES

In this section, we give some examples and numerical results for supporting our
main theorem.

Example 5.1. Let HH = Hy = R, C = [0,2] and Q = [-4,-2]; let Fy,9, :
C xC — R and Fy,v¢5: Q X Q — R be defined by Fi(x,y) = z(y — z),¥,(z,y) =
2x(y—x), Yo,y € C and Fa(u,v) = —2u(u—v), ¥y (u,v) = 3u(v—u), Yu,v € Q, and
let for each x € R, we define f(x) = tx, A(z) = -2z, B(z) = 3z, E(z)=2x—6,

and
Az}, x>2
Mz = { {2}, z<2
and let, for each x € C, Vix = —2a4x, where a; = 1+ 1, ¢ = 0,1,--- ,5 and

en, = sinn. Then there exist unique sequences {wy,}, {zn} C R, {u,} C C, and
{zn} C Q generated by the iterative schemes

o =TS (Awn); o = T (2 + A (2 — Az));
(5.1)
wy, = (I + M) u, — Euy,);

1 1 1 1 1

— )z, 1-——)\)I—-—-B Ti n n 2
ET T R STy -2 e )n—|—1§ Wt Ynen (5:2)

Tn41 = (

where ay = %, B, = gy, Yo = 50 o= 1+ 2 and s, = 307
It is easy to prove that the bifunctions Fy, 1, and Fy, v, satisfy the Assumption[2.9
and Fy is upper semicontinuous, A is a bounded linear operator on R with adjoint

operator A* and ||A|| = ||A*|| = 1. Hence § € (0,1), so we can choose § = 3.
Further, f is contraction mapping with constant o = % and B is a strongly positive

bounded linear operator with constant ¥, = % on R. Therefore, we can choose
~v = 2 which satisfies 0 < vy < % <7+ é And E is a inverse strongly monotone
mapping on R with 7, € (0,1], then X € (0,2). We can choose A = 1. Furthermore,
it is easy to observe that 2 € I(E,M), 2 € EP(Fy,v,), —4 € EP(F5,1,). Hence

© = {2} # 0. After simplification, schemes and (5.6) reduce to

__ lent(4nd2)z, .
Zn = 6rt1 )
_ 592n241248n4+192+(88n%+16n)x,, . (5.3)
n = 32(2n+3)(6n+1) ) :

Wy, = —Up + 6
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1 1 1 1 1 1
i1 = (= Vg = (1= ———— — —)(24¢ — 20)w, + — sinn, (5.4
Tt = (5o + 5Ty T o 2 Jwnt g sinn, (54)
where t € [%, 1). Following the proof of Theorem we obtain that {z,} converges
strongly to {—4} € GEP(Fs,v5) and {x,}, {un}, {wn} converges strongly to w =
{2} € m?:o Fiz(THNQNI(E,M) # 0 as n — oco. Figure 1 indicates the behavior

of xy, for algorithm .

247

Sguence value
=

0B

0.6
I

a4 L ' ' L L L
o 5 10 15 20 25 30 35

Iteration steps

FIGURE 1. The graph of {z,} with initial value x; = 0.5.

Example 5.2. Let Hi = Hy = R, C =[0,4] and Q = [0,2]; let F; : C xC — R
and Fy : Q X Q@ — R be defined by Fi(z,y) = z(y — x), Vo,y € C and Fy(u,v) =
—2u(u — v), Yu,v € Q, and let for each x € R, we define f(z) = ta, A(z) =
—z, B(z) ==z, E(z) =2z, and

| {2z}, >0
Mm_{ {0}, z<o0

and let, for each x € C, Vix = —ayx, where a; = H_%, i1 =20,1,---,5 and e, =
cosn. Then there exist unique sequences {wy}, {zn} C R, {u,} CC, and {z,} C
Q generated by the iterative schemes
zn = T2 (Azy); Un = TE (2 + FA* (20 — Azy));
(5.5)
wy, = (I +32M)" (u, — 2 Euy);
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1 1 1 1 1

=Gm o 1- I-—=B T 5.6

Tn+1 (4\/ﬁ+n+1)x7l+(( n+1) \/ﬁ )n_l_l; Wy, + Vpn (5.6)
where an:ﬁ7 BWZ%H7 ’771:%7 rn:1+% and Sn:TSTll

It is easy to prove that the bifunctions Fy and F» satisfy the Assumption[2.9 and F»
is upper semicontinuous, A is a bounded linear operator on R with adjoint operator
A* and ||A|| = ||A*|| = 1. Hence § € (0,1), so we can choose § = 1. Further, f
is contraction mapping with constant o = % and B is a strongly positive bounded
linear operator with constant 7, = 1 on R. Therefore, we can choose v = 2 which
satisfies 0 < v < % <7+ é And E is a inverse strongly monotone mapping on
R with 7, € (0,1], then A € (0,2). We can choose A = 3. Furthermore, it is easy
to observe that 0 € I(E, M), 0 € EP(Fy), 0 € EP(F,). Hence © = {0} # 0. After

simplification, schemes and @) reduce to

(3n — 1)z, (18n — 2)x, 1
= 2O )%, ) 3 S 5.7
Zn 7n _ 1 ’ Un, 4(7n _ 1) ) Wn, 8un ( )
1 1 1 1 1

tont = (et T e T a T T

where t € [%,1). Following the proof of Theorem we obtain that {z,} converges
strongly to {0} € EP(Fy) and {x,}, {un}, {wn} converges strongly to w = {0} €
ﬁ?:o Fiz(TYNQNI(E,M) # 0 as n — oo. Figure 2 indicates the behavior of x,,
for algorithm (@

)(227t — 67)w,, + — cosn, (5.8)

n2

oer |

08r

Squence velug

nap

aak

! L ! !
] 5 0 15 Farl 25 n
lteration steps

FIGURE 2. The graph of {z,} with initial value x; = 0.45.
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ABSTRACT. The main objective of this paper is to present a common fixed
point theorem for two pairs of single and set valued mappings via subsequential
continuity and - compatibility. To illustrate the validity of our results, an
example is provided and we give also an application for a system of integral
inclusions of Volterra type.

1. INTRODUCTION

Fixed point theory is one of the important tools in the study of several problems
in non linear analysis, physics, economics,.... Starting from Banach principle, some
results and generalizations were given in this way. A common fixed point theorem
generally involves conditions on commutativity, continuity and contractive condi-
tion of the given mappings, with completeness, or closedness of the underlying space
or subspaces, along with conditions on suitable containment amongst the ranges of
involved mappings. Sessa [20] has weakened the notion of commuting mappings to
weakly commuting, later Jungck |14] introduced the concept of compatibility for a
pair of self maps, which was extended to hybrid pair of mappings by Kaneko and
Sessa [16]. Afterwards Jungck et al. [15] have furnished an extension to compati-
ble mappings notion, called weak compatibility in the setting of single-valued and

2020 Mathematics Subject Classification. Primary 47H10 ; Secondary 54H25.
Keywords and phrases. 0- contraction, subsequentially continuous, d-compatible, integral
inclusion.
= alipromath@gmail.com; saadiamahideb@gmail.com; beloulsaid@gmail.com-Corresponding
author
0000-0002-4525-021X; 0000-0001-6207-2710; 0000-0002-2814-2161.

©2020 Ankara University
Communications Faculty of Sciences University of Ankara-Series A1 Mathematics and Statistics

1473



1474 A. ALI, S. MAHIDEB, S. BELOUL

multi-valued mappings. Recently, Bouhadjera and Godet Tobie [7] introduced sub-
sequential continuity which is weaker than the reciprocal continuity introduced by
Pant [19]. In fact every non-vacuously pair of reciprocally continuous maps is nat-
urally subsequentially continuous. However subsequentially continuous mappings
are neither sequentially continuous nor reciprocally continuous. Quite recently, Be-
loul et al. [5] extended the notion of subsequential continuity to the context of set
value maps in order to establish a common fixed point by using Hausdorff distance,
while there is a function called §-distance which defined by Fisher [10], although
d-distance is not a metric like the Hausdorff distance, but shares most of the prop-
erties of a metric, some results on d-distance can be found in [1,/4)6]. Common fixed
point theorem commonly require commutativity, continuity, completeness together
with a suitable condition on containment of ranges of involved maps beside an ap-
propriate contraction condition. Thus, research in this field is aimed at weakening
one or more of these conditions.

In this paper we will utilize a #-contraction introduced by Jleli and Samet [12] and
d-distance to establish a strict coincidence and a strict common fixed point of a
d-compatible and subsequentially hybrid pair of mappings, without continuity or
reciprocal continuity, weak reciprocal continuity, completeness and containment of
ranges.

2. PRELIMINARIES

Let (X, d) be a metric space, B(X) is the set of all non-empty bounded subsets
of X. For all A, B € B(X) we define the two functions:D, ¢ : B(X) x B(X) — R4
such that

D(A, B) = inf{d(a,b);a € A,b € B},

0(A, B) = sup{d(a,b);a € A,b € B}.
If A consists of a single point a, we write §(A, B) = §(a, B) and D(A, B) = D(a, B),
also if B = {b} is a singleton we write

0(A,B) = D(A, B) = d(a,b).
Clearly that § satisfies the following properties:
0(A,B) =46(B,A) >0,
d(A,B) <§(A,C)+0(C,B),
0(A,A) = diam A,
d(A,B) =0 implies A= B = {a},

for all A, B,C € B(X).
Notice that for all a € A and b € B we have

D(A, B) < d(a,b) < 6(A, B),
where A, B € B(X).
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Definition 1. [20] Two mappings S : X — B(X) and f: X — X are to be weakly
commuting on X if fSx € B(X) and for allx € X:

0(Sfx, fSx) <max{d(fx,Sxz),diam(fSx)}.

Definition 2. [17] A hybrid pair of mappings (f,S) of a metric space (X,d) is
d-compatible if
lim §(Sfxn, fSx,) =0,

whenever {x,} is a sequence in X such that fSxz, € B(X),lim, o Sz, = {2},
and lim,_, fx, = z, for some z € X.

Definition 3. [19] The pair of self mappings (f,g) on a metric space(X, d) is said
to be reciprocally continuous if

lim fgx, = ft
n—oo
and
lim gfx, = gt,
n—oo
where limy, o fx, =lim, . gx, =t, for some t in X.

Later, Singh and Mishra [21] generalized the concept of reciprocal continuity to
the setting of single and set-valued maps as follows.

Definition 4. [21] Two maps f : X — X and S : X — B(X) are reciprocally
continuous on X (resp. att € X ) if and only if fSx € B(X) for each x € X (resp.
fSt e B(X)) and

lim fSz, = fM, %I_r}Sfccn = St,

n—oo
whenever {x,} is a sequence in X such thatlim,, o Sz, = M € B(X),lim, o fz,
te M

Definition 5. [7] Two self-mappings f and g on a metric space (X,d) are said to
be subcompatible if there exists a sequence {x} such that:

lim fz, = lim gz, =t and lim d(fgz,,g9fz,) =0,

n—oo n—oo n—oo

for somet € X.

Definition 6. [7] The pair (f,g) of self mappings is said to be subsequentially con-
tinuous if there exists a sequence {xy} in X such thatlim, o fa, = lim, oo g2, =
z, for some z € X and lim,, o fgx, = fz,lim, o gfz, = g2.

Definition 7. [5] Let f : X — X and S : X — CB(X) two single and set-valued
mappings respectively, the hybrid pair (f,S) is to be subsequentially continuous if
there exists a sequence {x,} such that

lim Sz, =M € CB(X) and lim fz,=2z¢€ M,

n—o0

for some z € X and lim,, . fSx, = fM,lim,, oo Sfz, = 5z.
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Notice that continuity or reciprocal continuity implies subsequential continuity,
but the converse may be not.

Example 8. Let X =[0,1] and d the euclidian metric, we define f,S by

xr €

1 1
1 §<l'§1

We consider a sequence {x,,} such that for each n > 1 we have: x, = 3 n%rl,
clearly that lim,, o fx, = % € [o, %] and lim,, ., Sz, = [0, %] € B(X), also we

’ 2
have:

. . 1 1 1 1
and
. . 11 1 1 1
Jim Sfan = Jim 2.5+ 21=10.51=5G),

then (f,S) is subsequentially continuous.
On the other hand, consider a sequence {y,} which defined for alln > 1 by: y, =
% + n%_l, we have

nh_)rrgo fxn = % €[0,1], and nh_)rr;o Sz, =10,1] € B(X),
however
Jim fSr, = T (114 1)) £ 7(0,1)),
then f and S are never reciprocally continuous.

Let © be the set of all functions 0 : (0, +00) — (1,400) be a function satisfying:

(01) : 6 is non decreasing,
(03) : for each sequence {t, } in (0, +00), lim,, o t,, = 1if and only if lim,, o t, =
0,

(03) : there exists r € (0,1) and I € (0, c0] such that lim; o+ 0(?,_1 =1.

Example 9. For alli € {1,2,3}, the following functions are elements of ©.
D 61(t) =et.  2)0s(t) =€ 3)05(t) =eVE.  4) O,(t) = eV,

Definition 10. [19] Let (X,d) be a metric space and T : X — X be a mapping.
For 6 € ©, we say T is 0-contraction, if there exists k € [0, 1] such that for x,y € X,
d(Tx, Ty) > 0 implies 0(d(Tz, Ty)) < [0(d(x,y))]~.

Theorem 11. [12] Let (X, d) be a complete metric space and let T : X — X be an
0-contraction. Then T has a unique fized point in X.



A COMMON FIXED POINT THEOREM 1477

3. MAIN RESULTS

In this section, we introduce a multivalued fs-contraction and prove a common
fixed point theorem for hybrid pair mappings with J-distance.

Definition 12. Let (X, d) be a metric space and T : X — B(X) be a mapping. For
0 € ©, we say T is O5-contraction, if there exists k € [0,1] such that for z,y € X,
§(Tz, Ty) > 0 implies 0(5(Tz, Ty)) < [0(d(z, y))]*.

Definition 13. Let f be a self mapping on a metric space (X,d) and let T : X —
B(X) be a multivalued mapping. Then T is called generalized multivalued (f,05-
contraction if for all x,y € X there exists k € [0,1] such that,

§(Tx,Ty) >0 implies 0(6(Tz,Ty)) < [0(R(z,y))]*,
where § € ©

R(z,y) = max{d(fz, fy), D(fx, Tx), D(fy,Ty), %[D(ffﬂy Ty) + D(fy, Tx)]}.

Now we extend the last definition for two pairs of hybrid pair, in order to establish
a common fixed point for set valued and single valued mapping in metric space,
without continuity and completeness of space, we use only subsequential continuity
with J-compatibility.

Theorem 14. Let f,g: X — X be single valued mappings and S,T : X — B(X)
be multi-valued mappings of metric space (X,d). If the two pairs (f,S) and (g,T)
are subsequentially continuous and §-compatible. Then the pair (f,S) as well as
(9,T) has a strict coincidence point. Moreover, f,g,S and T have a common strict
fized point provided that there exists k € (0,1) such that for all x,y in X we have:

§(Sz,Ty) >0 implies 0(5(Tx, Ty)) < [0(R(z,))]", (1)

where 8 € ©. and
R(z,y) = max{d(fz, fy), D(fz,Tz), D(gy, Ty), %[D(fw,Ty) + D(fy, Tz)]}.

Proof. Since (f,S) is subsequentially continuous, there exists a sequence {x,} in
X such that
lim Sz, =M € B(X), lim fz,=z¢€ M.
lim fSx, = fM, lim Sfx, =Sz,

n—oo n—oo
Also, the pair (f,.S) is d-compatible implies that

lim §(fSwy, Sfr,) = 0(fM,Sz) =0,
which gives that fM = Sz = {fz}, and so z is a coincidence point of f and S.
Similarly, for the pair (g,T") there exists a sequence {y,,} in X such that

lim Ty, =N € B(X) and lim gy,=t€ N
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and
hm gTy, = gN, lim Tgy, =Tt.
The pair (g,T) is 6—compat1ble, implies that
lim 5(9TynaTgyn) = 5(9Na Tt) =0.
Then gN = Tt and Tt is a singleton, i.e, Tt = {gt} and ¢ is a strict coincidence
point of g and T
Now, we claim fz = gt, if not so §(Sz,Tt) > 0, otherwise
d(fz,gt) < 6(5z,Tt) =0,
which is a contradiction. Then by using , we get:
0(3(S2,Tt)) < [0(R(z,1))]".
Since Sz = {fz} and Tt = {gt}, we get
D(fz,S5z) = D(gt,Tt) =0,
D(fz,Tt) = d(fz,gt)
and D(gt,Sz) =d(fz,gt). Hence
1
R(z,t) = max{d(fz,gt), D(fz,Sz), D(gt,Tt), §(D(fz7 Tt) + D(gt,Sz))}.
Subsisting in we get
0(d(fz, gt)) = 0(6(Sz, Tt)) < [0(d(f2, 9t))]* < 0(d(fz gt)),
which is a contradicts that 6(¢) > 1 for all ¢ > 0. Then fz = gt.

Now we claim z = fz, if not by taking z = z,, and y = ¢ in , 0(Szy, Tt) > 0,
otherwise letting n — oo, we get

d(z, fz) =d(z,gt) < 06(M,Tt) =

which contradicts that z # fz, and so we have
0(6(Sz,,Tt)) < [A(R(zn,t))]".
Letting n — oo, we get M (x,,t) — d(z, fz) and so we have:
0(d(z, f2)) < 6(8(M, Tt) < [0(d(=, f2))]* < 0(d(z, [2)),
which is a contradiction. Hence z is a fixed point for f and S.
We will show z = t, if not by taking « = z,, and y = y,, in (1)), 6(Sz,, Ty,) > 0, if
not letting n — oo, we get:
d(z,t) <d6(M,N) =0,

which is a contradiction, so we have:

016(S20, Tyn)] < O[R(2n, yn)]*
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Taking n — oo, we get:
0(d(z, 1)) < 6(6(M,N) < [8(d(=,1))]* < 8(d(=,1)),

which is a contradiction. Hence z = ¢ and consequently z is a common fixed point
for f, 9,5 and T. For the uniqueness, let w be another fixed point, by and using
@), 6(Sz,Tw) > 0, if not d(z,t) < 6(Sz,Tt) = 0, which is a contradiction. Then
we have:

0(d(z,w)) < 0(6(Sz, Tw)) < [0(d(z,w))]* < 0(d(z,w)),
which is a contradiction. Then z is unique. (Il

If f =g and S =T we obtain the following corollary:

Corollary 15. Let f : X — X be a single valued mapping and S : X — B(X)
be a multi-valued mapping of metric space (X,d). Suppose that the pair (f,S)
is subsequentially continuous, as well is d-compatible and there exist 0 € © and
k €10,1) such that for all x,y in X we have:

§(Sz,Sy) > 0 implies 0(5(Sxz, Sy)) < [H(M(x,y))]*,
where
R(z,y) = max{d(fz, fy), D(fz, Sz), D(fy,Sy), %[D(fx, Sy) + D(fy, Sz)]}-
Then f and S have a strict common fized point.
If S and T are single valued maps, we get the following corollary:

Corollary 16. Let (X,d) a metric space and let f,g9,S,T : X — X be self map-
pings, if the pair (f,S) is subsequentially continuous and compatible as well as
(9,T). Then f and S have a coincidence point as well as g and T. Moreover,
f,9,S and T have a common fized point provided that there exists k € [0,1) and
0 € © such that for all x,y in X we have:

d(Sz,Ty) > 0: implies: 0(d(Tz,Ty)) < [0(R(z,y))]*,
where
R(z,y) = max{d(f, ), (., Sz, d(gy, Ty), 3 d(fz, Ty) + dlgy, 52

Example 17. Let X =10,2], d(z,y) = |x — y| and f,g,S and T defined by

ol o<z <1 {1}, 0<z<l1
— — 2 — — _ _ 9 = =
fx_gx_{o, l<a<?2 Fx_Tm_{[i,m, l<z<2

Consider a sequence {x,} for alln > 1 such that ,, =1 — X, it is clear that
lim fz, =1¢€ {1}
n—oo

and
lim Tz, = {1},
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which implies that the pair (f,T) is subsequentially continuous. On other hand, we
have

lim 8(fTa,, Tfzn) = 6({1},{1}) = 0.

so (f,S) is 0-compatible.
For the inequality , by taking 0(t) = €' and k = 1—90, we discuss the following
cases:

(1) For z,y € [0,1], we have 6(Tz,Ty) = 0.

(2) Forxz €10,1] and y € (1,2], we have:

§(Tz,Ty)=1< = < %D(fy,Ty),

| W

which implies

AT TY) < (PUYTY) T < (RE)i5,

(3) Forx € (1,2] and y € [0,1], we have

Mol w
Sl

<
this yields
e&(Ta;,Ty) < (eD(f;t,Tw))l% < (eR(z,y))l%_
(4) For z,y € (1,2] we have
S(Tw, Ty) = 1< 5 < 2-D(fa, T),

then
eé(Tx,Ty) < (eD(fm,Tz))l% < (eR(gc,y))l%.

hence f and T satisfy , therefore 1 is the unique common strict fized point of
fand S.

4. APPLICATION TO INTEGRAL INCLUSIONS

In this section, we apply the obtained results to assert the existence of solution
for a system of integral inclusions.
Consider the following integral inclusions system’s.

zi(t) € g(t)+/o Ki(t, 5, 2i(s))ds,i = 1,2 @)

where ¢ is a continuous function on [0,1], i,e., f € C([0,1],R) and K; : [0,1] x
[0,1] x R — CB(R) are a set valued functions.

Clearly X = C([0,1]) with convergence uniform metric’s doo(z,y) = sup,¢ x |z(t) —
y(t)| is a complete metric space. Define two set valued mappings:

Szi(t) ={z € X,z(t) € f(t) —I—/O Ki(t,s,z1(s))ds},
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Tao(t) ={z€ X,z(t) € f(t) —|—/0 Ky(t,s,22(s))ds}.

Assume that;
A : The function K; : (¢, s) — K;(t, s,x;(s)) are continuous on [0, 1] x (0, 1] for
all z € C((0,1));
Ag: For all z; € X and k; € K; (i = 1,2), there exists a function ¢ : [0, 1] x
[0,1] — [0, +00) such that
|k1(t7 S ‘Tl(s)) - kQ(ta 5, :EQ(S)” < (p(tv 5)‘m1 - 1:2|;
As : There exists 7 > 0 such that
¢
sup / o(t,s)ds < e™7;
tel0,1] J0
Ay : There exist two sequences {z,}, {y,} and two elements z,y in X such that
lim Sz, = M € B(X),

n—oo

lim z, =2z M

n—oo
and
lim Ty, = N € B(X),

lim y, =y € N.
n—oo

Theorem 18. Under assumptions (A1) — (A4) the system of integral inclusions (9)
has a solution in C((0,1]) x C([0,1]).

Proof. The system has a solution if and only if S and 7" have a common fixed
point.

Denote Ix the identity operator on X.

From condition (4), the two pairs (Ix,S) and (Ix,T) are subsequentially continu-
ous as well as §-compatible.

For the contractive condition (), let 1,2z, € C([0,1]) and 21 € Sz1, then there
exists k1 € K7 such that

z1(t) = f(¢t) +/0 k1(t,s,21(s))ds.
Let 25 € f(t) + fot Ks(t,s,x2(t))ds, ie.,

1
25(t) = f() + / ka(t, 5, 22(s))ds,

for some kg € K5, so we have

t
121 — 2| g/ v (£, 5,21(5)) — Ka(t, 5, 32(5))|ds
0
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t
g/ |z1 — 22]p(t, s)ds.
0

Since K;,i = 1,2 are bounded, so we have

t
sup |z1 — 29| < |jz — xQHOO/ o(t, s)ds,
z;€X 0
which implies that

0(Sx1,Tas) < e "d(xy,x2)

1
< e Tmax{d(z1,x2),d(x1, Sz1),d(x2, T22), §(d(x1, Tx9) + d(z2,521))}.

Since 6 is non decreasing we get
L(z1.22)\ €
V(51 Te2) < (ef) ,

where L(z1, z2) = max{d(z1,22), d(21, Sz1), d(22, Tx2), 3(d(x1, Tx2)+d(w2, S21))}.
Hence all hypotheses of Theorem [14] are satisfied, with 6(t) = eVl k =e " and
f =g = Ix, therefore the system ([2)) has a solution. O

5. CONCLUSION

We have established common fixed point theorems for two hybrid pairs #-contrac-
tion using d-distance without exploiting the notion of continuity or reciprocal con-
tinuity, weak reciprocal continuity. Since f-contraction is a proper generalization
of ordinary contraction, our results generalize, extend and improve the results of
Jleli and Samet [12] and others existing in literature, without using completeness
of space or subspace, containment requirement of range space.
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ABsTRACT. In 1974, Krivonosov defined the concept of localized sequence that
is defined as a generalization of Cauchy sequence in metric spaces. In this
present work, the A-statistically localized sequences in n-normed spaces are de-
fined and some main properties of A-statistically localized sequences are given.
Also, it is shown that a sequence is A-statistically Cauchy iff its A-statistical
barrier is equal to zero. Moreover, we define the uniformly A-statistically
localized sequences on n-normed spaces and investigate its relationship with
A-statistically Cauchy sequences.

1. INTRODUCTION AND BACKGROUND

In 1922, Banach defined normed linear spaces as a set of axioms. Since then,
mathematicians keep on trying to find a proper generalization of this concept.
The first notable attempt was by Vulich . He introduced K-normed space in
1937. In another process of generalization, Siegfried Géhler [5] introduced 2-metric
in 1963. As a continuation of his research, Géhler [@ proposed a mathematical
structure, called 2-normed space, as a generalization of normed linear spaces. A.H.
Siddiqi delivered a series of lectures on this theme in various conferences in India
and Iran. His joint paper with Géhler and Gupta [8] also provide valuable results
related to the theme of this paper. Results up to 1977 were summarized in the
survey paper by Siddiqi . As a further extension, he introduced n-metric and
n-norm in his subsequent works Géhler |7] and regarded normed linear spaces as 1-
normed spaces. However, many researchers disagree to consider 2-norm and n-norm
as generalization of norm. In spite of this disagreement, several researchers have
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worked on this topic for decades Giirdal and Pehlivan [1011], Giirdal and Agik [12],
Giirdal and Sahiner [13], Giirdal et al. [14], Mohiuddine et al. [23], Mursaleen [24],
Savag and Sezer [37], Savas and Giirdal [31H33|, Savas et al. [34] and Yegiil and
Diindar [45,/46]. They have found out many interesting properties of this space and
lots of fixed point theorems are established.

This paper was inspired by Krivonosov |18], where the concept of a localized
sequence was introduced, which can be treated as a generalization of a Cauchy
sequence in metric spaces. We will often quote some results from Krivonosov [18],
that can be easily transferred to the concept of A-statistically localized sequence
and the A-statistical localor of a sequence in n-normed space. Let X is a metric
space with a metric d(-,-) and (z,,) is a sequence of points in X. It is an interesting
fact that if FF : X — X is a mapping with the condition d(Fz, Fy) < d(z,y)
for all z,y € X, then for every x € X the sequence (F™z) is localized at every
fixed point of the mapping F. This means that fixed points of the mapping F is
contained in the localor of the sequence (F™z) . Motivating the above facts and the
fact that the localor of a sequence can be extended by changing the usual limit to
the statistical limit (see Fridy [4]) of a sequence. Recently, the authors in [25] have
extended the concepts and results, which were given in [18], by changing the usual
limit to the statistical limit in metric spaces. This definition has been extended to
statistical localized and ideal localized in metric space Nabiev et al. [25,26] and in
2-normed spaces Yamanc et al. [43}/44], and they obtained interested results about
this concept.

This paper consists of three sections with the new results in sections 2-3. In
Section 2 the concept of the A-statistically localized sequence and the A-statistical
localor of a sequence in n-normed space is introduced and fundamental properties
of A-statistically localized sequences are studied. In Section 3, we prove that a
sequence is A-statistically Cauchy sequence if and only if its A-statistical barrier is
equal to zero. Moreover, we define the uniformly A-statistically localized sequences
on n-normed spaces and investigate its relationship with A-statistically Cauchy
sequences and prove that in n-normed linear spaces each A-statistically bounded
sequence has everywhere A-statistically localized subsequence.

Throughout this paper, let A be a nonnegative regular matrix and N will denote
the set of all positive integers. Let X and Y be two sequence spaces and A = (a,, )

o0

be an infinite matrix. If for each € X the series A, (z) = Zankxk converges
k=1
for each n and the sequence Az = {A,(z)} € Y, we say that A maps X into Y.
By (X,Y) we denote the set of all matrices which maps X into Y. In addition if
the limit is preserved, then we denote the class of such matrices by (X,Y), . A
matrix A is called regular if A € (¢,¢) and limg_ oo Ag(z) = limg_ oo xx for all
x = {x1},cn € ¢ when ¢, as usual, stands for the set of all convergent sequences.
It is well known that the necessary and sufficient condition for A to be regular are
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i) Al = SuPnZ |an, | < 005

2
ii) lima,, =0, for each k;
i) limy, Y _ an, = 1.
K

The idea of A-statistical convergence was introduced by Kolk [17] using a non-
negative regular matrix A. For a nonnegative regular matrix A = (ay,), a set
K C N will be said to have A-density if d4(K) = lim,_ Z an, exists. The

keK

real number sequence x = {Zp},cy is said to be A-statistically convergent to
L provided that for every ¢ > 0 the set K(¢) = {k € N :|zy — L| > ¢} has A-
density zero. Note that the idea of A-statistical convergence is an extension of the
idea of statistical convergence introduced by Fast [3] using the idea of asymptotic
density and later studied by Fridy [4], Connor [1], Salat [29], Giirdal and Ya-
manct [15], Mohiuddine and Alamri [20], Yamanc: and Giirdal [42] and Savag [30]
(also, see [16}/19L[211[22/|350/361/38]). Let K ={k(j) : k(1) < k(2)<k(3) < ..} CN
and {2}, = {xk(j)} be a subsequence of z. If the set K has A-density zero (i.e.
da(K) = 0) the subsequence {z}, of the sequence z is called an A-thin sub-
sequence. If the set K does not have A-density zero, the subsequence {x}, is
called an A-nonthin subsequence of x. The statement § 4 (K) # 0 means that either
da(K)>0or da(K) is not defined (i.e. K does not have A-density).

In 2|, Connor and Kline extended the concept of a statistical limit (cluster) point
of a number sequence z to a A-statistical limit (cluster) point replacing the matrix
C: by a nonnegative regular matrix A. Recall that the number )\ is a A-statistical
limit point of the number sequence z provided that there is a subset K = {k (j )};il
of positive integers with d4 (K) # 0 and xj(;) — Xis j — oo (see [2]). The number
v is a A-statistical cluster point of the number sequence = = (x,) provided that for
every € > 0, 64(K.) # 0 where K, := {k € N: |xp —v| < &} (see [2]).

Now we recall the n-normed space which was introduced in [9] and some defini-
tions on n-normed space (see [39)).

Definition 1. Letn € N and X be a real vector space of dimension d > n. (Here we

allow d to be infinite.) A real-valued function ||., ...,.|| on X™satisfying the following
four properties

(1) ||z1, 22y oy ]| = 0 if and only if x1, 2, ..., x, are linearly dependent;

(1) ||x1, 2, ..., xn|| s invariant under permutation;

(491) |21, T2, ooy Tne1, Qy || = |a |21, T2, -y Tne1, Ty ||, for any a € R;

(i’U) ”Ilv T2, es Tn—1,Y + Z” < Hxl, L2y .0y Tn—1; y” + ||x1? L2500y Tn—1, Z” )
is called an n-norm on X and the pair (X, ||.,...,.||) is called an n-normed space.

It is well-known fact from the following corollary that m-normed spaces are ac-
tually normed spaces (see also [7]).
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Corollary 1. ( [9]) Every n-normed space is an (n — r)-normed space for all
r=1,...,n — 1. In particular, every n-normed space is a normed space.

Example 1. A standard example of an n-normed space is X = R"™ equipped with
the n-norm is

lx1, 2, o, X1, Ty || := the volume of the n-dimensional parallelepiped spanned
by 1,22, cces Tp_1,Ty n X.
Observe that in any n-normed space (X, ||., ..., .||) we have
|21, 22,y X1, x| >0
and
|21, 2, ooy X1, || = |21, T2y ooy X1, Ty + @127 + oo + Q1T —1 ||

for all z1,zs,...,z, € X and a1, ...,a,,_1 € R.
Let X be a real inner product space of dimension d > n. Equip X with the
standard n-norm

(T1,21) -+ (@1,2n) 1z

lz1, 2, .0, Tl g == )
<.’En,.'171> <xn;$n>

where (.,.) denotes the inner product on X. If X = R"™, then this n-norm is the
same as the n-norm in Example 1.

Definition 2. A sequence {xy} in an n-normed space (X, ||.,...,.||) is said to con-
vergent to an l € X if

lim ||z — 1, 21, 22, .0, 2n—1] = 0
k—o0

for every z1,29,...,2n_1 € X.

Definition 3. A sequence {xr} in an n-normed space (X,|.,...,.||) s called a
Cauchy sequence if
lim ||zg — @1, 21,22, <oy Zn—1]| =0
k,l— o0

for every z1,29,...,2n_1 € X.

Let a,x1,...,xp—1 € X and for each € > 0 define the e-neighborhood of the points
a,T1,...,Tn_1 as the set

Us (@21, 0y @pn1) ={z: la — 2,21 — 2, ceoyzpn_1 — 2|| < e}

As it is known (see [28]) that the family of all sets

Wy = n Uei (a7m1i7 -~-a$(n71)i)
=1

(2
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with arbitrary pairs ¥ = {(xn, ...,x(n,l)l,sl) sy (mln,...,z(n,l)n,en)} forms a
complete system of neighborhoods of the point a € X. Note that a set M in a
linear n-normed space (X, ||, ..., .||) is said to be bounded if 5 (M) < oo, where

B(M)=sup{lla—z,21 —2,...;@n_1— 2| : @, Z1, e Tp_1,2 € M }.

We also suppose that for any ¢ > 0 there exists a neighborhood U of 0 such that
llx%, 25, ..., 2% || < e for all points =7, x3, ..., 2} in U.

2. DEFINITIONS AND NOTATIONS

In this section, we introduce some basic definitions and notations in n-normed
space (X, |-y ..y -|])-

Definition 4. (a) A sequence (x,,) in n-normed space (X, ||.,...,.||) is said to be A-
statistically localized in the subset K C X if the sequence ||z, — x, 21, 22, ..y Zn—1]|
A-statistically converges for all x, 21,22, ...,2n_1 € K.

(b) the maximal set on which a sequence is A-statistically localized is said to be
a A-statistical localor of the sequence. We denote by loc™* (z,,) the A-statistically
localor of the sequence (x,,).

(¢) A sequence (x,,) in n-normed space (X, ||.,...,.||) is said to be A-statistically
localized everywhere if the A-statistical localor of () coincides with X .
(d) A sequence (x,) in n-normed space (X, |.,...,.||) is called A-statistically lo-

calized in itself if the A-statistically localor contains x,, for almost all n, that is,
oA ({n : 2y, ¢ loc™™4 (xn)}) =0o0rdas ({n sz, € loc®t4 (q:n)}) =1.

(e) A sequence (x,) is said to be A-statistically localized if the loc®™* (x,,) is not
empty.

Definition 5. Let (x,,) be a sequence in an n-normed space (X, ||., ...,.||). Then the
sequence (xy) is said to be A-statistical convergent to L if for each € > 0 and any
NONZETO 21,29, +eey Zn—1 N X,

da({keN: |z, — L, 21,22, ..., 2n—1]| > €}) = 0.
In this case we write x, AL or
sta — 7}1—{20 |z — L, z|| = 0.

Definition 6. A sequence (x,) in a linear n-normed space (X, |.,...,.||) is said
to be a A-statistically Cauchy sequence in X if for every € > 0 and any nonzero
21,22y oy Zn—1 € X there exists a number N = N (g, 21, 22, ..., Zn—1) such that

0a({k eN:||lxg — T, 21, 22, -y 2n—1]| > €}) =0

for allm > N.
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We can see from the above definitions that every A-statistically Cauchy se-

quence in m-normed space (X,|.,...,.||) is A-statistically localized everywhere in
(X, |-y -y ]]). Actually, due to

|||$n — L, 21,22, .., Zn—l” - ||l' = Ty 15 22«00y Bn—1 H| < ||-Tn Ty B1y 225 +eey Zn—l” )
we get

{n € N: ||xy — T, 21, 22, vy 2n—1]| = €}

D{neN:|||zn — L, 21, 22y e, 2n—1|| = |Tm — L, 21, 22, ..., Zn—1]|| = €}.
Hence, the number sequence ||z, — L, 21, 29, ..., 2,—1]| is an A-statistically Cauchy
sequence, then ||z, — L, 21, 22, ..., zn—1|| is A-statistically convergent for every L €

X and every nonzero z € X. So, |z, — L, 21, 22,..., 2n—1|| in n-normed space
(X, I, -, -]1) is A-statistically localized everywhere.

Lemma 1. A sequence (x,,) in linear n-normed space (X, ||., ..., .||) is an A-statistically
Cauchy sequence if and only if there exists a subsequence K = (k) of N with
da(K) =1 such that

lim ||:Z:k5n 7kaazl)227"'7zn—1” =0
n,m— 00

for all z1, 29, ..., 2n_1 in X.

Proof. Let (z,) be an A-statistically Cauchy sequence in (X, |.,...,.||). By defini-
tion, we can construct a decreasing sequence

(K;) CN (K1 C Ky, j=1,2,..)

1
such that 64 (K;) =1 and |z, — Zp,, 21, 22, .-y 2n—1|| < = for all z1,20,..., 2,1 €
X, ki,ko € Kj, 7 € N. Further, let v; € K;. Then we can find v, € K> with
|K2 (n)]
n
subsequence (v;) € N such that v; € K for each j € N and
K; j—1
K ()] -
n J
for each n > v;. Then, as in [27], it is easy to prove that 04 (K) =1 if

1
vy > v7 such that > 3 for each n > vs. Inductively, we can construct a

K={keN:1<k<un}U|U{k:vj<k<vi}NEK;|.
JEN
1
Now, for € > 0 choose j € N such that j > —. If m,n € K and m,n > v; we
€
can find r,s > j such that v, < m < v,41, v <N < vsy1. Hence, m € K, and

n € K. For definite, suppose that r < s. Then K, C K, which implies m,n € K.
Therefore, for every z € X we have

—_

1
|Tm — Zn, 21,5 22, oy 2n—1|| < = < ; <e.

<3
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Then we have

nﬂlrilrgoo |Tm — Tny 21, 224 ooy 2n—1|| = 0.
m,neK
Let us prove the converse. Suppose that K = (k,) C N is a subsequence of
subsets N such that d4 (K) = 1 and lm ||zg, — 2k,,, 21, 22, -, Zn—1]| = 0 for
n,m— 00

all z in X. Then, for any € > 0 there exists pp = po(ec,z) € N such that
lxk, — K, 21, 22, ooy Zn—1|| < € for all n,m > pg. This yields

{k eN: Hmk = Thyy » 21, 22, ...,zn_lH > 8} C N\ {kpo+1: kpg+2, -} -
Hence
5a{keN: ka = Ty s 215 22, s Znet|| = e} <64 (N\ {kpos1, kpgr2,-.-}) =0.

So, (z) is an A-statistically Cauchy sequence in X. O

Lemma 2. A sequence (x) in (X, |.,...,.||) is a A-statistically Cauchy sequence
if and only if for every neighborhood U of the origin there is an integer N (U)
such that n,m > N (U) implies that xy, — xy,, € U, where K = (k,) C N and
da(K)=1.

Proof. Let z € X and € > 0. Suppose that there is K = (k,) C N such that
T, — Tk, € U:(0,21,22,...,2n-1) for n,m > N (U), where U (0, 21, 22, ..., Zn—1)
is a neighborhood of zero. This implies ||xg, — Zk,, , 21, 22, -, 2n—1|| < € for every
n,m > N (U). Then nTI%QOOkan — Tk, 21, 22, - Zn—1|| = 0, l.e., (z) is an A-

m

statistically Cauchy sequence in X.
Conversely, assume that lm ||z, — 2k, , 21, 22, -, 2n—1]| = 0, where K =

(kn) C Nand 64 (K) = 1. Let Wy, (0) be an arbitrary neighborhood of 0 with
S ={(b11, -, bn—1)1,21) s ey (b1rs - bn—1)r» ) }. By hypothesis, we have

n}%llloo kan — Ty, , b1, b2, -~-ab(n71)jH =0forj=1,...,r

Thus for each «; there exists an integer /N; such that
||£Ekn — Tk s blj, bgj, ey b(n—l)j || < (e7]

for n,m > N;. Let N = max{Ni,..., N, }. Then

|z, — Tk, = bLjs s Thy, — Tk, — Bn—1)j> Thy — Tk

= kan —mkm,blj,bgj, ---yb(nfl)jH < (o7

for n,m > N implies that z, —x,, € Wx (0) for n,m > N and thus it follows
that (xy) is an A-statistically Cauchy sequence in X. O
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3. MAIN RESULTS

Proposition 1. Let (z,,) be an A-statistically localized sequence in linear n-normed
space (X, ||.,...,.||). Then (z,) is A-statistically bounded in X.

Proof. Let (z,) be an A-statistically localized sequence. So, the number sequence
(lxs — L, 21, 22, .oy 2n—1]|) A-statistically converges for some L € X and every
z € X. Then the number sequence (||z, — L, 21, 22, ..., zn—1||) is A-statistically
bounded, i.e., there is S > 0 such that

da({neN: |z, — L, 21,22, ..., 2n_1|| > S}) = 0.

This implies that almost all elements of (zj) are located in the neighborhood
Us (0, 21, 22, ..., zn—1) of the origin. Then, sequence () is A-statistically bounded
in X. (]

Proposition 2. Let M =loc™* (x,,) and the point y € X be such that there exists
x € M for any € > 0 and every nonzero z1, 2o, ..., 2n—1 € M satisfying

0a({n eN: ||z —xn, 21,22, o0y 2n—1l| = |y — Tn, 21, 22, oy 2n—1]|| = €}) = 0. (1)
Then y € M.
Proof. To show that the sequence 3, = ||z, — v, 21, 22, ..., zn—1|| satisfies the A-

statistically Cauchy criteria is enough. Let ¢ > 0 and z € M = loc™* (z,,) is
a point that has the property (1). Because the sequence ||z, — z, 21, 22, ..., Zn—1||
satisfying the property (1) is A-statistically Cauchy sequence, then there exists a
subsequence K = (k,) of N with d4 (K) =1 such that

|||£L' — Tk, s %1, 22, "'7Zn71H - ||y — Tk, s 21,22, ---7zn71||| — 0
and
|kan — T, 21, 22, "'7'277,—1” - ka}m - x,Zl,Z2,...,ZTL_1|H - 0

as m,n — oo. Clearly, there exists nyp € N for any ¢ > 0 and every nonzero
21,29,y 2n—1 € M such that for all n > ng, m > mg, we get

lx — 2z, , 21, 22, ooy 21|l = | — Tk, s 21, 22, oy 21 ||| < g (2)
12— Th, s 21, 225 coos 2t || = 17 = Th s 21, 224 eons 2 ||| < % (3)
From (2), (3) and (4)
ly — @k, , 215 225 ooy 2n—1ll — |y — @k, , 21, 22, -+, Zn—1l|
< |y — @k, 21, 225 oy 2Zn—1 || — |12 — @k, , 21, 225 vy Zn—1]l|
+ 1z = 2k, 215 225 o0 Zn1ll = 1T = Tk, 21, 22, s 201 ]
+ |z — Tk, s 21, 22, ooy 21|l — [|[Y — Tk, s 21, 22, <oy Zn—1]/] (4)

we have that

1y — ok, , 21, 225 s Zn1ll = Y = Tk, 21, 225 oy 2|l < € (5)
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for all n > ng, m > ng, i.e.,
|||y T Ly y BLy B2y +oey ZTL—1H - ||y T Ly, s BLy B2y wovs Z7l—1||| —0as m,n — oo

for the subset K = (k,) C N with 4 (K) = 1. This means that the sequence
ly — 2n, 21, 22, ..., 2n—1|| is an A-statistically Cauchy sequence, which finishes the

proof. O
Definition 7. A point a in a n-normed space (X I -, -1|) is called a limit point of a
set M in X if for an arbitrary X = {(3711, s T(n—1)1, 51) , (£U1m ...,x(n,l)n,sn)}

there is a point ay € M, ax # a such that ay € Wg (a)

Moreover, a subset Y C X is called a closed subset of X if ¥ contains every its
limit point. If Y0 is the set of all points of a subset ¥ C X, then the set Y = YUY?©
is called the closure of the set Y.

Proposition 3. A-statistically localor of any sequence is a closed subset of the
n-normed space (X, ||.,...,||) -

Proof. Let y € loc™* (z,,) . Then, for arbitrary
Y= {(mllv < T(n—1)1, 61) PRRET (xlna <y T(n—1)n> En)}
there is a point x € loc™* (z,,) such that = # y and = € Wy (y). Hence

0a({n e N ||z — xn, 21,22y ooy 21|l — |U — Tny 21, 22, oy 2n—1 ||| Z €}) =0

stA(

for any € > 0 and every z1, 22, ..., 2,—1 € loc Zn), because we get

|H$U — Tn, 215 22, "'7271—1H - ||y — Tn, 21, 22, "'7Z7L—1|H
<|ly — Tn, 21,22, oy 21|l < €

for almost all n. As a result, the hypothesis of Proposition 2 is satisfied. So,
y € loc®™* (z,,), that is, loc® (z,,) is closed. O

Recall that the point y is an A-statistical limit point of the sequence (z,) in
n-normed space (X, |.,...,.||) if there is a set K = {k; < ks < ...} C N such that
da(K) # 0 and lim, . ||k, — ¥, 21, 22, .., Zn—1|| = 0. A point ¢ is called an A-
statistical cluster point if

614 ({’I’L eN: Hl’n - 672172% "'azn—IH < 6}) 7& 0

for each € > 0 and every z1, 22, ..., 2,1 € X.
We can give the following results because of the inequality

Nz =y, 21, 225 oy 2n—1 || = |2 — v, 21, 22, ooy 201 ||| < |l2n — @, 21, 22, oy Zn—1]| -

Proposition 4. Let y € X be an A-statistical limit point (an A-statistical clus-
ter point) of a sequence () in n-normed space (X, ||.,...,.||). Then the num-
ber ||y — x, 21, 22, ..., 2n—1]| is an A-statistical limit point (an A-statistical cluster
point) of the sequence {||x,, — x, 21, 22, ..., zn—1||} for each x € X and every nonzero
21,29y 0y Zn—1 € X.
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Proposition 5. All A-statistical limit points (A-statistical cluster points) of the A-
statistically localized sequence (x,,) in n-normed space (X, ||., ..., .||) have the same
distance from each point x of the A-statistical localor loc®™* (x,,) .

Proof. Actually, if y1,y> are two A-statistical limit points (A-statistical cluster
points) of the sequence (z,) in n-normed space (X,|.,...,.|]|), then the numbers
ly1 — z, 21, 22, .oy 2n—1]| and ||y — x, 21, 22, ..., 2n—1|| are A-statistical limit points
of the A-statistically convergent sequence ||z — Xy, 21, 22, ..., Zn—1| . As a result,
llyr — z, 21, 22y ooy 21l = ly2 — 2, 21, 22, -y Zn—1]| - O

Proposition 6. loc® (x,,) only contains one A-statistical limit (cluster) point

of the sequence (x,) in n-normed space (X, |.,...,.||). In particular, everywhere
localized sequence only has one A-statistical limit (cluster) point.

Proof. Let z,y € loc®™* (x,) be two A-statistical limit or cluster points of the

sequence () in n-normed space (X, ||.,...,.||). Then, we have that
||37 T Xy Z15 22y ey Zn—l” = ||Z‘ — Y, 21,22, Zn—l”
from the Proposition 5. But ||« — x, 21, 22, ..., Zn—1|| = 0. This means
lx — vy, z1, 22, ..., 2Zn—1]| = 0 for & # y. This is a contradiction. |

Proposition 7. Let y € loc™4 (zn,) be an A-statistical limit point of the sequence
(xn). Then x, sta Y.
Proof. The sequence {||z, — v, 21, 22, ..., 2n—1]| } A-statistically converges and some
subsequence of this sequence converges to zero, i.e., x, 4 Y. ([l
Definition 8. Let (x,,) be the A-statistically localized sequence with the A-statistically
localor M = loc™* (z,,). The number

i = inf (stA- lim ||z — @y, 21, 22, ...,zn_1||>

reM n— 00

is said to be the A-statistical barrier of (zy,).

Theorem 1. Let (z,) be the A-statistically localized sequence in n-normed space
(X, -5 -). Then (x,) is A-statistically Cauchy sequence if and only if its A-
statistical barrier is equal to zero.

Proof. Let (z,,) be an A-statistically Cauchy sequence in n-normed space (X, ||., ..., .]|)-
Then, there exists the set K = {k1 < ko < ... <k, < ..} C Nsuch that d4 (K) =1
and limy, y—oo ||k, — Tk, » 21, 22, .., Zn—1]| = 0. Hence, there exists ng € N for each
€ > 0 and every nonzero 21, 29, ..., zn—1 € X such that

kan - ka,,LO,Z1,227~-~7Zn—1H <e€

for all n > ng. Because an A-statistically Cauchy sequence is A-statistically lo-

calized everywhere, we get sta-lim, .. ’ Ty — Tk 5 21, 29, ...,zn,lu < ¢, that is,
no

1 < e. Since € > 0 is arbitrary, we have p = 0.
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In contrast, if 4 = 0 then there is x € M = loc®™* (x,,) for each € > 0 such that
. €
|z, 21, 22, ooy 2n—1]| = sta-limy, oo || — @i, 21, 22, ooy 2n—1]] < 3 for every nonzero
21,22, .y 2n—1 € M. At this stage,

0a ([n €N ||z, 21, 22, ooy 2n—1| = | — Tny 21, 225 ovs Zn—1]|]

9
2 5 - ||$721,Z2, "')ZTL—1||:|) = 0

So,
€
da ({n eN: ||z —xpn, 21,22, 0y Zn—1|| > 5}) =0,
that is, st s-lim, oo || — Zp, 21, 22, .-y 2Zn—1]| = 0. Therefore, (x,,) is an A-statistically
Cauchy sequence. O

Theorem 2. Let (x,) be A-statistically localized in itself and let (x,) contain a
A-nonthin Cauchy subsequence. Then (x,) is an A-statistically Cauchy sequence
in itself.

Proof. Let (z!,) be a A-nonthin Cauchy subsequence of (x,,). Without loss of gen-
erality we can suppose that all elements of (z,) are in loc®** (x,,) . Because (z,) is
a Cauchy sequence by Theorem 1,

inf lim |/, — ), 21,22, ..., zn_1| = 0.

z!, m—o0
In other hand, because (x,,) is A-statistically localized in itself, then
sta- lim_ |Tm — ), 21, 22, ooy 2n—1|| = Sta — lim |z, — s 21, 22, ooy Zn—1|| = 0.
This means

W= Iléljt\} (stA— n%gnoo |Tm — x, 21, 22, ..., zn_1||> =0,
that is, (z,) is an A-statistically Cauchy sequence in itself. O

Let x € X and § > 0. Recall that the sequence (z,) in n-normed space
(X, |5 -, -||) is said to be A-statistically bounded if there is a subset K = {k1 < kg <
... <kp C ...} of Nsuch that 64 (K) =1and (z, ) C Us (0,21, 22, ..., Zn—1), Where
Us (0,21, 22, ..., 2n—1) is some neighborhood of the origin. It is obvious that (a:k)
is a bounded sequence in X and it has a localized in itself subsequence. As a result,
the following statement is correct:

Theorem 3. Fach A-statistically bounded sequence in n-normed space (X, ||., ..., .||)
has an A-statistically localized in itself subsequence.

Definition 9. An infinite subset L C (X, ||.,.||) is called thick relatively to a non-
empty subset Y C X if for each € > 0 there is the a point y € Y such that the
neighborhood U (0, 21, 2, ..., 2n—1) has infinitely many points of L. In particular,
if the set L is thick relatively to its subset Y C L then L is said to be thick in itself.
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Theorem 4. The following statements are equivalent to each other in n-normed
space (X, ||y s -|):

(i) Each bounded subset of X is totally bounded.

(1) Fach bounded infinite set of X is thick in itself.

(#ii) Each A-statistically localized in itself sequence in X is an A-statistically
Cauchy sequence.

Proof. 1t is obvious that (i) implies (ii). Now, we prove that (ii) implies (iii). Let
(xn) C X be an A-statistically localized in itself. Then (z,) is A-statistically
bounded sequence in X. Then here is an infinite set L of points of (z,) such
that L is a bounded subset of X. By the supposition, the set L is thick in it-
self. So, we can choose x; € L for every € > 0 such that the neighborhood
U (0,21, 22, ..., 2n—1) contains infinitely many points of X, say zi,...,2},.... The
sequence (||a!, — zk, 21, 22, ..., 2n—1]|) A-statistically converges and

sta— lim ||a], — 2k, 21,22, ..., Zn-1|| < €
n—oo

for the sequence (x,) . Therefore, the A-statistically barrier of (z,,) is equal to zero.
Then (z,,) is a Cauchy sequence.

Suppose that (iii) is satisfied, but (i) is not. Then, there is a subset L C X such
that L is not totally bounded. This means that there exists ¢ > 0 and a sequence
(x5,) C L such that ||z, — Tm, 21, 22, ..., 2n—1|| > € for any n # m and every nonzero
21429, ey Zn—1 € L.

Because (x,,) is A-statistically bounded by Theorem 3, it has an A-statistically
localized in itself sequence (z},). Due to |z}, — x.,, 21, 22, ..., 2n—1|| > € for any
n # m, the subsequence is not an A-statistically Cauchy sequence. This contradicts
(iii). Therefore, (iii) implies (ii), which finish the proof. O

From Theorem 2 and 3, we get the property (iii) is equivalent to
(iv) each A-statistically bounded sequence has an A-statistically Cauchy subse-
quence.

Definition 10. A sequence (x,) in n-normed space (X, ||, ..., .||) is said to be uni-
formly A-statistically localized on the subset L of X if the sequence {||z — x,, 21, 22,
oy Zn—1]||} uniformly A-statistically converges for all x € L and every nonzero z,
29y ey Zn_1 tn L.

Proposition 8. Let (z,) be uniformly A-statistically localized on the set L C X
and w €'Y is such that for every e > 0 and every nonzero z1, za, ..., 2,1 in L, there
is y € L satisfying the property

da({neN:||lw—zn, 21,22, 2n-1l| = [y — Zn, 21, 22, ..., 2n—1]|| = €}) = 0.

Then w € loc®™ (x,,) and (x,) is uniformly A-statistically localized on a set that
contains such points w.
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ABSTRACT. In this paper, we study an inversion with respect to a Chinese
checkers sphere in the three dimensional Chinese Checkers space, and prove
several properties of this inversion. We also study cross ratio, harmonic con-
jugates and the inverse images of lines, planes and Chinese Checkers spheres
in three dimensional Chinese Checkers space.

1. INTRODUCTION

In the game of Chinese checkers, checkers are allowed to move in the vertical
(north and south), horizontal (east and west), and diagonal (northeast, northwest,
southeast and southwest) directions. In [7], Krause asked how to develop a distance
function that measures and made a suggestion for the idea of Chinese Checkers
geometry and in G. Chen, introduced it by defining the metric in the coordinate
plane [22]. The inversion was introduced by Perga and then studied and applied by
Steiner about 1820s [2]. During the following decades, many physicists and math-
ematicians independently rediscovered inversions, proving the properties that were
most useful for their particular applications (for some references see [1], [4], [10]).
Many kinds of generalizations of inversion transform have been presented in liter-
ature. The inversions with respect to the central conics in real Euclidean plane
was introduced in [3]. Then the inversions with respect to ellipse was studied
detailed in [13]. In three-dimensional space a generalization of the spherical in-
version is given in [16]. Also, the inversions with respect to the taxicab distance,
alpha-distance [17], [21], [19] or in general a p-distance [20]. The circle inversion
have been generalized in three-dimensional space by using a sphere as the circle of
inversion [16].
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H. Minkowski was one of the developers in “non-Euclidean” geometry and found
taxicab geometry [|9]. The taxicab geometry has been studied and improved by
some mathematicians (for some references see [5], [6], [8], [14], [18]).

An inversion in a sphere is a transformation of the space that flips the sphere
inside-out. That is, points outside the sphere get mapped to points inside the
sphere, and points inside the sphere get mapped outside the sphere. In the present
article, we define a notion of inversion valid in three dimensional Chinese Checkers
space. In particular, we define an inversion with respect to a Chinese Checkers
sphere and prove several properties of this new transformation. Also we introduce
inverse points, cross ratio, harmonic conjugates and the inverse images of lines,
planes and Chinese Checkers spheres in three dimensional Chinese Checkers space.

2. CHINESE CHECKERS SPHERICAL INVERSIONS

In this section, we introduce the inversion in a Chinese Checkers sphere.

The Chinese Checkers space R, is almost the same as the Euclidean space R3.
The points and lines are the same, and the angles are measured the same way, but
the distance function is different. In R3 the Chinese Checkers metric is defined
using the distance function

do(A, B) = di.(A, B) + (\@ - 1) ds(A, B)

where
dr(A, B) = max {|z1 — x|, [y1 — ya|, |21 — 22|}

and
ds(A, B) =min{|z1 — za| + |y1 — 2|, |21 — z2| + |21 — 22|, [y1 — y2| + |21 — 22|}

where A = (z1,y1,21), B = (%2,¥2, 22) in R3. The unit ball in RS, is the set of
points (z,y, z) in space which satisfy the equation

max {Jo] ], 2]} + (V2= 1) min {Jo] + ly| , o] + 2], Jy| + 2]} = 1
We can define the notion of inversion in R¥, as an analogue of inversion in R3.

Definition 1. Let S be a Chinese Checkers sphere centered at a point O with radius
r in RE,. The inversion in the Chinese Checkers sphere S or the Chinese Checkers
spherical inversion respect to S is the function such that

Lo : R = {0} = R — {0}
defined by 1oy (P) = P', for P # O where P’ is on the OP and
dc (O, P) -dc(O, P') = r2.

The point P’ is said to be the Chinese Checkers spherical inverse of P in S , S is
called the sphere of inversion and O is called the center of inversion.



1500 A. PEKZORLU, A. BAYAR

The Chinese Checkers spherical inversions with respect to the sphere, like re-
flections, are involutions. The fixed points of /(o ) are the points on the Chinese
Checkers sphere S centered at O with radius 7.

Some basic properties about spherical inversion are given in the following items.
Note that it is possible to extend every property of the Chinese Checkers circle
inversion to Chinese Checkers spherical inversion.

Theorem 2. Let S be an Chinese Checkers sphere with the center O in the Chinese
Checkers spherical inversion I . If the point P is in the exterior of S then the
point P’, the inverse of P, is interior to S, and conversely.

Proof. Let the point P be in the exterior of S, then d¢ (O, P) > r. If P! = I\ (P);
then do (O, P) - dc(O, P') = r2. Hence r* = dc(O, P) - dc(O,P') > r-dc(O, P')
and dc (O, P') <. O

The inversion /(o) is undefined at the point O. However, we can add to the
Chinese Checkers space a single point at infinite Oy, which is the inverse of the
center O of Chinese Checkers inversion sphere S. So, the inversion /(o ;) is one-to-
one map of extended Chinese Checkers sphere.

Theorem 3. Let S be a Chinese Checkers sphere with the center O = (0,0,0) and
the radius v in RE,. If P = (x,y,2) and P' = (2/,y,2') are inverse points with
respect to the Chinese Checkers spherical inversion 1o ), then

2
, T

~@wo. )y

Proof. The equation of S is da(O, P) = d(O, P) + (\/57 1) ds(O, P). Suppose
that P = (x,y,2) and P’ = (2,4, 2') are inverse points with respect to the Chinese
Checkers spherical inversion I( . Since the points O, P and P’ are collinear and

— —
the rays OP and OP’ are same direction,
. .
OP' = kOP, k€ R"

(@' y',2") = (kz, ky, kz).

2
From dc (O, P) - dc(O,P') = 12 k = S — Replacing the value of k in

(do (0, P))?
(«',y, 2") = (kx, ky, kz), the equations of z’,y" and 2’ are obtained. O

Corollary 4. Let S be a Chinese Checkers sphere with the center O = (a,b,¢) and
the radius v in R,. If P = (z,y,2) and P' = (2',y,2') are inverse points with
respect to the Chinese Checkers spherical inversion 1oy, then

,r,2

P-0=—"__(P-0)
(dc (0, P))
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Proof. Since the translation preserve distances in the Chinese Checkers space [15],
[12] by translating in R, (0,0,0) to (a,b,c) one can easily get the value of 2/,
and 2'. O

Theorem 5. Let P,Q and O be any three collinear different points in RY,. If the
Chinese Checkers spherical inversion Io ) transform P and Q into P' and Q'
respectively, then
o 7“2 dc (P, Q)

dc(0,P)dc(0,Q)
Proof. Assume first that O, P,@Q are collinear. From the Definition 1 we conclude
that dc (O, P)dc (O, P') = r? = dc(0,Q)dc(0,Q"). Since the ratios of the Euclid-
ean and Chinese Checkers distances along a line are same,

dC(PlaQ/) ‘dC(OaP/) - dC(OaQ/)‘

7,.2 7‘2

dC(OaP) dC(OrQ)
7“2dc(P, Q)
dc(0, P)dc(0, Q)
is obtained. 0

dC(Pl7 QI)

When O, P, @ are not collinear, the theorem is not valid in Chinese Checkers
space, generally R%,. For example, for O = (0,0,0), P = (1,0,0), Q = (2,2,2) and
r = 2v/2, the inversion I(0,r transform P and @ into P’ = (8,0,0) and

Q = (4(922@ Ao+av2) 4(‘”4?“5)). Tt follows that de (O, P) = 1,

)

dc(0,Q) = 42 -2 and do(P,Q) = 3VI—1, de(P', Q') = *22) g (2 1).

Theorem 6. Let P,Q and O be any three non-collinear different points in RY, and
I(0,r) be the inversion such that transform P and Q into P’ and Q" respectively. If
the direction of PQ line is any element of D sets i = 1,2,3 such that

Dy ={u; | i€1,2,..,18}

fO’f‘ ur = (13();0)7 Uz = (71,0,0)7 uz = (0,1,0), Uy = (0,7170)3 Us = (0,071)7
— 1 1 _ 1 1 _ 1 1
Ue = (0,0,-l), Uy = (ﬁaﬁ70)7 us _ﬁ7 \/570 , U9 _ﬁvﬁao )
— 1 1 _ 1 1 1 1
U0 = ﬁ’*ﬁyo),unf (ﬁ707ﬁ)7u127 (**2, 7*ﬁ>7
u13 = (7£303 %)auh}: (%7077%)77!15: (Oa 123%>3
= (0 -1 —1 = (0 -1 L = (0 L — L
Uie = WG 2 y U17 = T2 V2 , U1 = 20T V2 )

for vy = 1 1 1 vy = (——1 1 1
1 V2—1’2v2—1'2v2-1) "2 2V2—1'2v2-1" 2v/2-1 )
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1 1 1 _ 1 1 __ 1
(2\/5—1’ 2v2-1’ 2\/5—1> 1 V4= (2@—1’ 2v2-1’ 2\/5—1) ’

V3 =

v — 111 v — (——1 11

5 2V2—1’ 2v2-1’ 2v2-1)7 "6 2V2—1'2v2-1" 2v2-1)"
o= (——L _ __1 1 g = (-l 1 1

7 V2—1’ 2v2-1’2v2-1)7 '8 2vV2—1’ 2v2-1’ 2v2-1)’

D3 = {tl ‘ 1e€1,2,..., 48}

t1=(1,v2+1,0), to = (1,— (vV2+1),0), t5 = (-1,v/2+1,0),
ta=(-1,—-(V2+1),0),t5 = (1,0,vV2+1), ts = (1,0,— (vV2+1)),
tr=(-1,0,vV2+1), tg = ( 1,0,—(f+1)),t =(0,v2+1,1),
tio=(0,— (V2+1),1), t11 = (0,v2+1,-1), t1 = (0,— (V2+1),-1),
tis=(0,1,vV2+1), t1a = 0,1,*(\f+1)), 5= (0, 1,ﬁ+1),
o= (0,1 (V24 1) tn = (V2 LO1), = (- (241 0.0,
tlg—(\/§+10 —1), t20 = (= (vV2+41),0,-1), tgl_(\f+110)
tor = (— (V2+1),1,0), taz = (V2+1,-1 ) tos = (— (V2+1),-1,0),
tes = (1,V2 — ,),t%_(1,—(\/5—1),0),7527:(—1,\/5—1,0),
tos = (—1,— (V2—-1),0), tag = (1,0,v/2—1), t30 = (1,0,— (vV2—1)),
(=1,0,v2—1), tgo = (-1,0,— (V2 —1)), t33 = (0,v2 - 1,1)
(0.~ (VE=1),1) 35 = (0,VZ—1,—1) , tsg = (0,— (VZ—1),-1),
tar = (0,1,v2—1), tss = (0,1,— (V2 —1)), tzg = (0,-1,vV2— 1),
( (-
(
(

t31 =

0,-1,— (vV2-1)), tsx = (vV2-1,0,1) , tao = (- (V2-1),0,1),
V2-1,0,-1), tyg = (- (vV2-1),0,-1), tys = (V2 - 1,1,0),
—(V2-1),1,0), tar = (V2-1,-1,0), tas = (— (V2 —1),—1,0)

tyo =

t4z =
tyg =

TQdC(Pv Q)
dc (Oa P)dC(07 Q)

dC(Pla Q/) =

is valid.

Proof. Since translations preserve the Chinese Checkers distances, it is enough to
consider the center O of the inversion sphere as the origin. Let P, @ € D; in
RZ. If P = (p,0,0) and Q = (0,¢,0), the images of P and Q respect to Lo, are

P = (%7070) and Q" = (0, %,0). It follows that

do (P, Q) = du (P, Q) + (V2= 1) ds(P'. Q')

2 2
dL(P’,Q’):maX{ = , ~ ,0}
p q
2 2 2 2
ds(P’7Q’):min{ L—i—?; , = , T}
p q p q
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and then on D,

;o r2de(PQ)
e Q) = 460, P)ic(0,Q)

If P, Q € Dy in R?(’;. then the images of P = (

P p i

2v2-17 2¢/2-1° 2\/571) and
_ q q q

Q= (_ 2v2-17 2¢/2-1" 2@—1) respect to I(O’r) we

/_ r? r? r? | r? T T
= ey ey p@ﬁl)) and Q= ( JVET) SV q<m1>> |
It follows that

do(P',Q') = dr(P',Q) + (V2 - 1) ds(P',Q)

AN r2 r2 r2 B r2
dL(P7Q)—maX{ PVZ-1) 2D pvEio1) q(2v2-1) }
dS(P/ Q/) — min P(2\T/§—1) + q(2\;§—1) + p(g\;ﬁ_l) - q(g\;ﬁ_l) »
2 p(2\;§fl) N q(z\rﬁq)

and then on Do

*dc(P,Q)
d P/, ! — r C 9 .
oW Q) = 4200, P)d(0.Q)
If P, Q € D3 in RY,. then the images of P = (p,p (vV2+1),0) and

2
Q= (q, —q (\/§+ 1) ,0) respect to I(o ) are P’ = <T2 M, O> and

8p? 8p
2
Q' = (52’_1(\8/?1),()). So, we get

do(P', Q') = dr(P',Q) + (V2 - 1) ds(P',Q)

22| [ (VE4) 2 (VE4 )
Ay (P, Q') = T 0
L( aQ) ma'X{ S 8q ) 8p + 8q ’
-2 -2 TQ(ﬁJd) r2(ﬁ+1) -2 -2
J(P'. O = mi s “sq| T 8p 8q >|8p  8q|?
s(P', Q") = min 2(VE+1) | r2(VE+1)
8p 8¢q

and then on Dj

, N TQdC(Pa Q)
do(P', Q') = dc(0,P)dc(0,Q)
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3. CrROSS RATIO AND HARMONIC CONJUGATES

The Chinese Checkers directed distance from the point A to the point B along
a line [ in RZ is denoted by dc[AB]. If the ray with initial point A containing B
has the positive direction of orientation, do[AB] = d¢ (A, B) and if the ray has the
opposite direction, do[AB] = —dc (A, B) [11]. The Chinese Checkers cross ratio is
preserved by the inversion in the Chinese Checkers circle as in the taxicab plane
in [17].

Now, we show the properties related to the Chinese Checkers cross ratio and
harmonic conjugates in R%.

Definition 7. Let A, B,C and D be four distinct points on an oriented line in R,.
We define the their Chinese Checkers cross ratio (AB,CD)¢ in RE, by

_ dc[AC] dc[BD]
~ dc[AD] do[BC]

(ABv CD)C

It is known that the cross ratio is positive if both C and D are between A and B
or if neither C' nor D is between A and B, whereas the cross ratio is negative if the
pairs {A, B} and {C, D} separate each other. Also, the cross ratio is an invariant
under inversion in a sphere whose center is not any of the four points A, B, C' and
D in the taxicab plane, [11]. Similarly, this property is valid in Chinese Checkers
sphere.

Theorem 8. The inversion in a Chinese Checkers sphere in R?’C preserves the
Chinese Checkers cross ratio.

Proof. Let A, B,C and D be four collinear points on an oriented line [ with the
center of the inversion [ ,) in RZ. Let I o, transform A, B,C and D into
A’,B’,C" and D’, respectively. The Chinese Checkers spherical inversion reverses
the Chinese Checkers directed distance from the point A to the point B along a line
[ in R, to the Chinese Checkers directed distance from the point B’ to the point A’
and preserves the separation or non separation of the pair A, B and C, D. Hence
it is suffices to show that |(A'B’,C'D")¢| = |(AB,CD)¢|. This follows Theorem 2

., ., r?do (A, C) r?dc (B, D)
do (4'.¢") de (B'D') 3.0, 4)dc (0.€) dc (0, B)de: (0, D)
dc (A',D") do(B',C") r?dc (A, D) r?dc (B, 0)
de (0,A)de (0,D) de (O,B)de (0,C)

de (A,C) de (B, D)
dc (A,D) de (B,C)°

O

Definition 9. Let A and B be two points on a line l in RS, any pair C and D on the

line | for which Zg%g = Zﬂgg 18 said to divide A and B harmonically. The points
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C and D are called Chinese Checkers harmonic conjugates with respect to A and
B, and the Chinese Checkers harmonic set of points is denoted by H(AB,CD)c.

It is clear that two distinct points C' and D are Chinese Checkers harmonic
conjugates with respect to A and B if and only if (AB,CD)¢c = —1.

Theorem 10. Let S be a Chinese Checkers sphere with the center O, and the line
segment [AB] a diameter of S in RE. Let P and P’ be distinct points of the ray
OA, which divide the segment [AB] internally and externally. Then P and P’ are
Chinese Checkers harmonic conjugates with respect to A and B if and only if P and
P’ are inverse points with respect the Chinese Checkers spherical inversion I(o ..

Proof. Suppose that P and P’ are Chinese Checkers harmonic conjugates with
respect to A and B in RY,. Then

(AB,PP")¢c = -1
dc [AP] do [BP
dc [AP'] dc [BP]

Since P divides the line segment [AB] internally and P is on the ray OB,
do(P,B) =r —dc(0, P) and do(A, P) =7+ de (O, P). Since P’ divides the line
segment [AB] externally and P’ is on the ray OB, d¢(A, P') = de(O, P’) + r and
de(B,P") =dc(O,P") —r.

Hence

=—1.

r+dc(0,P) de(O,P)—r
dc(O, P +r dc(O,P)—r
(r+dc(0, P)) (dc(0, P') = 1) = (dc(0, P') + 1) - (r — dc(O, P)) .

Simplifying the last equality, dc(O, P)dc(O, P') = r? is obtained. Therefore P

and P’ are Chinese Checkers inverse points with respect to the Chinese Checkers
spherical inversion (o ).

Conversely, if P and P’ are Chinese Checkers inverse points with respect to the

Chinese Checkers spherical inversion (o, the proof is similar. O

=-1

4. CHINESE CHECKERS SPHERICAL INVERSIONS OF LINES, PLANES AND
CHINESE CHECKERS SPHERES

It is well known that inversions with respect to circle transform lines and circles
into lines and/ or circles in Euclidean plane and Hyperbolic plane.

The following features are well known for inversion in Fuclidean plane:

i) Lines passing through the inversion center are invariant.

ii) Lines that do not pass through the center of inversion transform circles passing
through the center of inversion.

iii) Circles passing through the center of inversion transform lines does not pass
through the center of the inversion.

iv) Circles not passing through the center of inversion transform circles does not
pass through the center of the inversion.
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v) Circles with center of inversion transform circles with center of inversion.

In this section, we study the Chinese Checkers spherical inversion of lines, planes
and Chinese Checkers spheres. The Chinese Checkers spherical inversion (o,
maps the lines, planes passing through O onto themselves.

The Chinese Checkers spherical inversion (o ,y maps Chinese Checkers spheres
with centered O onto Chinese Checkers spheres. But the Chinese Checkers spherical
inversion of a sphere not passing through the centre of inversion is another Chinese
Checkers sphere that does not contain the centre of inversion.

Theorem 11. Consider the inversion Io .y in a Chinese Checkers sphere S with
the centre O. Every line and plane containing O is invariant under the inversion.

Proof. 1t is clear that the straight lines containing O onto themselves.

Let S be a Chinese Checkers sphere of inversion and P = (x,y, z) with equation
dr (0, P)+ (\/§ — 1) ds(0, P) = r and the plane Mz+Ny+Tz = 0. Applying I (o )
to this plane gives

7“2.1'/ r2y’ 7“22/
5+ s+ T S =0.
(dc (O, P)) (dc (O, P)) (dc (O, P))
So, Mz’ + Ny’ + T2’ = 0 is obtained. O

The inverse of a plane not containing O is not a Chinese Checkers sphere con-
taining O.

Theorem 12. The inverse of a Chinese Checkers sphere with the centre O with
respect to the Chinese Checkers spherical inversion I(o,y ts a Chinese Checkers
sphere containing O.

Proof. Since the translation preserve distance in R},, we can take a Chinese Check-
ers sphere S of inversion and P = (z,y, z) with equation

dr(0,P)+ (V2 —1)ds(O,P) =r and S the Chinese Checkers sphere

dr(0,P)+ (V2 —-1)ds(0,P) =k, k € R*. Applying I(0 ) to S gives

2
dz(0,P') + (\/é - 1) ds(0, P') = %
Note that this is a Chinese Checkers sphere with the centre O. O

Theorem 13. The inversion I (o ) in a Chinese Checkers sphere S with centre O.
Every edges, vertices and faces of Chinese Checkers sphere is invariant under the
INVErsion.

Proof. The points of Chinese Checkers sphere are mapped by [(o,) back onto
Chinese Checkers sphere from the Definition 1. Hence every edges, vertices and
faces of Chinese Checkers sphere is invariant under 1o ). O
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ABSTRACT. The aim of the present paper is to define and study the notion
of quasi bi-slant submanifolds of almost contact metric manifolds. We mainly
concerned with quasi bi-slant submanifolds of cosymplectic manifolds as a
generalization of slant, semi-slant, hemi-slant, bi-slant and quasi hemi-slant
submanifolds. First, we give non-trivial examples in order to demostrate the
method presented in this paper is effective and investigate the geometry of
distributions. Moreover, We study these types of submanifolds with parallel
canonical structures.

1. INTRODUCTION

Study of submanifolds theory has shown an increasing development in image
processing, computer design, economic modeling as well as in mathematical physics
and in mechanics. In this manner, B-Y. Chen @ initiated the notion of slant
submanifold as a generalization of both holomorphic (invariant) and totally real
submanifold (anti-invariant) of an almost Hermitian manifold. Inspried by B-Y.
Chen’s paper, many geometers have studied this notion in the different kind of
structures: (see , , ) Many consequent results on slant submanifolds
are collected in his book . After this notion, as a generalization of semi-slant
submanifold which was defined by N. Papaghiuc (see also [8]). A. Carriazo [3]
and introduced the notion of bi-slant submanifold under the name anti-slant
submanifold. However, B. Sahin called these submanifolds hemi-slant submanifolds

in [21]. (See also [9] and [10], [20], [24]).
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Furthermore, the submanifolds of a cosymplectic manifold have been studied by
many geometers: See |11], [12], [13], [14], [15], [16], [18]. Taking into account of the
above studies, we are motivated to fill a gap in the literature by giving the notion of
quasi bi-slant submanifolds in which the tangent bundle consist of one invariant and
two slant distributions and the Reeb vector field. In this paper, as a generalization
of slant, semi-slant, hemi-slant, bi-slant and quasi hemi-slant submanifolds, we
introduce quasi bi-slant submanifolds and investigate the geometry of distributions
in detail.

The paper is organized as follows: In section 2, we recall basic formulas and
definitions for a cosymplectic manifold and their submanifolds. In section 3, we
introduce the notion of quasi bi-slant submanifolds, giving a non-tirivial example
and obtain some basic results for the next sections. In section 4, we give some
necessary and sufficient conditions for the geometry of distributions. Finally, we
study these types of submanifolds with parallel canonical structures.

2. PRELIMINARIES

In this section, we give the definition of cosymplectic manifold and some back-
ground on submanifolds theory.

A (2m+1)-dimensional C*°-manifold M said to have an almost contact structure
if there exist on M a tensor field ¢ of type (1,1), a vector field £ and 1-form 7
satisfying:

@’ =—-I+1®E 9&=0, nop=0, (&) =1 (2.1)

There always exists a Riemannian metric g on an almost contact manifold M sat-
isfying the following conditions

(X, 9Y) = g(X,Y) —=n(X)n(Y), n(X)=g(X,) (2.2)

where X, Y are vector fields on M.
An almost contact structure (¢, &, 7) is said to be normal if the almost complex
structure J on the product manifold M x R is given by

d

TO6F ) = (0X — JEn(X) ),

where f is a C*°-function on M x R has no torsion i.e., J is integrable. The
condition for normality in terms of ¢, & and 7 is [p, ¢] + 2dn ® € = 0 on M, where
[, ¢] is the Nijenhuis tensor of . Finally, the fundamental two-form & is defined
P(X,)Y) =g(X,Y).

An almost contact metric structure (¢, £,n, g) is said to be cosymplectic, if it is
normal and both ® and 7 are closed ( |1], [2], [16]), and the structure equation of
a cosymplectic manifold is given by

(Vxp)Y =0 (2.3)
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for any X,Y tangent to M, where V denotes the Riemannian connection of the
metric g on M. Moreover, for cosymplectic manifold

V€ =0. (2.4)

Example. ( [17]) R*"*! with Cartesian coordinates (z;,v;,2)(i = 1,...,n) and its
usual contact form

0

0z’

here £ is the characteristic vector field and its Riemannian metric g and tensor field
@ are given by

n=dz and £ =

0 &y 0
- —d;; 0 0
_ 2 N2 2 _ 17 .
g= E ((dzi)” + (dys)°) + (d2)=, = 0 o ol = 1,...,n.

i=1

This gives a cosymplectic manifold on R?”*1. The vector fields e; = i, Cnti = i,

oy + ox;
¢ form a @-basis for the cosymplectic structure. On the other hand, it can be shown
that R2"*1(p, &, n, g) is a cosymplectic manifold.

Let M be a Riemannian manifold isometrically immersed in M and induced
Riemannian metric on M is denoted by the same symbol g throughout this paper.
Let A and h denote the shape operator and second fundamental form, respectively,
of immersion of M into M. The Gauss and Weingarten formulas of M into M are
given by [6]

VxY =VxY +h(X,Y) (2.5)
and

ViV =-AvX + VxV, (2.6)
for any vector fields X,Y € I'(TM) and V € I'(T+M), where V is the induced
connection on M and V* represents the connection on the normal bundle T+ M of
M and Ay is the shape operator of M with respect to normal vector V € I'(T+M).
Moreover, Ay and h are related by

g(h(X,Y),V) :g(.AvX,Y) (27)

for any vector fields X,Y € I'(TM) and V € T'(T+M).
If h(X,Y)=0for all X,Y € I'(T'M), then M is said to be totally geodesic.

3. QUASI BI-SLANT SUBMANIFOLDS OF COSMYPLECTIC MANIFOLDS

In this section, we define the concept of quasi bi-slant submanifolds of cosym-
plectic manifolds, giving a non-trivial example and obtain some related results for
later use.

Definition 3.1. A submanifold M of cosymplectic manifold (M, ¢, &,7,g) is called
quasi bi-slant if there exists four orthogonal distributions D, D; and Ds and £ of
M, at the point p € M such that
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(i) TM =D®D; ®Dad <& >
(ii) The distribution D is invariant, i.e. D = D.
(111) (le 1 DQ and QDDQ 1 Dl;
(iv) The distributions Dy, Do are slant with slant angle 61, 02, respectively.

Taking the dimension of distributions D, D, and Dy are mq, ms and mg, respec-
tively. One can easily see the following cases:

e If my # 0 and my = mg3 = 0, then M is a invariant submanifold.

e If m; =my =0 and 03 = § then M is an anti-invariant submanifold.

o If my = 0,mz #m3 # 0, 0; =0 and 0 = T then M is a semi-invariant
submanifold.

o If m; =my=0and 0 <0y < F then M is a slant submanifold.

o If my =0,mz2 # m3 #0,0; =0and 0 <0 < 5 then M is a semi-slant
submanifold.

° Ifm1:0,m27ém37é0,91:gand0<92<
submanifold.

o If my = 0,mz # m3 # 0, and 61 and 0 are different from either 0 and 7,
then M is a bi-slant submanifold.

If mi # ma # mz # 0 and 601,02 # 0,7, then M is called a proper quasi
bi-slant submanifold.

then M is a hemi-slant

vol3

Remark 3.2. In this paper, we assume that M is proper quasi bi-slant submanifold
of a cosymplectic manifold M.

Now, we present an example of proper quasi bi-slant submanifold in R!.
Example. We will use the canonical contact structure ¢ defined by

O(T1, Y1y oo Ty Yny 2) = (Y1, —F1, ooy YUny — Ty, 0).
Thus we have p(9z;) = Oy;, ¢(dy;) = —0x; and p(0z) =0, 1 <1i,j <5 where
Oox; = 8%1-' For any pair of real numbers 01,0, satisfying 0 < 61,0, < 7, let us
consider submanifold My, 4, of R defined by
01,0, (6, 8, w, k,t,7r,2) = (u,scos61,0,ssin6q,w, kcosby,0,ksinby, t,r, 2). If we

take

e = 0x1, eg = cosf10y; + sin 610y,

e3 = 0rg, eq4 = cosbfs0ys + sin 020yy,

es = 0xs, eg=0ys, er =& =0z
then the restriction of ey, ...,e7 to M forms an orthonormal frame of the tangent
bundle T'M. Obviously, we get
per = Oyy, peg = —cosB10x1 — sin 610z, wez = 0ys
peq = —cos030x3 — sin b0y, wes = 0ys, peg = —0xs.

Let us put D; = Span{ei, ez}, Do = Span{es,es}, and D = Span{es,es}. Then
obviously D;, D, and D, satisfy the definition of quasi bi-slant submanifold My, g,
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defined by mg, g, is a proper quasi bi-slant submanifold of R'" with 6,6 as its
bi-slant angles.

Let M be a quasi bi-slant submanifold of a cosymplectic manifold M. Then, for
any X € I'(T'M), we have
X=PX+ X +RX+n(X)¢ (3.1)

where P, Q and R denote the projections on the distributions D, D; and Da, recpec-
tively.

X =TX + FX, (3.2)
where 7X and FX are tangential and normal components on M. Making now use

of (3.1) and (3.2)), we get immediately

X =TPX+TOX +FAX +TRX + FRX, (3.3)
here since ¢D = D, we have FPX = 0. Thus we get
p(TM)=D®TD,®TD, (3.4)
and
T*M =FD, @ FDy @ (3.5)

where p is the orthogonal complement of FD; @ FD, in T+ M and it is invariant
with recpect to ¢. Also, for any Z € T+M, we have

pwZ=BZ+CZ, (3.6)
where BZ € T(TM) and CZ € T(T+M).
Taking into account of the condition (iii) in Definition (3.1), (3.2)) and (3.6), we

obtain the followings:

Lemma 3.3. Let M be a quasi bi-slant submanifold of a cosymplectic manifold M.
Then, we have
(a) TD; C Dy, (b) TDy C Dy, (c) BFD; =D, (d) BFDy=Ds,.
With the help of and , we obtain the following Lemma.
Lemma 3.4. Let M be a quasi bi-slant submanifold of a cosymplectic manifold M.
Then, we have
(a) T?U;, = —cos? 01Uy, (b) T?Uy = — cos® OyUs,
(c) BFU, = —sin?6,U;, (d) BFU, = —sin?0,Us,
(e) T?U, + BFU, = ~Uy, (f)T?Us + BFUy = —Us,
(g) FTU, +CFU; =0, (h)FTUy+CFU; =0,
for any Uy € D1 and Uy € D,.

By using (2.3)), Definition (3.1)), (3.2]) and (3.6)), we obtain the following Lemma.

Lemma 3.5. Let M be a quasi bi-slant submanifold of a cosymplectic manifold M.
Then, we have
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(1) ’]?Uz = — COS2 OiUi,
(il) 9(Z:U;, TiV;) = (cos® 0;)g(Us, Vi),
(iil) g(F:Us, FiVi) = (sin® 0;)g(U;, Vi)
for anyi=1,2, Uy, Vi € T'(D1) and Us, Vo € T'(Ds).

We need the following lemma for later use.

Lemma 3.6. Let M be a quasi bi-slant submanifold of a cosymplectic manifold M,
then for any Z1,Zs € T'(T'M), we have the following

V2, TZy — TV g, Zy = Arz,Z1 + Bh(Z1, Zs) (3.7

and

V2, FZs— FN 2,20 = Ch(Z1, Za) — W(Z1,T Zs). (3.8)
Proof. Since M is a cosmyplectic manifold, we have that

(Vz,0)Zs =0
which implies that
V922 — N z,Z3 = 0.

By using and , we get

Vo, T 7o+ N g, FZy — o(Vz,Zo+ h(Z1, Z3)) = 0.
Taking into account of 7 , and , we obtain

Vo, T 2o+ W71, T Zs) — Az, 21 + V5, FZs
— TN 3,2y — FN 3,Z5 — BhZ1, Zy — Ch(Z1,Z3) = 0.

Comparing the tangential and normal components, we have the required results. [J

In a similar way, we have:

Lemma 3.7. Let M be a quasi bi-slant submanifold of a cosymplectic manifold M,
then we have the following

V2, BWi — BV, Wi = Acw, Z1 — T Aw, Z3 (3.9)
and
V%, CWi —CVz Wi = —F Aw, Z1 — h(Z, BW1) (3.10)

for any Z, € T(TM) and Wy € T(T+M).
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4. INTEGRABILITY AND TOTALLY GEODESIC FOLIATIONS

In this section we give some necessary and sufficient conditions for the integra-
bility of the distributions.
First, we have the following theorem:

Theorem 4.1. Let M be a quasi bi-slant submanifold of M. The invariant distri-
bution D is integrable if and only if

9(T(VxTY —VyTX),Z)=g(h(X,TY) - h(Y,TX),pQZ + pRZ)
for any X, Y € T'(D) and Z € T (D1 & D2).
Proof. The distribution D is integrable on M if and only if
9([X,Y],§) =0 and g([X,Y],2)=0
for any X,Y € I'(D), Z € I'(D1 ® D3) and { € T'(T'M). Since M is a cosymplectic
manifold, we immediately have g([X,Y],£) = 0. Thus D is integrable if and only
if g([X,Y],Z) = 0. Now, for any X,Y € D and Z = QZ + RZ € I'(D; ® D), by
using (2.2)), (2.5)), we obtain
9([X.Y), Z) = g(oVxY,0Z) = 0(VxY)n(Z) — g(¢Vy X, 0Z) + n(Vy X)n(Z).
Now, using (2.4)), (3.2) and FY =0 for any Y € I'(D), we have
9([X,Y],Z2) = g(Vx9Y,0Z) — g(VypX, pZ)
= 9(VxTY,pZ) - 9(VyTX, pZ).
Taking into account of (2.5 and (3.3]) in the above equation, we get
+9(pVyTX,Z) - g(h(Y,TX),0Z).
Now again taking into account the equation (3.2), we obtain
9((X.Y], 2) =g(T(VyTX - VxTY), Z)
+ g(h(X7 TY) - h(}/v TX)a SDQZ + SDRZ)
which completes the proof. [l

For the slant distribution D;, we have:

Theorem 4.2. Let M be a quasi bi-slant submanifold of M. The slant distribution
D1 is integrable if and only if

9V, FVi + Vi, FULFRZ) = g(Arrv, U — Arro, V1, Z)
+ 9(Arv, Uy + Arp, V1, T 2)
for any Uy, Vh € T(D1), Z € T(D & Ds).
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Proof. The distribution D; is integrable on M if and only if
9([U1,V1],§) =0 and ¢([U2,V2],2) =0

for any Uy,V4 € I(D1), Z € I'(D @ Ds) and £ € I'(T'M). The first case is trivial.
Thus D; is integrable if and only if ¢([Uy, V1], Z) = 0. Now, for any Uy, Vi € Dy
and Z =PZ +RZ € T(D @ Dy), by using (2.2)), (2.5, we obtain

9([U1, V1], Z) = —g(Vu,9T V1, Z) = g(Vu, FV1,9Z)
+9(VveTUL, Z) — g(Vv, FUL, 9 2).
Taking into account the equation lemma (i) in the above equation, we get
9([U1, V1], Z) = cos” 019([U1, V1], Z) = g(Vir, FTVi = Vv, FTUL, Z)
—g(Vu, FVi + Vv, FU, oPZ + ¢RZ).
Now, using and , we obtain
9([U, V1], Z) = cos® 019([U1, V1], Z2) + g(Arrvi Ur — Ar7, Vi, Z)
+9(Arv,Ur + Arp, V1, TZ)
— g(V§, FVi + Vi, FUL, FRZ)

or
sin® 019([U1, V1], Z) = g(Arrv,Ur — Arru, V1, Z)
+ g(.A}'vl Uy + Arp, V1, TZ)
— g(V§, FVi + Vi, FU1, FRZ)
which gives the assertion. ([

In a similar way, we obtain the following case for the slant distribution Ds.
Theorem 4.3. Let M be a quasi bi-slant submanifold of M. The slant distribution
Ds is integrable if and only if

T(VUZT‘/Q — .A]-'VQUQ) € F('Dg),
B(h(Us, TVa) + V5, FVa) € T(T+M)
and
9(ArzVo — Vv, TZ,TUs) = g(h(Va, TZ) + Vi, FZ, FU,)
for any Uy, Vo €T(Ds), Z=PZ+QZ c (D@ D) and W € T(T+M).
Theorem 4.4. Let M be a quasi bi-slant submanifold of M. The invariant distri-
bution D defines totally geodesic foliation on M if and only if
9(VxTY,TZ) = —g(MX,TY), FZ)
and
FVxTY1+ChX,TY) e T(TM)
for any X,Y € T(D), Z=QZ +RZ cT(D; ®Dy) and W € T(T+M).
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Proof. The distribution D defines a totaly geodesic foliation on M if and only
if g(VxY, &) =0, g(VxY,Z) = 0 and ¢g(VxY,W) = 0 for any X,Y € I'(D),
Z =QZ+RZ €T(D; ®Dy) and W € T(T+M). Then by using (2.2) and (2.4)),
we obtain
On the other hand, using , we find

9(VxY,Z) = g(VxeY,0Z) = g(VxTY,pZ)
here we have used FY = 0 for any Y € I'(D). Now, by using (3.3) and , we
have

9g(VxY,Z) =g(VxTY + h(X,TY),pQZ + ¢RZ)
VxTY +h(X,TY),TQZ+FQZ+TRZ+ FRZ))
VxTY, TQZ+TRZ)+ g(MX,TY), FQZ + FRZ))
VxTY,TZ)+ g(h(X,TY), FZ) (4.2)
for any X,Y € I'(D) and Z = QZ +RZ € I'(D1 & D). Now, for any X,Y € I'(D)
and W € I'(T+ M), we have

9(VxY, W) = —g(¢Vx, oY1, W) = —g(o(VxTY + WX, TY)), W))

=—g(TVXxTY + FVXxTY + Bh(X,TY )+ Ch(X,TY),W))

g(
g(
g(
g(

=—g(FVxTY +Ch(X,TY),W). (4.3)
Thus proof follows (4.1)), (4.2) and (4.3). O

Theorem 4.5. Let M be a quasi bi-slant submanifold of M. The slant distribution
D1 defines totally geodesic foliation on M if and only if

9(Arrv,Ui, Z) — g(Arv, U1, TPZ)
= g(Ar, U1, TRZ) — g(V§;, FVi, FRZ) (4.4)

and

FAr Ui — Vi FTV, — CV, FVy € T(TM)
for any X, Y € (D), Z=QZ+RZ €T'(Dy ®Ds) and W € T(T+M).
Proof. The distribution D; defines a totaly geodesic foliation on M if and only if
g(levlvf) =0, g(le‘/laZ) =0 and g(le‘/laW) =0, for any U17V1 € F(Dl)a
Z = PZ+RZ e I(Dy ®Dy) and W € T(T-M). Since M is a cosymplectic
manifold, we immediately have g(Vy, V1,€) = 0. Now, for any Uy, Vi € T'(Dy), and
Z =PZ+RZ eT(Dy ®Ds), by using (2.2) and (2.4)), we obtain

9V, V1, Z) = —g(Vu,9TV1, Z) + g(Vu, FVi, ¢PZ + ¢RZ).
Now, by using lemma (3.5) (i), we get
g(vUIVh Z)= 6032919(?% Vi,2) — g(—.A;t:TV1 Ui + V[i]:TVl, 7Z)
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+ 9(—Arv, Uy + Vi, FV1, TPZ)
+ g(=Ap, Ui + V5, FVi,TRZ + FRZ)
or
sin’019(Vu, V1, Z) = g(Arrv,Ur, Z) — g(Arv, U, TPZ)
— g(Arpv, U1, TRZ) + g(Vi5, FV4, FRZ). (4.5)
Now, for any Uy, V; € T'(D) and W € T'(TM)*, we have
9V, Vi, W) = —=g(Vu,TVi, W) = g(¢(V i, FV1), W)
—g(o(=Ar, Ui + Vzi]:Vl), W)

= cos? 019(Vy, Vi, W) — g(—Arrv,U; + VélfTVl, W)
— g(~TArpv,Us — FApv, Uy + BV, FVi +CV G, FVi, W)

or
sin® 019(Vo, Vi, W) = —g(V§, FTVi, W) + g(FAr, Un — CV 5, FVi, W)
= g(FAr Ui — V5, FTVy — CV 5, FVi, W). (4.6)
Thus proof follows (4.5) and (4.6). O

Theorem 4.6. Let M be a quasi bi-slant submanifold of M. The slant distribution
Dy defines totally geodesic foliation on M if and only if

T(Vu,TVa — Ay, Us) € T(Dy),

B(h(Us, TVa) + Vi, FVa) € T(T+M)
and
9V, FTVs — FAvUs, W) = g(V§5, FVa, CW)
for any Us, Vo € T(Ds), Z=PZ+QZ € '(D®D;) and W € I'(T+M).

From theorem (4.4), (4.5) and (4.6]), we have the following decomposition theo-

rem:

Theorem 4.7. Let M be a proper quasi bi-slant submanifold of a cosmyplectic
manifold M. Then M is a local product Riemannian manifold of the form Mp x
Mp, x Mp,, where Mp, Mp, and Mp, are leaves of D, Dy and Da, recpectively, if
and only if the conditions (??), (??), ([4.4), (??), (??), (??) and (??) hold.
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5. QUASI BI-SLANT SUBMANIFOLDS WITH PARALLEL CANONICAL STRUCTURES

In this section, we obtain some results for the quasi bi-slant submanifolds with
parallel canonical structure. Let M be a proper quasi bi-slant submanifold of a
cosymplectic manifold M. Then we define

(N2, T) 29 =V 2, T Zo — TV 7, 2o (5.1)
(N2, F)Zo = N3, FZo — FN 2,25 (5.2)
(V2 B)Wy = V2, BW, — BV W, (5.3)
(V2,C)Wi = V5 CW; — CVz, Wi (5.4)

where Zy, Z5 € T(TM) and Wy € T(T+M).

Then, the endomorphism 7 (resp. F) and the endomorphism B (resp. C) are par-
allel if V7 =0 (resp. VF = 0) and VB = 0 (resp. VC = 0), respectively.

Taking into account of , , 7 and —, we have the follow-

ing lemma.

Lemma 5.1. Let M be a quasi bi-slant submanifold of a cosymplectic manifold M.
Then for any Zy,Zo € T(TM) and Wy € T(T+M) we obtain

(V2,T)Zy = Arz,7Z1 + Bh(Z1, Z5) (5.5)
(Vz,F)Zy = Ch(Zy,Za) — h(Z1,T Z3) (5.6)
(V2 BWi = Acw, Z1 + T Aw, Z3 (5.7)
(V2,C)Wy = —F Aw, Z1 — h(Z1, BW1). (5.8)

First, we have the following theorem:

Theorem 5.2. Let M be a quasi bi-slant submanifold of a cosymplectic manifold

M. Then, T is parallel if and only if the invariant distribution D is totally geodesic.
Proof. For any X,Y € I'(D), from , we have

(VxT)Y = Bh(X,Y) (5.9)
here we have used Ary X = 0 since FY = 0 for any ¥ € I'(D). Thus, our assertion

comes from (5.9). O

Theorem 5.3. Let M be a quasi bi-slant submanifold of a cosymplectic manifold
M. Then if F is parallel if and only if

9(Acv 22, Z1) = —9(Av Z1,T Zs) (5.10)
for any Zy,Zo € T(TM) and V € T(T+M).
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Proof. Assume that F' is parallel. Now, from (5.6)), we have

(N2, F)Zy = Ch(Zy, Zs) — h(Z1,T Zs). (5.11)
Now, taking inner product with V € I'(T*M) in the above equation and using
(2.5), we obtain

9(V 2, F) 29, V) = g(Ch(Z1, Zo) — h(Z1,T Z2),V)

9(Ch(Z1, 22),V) = g(h(Z1,T Z5), V')
~9(h(Z1,22),9V) = 9(NV2,T 22, V)
—9(Acv Za, Z1) + 9(T Z2,V 2,V)
—9(AcvZa, Z1) + g(T Z2, —Av Z)

which gives the assertion. O

Theorem 5.4. Let M be a quasi bi-slant submanifold of a cosymplectic manifold

M. Then F is parallel if and only if B is parallel.

Proof. By using 7 and , we get
9((V2,F) Z2, Wh) = g(Ch(Z1, Z3), Wh) — g(h(Z1, T Z2), Wh)
= —g(W(Z1, Z2),CW1) — g(Aw, Z1,T Zs)
= —g(Aew, Z1, Z2) + g(T Aw, Z1, Z>)
= —g9(Aew, Z1 — T Aw, 21, Z2)
=—9((V2,B)Wh, Z5)

for any Zy,Zy € T(TM) and Wy € T(T+M). This proves our assertion. O

Finally, we mention another non-trivial example of quasi bi-slant submanifold of
a cosymplectic manifold.

Ezample. Let M be a submanifold of R'! defined by

z(u,v,t,r, 8k, 2) = (u,v,t, rOskcosa ksina, 0, 2).

o4

We can easily to see that the tangent bundle of M is spanned by the tangent vectors

L0 0 0 10 130
63)1 ’ 8:1]1 ’ 8332 ’ \/§ 8y2 \/§ 8.133 ’
0 0 . 0 0
e5 = 8764’66 = cosoza—y4 +smoza—m5,e7 =5, = £.
We define the almost contact structurev ¢ of R, by
o, 0 o, 0 0

Sﬁ(axi) = Oy ¥ 87%) = *%jv 92
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For any vector field Z = )\ia% + l“ja%j +vZ € I(TR'"), then we have

9(Z.2) =\ + 13+ V%, g(pZ,9Z) =X} + 113

and

0 0

2

7= N — 2 =
v 31'1 M] 8yj

for any i,j = 1,...,5. It follows that g(¢pZ, pZ) = g(Z,Z) —n*(Z). Thus (¢,£,7,9)

is an is an almost contact metric structure on R''. Thus we have

—Z

o9 9 9 1 19
el 8y17802 8:61’@3 8y2’<p4 \/§8x2 \/ﬁayg’

. 0
pes = ——, peg = —cos=— +sina——, per = 0.
0Ya Oy ys

By direct calculations, we obtain the distribution D = span{ei, ez} is an invariant
distribution, the distribution D; = span{es, es} is a slant distribution with slant

angle ¢; = T and the distribution Dy = span{es,es} is also a slant distribution
with slant angle 62 = «, 0 < a < 5. Thus M is a 7—dimensional proper quasi

bi-slant submanifold of R! with its usual almost contact metric structure.
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ABSTRACT. In the present paper, the Bézier variant of Jakimovski-Leviatan-
Piltdnea operators involving Sheffer polynomials is introduced and the degree
of approximation by these operators is investigated with the aid of Ditzian-
Totik modulus of smoothness, Lipschitz type space and for functions with
derivatives of bounded variations.

INTRODUCTION

Approximation theory is a crucial branch of Mathematical analysis. The funda-
mental property of approximation theory is to approximate a function f by another
functions which have better properties than f. In 1950, Szasz [14] introduced a
generalization of Bernstein polynomials on the infinite interval [0,00) and estab-
lished the convergence properties of these operators. Subsequently, Jakimovski-
Leviatan [8] generalised the Szdsz operators as

e~ nw & k
(i) = oy Lomtn
by means of Appell polynomials which are generated by:
g(u)e"™ = Zpk(m)uk, (0.2)
k=0

where g(u) = > po, axu¥, ap # 0 is an analytic function, on the disk |u| < r (r > 1),
under the assumption pg(z) > 0, for z € [0, c0).
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In 2008, Paltinea [11] defined a generalisation of the Phillips operators |12] based
on a parameter p > 0, as

Go(fi) ank / 0 (Ofdt+ e f(0), ze0.00),  (0.3)

where Sn,k(x) = efnx% and (I)Z k(t) = F&k:) e~ npt (nt)kpil, which includes Szész
operators for p — oo and Phillips operators for p = 1. For f € C|0, 00), Verma and

Gupta [15] defined the Jakimovski-Leviatan-Paltdnea operator as follows:

ZLM / Q0 (O f()dt+ L o(2)f(0), p>0, (0.4)

where L, ;(z) = %pk(mc) and Q) . (t) = F?k")p)e‘"’)t(npt)’“’_1 and established
an asymptotic formula and rate of convergence for these operators. Goyal and
Agrawal [4] defined the Bézier variant of these operators and established the
degree of approximation using Ditzian-Totik modulus of smoothness, Lipschitz type
space and for functions having a derivative of bounded variation.

Let C(2) = >0 cxz”, (co # 0) and D(z) = > p2, dxz", (d1 # 0) be analytic
functions on the disc |z| < r, » > 1 where ¢; and dj, are real. The Sheffer type
polynomials {pg(z)} are given by the generating functions of the form

)etP ) Zpk V2R 2] < (0.5)

Under the following assumptions:
(i) for t € [0,00), p(t) >0, k=0,1,2,---
(i) C(1) #0 and D'(1) =1,
Ismail [6] defined another generalisation of the Szdsz operators and the Jakimovski-
Leviatan operators [8] using the Sheffer polynomials as

—nzD (1)

T(f;z) = Zpk nz) () (0.6)

and estabilished some approximation properties of these operators. For the special
case D(t) =t and C(t) = 1, we find pp(z) = %T, therefore reduces to Szasz
operators and for the case D(t) = t, the operators T, (f;x) yield the operators
P, (f;x) defined in . Inspired by the work of Verma and Gupta [15], Mursaleen
et al. [9] defined the Jakimovski-Leviatan-Piltdnea operators by means of Sheffer
polynomials, and integral modification of the operators given by , as

M,,(f2) ZLM /)Q (Odt + Loo@)f(0), p>0,  (0.7)
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where L, ;(z) = %pk(nx) and Q) ,,(t) = (i e~ ™t (npt)kP~1 and established
some convergence properties of these operators with the help of the Korovkin-type
theorem, rate of convergence by using Ditzian-Totik modulus of smoothness and
approximation properties for the functions having derivatives of bounded variation.
Since the Bézier curves have important applications in computer aided graphics
and applied mathematics, Zeng and Piriou [16] initiated the study of a Bézier vari-
ant of Bernstein operators. Zeng [17] introduced the Szasz-Bézier operators and
discussed the rate of convergence of these operators for the functions of bounded
variations. Subsequently several researchers defined the Bézier variants of some
other sequences of positive linear operators and studied their approximation prop-
erties (see, e.g., [1,2,/4L[5]/7,/13]).
Motivated by the above work, we introduce the Bézier variant of the operators de-
fined in . Let A > 0 and Cy[0,00) := {f € C[0,00) : f(t) = O(e*) as t — oo}.
For § > 1 and f € C)]0,00), the Bézier variant of is defined as

M (i) =3 N () / Q" (Wt + NO@)F(0), p>0,  (08)
k=1

—naD(1)

where Nf,ﬁk)(x) = [Jn,k(m)]ﬁ - I:Jn’k+1(x)j|ﬁ, B >1; Lyi(z) = echk(nx) and
Inx(z) = Z;ik L,, ;j(z) with the following properties:
(1) Jpp(x) = Jpg+1(x) = Lpk(x), k=0,1,2,---,
(2) Jno(z) > Jpa(z) > Jpo(x) > - Jynlx), x€]0,00).
In particular,
(i) if 8 = 1, the operators Mﬁjp(f; x) include the operators given by ,
(ii) if 5 = 1 and D(t) = t, the operators M} (f;x) reproduce the operators
defined in [15],
(iii) if C(t) =1, D(t) =t, p=1 and 8 = 1, the operators M} (f;x) reduce to
the well known Phillips operators [12].

The organization of the paper as follows: In Section 1, the Bézier variant of
Jakimovski-Leviatan-Paltdnea operators involving Sheffer polynomials has been in-
troduced. In Section 2, some auxiliary results such as moments, central moments
and lemmas have been presented. In Section 3, the rate of convergence by us-
ing Ditzian-Totik modulus of smoothness and Lipschitz type space have been dis-
cussed. In Section 4, the approximation result for the functions having derivatives
of bounded variation has been discussed.

1. AUXILIARY RESULTS

Lemma 1.1. The r*" order moments M, ,(t";x), for r =0,1,2, are given by the
following identities:

(i) My,(1;2) = 1;

.. c'(1

(i) Mo p(t:z) =z + o
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z 20'(1 1+p)C’ (1)+pC"' (1
(i) Mn,(t%2) = 2% + 7 (1 oyt c(g)) T D”(l)) + 55 (W)-
As a consequence of the above lemma, we obtain

Lemma 1.2. The central moments M, ,((t — x)";z), r = 1,2, are given by the
following equalities:

() My, (t — z;2) = S
(ii) M, ((t—2)*2) = ;(1 +14 D”(l)) + 4 (“*”%W)

In what follows, we denote M, ,((t — x)*z) =&, ,(z).

Remark 1.3. For sufficiently large n and p > 2, one has
1
M, ,((t —2)%2) < W(1++D”(1)). (1.1)
n p

Let Cp[0,00) be the family of all continuous and bounded functions defined on
[0, 00).

Lemma 1.4. For every f € Cgl0,00), we have

Moo (f; ) < (£ (1.2)
Proof. The proof of this lemma is readily follow with the help of Lemma i).
Hence, the details are omitted. ([

Lemma 1.5. For A >0, let f € C\[0,00). Then

M, (f;2)] < BMi (| f; ). (1.3)
Proof. For 0 < u,v <1 and 8 > 1, the following inequality holds
[P —vP| < Blu — . (1.4)

Since, N7 (2) = [Jaw(2)]” = [Jnss1(2)]”, for all 5> 1 and

Tng(@) = Lnj(@) <> L jla) =1,
=k =0

in view of the inequality (1.4]), we have

NE @) = | [ag@)]” ~ [Jn,m(x)}ﬂ\ < Bl k(@) = Jnpr1 ()] = BLy i(@).(1.5)
Further,
ME(fi2)] <3 NSO (@) / h Q- ()| f®]dt + NS @)|IFO), p>0. (1.6)
k=1

From (|1.5) and (1.6, we get the desired result. O
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2. MAIN RESULTS

Fort >0,z >0, and 0 < a < 1, the Lipschitz type space [10] is defined as:
x —t|°
Lije(0) = { £ € C10.50) : | £() - (o) < K 2L
(z+1)2
where K is some positive constant.
In the next theorem, we investigate the rate of convergence of the operators
Mf (-;x) for the function f € Lipj (a).
Theorem 2.1. Let f € Lip}(a). Then for each x > 0, we have
BK s
| p(f7 ) f( )| < g(gn,p('ﬁ))2

Proof. In view of Lemma and the fact that, MB ,(1;x) =1, we have

M7, (fi) = J@)] < ML (f (1) = f(=); )]
< BMu, (1) = f(@)];2)
e ()
< igan<|x—t|a ) (2.1)

Now, applying Holder’s inequality by setting p = 2/« and ¢ = 2/(2 — «) and using
Lemma, [[.T]

2—«

(Mool = %52)) (n17%550)) ©

a

IN

M (|2 — %)

(Masltz = 1752)) " = (€0,0)

From (2.1) and (2.2)), we get the required result. O

Let us recall the definitions of the Peetre’s K-functional and the Ditzian-Totik
first order modulus of smoothness. Let ¢(x) = /z and f € Cg[0, 00).

Definition 2.1. (3] The Ditzian- Totik first order modulus of smoothness wg(f;0), 6 >
we(f;6) :== sup

0, is defined by
ho@)\ (. ho)
0<h<s f<er 2 > f( 2 )

Definition 2.2. [3] The Peetre’s K-functional is defined by
Ky(f;68) == nf{[|f — gll + Sllog'|| + 6*[|g'll, 6 >0}, Vg€ Wy,

where Wy :={g : g € AC,c, ||0g'|| < 00, ||d'|| < 0o} and g € ACjo. means that g is
a locally absolutely continuous function in [0, 00).

N)

IN

(2.2)

, Yo+t

ho(z)
2 € [0, 00).
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From (8], it is known that wy(f;9) ~ Ky(f;9), i.e. there exists a constanty > 0,
such that

v wo(f;0) < Ko(f50) < qws(f30). (2.3)

In the next theorem, Ditzian-Totik first order modulus of smoothness is used to
establish a direct approximation theorem.

Theorem 2.2. Let f € Cg[0,00) and ¢(z) = \/z, then for every x € [0,00) we
have

ME(fs) - F(2)] < Cong (f;

where C' is a constant and independent on f and n.

)

Proof. Let z € [0,00) be arbitrary but fixed. For g € Wy, we have the following
representation

Applying the operator Mff ,(f; ) on both sides of the above equation, we obtain

M2 (g;) — g(2) L) t o (u)dui ).

t t
Mgp(/ g/(u)du;x>’ SMf’p(‘/ g/(u)du

In view of Lemma [I.5] we have

My (¢ —2)%2) = M, ((t —2)%2)| < BMy,,((t — )% 2).

I
3

\MJ (g;2) — g()]

: x)(2.4)

Hence, using Lemma [I.2] we get

T 1 1 1 (1 (1
M2 ((t — 2% 2) <5{n (1+p+D"<1)> fo (( +p)0(g()1)+pc ( ))}
(2.5)
To estimate the right hand side of , we split our domain [0, c0) into two parts
A=10,1/n] and B = (1/n, ).
Case-I:
If z € [0,1/n], then from , for sufficiently large n, we have Mf’p((t —x)% 1) ~

£ % , i.e. there exists some k; > 0, such that

) < BB ((1L+p)C(1) + pC"(1)
MJ((t =) x) < ( o >

n2p
Hence, applying Cauchy-Schwarz inequality in equation (2.4)), we have

ME (g52) — g(a)] < ||g'||M5,p(|t—x|;x)
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1/2
< 19 (M2 (0t - 20)
(k1B [ (1+ p)C'(1) + pC"(1)\ ] /2
¢ (o))
= Mg, (26)

1/2

where A; — {kpﬁ(umwgggpcm)

n

Case-II: If z € (1/n,00], then from 1D we obtain MJ ((t —z)% ) ~ bz <1 +

% + D" (1)) Hence, there exists some constant kg > 0, such that

MY (= 2)%2) < e (1 ’ % * D”(l))'

n
Since
g (u)du| < —du

and for any z,t € (0, oo)7

! ‘/t 1 [t — x| [t — |

——du| = —=du| = 2|(Vt — Vx)| =2 < ,

] =| [ ] =i v =gt <ol
we have
|t — x|

< 2[¢g'll (2.7)

‘/ wdu o)

Now, combining equations ([2.4)) and (2.7)) and using Cauchy-Schwarz inequality, for
any z € (1/n,00), we have

IN

M2 (g5) — 9(a)] 2||¢g’||¢-1<x>Mﬁ,p(|t—x|;x)

IN

1/2
2og' 6~ () (Mﬁ,p«t - x>2;m>)

2)|¢g' ¢~ (x) (kQﬁx (1 #14 D )))1/2

- A, ||¢g/||7 (2.8)

N

IA
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1/2
where Ay = | k28 (1 + 14+ D"(1)
Again, combining equatlons ., 2.6) and . for z € [0, 00) we have
M (i) — g = 212 ﬁwn
< <||¢g ” || '||> where A = max(Ay, Ay).
‘\/E

Hence, using Lemma and above equation, we get

M2 (f52) — F@)| < 1M (gim) — g(&)| + (@) — g(@)] + M2 (f — i)
< 2l -al+a( 2y S
< (I =gl + P2 21g1) o =z

vnooon

Finally, taking the infimum on the right side of the above equation over all g € W,
M (752) - 1) < K 1

and using the relation (2.3)), we get

IME (i) — F(@)] < Al wy (f; \}ﬁ)

Now taking C' = A’~, the proof of the theorem is completed. O

)

3. FUNCTIONS WITH DERIVATIVES OF BOUNDED VARIATION

Let DBV4[0,00), be the class of all functions f defined on [0, 00) with |f(¢)| <
C(1+t?), C > 0 and having a derivative f’ equivalent to a function of bounded
variation on every finite subinterval of [0, 00). Then we observe that for all functions
f € DBV;4[0,00), there holds the following representation

fx) = / " o0t + F(0),

where ¢ is a function of bounded variation on every finite subinterval of (() 00).
In view of the Dirac-delta function, the alternate form of the operator M. ( f;z)
can be written as

MP(fix) = / FS (e, 0)f(0)dt, p>0, (3.1)

where nyp(x,t) = >0 NT(L’BIE (2)@) 1 (t) + N,(fg(x)é(t) and J(t) is a Dirac-delta
function.

To establish the rate of convergence of the operators given by (3.1) for f €
DBV4[0, 00), the following lemma is needed:
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Lemma 3.1. Let x € (0,00) and p > 2. Then for sufficiently large n, we have
(1) @2 (z,21) = [ FP (x,t)dt < 222 (1+;+D”(1)> ez 0<an<u,

(i) 1—@F (z,20) = [T FP (,t)dt gﬁ<1+ +D”())W, T <

To < O0.

Proof. (i) Using (B.1)) and Remark [L.3] we have

T _ 2
@gyp(x,xl) = / np (z,t)dt < /0 (;_ mtl> Ffp(x,t)dt
(z—21) M ((t — )% 2) < Bz — 1) > My o ((t — 3)%5 1)

1 1
< Bl Vo) —L
n p (x — x1)?
In the same way, assertion (ii) can be easily proved. O

Theorem 3.2. Let f € DBV32[0,00) and > 2. Then for each x € (0,00) and
sufficiently large n, we have

1/2 1
ME (i)~ f@)] < §+1f@+ﬂwﬁﬁ%ﬂ¢ﬁjl++D%U>
33/ L |
+ ) - |\/ 14 = +D()>
+ 1+ ) 3 A (VAR YA
P poe z— % \/,ﬁ r——= \Jz

n 1+;+U’>ﬂﬂ%%#@%wfmﬂﬁ

{l (@) +C<4+ 1)}’”5(1+ +D"(1 ))
I (2 |\/ux5 1+p+D“())

where VA(f1) denotes the total variation of f. on [c,d] and f. is defined by
fit)=f(a=), 0<t<u,
fa(t) =
f

0, x =t, (3.2)
") — fl(z+), z<t<oo.

Proof. In view of the fact that MB ,(1;x) =1, and the alternate form of the
operators given by (0.8)), for every z € (0,00) we have

M (F)io) = fl@) = M (f(t);2) = MY, (f(2);2) = M}, (£(t) — f(2); 2)
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AME%@wXﬂﬂ—fwﬁﬁ

= /O b Fnﬁ,p(x,t)< /x t f’(u)du)dt. (3.3)

For any f € DBV;[0,00), and using (3.2)), we can write

f'(z+) ; f(z—) [sgn(v - [ﬂﬂ_—ﬂ + fL (), (3.4)

n
where
% (V) = { 01,’ xx;é: "
Combining equations and (3-4), we get
o t / /
MJ(f(t);2) = f(a) = /0 Ff,p(azt)(/x {5m(u) [f’(y) _ [t ; f (w—)}
n [f’(x+) + Bf’(x—)}

1+p
. Llet) 3 fa=) [sgn(u —a)+ ngﬂ
+fi(v) }du) dt
= U+ Wy + U3 4 Uy, (3.5)
where
v = [TEeo [ow]re - TR g
v, = /Ooo F? (x,1) /: {fl(w—'—)lii)f/(x_)]dydt
Uy = /OOO Frﬁp(x,t) /: f(a+) ; f'(z=) {sgn(u —z)+ g;ﬂ dvdt

[e§] t
Uy = / nyp(x,t)/f:’c(l/)dudt.
0 T

We can easily see from the definition of §,(¢) that

U, = /OOO F? (x,1) /; 5. (v) {f’(y) _ S ;f/(x_)}dydt:o (3.6)
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and

\112:

Now, we evaluate U3,

U3 =

P.N. AGRAWAL,

A. KUMAR

/ /x{f' “ﬂ%f )]dydt
| (;z:+)14;ﬁﬁf (z—-) /0 FP (a1 )/;dydt
:f’(w+)14;/;f'(ﬂf—):/o F? (. )(t — )dt
'f'(ac+>l++ ﬂﬁf’@—): MP (t - ;).

/ npxt/f:H_

+1

N <6+1) 2

—T@) a4 - a),2)

N f(;c+);f($-)/0 F’r?,p(x’t)/x sgn(v — x)dvdt

- (5
- \B+1

f(x+) = fl(x—)

)f’($+) -

2

xT

Fﬁ(

F@2) vs (- o))

oz, 1) (t — m)dt

t)(t — x)dt

— M ((t

n,p —:C),l’)

n,p

f(@+) = f'(z—)

T (z, 1) — t|dt
0

MJ((t—x),x)

Combining equations (3.5))-(3.8]), we have

M, (£(t);2) = f(z)] <

(x+)1—tr%f ’|MB — x5 )|
P e,

{Sgn(z/ —x)+ F dvdt
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+ f’(ﬁ);fl(m_) My ([t = xl,2) + [Wal. (3.9)

Now, applying Lemma [1.5| and the Cauchy-Schwarz inequality, we get

M7, (f(8)ie) = f@)] < oI () + BF (2 =) [ (BM,p(t = 2)%52)) "2

ﬂ+1
" ﬁiﬂf(“) F@=)[(BMy o ((t = )% 2))"/2 + Wy
1/2 ,
< /§+ 1|f’($+) +ﬂf/(x—)\//; (1 + % +D”(1)>
3/2
§+1|f (z+)
! i 1 "
—f (as)l\/n (1 + 5 +D (1)> + Wy (3.10)

We now estimate |¥4|. We may write

[e’s} t
Uy = / F,ﬁp(:c,t)/ fh(v)dvdt = Uy 4 W,
0 x

xT t
U, — /0 P (x.1) / () dvdt
o0 8 t
!
\116:/30 Fn,p(x,t)/x fa(v)dvdt.

Since fcd dy®f (x,t) <1, for each [¢,d] C [0,00) and f(z) = 0, using Lemma
and integration by parts with z; = x — \F’ we have

w5 = ‘ / R () / t f;(V)dvdt’

where

= (/f dy>dt npmt’ xt)dt‘

< / F0) — Fi)92 xt\dt+/ £200) — Fo@I100 1)t
< (1o [ m(n)ﬁdm /:v:%f;)dt

< 57’“::”<1+[1)+D" )/ VD t+%Vf,%(f;)(3.11)
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Substituting ¢ = x — £, we obtain

m

5?(1+2+D”(1>)/I VE(fL) _1 dt

ﬂ“<1+ +D"(1 >/1f Ve (

SB“<1+ +D"(1 )

n

5“(1+ +D'(1 )Z o (f (3.12)

Combining (3.11)) and (3.12), we have
v

< e (1 +-+D"(1 ) Z 2 e (fL) + TV;,ﬁ(f;). (3.13)
From Lemma ii), Ff (z,t) = —dy(1 — @ (2,t)), t >z, hence we may write
2x [eS) t
@] < (/ falv du) (1= @7 (=, ))‘ + /2 (/ f;(v)dv)thf,p(x,t)’
= \117 + \I/g,say.

First estimate Uy,

U, = /h(/f du)dt(l— (m))‘

< | [zl - e+ [ t)(l—@ﬁi,p@,t))dt'
< | [ vw - femala- o, e+ [ If;<t><1—q>2,p<x,t>>dt]
< On (1 Lo )) F@2) — f(2) — 2f @ b)]

p
| Bua ) [F VD L [
o) [ e [

Now, substituting ¢ = x + 7, we have

< On (1 S 4D >) F(20) — f(2) — 2f (a b))

vta/Vn
ﬂ“<1+ +D"(1 )/ VT du+/ Vi
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IN

bu (1 +1ep >) F(20) — f(2) — af (@ b))

5“<1+ +D"(1 )Zv”k +ﬁv”f(fl,). (3.14)

Using Cauchy-Schwarz inequality

Ty = /% (/f du>Fﬁ tm)dt‘
-1 [ 0w - s ) ) B2 (a0t

< /;O(f(t) f@)EP (¢, x)dt'+/;o It — || f (x+)|F) (¢, x)dt
< | [T rorwoa v @] [T R o
x 2x 1/2
+|f’(a:+)|(/ (t — ) F,fjp(t a:)dt)
< C’/ (1+*)E] (t,x)dt| + | f(x txdt’

2z

l % - "
+|f(:c+)|\/ - 1+p+D (1))

Since ¢t > 2z, we have t < 2(t — z), hence

c<4 + ;2) </:(t - x)QF,ﬁp(t,a:)dt) + % (1 + % 4 D”(l)) ()]
+|f’(x+)|\/’“‘ff (1 + % + D”(l))

e )
+|f’(x+)|\/uxﬁ 1+/1)+D”(1)) (3.15)

From and -, we obtain
vl < 21 dh o )){f@x) — (@)~ (@)}

Uy

IA

Bu(1+p+D'/ ) ZVI” () + ==V TR (f)
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+ {mf)'+0<4+1}2)} /”L:ﬁ<1+;+D”(1)>

T

+|f’(a¢+)|\/'uiﬁ (1+;+D”(1)). (3.16)

Combining the estimates (3.10)), (3.13]) and (3.16[), we obtain the desired result. [
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