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On the Solutions of the Higher Order Fractional
Differential Equations of Riesz Space Derivative with
Anti-Periodic Boundary Conditions

Suayip Toprakseven'*

Abstract

We present existence and uniqueness results for a class of higher order anti-periodic fractional boundary value
problems with Riesz space derivative which is two-sided fractional operator. The obtained results are established
by applying some fixed point theorems. Various numerical examples are given to illustrate the obtained results.
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1. Introduction

Recently, many researchers have investigated a large range of problems including fractional differential equations. A variety of
scientific areas such as physics, polymer rheology, regular variation in thermodynamics, biophysics, blood flow phenomena,
aerodynamics, electro-dynamics of complex medium, viscoelasticity, biology, control theory, etc involve fractional differential
equations. Some applications and detailed explanation of fractional differential equations can be found in the books [1, 2, 3]
and references [7, 29, 16]. Geometric and physical interpretation of fractional differentiation and integration can be found in
the paper [27]. Existence results for fractional differential equations have studied and developed by many authors; see the
books [26, 4, 2] and references [11, 12, 24, 15,9, 26,4, 2, 17, 18, 19, 30, 31, 39, 41, 42, 43, 44, 45] and references therein.

Much of recent works on fractional boundary/initial value problems involve Riemann-Lioville and Caputo derivatives in the
literature. Unfortunately, these fractional operators are one-sided operators which hold either past or future memory effects.
Unlike these fractional operators, the Riesz space fractional operator is two-sided operator which holds both the history and
future non-local memory effects. This is important in the mathematical modelling for physical processes on a finite domain
because the present states depend both on the past and future memory effects. As an example, Riesz fractional derivative has
been used for the memory effects in both past and future concentrations in the anomalous diffusion problem [13, 5].

Numerical solutions of the fractional calculus, specifically in the anomalous diffusion that involves the Riesz derivative
have been presented in [13, 8, 5, 38]. Analytical and numerical solutions for fractional differential equations using different
definitions for fractional derivatives and integrals have been proposed and studied in the literature [28, 32, 33, 34, 35, 21, 36, 37].
Recently, there are papers on existence and positive solutions for the fractional boundary value problems with the Riesz-Caputo
derivative [14, 25, 20].

The mathematical modelling of many physical phenomena can be expressed in terms of anti-periodic boundary value
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problems [10]. Recently, a large amount of papers are devoted to anti-periodic boundary value problems, for example, see
[22, 23] and references therein.

In this paper, we study the existence and uniqueness of solutions for the following anti-periodic boundary value problem of
the Riesz-Caputo fractional differential equations

RoDYu(n)
u(0) +u(T)

F(nu(m)) ve(23, 0<n<T,

0, «'(0)+u(T)=0, u"(0)+u"(T)=0, (1.1)

where R%D¥ is the Riesz-Caputo derivative defined below and F : [0,7] x R — R is a continuous function.

The remainder of paper is organized as follows. Section 2 introduces some preliminaries, definitions and lemmas which are
useful in proving main results. Section 3 provides some sufficient conditions for the existence and the uniqueness of solutions
of the problem (1.1) with anti-periodic boundary conditions. Finally, some numerical examples are given to illustrate the
applications of the main results in the last section.

2. Preliminaries

This section is devoted to some important definitions and lemmas that will be needed in the sequel.

Definition 2.1. [26] Let v > 0. The left and right Riemann-Liouville fractional integral of a function f € C[0,T] of order v
defined as, respectively

I f(x) = ﬁ/ox(x—s)"*lf(s)ds7 x€[0,7T].

IV f(x) = F(lv)/xT(sx)v_lf(s)ds, x€[0,T].

Definition 2.2. (Riesz Fractional Integral) Let v > 0. The Riesz fractional integral of a function f € C[0,T] of order v defined
as

1 T
f(x) = / —sV! T].
0. Tf(x) ZF(V) o |X S'| f(S) dS, DAS [Oa ]
Note that the Riesz fractional integral operator can be written as
1
o 1) = 5 (B0 + 11" () @1

Definition 2.3. [26] Let v € (n,n+1],n € N. The left and right Caputo fractional derivative of a function f € C"*1[0,T] of
order v defined as, respectively

1 X
§DLF(0) = o [ = s = e )
n+1
CD}ff(x) = r*((,,l_:)liw /XT(Sfx)n—Vf(r&l)ds — (71)n+1(T1n+1—an+1)u(x)'

where D is the ordinary differential operator.

Definition 2.4. Let v € (n,n+ 1],n € N. The Riesz-Caputo fractional derivative R%D"f of order v of a function f € C"1[0,T)]
defined by

/ ‘ s‘n vf (n+1) ( )
(CDVf( )+ (=)™ 1EDEf(x))

((I(r)l+1—an+1)u(x) + (71)n+1(T111+1—VD11+1)u(x)> )
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Lemma 2.5. [26] Let f € C"[0,T] and v € (n,n+ 1]. Then we have the following relations

n—1 f(k) (a)
e

LDy f(x) = f(x)—

n—1 (_1\k £(k)
D7) = £~ ¥ O

In the case when v € (2,3] and f(x) € C3(0,T) we have
oI FGDY£(3) =5 (RSDYF() — 11 DE £ ()

=) = 5 (F(O)+ £(T) = 3 (7 O)+ F ()t 2 f/(T) 2

2

L 1 T° —2Tx 1"
= O+ (D)) = ——=——=f"(T).

The following fixed point theorems will be needed to establish the existence results.
Theorem 2.6. [6] Let M be a closed convex and nonempty subset of a Banach space X. Let A, B be the operators such that
(i) Ax+ By € M whenever x,y € M;
(ii) A is compact and continuous;
(iii) B is a contraction mapping.
Then there exists u € M such that u = Au+ Bu.

Theorem 2.7. [6] Let X be a Banach space. Assume that O is an open bounded subset of X with ® € O and letT : O — X be a
completely continuous operator such that

[Tull < lull, Vuedo.
Then T has a fixed point in O .
Lemma 2.8. Assume that g € C([0,T],R). A unique solution u € C3([0,T]) of the following fractional boundary problem

RCDyu(n)=g(n) ve(2,3, 0<n<T,

2.
u(0)+u(T)=0, ' (0)+d(T)=0, u"(0)+4"(T)=0, 23)
is given as
21? ZTT] r v-3 T v-2
o) =gy y 79" 8 ds— sp [ =9 () s .
v v—1 .
Py, sl sds
Proof. We infer from (2.2) and (2.3) that
1 1 / / T /
u(n) =5 (u(0) +u(T)) + 5 (u (0) +u(T)n — sul(T)
2.5)
1 " 7 2 ZTT] // v— 1
LW O+ )+ s [ o eGo)as
The anti-periodic boundary conditions u(0) + u(T) = 0, u’(O) +u(T)=0, u"(0)+u"(T)=0imply that
_ T, s —2TT] " 1 T v—1
) = (1) + ==l () s [ =5l s(5) s 2.6)
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Then,

1

() == Zu' (1) + oD

: 7 "0 — 5 2g(s)ds —

-1 /T)T(S—n)vzg(s)d&

1 T

u" (1) :m/on(n —5)V 3g(s)ds + F(%—Z)/n (s—n)" g(s)ds.

Hence, we have

W (T) = — Z(;/T(T_S)H (5)ds) + ;/T(T— $)"2g(s)ds
2\T(v-2) o ST vy L T S
2.7
(1) =t [ (1) g(s)ds
I'(v—2)Jo '
Plugging the equations in (2.7) into (2.6) gives
2T%—2Tn (T v3 T r v2 1T vl
”(n)—m b (T —s) 8(S)ds—m/o (T —s)"""g(s)ds ‘*‘W/O In—s|""g(s)ds,
which completes the proof. O

3. Existence of Solutions

We prove the main results of the paper in this section. Let C[0, T] be the space of continuous functions u defined on [0, 7] with
the norm [|u| = supy, (o 7 [u(n)|. We assume the following conditions on F" are satisfied.

(H1) F satisfies a Lipschitz condition in the second variable, that is,

‘F(nau)_F(nav)‘ §L|“—V|»Vn € [O,T],M,VGR.

(H2) F is dominated by a L! function, that is,

|F(n,u)| <€(n),¥Y(n,u) €[0,T] xR, and £ € L'([0,T],R").

Theorem 3.1. Let F € C([0,T] x R,R) satisfy the assumption (HI) with

(v +1)
T TV®+v(v+1))

Then the problem (1.1) has a unique solution.
Proof. We convert the problem (1.1) into a fixed point solution of operator .7 : C([0,T],R) — C([0,T],R) defined by

2T% 2T (T
(Fu)(n) :m b

T
+1"(1v)/0 In —s|V71F(s,M(S))ds7 n €[0,7].

v— T g v—
(T —5) 3F(s7u(s))ds—m/0 (T —5)Y"2F (s,u(s))ds

We shall prove that the operator .7 has a fixed point by showing that .7 is a contraction. To this end, we first demonstrate that
KTV(8+v(v+1))
2I(v+1)

TS, C S, where S, = {u € C([0,T],R) : ||u|]| < r} withr > and K := sup, c(o 71 [F (7,0)|. Foru € S,, we
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have

2T% 2T (T

(T 5o [ (=)l ds+ s [ (=9 2 sl as

I'(v—1)Jo

1 T v—
vl AR AN

2T -2Tn (T

st =9 Sl - PO+ [P0 ds+ s [ (=9 1F(.u(s)

— F(s,0) + |F<s,o>|>ds+r(1v) / "0 = sV F (s,u(s)) — F(s,0)] + |F(5,0) ) ds

2T% -2Tn (T

S(LF+K)(74F(V—2) A (Ts)v_3ds+21_(§_ 1)/()T(Ts)‘/_zds+ F(lv)/on fs|v_1ds)
TV v(v+1))) <r

§(Lr+K)(r(v+1)(2+ ;

Next, for u,v € C([0,T),R) and for any 1 € [0,7T], we get

[(Zu)(n) = (7v)(n)|

2 _
e [ =9 )~ Fls (o) ds
T T 1 T
bty (79" Gl ~ Flsw(oDlds+ s [ = F(ssu(s) = Fls sl ds
272 -2Tn (T v T T v [ v
SL”M—VH(m 0 (T—s) q3615"‘1‘m/0 (T—S) 2ds+m/0 ‘n—s‘ ldS)
< (e 25D vl < =L

This shows that .7 is a contraction. Therefore, the Banach fixed point theorem tells us .7 has a fixed point which is a solution
to the problem (1.1). O

Theorem 3.2. Let F € C([0,T] x R,R) be a completely continuous function. Assume that the conditions (HI) and (H2) hold
LTY(v+1)

aT(v) < 1. Then the fractional boundary problem with anti-periodic boundary conditions (1.1) has a solution on

[0,7].

IOl v(v+1)
C(v+1) 4

Proof. LetS, ={u € C([0,T],R): ||u|| < r be the ball of radius r with r > ), where [|€]| 1 = [y |€(s)|ds.

We define two operator .# and . on S, given by

(T =g [ 10" Pl

_21*-2Tq T
S 4r(v-2) Jo (

T

21“(311)./0 (T —s)""2F(s,u(s)) ds.

(FLu)(n) : T —s) " 3F(s,u(s))ds —

For any u,v € §,, as above, we have

[Ty v(v+])
C(v+1) 4

[Fu+. | < )<

Hence, it follows that .Zu+ .7v € S, whenever u,v € S,. It can easily be shown that .% is a contraction using the assumption
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ZW < 1. The continuity of .# follows from the continuity of F. Moreover, % is uniformly bounded on S, as follows.
(Fa)] g [ 19" IF(s o)) lds + s [ (5 m) ! F(s,uts)las
I'(v)Jo L(v)Jy
<t [l tass [Mo-nya)
<o+ (- < Tl

We now show that the operator .% is compact on S,. For u € S,, we first estimate the derivative (Zu)'(n):

|(Fu) ()] gﬁ JA "(n—s><V*2>\F(s»u<s>>\ds+ﬁ /n (s M) (s.als) | ds

v—1 _ v—1 v—1
(o oy,

™ T Tw ST

3.1

= BT,L,V;

where BT,L,v is independent of the function u. Therefore, for any 1,12 € [0,T] with 17 < 12, we have
2
[(Fu)(m) — (Fu)(n2) :/n [(Fu)(s)|ds < Bry(m—m).
1

Hence, .7 is relatively compact on S,. It follows form Arzela Ascoli Theorem that .% is compact on S,. As a consequence
of Theorem 2.6, we infer that .% + .7 has a fixed point which is a solution of the problem (1.1) on [0, 7]. Thus the proof is
completed. O

(n,u)

Theorem 3.3. Assume that lim,,_q = 0. Then the problem (1.1) has one solution.

,u . . . .
Proof. lim,_ 1.4 _ 0 implies that there is a 8 > 0 such that |F(n,u)| < €|u| for 0 < |u| < §, where € is chosen such that
TV v(v+1)
(2 ) <1 3.2
(r(v+1)‘ teg))es (3.2)

Set S, ={u e C([0,T],R) : ||u|| < r and let u € JS,, that is ||u|| = r. As before, the continuity of the operator & follows from
the continuity of F, and, as before, it can be shown that .7 = .% +.¥ is bounded on S,. Note that |(Tu) = (Fu) + (FLu)'|
where (Zu)' is given by (3.1) and (.u)’ is given as

v—1
P01 = sy [ TPt as <
Hence,
v—I1
() < UL

Therefore, for 11,1, € [0,T] with 171 < 12, we have

m
((Zw)'(m) = (Tu) (m)| < /n [(Tu)'(s)]ds < Li(m2—m).
1
We deduce that .7 is equicontinuous on [0, 7] . Hence, in view of the Arzela—Ascoli theorem, the operator .7 is completely
continuous. Morevover, we have

T v(v+1)

St )el,

(Fwm < (5

which implies || 7 u|| < ||u|| for u € dS, in light of (3.2). As a consequence of Theorem 2.7, the operator .7 has a fixed point
which is solution of the problem (1.1). O
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Remark 3.4. The results in this paper can be applied to obtain the existence results for nonlinear third-order ordinary
differential equations with anti-periodic boundary conditions [40] by taking v =3

<
—~
=
~
+
<
—~
~
~—
I
=)
:\
—
=
~—~
+ ~—
=\
—~
~
~—
I

u"(0)+u"(T) = 0.

4. Numerical Examples

In this section, numerical examples are given to show the applications of the result of this paper.

Example 4.1. Consider the following fractional boundary problem with anti-periodic boundary conditions

3 1 u(n)
RC1y2
D =— 2  0<n<l,
P = oz 0= 1S @
u(0)+u(1)=0, ' (0)+u'(1)=0, u"(0)+u"(1)=0.
. 1 u(m) . 5 1 ..
Here, F(s,u(s)) = BT mErta(n) T =1and v =3. We have |F(s,u) — F(s,v)| < z|/u— v|/,hence the condition
u
v v(v+1
(H1) is fulfilled with L = %. Also, we calculate F(L\/T+1) 2+ ( 1 )) ~ 0.3150 < 1. Therefore, the fractional boundary value

problem (4.1) has a solution by Theorem 3.1.

Example 4.2. Consider the following fractional boundary problem with anti-periodic boundary conditions

“GDYu(n) = w2 (m) +3(n +2)(u(n) —tanu(n)), ve(23], 0<n<l,
u(0)+u(1)=0, ' (0)+u'(1)=0, u"(0)+u"(1)=0,

_ 32 B _ . . F(n,u)

where F(s,u(s)) =u*(n))+3(N+2)(u(n)—tanu(n)), T =1andv € (2,3]is any real number. We have lim,_ =

u
0, hence the condition of Theorem 3.3 holds. As a result of Theorem 3.3, the fractional boundary value problem (4.2) has at
least one solution.

5. Conclusion

This paper concerns with the existence and uniqueness for fractional differential equations with the Riesz space with anti-
periodic boundary conditions in Banach spaces. With the help of Banach’s contraction principle and some fixed point theorems,
existence results have been presented. As a special value of the fractional order, the results are extended to nonlinear third order
ordinary differential equation with anti-periodic boundary conditions. Some examples are given to illustrate the theoretical
results.
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We have given some results regarding the behavior of solutions for first order linear impulsive neutral delay
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1. Introduction and Preliminaries

The author [1] has recently obtained some results regarding asymptotic behavior and stability for solutions of first order linear
impulsive neutral delay differential equations with constant coefficient and constant delay. These results are obtained using a
real root of the corresponding characteristic equations. Our aim in this article is to obtain different results from the article in [1]
by using two different real roots of the corresponding characteristic equation.

Consider the linear impulsive neutral delay differential equation

[x(t) +ex(t— o)) =ax(t) +bx(t—7), t#t, t>0, (1.1)

Ax(tk>:€k7 k€Z+:{1,2,-"}, (12)

where ¢ and 7 are positive constants, a,b,c and {; are real constants, x(r) € R and Ax(t;) = x(1;") —x(t;). The impulse points
t satisfy 0 < t) < -+ <ty <tyy1 < --- and limy_,#; = o and also #; — ¢ be not impulsive points for all k € Z™.
Let’s introduce the positive constant 4 defined by & = max{o, t}. Together with (1.1), an initial condition is indicated, i.e.

x(t)=9@), —-h<t<0, (1.3)

where the initial function ¢ is any given continuous real-valued function on the interval [—#,0].
With the equation (1.1) we associate its characteristic equation

A (1—|—ce7’16> =a+be . (1.4)
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Equation (1.4) is obtained from (1.1) by looking for solutions of the form x(¢) = ¢* for ¢ € R.

The authors in [2]-[6] obtained interesting results for the solutions of linear impulsive neutral delay differential equations
in the form of (1.1). The authors in [2] examined some classes of integro-functional inequalities of the Gronwall type for
piecewise continuous functions, and through the results obtained from them, they made estimates for the solutions of impulsive
functional differential equations. As an application, they have proven the existence of solutions of certain nonlinear equations
with arbitrarily long lifespan for sufficiently small initial functions. Later on, in the article [3] made by the same authors,
the problem of stability under persistent disturbances of an impulsive systems of differential-difference equations of neutral
type is investigated. An as application the existence of a global solutions of a systems with quadratic nonlinearities is proved
for sufficiently small initial data. In [4], by means of Lyapunov’s direct method sufficient conditions for uniform asymptotic
stability of the zero solution of impulsive systems of differential-difference equations of neutral type are found. In [5], the
authors examined the asymptotic behavior of positive solutions of first-order neutral impulsive differential equations with
constant coefficients and constant delays, and established the necessary and sufficient conditions for the existence of such
solutions. Finally, the authors in [6] established some criteria for the asymptotic stability of a neutral delay control system
by applying the Lyapunov functions and Razumikhin technique, which combine with impulsive feedback control. They also
showed that the stability behavior of the system can be controlled by appropriate impulsive perturbations.

In this paper, we construct estimates for (1.1)-(1.3) solutions using two different real roots of the corresponding characteristic
equation. We obtained the results using the methods in [1, 7, 8]. Sufficient information about the delay or neutral impulsive
differential equations and initial value problem (1.1)-(1.3) is given in [1]. For more results regarding delay or neutral impulsive
differential equations, we refer the reader to [9]-[16] and references therein.

2. The Main Result

In this section, before going to the main result, we will give an lemma about two different real roots of the characteristic
equation (1.4) by Philos and Purnaras [8]. In the following lemma, only the first part of the lemma in [8] is considered.

Lemma 2.1. ( [8], Lemma 3.1) Suppose that c <0 and b <0. Let Ay be a nonpositive real root of the characteristic
equation (1.4) and let B(Ag) = bte 2% +ce %% (1 — A90). Then

1+B(%) >0

if (1.4) has another real root less than Ay, and

1+B(%) <0
if (1.4) has another nonpositive real root greater than A.
Now, our main conclusion in this article is that we can give the following theorem.
Theorem 2.2. Suppose that
c<0 and b<O.

Let Ay be a nonpositive real root of the characteristic equation (1.4) with 1 + () # 0 where B (o) is defined as in Lemma
2.1, and let

L(20:9) =9(0) +cp(—0) +be %" / o0 (5)ds — chge 00 / " Mg (s)ds.

J—=T —0

Let also A1 be a nonpositive real root of (1.4) with Ay # Ay.

(I) Assume that Ay > Ay and ¢; >0 fori € Z. Also let there be a number dy > 0 such that it is provided
1 & )
1+B(%) > d—Z&e“ﬂ", 2.1
Li=1

then, for any ¢ € C([—h,0],R) such that

o(r) < Mot [dl + m} for 1€[—h,0], (2.2)
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the solution x of (1.1)-(1.3) satisfies

Dy (Ao, A139) < e M [x(t) - %eﬂo’} <deYM" forallt>0, 2.3)
where
) — i —Mt _ L(20;¢) Aot
Do o) = gin {7 [0~ 500}

Note: Since Ay > Ay, according to the Lemma 2.1 is 1 + B(Ao) > 0.

(Il) Assume that Ay < A and £; <O for i € Z™. Also let there be a number dy > 0 such that it is provided

14 B(a) < - Y e, 4
2 =1
then, for any ¢ € C([—h,0],R) such that
Aot L(%0;9) ] _

e {derl—i—ﬁ(ﬁo) <¢(t) for te[—h0], (2.5)
the solution x of (1.1)-(1.3) satisfies

drpeMo=2)1 < gt [x(t) - me%’] <Dy (X, A139)  forallt >0, (2.6)
where

Dy (A9, A159) = Engio{el" [d)(t) - Mem] }

Note: Since Ay < Ay, according to the Lemma 2.1 is 1+ 3 (A9) < 0.

Proof. (Proof of Part (1) of the Theorem 2.2): We will show that the double inequality (2.3) is first

Di (A, A1;0) <e M [x(r) — mg"’} for all ¢ >0,
and
eht {x(t) —~ mew} <dje®M) forall t >0,

respectively. Let ¢ € C([—h,0],R) such that satisfies (2.2) and x be the solution of (1.1)-(1.3). Furthermore, let y(r) = e~ Ml x(r)
for t > —h. As it has been shown ( [1], Lemma 1.1), the fact that x satisfies (1.1)-(1.3) for # > 0 is equivalent to the fact that y
satisfies

n(t)
W(t)+ee X%yt — ) = L(A0: ) + ) lie ™"
=l 2.7

t—0

+ (a—).o)/oty(s)ds—i—befl‘” /Otiry(s)ds—cﬂoefl"c/ y(s)ds

0
where

n(t)=max{k € Z*: <t} and n(t)=0 ift<t.
In addition, the initial condition (1.3) can be made equivalent to
y(t)=e Mo (t) for t € [—h,0).

Later on, by using the fact that A is root of (1.4) and by using z(z) = y(¢) — f‘i)éo(fo)) for t > —h, then (2.7) becomes

-7

n(t) ' 1
2(t) +ce %t — o) = Y e Mot — be_)m/ z(s)ds—i—cﬁ{)e_)‘oc/ z(s)ds for t >0 (2.8)
i=1 t—o
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and we immediately see that the initial condition (1.3) becomes

W) =e Mo () — m for t € [-h,0]. 2.9)

Next, let us define
w(t) = b0~z (1) for t > —h.
By the use of the function w, (2.8) becomes

(1)
w(t) +ce Mow(t — o) = ePo—h) ) et
i=1 (2.10)
! t
_ pe ot / Po=2)(=9)y () ds + cAge %00 / P~ M=)y (5)ds  fort > 0.
t t—0

-7

Also, (2.9) takes the following equivalent form

w(t) = e M! _Melof or _
(1) = [¢><r> oy ] for 1 € [~h,0].

By way of the definitions of y, z and w, we have

_ Mt _ L(AO’(P) ezﬂr T _
w(t)=e [x(t) 5 B00) } for t > —h. (2.11)

Thus, from the definition of the constant D; (A9, A;;¢), it follows that the double inequality (2.3) in the conclusion of our
theorem can equivalently be written as follows

min_w(s) < w(t) <dre® )1 forall t > 0. (2.12)
—h<s<0

The proof of the theorem will be accomplished by proving the double inequality (2.12). First, let’s prove the following inequality
of the double inequality (2.12)

i < for all # > 0. 2.13
_}Iglslgow(s) <w(t) forall t> (2.13)

To prove (2.13), we consider an arbitrary real number A such that A < min_j<;<ow(s). Clearly,

A<w(t) for —h<t<0. (2.14)
We will show that

A<w(t) forall t+>0. (2.15)
To this end, let us assume that (2.15) fails to hold. Then, because of (2.14), there exists a point t* > 0 so that

A<w() for —h<t<t*, and w(t")=A.

Thus, by using the hypothesis that ¢ < 0,5 <0, ; >0 fori € Z" and taking into account the fact that Ay < 0, from (2.10) we
obtain



Results on the Behavior of the Solutions for Linear Impulsive Neutral Delay Differential Equations with Constant
Coefficients — 184/189

[
A:W(t*): AIG ( +€)LO At Z —Aot;
i=1

—be*%f/tx 0=R)(" =) (5)ds 4 cAge 00 /" P02 =) (5) s
t*—71

Jt*—o

>A {—ce‘xlc — be~M7 /t P9 gg 4 cQpe~ P00 /t
=T

t*—o

emo—xl)(r*—wds} (Ro-n)r de Aot

>A {—ce}”“r — be M7 /.tl P =) gg 4 cppe M0 /t o=k = ds}
Jrt—1 Jr*

=A {—cekla —be 07 (11 i%) [1 —elho=A) } +chge MO ()“1%) [1 —e(%fll)a} }
A
pEnsn

— o (=0 + -2} =4

—cAe MO 4 pemMT 4 Qe M0 — befa‘)f}

This is a contradiction and hence (2.15) is always satisfied. We have thus proved that (2.15) holds true for all real numbers A
with A < min_j<s<ow(s). This guarantees that (2.13) is fulfilled and so, the first part of the double inequality (2.12) (or, (2.3))
is proved.

Now, let’s prove the second part of the double inequality (2.3). Property (2.2) implies ¢ (¢) — (?30( ﬁ))) Mt < dy e So, if

both sides of this inequality are multiplied by e, using the definition (2.11), it follows that
_ L(2;9) B
At _ Aot (Ao—21)t _
e t e <de for t € [—h,0

or by way of the definition of w, we have

w(t) <die®=M)" for 1t € [—h,0). (2.16)
We will show that d;e*~4)" is a bound of w on the whole interval [—/, o], namely that

w(t) < die®M) forall 1> —h. (2.17)

For the sake of contradiction suppose that there exists a 7 > 0 such that w(f) > dyePo=M) et
f = inf{f: () > dyeoH >f} _

Now, by right continuity, either w(z,) = diePo—21)t if there is no impulsive point at ., or w(t,) > djeMo—A)t g
a consequence of a f,. Whatever the case, using right continuity, we thus have w(r) < dieMo—M) for e [—h,t.), where
w(ts) = dyePo~2)tif this occors at a non-impulsive point. Then, by using the hypothesis that c <0, b < 0,¢; >0 forie Z*
and taking into account the fact that Ag < 0, and also using (2.1), from (2.10) we have that
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dyePo—A)t =w(t,) = —ce MOy (t,—o0) +€AO At Z lie Mol

et /z* 0= 2)E5),6) ds 4 cAge 00 / P0=A)(E=9) () ds
t

=T Jt,—o

< —cdjehO o2 (6:=0) | p(ho=Ra)rs de Aot

1 Ty
— bdye M7 /

Jt—1

| =
< dyeo=he {ce"l‘)(y —be M7 4 cAge M6 + 7 Y e }
Li=1

ePo=2)(t:=5) (Ro=A)s gg 4 oy Ape 200 /

ty—C

Po—A)(t:=5) (Ao —2)s g

— dyellohr {ﬁ(%) + di Z&-e—%’f} < dyethohr,
1i=1

This gives us the desired contradiction, since we proved w(z,) < dieM—2)tand we assumed w(ty) = diePo—2t it ¢, s
a continuity point, or w(t,) > dyeMo=M) if ¢ is a discontinuity point. So (2.17) is true and the second part of the double
inequality (2.12) (or, (2.3)) is proved. As a result, the Part (I) of Theorem 2.2 has been proven.

(Proof of Part (Il) of the Theorem 2.2): As in Part (I), the double inequality (2.6) can be shown to be

ot {x@ H(/lg(cb)) Aot:| <Dy (Ao, M39) forall >0,

and

dyeMo=M)r < gl [x(t) — me%’] forall t >0

respectively. So, from the definition (2.11), it follows that the double inequality (2.6) in the conclusion of our theorem can
equivalently be written as follows

w(t) < max w(t) forall r>0,
—h<1<0

and
dreMo—M)t < w(t) forall r>0,

respectively. Thus, using the hypothesis in the Part (II), it can be proved similarly as in the Part (I). As a result, the proof of the
Part (IT) of Theorem 2.2 here is omitted.
O

It is immediately clear that the following corollary of double inequalities ((2.3) and (2.6)) in Theorem 2.2 can be written as
equivalent.

Corollary 2.3. Assume that the conditions in Theorem 2.2 are provided. Then the solution of (1.1)-(1.3) satisfies

(I) for Ay < Ao

klt (7\0,(])) eﬂﬂt x elot L(Aﬂ"b) or
Dy (Ao, A1:0)e 1+/3(Ao) <x(r) < (d1+1+[m0)> forallt >0,

(1) for Ay < M

M (d2+ M) < x(t) < Da (Ao, 13 9) M + mew forallt >0.

Also, if dy, A1 <0, then from (I) and (I) the solution of (1.1)-(1.3) satisfies
lim x(¢) = 0.

[—ro0
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Example 2.4. Consider

1 1 1 1 1
[x(r) — gx(f— Z)]/ = Ex(t) - Ex(t— E) , 1#Fh, 120, (2.18)

k
Ax(tk)=<i> , keZt, (2.19)

() =0(), —5<1=0,

where ¢ € C ([—%,O],R) and f; are arbitrary impulsive points, such that #; — le are not impulsive points for all k € Z™.
The characteristic equation of (2.18) is

21 (3—e—%) :3(1—e—%). (2.20)

We see that A = 0 and A ~ —2.08 are real roots of (2.20). Let Ao = 0 and A; = —2.08. Let’s choose the number d; = 1. We
have Ay > Ay, 4; = (i)l >0 i€Z" and from (2.1)

11 5 2/1\" 1

Thus, by applying Theorem 2.2-(I) and Corollary 2.3-(I), we obtain the following results:
According to (2.2), for any ¢ € C([—3%,0],R) such that

o(1) < [HLSE‘/);Z)}  forre [;0} , @.21)

the solution x of (2.18)-(2.19) satisfies

L(0;
D; (0,-2.08;¢) < €208 [x(t) - 5(/12)] <% forall 1>0,

or equivalent

D (O,—2.08;¢)e*2‘08t+L(O;¢) <x(1) < 1+L( 9 for allt >0,

and

D1 (0,-2.08;¢) = fgtﬂgo {62.0& [(P(t) - LS(?;I?} } .

Now let’s take the special case of ¢(¢) = 1. Then

LO;1)=1—=—= ds = — d D;(0,—2.08;1) = mi 2.08 | _ ; —0
(©:1) 3 2/_; s=1; and Di(0, ) _I;1<1;n<o{e { 5/12”

Thus, for ¢(¢) = 1 the inequality (2.21) is provided and the solution x of (2.18)-(2.19) satisfies
0<% [x(r) —1] <e*% forall >0,
or equivalent

1<x(t) <2 forallt>0.
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Example 2.5. Consider

t>0

where ¢ € C ([—4,0],R).
The characteristic equation of (2.22) is

A (1 —67%87%) =1 +67%67%

or
A—(A+1)e 524D L1 0.

We see that A = —1 and A = 7% are real roots of (2.24). Let Ag

A{)<A|,€i=—%<l

=—land A = —
l
—2) <0 icZ" and from (2.4)

Thus, by applying Theorem 2.2-(II) and Corollary 2.3-(II), we obtain the following results
According to (2.5), for any ¢ € C([—1,0],R) such that

_ I; (P) 1
e t[—l— L= ] for t € [—,0},
Rl L0 ;
the solution x of (2.22)-(2.23) satisfies
5

s B <o (0

for all + > 0, where

and

1 1;
D, (—17—;(]5) = max {eé [¢(r)+ L= (P) }}
2 -1<r<0 1—et
Now let’s take the special case of ¢(¢) = 1. Then L(—1;1)

1 ‘
D, (—1,—2;(})): max {e2

1
-l<<o

= l—e_% and

Thus, for ¢(¢) = 1 the inequality (2.25) is provided, i.e

5 1
e’ |:4—€‘]‘:| <1 for te [—2,0},

%. Let’s choose the number d» = %. We have

Coefficients — 187/189

(2.22)

(2.23)

(2.24)

(2.25)
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and for ¢ (r) = 1 the solution x of (2.22)-(2.23) satisfies

Ze*% <e? [x(t)—i—e*(’*%)} <1 +e*% forall t >0

or from Corollary 2.3-(IT) it follows that

» L(~1:9) I e
G ) B G B e

1 1
5 1—ed l—e 3
e’ <4+ ¢ T ) <x(r) < (l+e_%>e‘%+7ee_’7

1
1—e?

e’ (i —e‘l*) <x(t) < (1 +e*%> e 5 —e (1) forall 1 >0.

Also, from the last double inequality we get

limx(¢) = 0.

[—ro0

3. Conclusion

In this paper, an important result is obtained for the behavior of the solutions by making use of two appropriate real roots of the
characteristic equation and two examples were given. The real roots used in this paper play an important role in determining
the results.
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Abstract

This work investigates the numbers of Padovan and Perrin hybrids. At first, the hybrid numbers, the sequences
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1. Introduction

A recursive linear sequence has an infinite number of terms and is generated by a linear recurrence, called a recurrence
formula, which allows you to calculate the terms of the sequence from its predecessors. Thus, in order to be able to calculate
the terms of a sequence, it is necessary to know its initial terms. For mathematics, sequences are found in the area of number
theory and have applicability in several areas.

In the mathematical scope, the Fibonacci sequence is the most explored sequence, however, the Padovan sequence is
considered a prime Fibonacci sequence which is a linear and recurrent type sequence of third order, of integers. The Padovan
Sequence, named after the Italian architect Richard Padovan (1935 - ?) [13], his work and contributions have important
repercussions for research in Mathematics.

On the other hand, we have the Perrin sequence, which is a linear and recurrent sequence of integers and presents the same
recurrence relation as the Padovan sequence, differing only in the terms of the sequence. This sequence was defined in 1899
by the French mathematician Olivier Raoul Perrin (1841-1910) [16]. Due to the similarity between the Padovan and Perrin
sequences, in the works of [2, 6, 12] properties and identities between these numbers are presented.

So we have the recurrences of the Padovan and Perrin sequences defined below.

Definition 1.1. The recurrence of the sequence of Padovan and Perrin, respectively, is given by:

By=P, 2+PB_3,n2>3,
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Pe, = Pe,—» + Pey—3,n>3
being Py =P, = P, =1, Peqg = 3, Pe; = 0 and Pey = 2 the initial conditions.

Since these sequences have the same recurrence relation, we can perform algebraic operations in order to obtain the
characteristic polynomial of these sequences [1].

Definition 1.2. The characteristic polynomial of the Padovan and Perrin Sequence is defined as:
©-x—1= 0,
having three roots, two complex and one real.

And yet, in the literature of pure mathematics, there is the set of hybrid numbers, defined by [10], which presents the
complex, hyperbolic and dual numbers together, combined with each other.

Definition 1.3. A hybrid number is defined as:
K={z=a+bi+ce+dh:ab,c,d cR,i*=—1,e*=0,h*=1,ih=—hi = £ +i}

From the definition of hybrid numbers, it is possible to perform some operations with these numbers, namely: addition,
subtraction, multiplication by scalar. As for the multiplication between two hybrid numbers, this product is obtained by
distributing the terms to the right, preserving the order of multiplication of the units and using the equalities i> = —1,€% =
0,h* =1,ih=—hi=¢e+i.

From the multiplication of the imaginary units, we can present the table of the multiplication of a hybrid number, as shown
in the Table 1.

-1 i € h
1|1 i € h
i -1 1—h | e+i
€| ¢ 1+h 0 — €
h|h|—¢€e—i € 1

Table 1. Multiplication table for K.

Furthermore, from the hybrid numbers it is possible to present their conjugate, denoted by Z and is defined as
z=a—bi—ce—dh
and the real number
Cz)=xzz=zz=a*+(b—c)*—c* —d*=a*+b* —2bc —d*

is called the hybrid number character, where the root of the absolute value of that real number will be the hybrid number norm.

z, 0 we have to: ||zl = /|C(2)|.

From the linear recursive sequences and the hybrid numbers, the hybridization process of the sequences is then carried out,
as seenin [4, 7, 8, 9, 14, 15]. For the Padovan and Perrin sequence we can define these numbers as:

Definition 1.4. The hybrid numbers of Padovan and Perrin, denoted by PH, and PeH,,, are defined as:
PH, =P, +Pn+1i+Pn+2€+Pn+3h>

PeH,, = Pe, + Pep41i+ Pey 1€ 4 Peyi3h,

where PHy = 1 +i+€+2h and PH) = 1 +i+2€+2h and PH, = 14 2i+2€ + 3h the initial conditions for hybrids of Padovan
and PeHy = 3+ 2€ +3h and PeH| = 2i+ 3€ +2h and PeH, = 2+ 3i+ 2€ + 5h the initial conditions for Perrin hybrids.

Based on the work of [11], we can present the hybrid Padovan matrix form (Q,) given by:
PH,.>» PH,y1 PH,

Q,= |PH,13 PH,i» PH,;1|,forn>1.
PH,.; PH, PH,
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That satisfies equality Q, = U"Q, where:

010 14+2i+2e+3h 1+i+2e+2h 1+it+e+2h
U=1[1 0 1|,0=|2+2i+3e+4h 1+42i+2e+3h 1+i+2e+2h|,
1 00 14+i+2e+2h 1+i+e+2h i+e+h
So, for n = 1, you have that:
[0 1 O] [1+42i+2e+3h 1+i+2e+2h 1+i+e+2h
01=U'0=1[1 0 1| |242i+3e+4h 14+2i+2e+3h 1+i+2e+2h
|1 0 Of [14+i+2e+2h 1+i+e+2h i+e+h
[242i+3e+4h 14+2i+2e+3h 1+i+2e+2h
= [243i+4e+5h 2+42i+3e+4h 1+2i+2e+3h
[1+2i+2e+3h 1+i+2e+2h 1+i+e+2h
[PH; PH, PH,
= |PHy PH; PH,
|PH, PH, PHy
Assuming it is valid for n =k, (k € Z):
0 1 01 [142i+2e4+3h 1+it2e4+2h 1+itet2h
Or=UQ0=1|1 0 1| |2+42i+3e+4h 142i+2e+3h 1+i+2e+2h
1 00 1+i+2e+2h 1+ite+2h i+e+h
(P, P,z Pos4| [14+2i+2e+3h 1+i+2e+2h 1+i+e+2h
=Py P2 P3| |2+42i+3e+4h 1+2i+2e+3h 1+i+2e+2h
_Pn,_?, P4 P5s 1+i+2e+2h 1+i+€e+2h i+e+h
[PHiy» PHi.1 PH
= |PHy+3 PHiyo PHpt
|PH+1 PHy  PHp
In this way, it is shown that it is valid forn = k+ 1, (k € Z):
0 1 01" [142i42e+3h 1+i+2e4+2h 1+ite+2h
Qw1 =U'0=11 0 1 2+4+2i+3e+4h 1+2i+2e+3h 1+i+2e+2h
|1 0 0] 1+i+2e+2h 1+i+te+2h i+e+h
0 1 01°[0 1 0] [1+2i+2e+3h 1+i+2e+2h 1+i+e+2h
=1 0 1 1 0 1| |242i+3e+4h 1+42i+2e+3h 1+i+2e+2h
(1 0 0] [1 0 O] |[1+i+2e+2h 1+4i+e+2h i+e+h
(B,o Pz P.4] [0 1 O] [14+2i+2e+3h 1+i+2e+2h 1+i+e+2h
=|P_1 Prp Pi3| |1 0 1| |242i4+3c+4h 142i+2e+3h 1+4+i+2e+2h
|Pi3 Pia Pis| |1 0 Of | 1+i+2e+2h  1+i+e+2h
[P,y Pio P,3]| [14+2i+2e+3h 1+i+2e+2h 1+i+e+2h
=| P, Py P ol| |242i+3e+4h 142i+2e+3h 1+i+2e+2h
_P”,z P, 3 Pn,4_ _1—|—i+28+2]’l 1+i4+€e+2h i+e+h
[PHy,3 PHiy, PHppy
= |PHrya PHpi3 PHpyo
| PHiy2 PHip1 PHy

Furthermore, the Perrin hybrid matrix (W,,) is given by:

PeH, > PeH,.1 PeH,
W, = |PeH,13 PeH,,» PeH,i1|,forn>1.
PeH, PeH,  PeH,_
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That satisfies equality W, = A"W, where

0 2+3i+2e+5h 2i+3e+2h 3+2e+3h
1| ,W=|342i+5¢+5h 243i+2e+5h 2i+3e+2h
0

0
A= |1
1 2i+3e+2h 3+2e+3h —1+3i+2h

S O =

With this, based on what was previously presented and based on the work of [17], in this work, we will present several
identities on Padovan and Perrin hybrid numbers, their extension to hybrids with negative indices and identities around them.

2. Results
Based on the definitions seen in the introduction referring to the hybrid numbers of Padovan and Perrin, some theorems are
then developed with the aim of carrying out a new investigative study on these numbers.

Definition 2.1. Hybrid numbers of Padovan and Perrin with negative indices are defined by:

PH_,=P_, +P—n+1i+P—n+2€+P—n+3h
PeH_, = Pe_,+ Pe_,1i+ Pe_,12€ + Pe_,13h

Based on this, we can obtain the binomial sums of the Padovan hybrid numbers in the following theorem.

Theorem 2.2. The following identities are valid:
(i) Xio (;) PHx = PH3n,
(ii) Yi—o (1) PHi 11 = PH3p11,

Proof. (i) According to Binet’s formula of Padovan hybrid numbers PH, = Ax} + Bx} + Cx5, one has that:

n

Z <n> PH; = Z <n> (Axh + Bk + %)
= \k k

k=0

IHEEMHEEMHE
A(1+x1)"+B(14x)"+C(14x3)".

Considering the infinite interactions of the cubic roots given by the expression y = /' 1+ v/1++/1+..., one can establish
the relation Y = 1 + y, where  represents the real Padovan root [5]. Hence, 1+ x| = x?,l +Xxp = x% and 1 +x3 = x%. With
that, Y}_ (1) PHy = PH3,.

(i1) Similarly to demonstration (i), this Identity can be validated.

O

Thus, we have the binomial sums of the Perrin hybrid numbers in the following proposition. Since the proof of these sums
is similar to the Padovan hybrid numbers discussed in the previous Theorem, we omit the proof.

Theorem 2.3. The following identities are valid:

(l) ZZ:O (Z)Per = PeHSnv

(i) X}—o (}) PeHys1 = PeHzp 1.

Theorem 2.4. Form >3, n > 3, one can:

PH,,PH,, + PH, | PH, | + PH,PH,_| = PH,,+ PH, i+ PH, ;12 + PHy 11 3h.

Proof. According to the matrix form of the Padovan hybrid numbers:

01 0 142i+2e+3h 1+i+2e+2h 1+i+e+2h]
U=|1 0 1],0=|2+2i+3e+4h 1+2i+2e+3h 1+i+2e+2h|,
1 0 0

1+i+4+2e+2h 1+i4+€e+2h i+e€+h |
Pn72 Pn73 Pn74_

U" = Pn—l Pn—2 Pn—3 .

Pn—'% Pn—4 Pn75_
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Resulting in @, = U"Q:

PH,.>» PH,.1 PH,
PH,13 PHpyy PHypqo
PHn+1 PH, PH,

Thus, performing (Q,)(Q:), one can equal the term a;3, obtaining:
PH,i> PH,s1 PH, | [PHus2 PHuni1  PHy

PHn+3 PHnJrZ PHn+1 PI'Ier3 PHm+2 PHm+] = PHn+2PHm +PHn+1PHm+1 + PH,PH,, 1.
PH,., PH, PH, | |PH,. PH, PH,

By definition, one has to PH,, = PH,, + PH,{ jyy1i + PHy 4 1y12€ + PHy 41350
Soon:

PHn+2PHm +PHn+1PHm+1 +PHnPHm—1 = PHn+1n +PHn+m+1i+PHn+m+28 +PHn+m+3h-

O
Theorem 2.5. Form >0, n > 0, one has to:
PeHn+2PeHm +P€Hn+1P€Hm+1 +PeHnPeHm,1 = PeH,Hm +P€Hn+m+1i+P€Hn+m+28 +P€Hn+m+3h.
Proof. According to the matrix form of Perrin’s hybrid numbers:
01 0 2+3i+2e+5h 2i+3e+2h 34+2e43h |
A=1|1 0 1| ,W=|[342i+5¢+5h 243i+2e+5h 2i+3e+2h]|,
1 0 0 2i+3e+2h 3+2e+3h —1+3i+2h|
PeH,, PeH,,1  PeH, i
AW = PeH,,+3 PeHn+2 P€Hn+1 .
PeH,, PeH,  PeH,_| |
Thus, performing (W,,)(W,,), one can equal the term a3, obtaining:
PeH,, PeH, | PeH, PeH,,,» PeH, PeH,,
PeH, .3 PeH,.» PeH,.\| |PeH,(3 PeH,+> PeH, .| = PeH,,PeH,+ PeH,  PeH, |+ PeH,PeH,,
PeH, PeH, PeH,_ 1| |PeH, PeH,, PeH,
By definition, one has to PeH,, = PeH, ., + PeH, .+ i + PeH,, 12 € + PeH, 1 3h. Soon:
PeHn+2P€Hm +P€Hn+1P€Hm+1 +P€HnP€Hm,1 = PEH,H,m +P€Hn+nl+1i+P€Hn+m+28 +P€Hn+m+3h.
O

Theorem 2.6. Form >3, n > 3, one has to: o o o
(U@nw _PﬂﬂrnJrli—PHernJrZe_PﬁJrnJrSh = PHm+2PH7n+PHm+1PH7n+l +PH,,PH, 1,
(”)PHn+m +PHn+m+li+PHn+m+28 +PHn+m+3h = PHm+2PHn +PHm+1PHn+1 +PH,PH, .

Proof. Using the conjugate of the matrix Q, called Q, where:
1+2i+2e+3h 1+i+2e+2h 14+i+€+2h
Q0= |2+4+2i+3e+4h 1+4+2i+2e+3h 1+i+2e+2h]|.
1+i+2e+2h 1+i+e+2h i+e+h
Thus, performing:

(P> P,z Po4| [1—2i—26—-3h 1-i—2e—-2h 1—i—€—2h
U'O= P,y Pro Pos||2-2i—3e—4h 1-2i—2e—3h 1—i—2e—2h
_P”,3 P4 P, 1—i—2e—2h 1—i—€e—-2h i—e—h
ﬁn+2 ﬁ}ﬂrl ﬁn

= @HS PHy 12 @rﬂrl

PH,., PH, PH,
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Thus, considering the element a3, it can be said that:

HOU™™MQ) = (QU™)(U"Q),

[Piim—2 Pim—s Puma] [1+2i+2e+3h 1+i+2e+2h 1+ite+2h
QU™™Q) =0 |Pivm1 Pismo Poim3| |2+2i+3e+4h 14+2i+2e+3h 1+i+2e+2h
Pn+m_3 Pn+m_4 P,H,m,S 1+l+28+2h 1+l+8+2h l+8+h
[1-2i—2¢—3h 1-i—2e—2h 1—i—€—2h| [PHymy2 PHpyims1 PHpim
=|2-2i—3e—4h 1-2i—2¢—3h 1—i—2¢—2h| |PHyim+3 PHuyimio PHyims
| 1—i—2e—2h 1—i—€-2h i—€—h PHyimi1  PHypm  PHypm—1
—@n—&-m—ﬂ @n-&-m-ﬁ—l En-&-m
= |PHpimy3 PHuymio PHpimi
_PHn+m+l PHn+m PHrH»mfl
[1—2i—2e—3h 1—i—2e—2h 1—i—€—2h| [Puy Pn-3z Pu_s
(QU™(U"Q) = |2—2i—3e—4h 1-2i—2¢—3h 1—i—2e—2h| |Py1 Pua Pu3|(U"Q)
| 1—i—2e—2h 1—i—€-2h i—e—h Pn_3 Py Pu_s
[PH,2 PHuy1 PHy | [P Pz PBia| [142i+2e+3h 1+i+2e+2h 1+i+€e+2h
= |PHyu+3 PHpio PHpyii| (Pt Pi2 Pi3| |2+2i+3e+4h 1+2i+2e+3h 1+i+2e+2h
\PHyu1 PH, PH,_| |Pi3 P4 Pis 1+i+2e+2h 1+i+e+2h i+e+h
ﬁm#& ﬁm+l Em 1 _PHn+2 PHnJrl PH,
= |PHpni3 PHpy2 PHyyo| |PHyp 3 PHyp PHy
|\ PHu+1 PH,  PHy—1| |PHay1 PH, PHy
(iH(QU™™M)Q = (QU™)(U"Q),
_ [142i+2e43h 14i+2e4+2h  14i+te+2h] [Pun2 Puin3 Puina|
(QU™™MQ = |2+42i+3e+4h 1+2i+2e+3h 1+i+2e+2h| |Pyin-1 Punin-2 Pninz|Q
| 1+i+2e+2h  14+it+e+2h i+e+h Puin—3 Pupins Puin_s
[PHyini2 PHpynyi PHyop | [1—2i—26—3h 1—i—2e—2h 1—i—&—2h
= PHIn+ﬂ+3 PHm+n+2 PHI?’H—IZ+1 2— 2l— 38 —4]’[ 1 - 21_ 28 - 3h 1 _l— 28 - Zh
_PHm+n+| PI'Im+n PHm+n7[ 1—1—28—21’1 l—l—S—Zh l_g—h
_@ernJrZ @m+n+l Em#»n
= ﬂm+n+3 PH i n+2 ﬁernJrl
_PHm+11+l PH 1 p PH 1y
[1+2i+2e+3h 1+i+2e+2h 14+i+e+2h]| [Bus Pu3 Pny4 B
(QUMU"Q) = |2+2i+3e+4h 1+2i+2e+3h 1+i+2e+2h| |Pu1t Pu2 Puns| (U"Q)
_1+i—|—2£+2h 1+i+e+2h i+e+h P, 3 P,4 P,s
(PH,., PH,., PH, |[P.2 P.3 PB,4|[1-2i—26-3h 1—-i—2e—-2h 1—i—e—2h
= PHm+3 PHn1+2 PHm_H P P> P,_3 2—2i—3e—4h 1-2i—2e—-3h 1—i—2e—-2h
_PHm+1 PH,, PHm_l_ _Pn_3 P4 P,s 1—i—2e—2h 1—i—€e—-2h i—e—h
[PH,» PHui1 PH, | @nﬂ PH,;1 PH,
= |PHni3 PHpi» PHpyi| (PHp3 PHup PHyy
_PHerl PHm PHmfl_ _PHrH—l PHn PHn—l
O

Theorem 2.7. Form >0, n > 0, one has to:
(i)PeHyyn — PeHpyn1i — PeHy 1 n12€ — PeHyy 130 = PeH 2 PeHy, + PeH 1 PeHy 1 + PeH y PeH, 1,
(ii)PeH ;- + PeH 110+ PeH 4y 12€ + PeH 1 3h = PeH,y o PeH , + PeHpy 1 PeH 1 + PeH,, PeH 1.
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Proof. Using the conjugate of the matrix W, called W, where:
243i4+2e+5h 2i4+3e+2h 3+2e+3h
W= |3+2i+5¢+5h 243i+2e+5h 2i+3e+2h
2i+3e+2h 3+2e+3h —143i+2h
Thus, performing:

0 1 0]"[2-3i—2e—5h 2i—3e—2h 3—2e—3h PeH,.,» PeH,., PeH,
AW=1|1 0 1| |[3-2i—5e—5h 2-3i—2e—5h 2i—3e—2h| = |PeH,.3s PeH,.» PeHy,.
1 00 2i—3e—2h 3-2¢—3h —1-3i—2h PeH,,, PeH, PeH,

Thus, considering the element a3, it can be said that:
OW (AW = (WA™)(A"W),
()W (A"T"W) = (WA™)(A"W). O

3. Conclusion

This work carried out an investigative study around the hybrid numbers of Padovan and Perrin, developing new and proven
theorems based on fundamental algebraic operations and their respective matrix forms. Thus, the results presented here have
the bias of motivating further studies on the numbers of Padovan and Perrin hybrids, improving the investigation for other
numerical sequences.
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Abstract

Many quaternions with the coefficients selected from special integer sequences such as Fibonacci and Lucas
sequences have been investigated by a great number of researchers. This article presents new classes of
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1. Introduction

Quaternions are defined as a 4-tuple of real numbers and represented by a linear combination of the elements of the standard
orthonormal basis such as

q=qo+iq1+ jg> +kq3
with the multiplication rules
P=pP=K=ijk=—1, (1.1)

where qo,q1,4> and g3 are any real numbers, g is called the scalar part of ¢ and ig; + jg» + kq3 is the vector part. Note that its
scalar and vector parts are abbreviated as Sc (g) and Vec (g), respectively. The conjugate of g is

q" = qo—iq1 — jq» — kg3

and its norm is

N(q) =Vaq" =\/G+ @ + B +B- (1.2)

Eq. (1.1) indicates that the real quaternions form a non-commutative division algebra, even the skew field in the set of
quaternions. Due to the loss of commutativity, it is very difficult to study them.

Quaternions are useful tools in many science areas such as mathematics, physics and computer sciences. The monographs
in [1] and [2] present well-known systematic investigations on the subject. In recent decades, several researchers investigate
different types of quaternions. In [3], Horadam gave the Fibonacci quaternions in the form

Qn :Fn+iFn+l+an+2+an+3v
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where F;, is the usual Fibonacci number defined as
Fn+2 = F}’l+1 +Fn forn 2 0

by the initial terms Fy = 0 and F; = 1. In addition, the Lucas numbers are defined by the same recurrence relation but with the
initial conditions Ly = 2 and L; = 1. Certain important results on the Fibonacci quaternions are presented in the references
[3]-[8] and many other related references which are not given here.

In the current literature, many interesting generalizations of the Fibonacci and Lucas numbers and their various types can
be found. However, one of the most interesting approaches to the topics is given by Stakhov and Tkachenko in [9]. By Binet’s
formulas of the Fibonacci and Lucas numbers, they introduced a new concept called hyperbolic Fibonacci and hyperbolic Lucas
functions. The monograph [10] offers a detailed review. Furthermore, Stakhov and Rozin improve this approach to symmetrical
hyperbolic Fibonacci and symmetrical hyperbolic Lucas functions. According to the authors in [11], the symmetrical hyperbolic
functions are defined as follows:

o —o "

Symmetrical Fibonacci sine functions: sF's (x) = —5 (1.3)
. . S . a'+at

Symmetrical Fibonacci cosine functions: c¢F's (x) = ————, (1.4)

g V5
Symmetrical Lucas sine functions: sLs (x) = a* —a™* (1.5)

and

Symmetrical Lucas cosine functions: cLs (x) = a* + o™, (1.6)

where x is any real number and « is the golden ratio. It should be noted that sF's (2k) = Fy, cLs (2k) = Log, cFs (2k+ 1) = By 1,
and sLs (2k+ 1) = Ly can be written for k € Z, respectively. Since the hyperbolic functions play a great role in modern
sciences such as mathematics and physics, these special functions are very important. Note that throughout the paper, we will
omit the letter “s” in right-hand sides of the representations “sFs (x)” and “cFs(x)” for combinatorial simplicity, e.g. sF (x)
and cF (x), respectively.

Based on the above developments, Dasdemir introduced the symmetrical hyperbolic Lucas sine and cosine quaternions as

sPs (x) = sLs (x) +isLs (x+ 1) + jsLs (x +2) + ksLs (x +3)
and
cPs(x) = cLs(x) +icLs (x+ 1)+ jcLs (x+2) + kcLs (x+3),

respectively [12]. Here, x is any real number, and sLs (x) and cLs (x) were respectively defined in (1.5) and (1.6).

In this paper, we define new classes of quaternions. The coefficients of these quaternions are chosen from the symmetrical
hyperbolic Fibonacci functions. Note that our definitions give the quaternions regarded as a combinations of real valued-
functions, not integer valued-functions. Further, we give hyperbolic properties and some identities including the Binet’s
formulas, the generating functions, the Cassini’s and d’Ocagne’s identities for these quaternions.

2. Main Results

Consider the symmetrical hyperbolic Fibonacci functions given in (1.3) and (1.4). Hence, we give the following definition.

Definition 2.1. The symmetrical hyperbolic Fibonacci sine and cosine quaternion functions are defined by the relations
S(x)=sF (x)+isF (x+ 1)+ jsF (x+2) + ksF (x+3) 2.1
and
C(x) =cF (x)+icF (x+ 1)+ jcF (x+2) +kcF (x+3), (2.2)

respectively.
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For simplicity, we shall call these quaternions in (2.1) and (2.2) s-Fibonacci quaternions and c-Fibonacci quaternions,
respectively. It should be noted that x is regarded as any real number throughout the paper.
We can present the following fundamental properties of the quaternions defined above.

Theorem 2.2. Let x be any real number. Hence, we have the following relations:

Sx+2)=Cx+1)+5x) (2.3)
and

Cx+2)=Sx+1)+C(x), 2.4
respectively.
Proof. The proof is completed by employing the Binet’s formulas given in (1.3) and (1.4). O

Remark 2.3. According to Theorem 2.2, it is possible to exchange symmetrically S (x) with C (x) and C (x) with S (x) for all
linear relations of the s-Fibonacci and c-Fibonacci quaternions.

Note that the recurrence relations given in (2.3) and (2.4) are inhomogeneous. If we apply the corresponding relation to the
first term of its right-hand-side, we obtain new structure of each equation, in the homogeneous form, as

S(x+2)=35(x)—S(x—2) (2.5)
and
C(x+2)=3C(x)—C(x—2). 2.6)

We can represent the recurrence relations in (2.3)-(2.6) by generating matrix technique. To do this, we introduce the
matrices
Me (x) = { ng(j)l) C(Sx(f)l) } ;
Ms (x) = { S(C)f(—:)l) S(C;C(f)l) ],
M= $610) so |

and

Hence, we can write

Mc(x) =P.Ms(x—1), Ms(x) =P.Mc(x—1), 2.7)
Ns(x) = R.Ns(x—2) and Ne¢ (x) = R.Ne (x —2), (2.8)
11 3 -1 . .
where P = 10 and R= O Hence, we can give the following theorem.

Theorem 2.4. Let x and n be a real positive integer, respectively. Then,

Mec (x) :Pm.{ Ms(u), ifmisodd

Mc(u), ifmiseven ’
om | Mce(u), ifmisodd
Ms (x) = P { Ms(u), ifmiseven ’
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Proof. Extending the right side of the matrix equations in (2.7) and (2.8) to the right, the desired results are obtained by a
property of matrix multiplication. 0

Remark 2.5. It follows from Theorem 2.4 that all the determinantal identities obtained for s-Fibonacci quaternions are equal
to negative sign of those for c-Fibonacci quaternions. Hence, it is sufficient that we only give the next results for the s-Fibonacci
quaternions. But keep in mind that negative signs of right-hand side for these equations are valid for c-Fibonacci quaternions.

The Binet’s formulas for the s-Fibonacci and c-Fibonacci quaternions are given in the following theorem.
Theorem 2.6 (Binet’s formula). The Binet’s formulas of s-Fibonacci and c-Fibonacci quaternions are given as follows:

Ao’ —Bo~* Aot +~Ba =
S(x) = % and C (x) = OHTO‘ 2.9)

where A =1+io+ ja? +ko’, B=1—if+ jB>—kB3 and B = —a .
Proof. From the definition of s-Fibonacci quaternions and the Binet’s formula of sF (x), we can write

S(x)=sF (x)+isF (x+ 1)+ jsF (x+2) + ksF (x+3)

—a— Xl oy —(x+1) X2y (x+2) X+3 _ o~ (x43)
_ aX o X a\ o X + ] a\ 115 X + ka \75 X
_ or*(+ia+ja2+ka3)fa*‘*(l+ia"+ja*2+ka*3)
= 7 .
Substituting B = —a~! into the last equation, the first equation is attained. By employing the same procedure, the other is
obtained. So, the proof is completed. O

From the Binet’s formulas in (2.9), we conclude that the c-Fibonacci quaternions are an even function, but nothing can be
said for the s-Fibonacci quaternions. In addition, considering the Binet’s formulas given in (2.9), we can write
2B
Cx)=S (x)+\7@ﬁx- (2.10)
This result indicates that a study of the one involves familiarity with the other one. Note that all the results obtained in this
paper are transformed to the other by employing Eq. (2.10).

From the Binet’s formulas given in (2.9), we conclude that the s-Fibonacci and the c-Fibonacci quaternions have the same
form except for the sign of ™. Hence, we can enter an auxiliary function that possesses 1 and -1 for consecutive integer
values of x into the Binet’s formulas to guarantee continuous condition. To do this, the function cos (7x) may be the best choice.
Consequently, the following definition arises naturally.

Definition 2.7. The quasi-sine Fibonacci quaternion is defined as

Aa* —cos(mx)Ba™
2(x) = (7x) 2.11)
V5
Here, we can say that the definition in (2.11) satisfies the same recurrence relation in (2.3). For even or odd integer values
of x, the quasi-sine Fibonacci quaternion reduces to the s-Fibonacci and the c-Fibonacci quaternions, respectively.

Theorem 2.8. For any real number x, we have
N(S(x))=1/3cF (2x+3)— - (2.12)
and

N(C(x)) = {/3cF (2x+3) + 2. (2.13)

i1

Proof. Considering definition in (1.2), we can write
IN(S (0))]* = [sF (0)]* + [sF (x+ 1)]* + [sF (x+2)]* + [sF (x+3)]>

[ax _ ax:| 2 a(x+2) _ ch(x+2)
= +

V5 V5

2
+

a(erl) _ a*(erl)

V5

a*3) _ g~ (+3) 1 2
+

V5
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Here, expanding the square terms and using property a®> + 1 = /5« yields to

) a*(1+a?+o*+ab)+a > (1+a?+o*+a®) -8

NS ()] <
35 <a(2x+3) + a—(2x+3)> _3g
= s .
The last equation gives Eq. (2.12). Repeating the same procedure, (2.13) can be demonstrated. O

Next theorem only presents some linear elementary properties for the s-Fibonacci quaternions to reduce the size of the
paper. Note that according to Remark 2.3, a property known for the one can also be written for the other due to the exchange
rule for all the linear properties.

Theorem 2.9. Let x be any real numbers. Then, we have
sPs(x) =S(x+1)+S(x—1), (2.14)
25 (x+1) =C(x)+sPs(x),
58(x) =sPs(x+1)+sPs(x—1)
and
cPs(x)+5S(x) =2sPs(x+1).
Proof. We only prove Eq. (2.14) since the others can be showed similarly. From the Binet’s formula in (2.9), we can write

At —Ba= ) A —Ba= D (a?+1) (Aa*! —Ba )

+
V5 V5 V5
and using o> 4 1 = \/5a, the proof is completed. O

Theorem 2.10 (Hyperbolic version of the Pythagorean Theorem). The following property holds for any real number x:

4
C(x)* = S(x)* = ——=[C(0)]".
(x)" =S (x) \G[ (0)]
Proof. To show the validity of theorem, we use an interesting property of quaternions: Let p be any quaternion of the
components pg, p1, p2, and p3. Then, p> = 2pop — [N(p)]z. Hence, we can write

C (x)* =S (x)* = 2¢F (x)C (x) = [N(C (x))]* = 2F (x)S (x) — [N (S (x))]*
=2¢F (x)C (x) — 2sF (x)S (x) — 15—6

It can be showed that ¢F (x)cF (x+y) — sF (x)sF (x+y) = %CF () for all real numbers x any y by using the Binet’s formulas

in (1.3) and (1.4). Considering this identity, we obtain

16 4 16
C(x)* =S (x)* = 2¢F (x)C (x) — 2sF (x)S (x) — 5= ﬁcm) -5
Since %CF (0) = %, the proof is completed. O

Theorem 2.11 (Moivre-type formula). Let x be any real number and n be any (positive or negative) integers. Then,

n—1
€ (x) +S ()] = (\%A) (C (nx) + S () 2.15)
and
n—1
[C(x)—S(x)]"= <\2@B> (C(nx)— S (nx)). (2.16)
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Proof. Using the Binet’s formulas in (2.9), we can write

n

A +Ba W  Ao*—Bo* [2A7"
YIS B BV

Sl

247" ' 240 + Ba ™ —Ba ™

V5] V5

% "l Ao +Ba " 4+ Ao —Ba ™

V5] V5 ’

which is Eq. (2.15). Similarly, Eq. (2.16) can be proved. O

S

Now we give two important theorems that will be reduced to some special cases.

Theorem 2.12 (Vajda identity). Let x, y, z, and t be any real numbers. Then, we have

Sx+2)Sy—1)=Sx)S(y+z—1)=—=[C(u) =C(V)]"+

7 (sF (u) — sF (v)) (2i+5k), (2.17)

2
V5
whereu =x—y+z+tandv=x—y—z+t.

Proof. By employing the Binet’s formula in (1.3) for each part after applying the multiplication rule in (1.1) to the left-hand
side of Eq. (2.17), the desired result is obtained directly. O

From Vajda identity, we also have the following special identities:

e Fory—t=yandz=1, werecover the d’Ocagne’s identity:

S+ 1)S() =S S(y+1) = \% (208 (x—y)]" +cF (x—y) 20+ 5K) ).
e For x =y and r = s, we find the Catalan’s identity:

S(x+2)S(x—z2)—SE)? = % [2[C (22)]" +F (22) (2i +5K) +27}

where y:—%—&—i—i—%j—&—ﬂc.

e Forx =yand r =s =1, we find the Cassini’s identity:

SGE+1)S(x—1)-Sx)7> = é (2—8j—f5k).

Theorem 2.13 (Mixed-Vajda identity). Let x, v, z, and t be any real numbers. Then, the mixed-Vajda identity of first kind is

Sx+z2)Sy—t)—C(x)C(y+z—1) = %[C(M)JrC(v)}* + \% (sF (1) +sF (v)) (2i + 5k)
and the mixed-Vajda identity of second kind is
Cx+z)S(y—t)—-C(x)S(y+z—1)= %[S(u) —SW)]" + \% (cF (u) —cF (v)) (2i+ 5k),

where u=x—y+z+tandv=x—y—z+t.

Proof. The proof can be completed by repeating the same procedure in Theorem 2.12. O
Particular cases of the mixed-Vajda identity of first kind are as follows:
e Fory—t =yandz=1, we obtain the d’Ocagne’s identity of first kind:

2[C(x—y+1)+Cx—y—1)]"
+(SF(x—y+1)+sF(x—y—1))(2i+5k) |

S+ 1)SO) —CH)CH+1) = \16{
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e For x =y and r = s, we find the Catalan’s identity of first kind:

S(x+2)S(x—2) —C(x)* = —= {2[C(22)]" +5F (22) (2i +5k) — 27} .

1
V5
where ¢ =i—+/5j+k.

e Forx=yand r =s =1, we find the Cassini’s identity of first kind:

Sx+1)S(x—1)—Cx)? = \% (2[5—41‘—4\61—%).

Similarly, we have the following particular cases of the mixed-Vajda identity of second kind are as follows:

e For y—t=yand z= 1, we obtain the d’Ocagne’s identity of second kind:
1
Cx+1)SH)—Cx)S(y+1)= 7 {2[C(x—y)]" +sF (x—y) (2i+5k)} .

e For x =y and r = s, we find the Catalan’s identity of second kind:

Clr42)S(r-2) - CS0) = 7 {205 a +eF 2221450~ T b

V5 V5

where ¢ =i—+/5j+k.

e Forx=yand r=s=1, we find the Cassini’s identity of second kind:

Clx+1)Sx—1)—C(x)S(x) = % (2\f5—4i—4\f5j—9k).

Theorem 2.14 (General bilinear formula). Let x, y, z, t, and w be any integers satisfying x+y = z+t. Then, we have

SF (x)C(y) —cF (2)S(t) = sF (x—w)C(y—w) —cF (z—w)S(t —w)
and

cF (x)S(y)—sF (2)C(t) =cF (x—w)S(y—w) —sF (z—w)C(t —w).

Proof. The proof is seen easily by applying the similar technique used in Theorem 2.12.

We define the following functions:

= =)

Gy(x,1) =Y S(x+n)", Ge(x,1) = Y, C(x+n)"
n=0 n=0
and

oo n oo

gs(x,1) = ZS(ern) % and g, (x,1) = Z C(x+n) !

n
J .
n=0 n=0 :

(2.18)

Note that generating functions are powerful tools for solving linear homogeneous recurrence relations with constant coefficients.
Let us introduce generating functions of the s-Fibonacci and c-Fibonacci quaternions. Hence we can write the following

theorem.

Theorem 2.15. The generating functions for the s-Fibonacci and c-Fibonacci quaternions are as follows:

SE)+Sx4+1t=S(x—2)2=S(x—1)
(I4+x—x2)(1 —x—x2)

Gy (x,1) =

and

Cx)+Cx+1t—C(x—2)>—C(x—1)7

Gc(x,t)z (1+x,x2)(17x7x2)

(2.19)
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Proof. We only show the validity of Eq. (2.19) since other can be proven in a similar way. First, we take r*G; (x,1) and
—3¢2G, (x,t) into account. Hence, from Egs. (2.5), (2.18) and the last equations, we have

(1-32+xY) Gy (x,1) =S (x) +S(x+ 1)t =S (x—2)* =S (x— 1),
which is desired result. O

We give the exponential generating function for S (x) and C (x) in the following theorem.

Theorem 2.16. The exponential generating functions for the s-Fibonacci and c-Fibonacci quaternions are as follows:

Aare® —Ba e Pt

gs(xat) = \/5

and

Ao*e™ +Ba*e P!

gC(xat) = \/5 ’

where t is any real number and e is the famous Euler’s constant.

Proof. Considering MacLaurin expansion for the exponential function, we can write

o tn oo Aax+n o Ba—(x—HI) tn

gl = Lsttn =Y S50

o

1 n oo —1,\"
- 7 (Aa"z %—B(x"‘z Ln!t) )

n=0 : n=0
1 -1
= ﬁ(Aaxem—Bafxea t)7
which is the first equation. Using the same procedure, the second equation can be obtained. 0

We give the Honsberger formula for s-Fibonacci and c-Fibonacci quaternions in the following theorem. Note that there are
many applications in physic and statistics.

Theorem 2.17 (Honsberger formula). Let x and y be any real numbers. Then,
Sx+y)=sFx+1)Cy)+cF(x)S(y—1)

and
Clx+y)=sFx+1)Sy)+cF(x)C(y—1).

Proof. Using the Binet’s formulas in (1.3), (1.4) and (2.9), we can write

't —o D A +Ba?  af+a Ao —Ba 0

sFs(x+1)C(y)+cFs(x)S(y—1)= 7 NG + NG 7

= 1 {Aax+}:+1 —Bo~ (D) L A gl —B(X_(H'y_l)}
5
1 x+y—1 2 —(x+y—1) )

It can be proved easily that &> + 1 = v/5a and o2+ 1 = /S~ are satisfied. Substituting these properties, the result follows.
The second equation can be proved similarly. O

Let z be any real number. Substituting (x,y) = (x —z,y+z) into the Honsberger formulas we can give a more general
version of Theorem 2.17 in the following.
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Corollary 2.18. For any real numbers x, y and z, we have
Sx+y)=sF(x—z+1)C(y+z)+cF(x—2)S(y+z—1)
and
Clx+y)=sF(x—z+1)S(y+z)+cF(x—2)C(y+z—1).
We now give summation formula in the following theorem.
Theorem 2.19. Let x be any real number and n be any positive integer. Then, we have
n—1

Y S(x+k)=Cx+n+1)+C(x+n)—C(x) —C(x—1)
k=0

and
n—1
Clx+k)=Sx+n+1)+Sx+n)—Skx)—Sx—1).
k=0
Proof. Summing all the equations after writing Eq. (2.5) for x,x+1,...,x+n, with some mathematical arrangements, we
obtain

z”:S(x—Hc) =—SX)-Sx+)+Sx+n+1)+Sx+n+2)+Sx—2)+Sx—1)—Sx+n—1)—S(x+n).
k=0

Applying the recurrence relation in (2.3) to the last equation, the result follows. 0

3. Conclusion
In this paper, we defined the hyperbolic Fibonacci and the quasi-sine Fibonacci quaternion and try to develop some matrix
equations to these definitions. Also, we investigated some identities including Binet’s formulas, the generating functions, the
Pythagorean-type and Moivre-type formulas. In particular, we presented Vajda-type identities that can be reduced to some
important well-known forms, including Catalan’s or Cassini’s identities.
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Abstract
In this paper we consider r(x)—Kirchhoff type equation with variable-exponent nonlinearity of the form

—Au— ( a+b/ |Vu|’x)dx) i+ Buy = || P2y,

associated with initial and Dirichlet boundary conditions. Under appropriate conditions on r(.) and p(.), stability
result along the solution energy is proved. It is also shown that regarding arbitrary positive initial energy and
suitable range of variable exponents, solutions blow-up in a finite time.
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1. Introduction

Let Q be a bounded domain of R"(n > 1) with a smooth boundary Q. Consider the following r(x)—Kirchhoff type hyperbolic
boundary value problem

—Au— a—|—b/ |Vu|rx dx) A, yu+ Bu; = u|P9 20, (x,1) € Q% (0,00), (1.1)
u(x,t) =0 (x,¢) € dQ x (0,00), (1.2)
u(x,0) = up(x), wu(x,0)=u;(x), x € Q, (1.3)

where a, b, B are positive constants and A, (y) 1s called r(x)—Laplace operator defined as

Ayyu = div(|Vu|" ¥ 2vy).
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Here, we have the following condition on the variable exponents:
(A1) the exponents r(.) and p(.) are given measurable functions on Q such that:

2<r <r(x) <y < oo,

2 < p2 < p(x) < py < oo,
with
r = essinf,qr(x), ry 1= esssup _gr(x),

p1i=essinf,gp(x), p2:=esssup ap(x).

Before going any further, it is worth pointing out some results about the Kirchhoff-type equations. Kirchhoff equation
ut,—M(/ |qu\2dx)Axu:f(x,t), (1.4)
Q

where M(s) = as+b, a,b > 0, was proposed by Kirchhoff [1] as an extension of the classical D’ Alembert’s wave equation for
free vibrations of elastic strings. In the last decade many papers in the literature have investigated the existence of solutions
and blow-up results to the Kirchhoff-type problem. For example, Matsuyama and Ikehata [2] considered the following
initial-boundary value problem

Uyt —M(HVM(I)“%)AM—F5|u,|P7'u, =ululf ', t>0,xeQ,

u(0,x) = up(x), u(0,x) =u;(x), x€Q,
u(t,x)|,99 =0, t>0.

They proved a global solvability in the class H> x H& and energy decay of the problem without the smallness of the initial data in
a certain sense. Ono [3] investigated the global existence, decay properties, and blow-up of solutions to the nonlinear Kirchhoff
strings with nonlinear dissipation. Pigkin [4] considered the initial-boundary value problem for the following extensible beam
equation with nonlinear damping and source terms

gy -+ A — M (||Vul|*) Au+ |ug [P~y = [u)?u (x,1) € Qx (0.7),
u(x,0) = up(x), u(x,0) = u;(x) x€Q,

u(x,t) = %u(x,t) =0 x€dQ,

author established the existence of the solution by Banach contraction mapping principle and the decay estimates of the solution
by using Nakao’s inequality. Moreover, under suitable conditions on the initial datum, the blow up of solutions in finite time
has been proved.

In another study, the following initial boundary value problem for a Kirchhoff type plate equation has been considered by Zhou
[5]:

Y
Uy + A u — aAu — b(/ |Vu\2dx) Au+Au; = p|u|’2u in Qr,
Q

u(x,0) = up(x), u(x,0) = uy(x) inQ,
u(x,t) = dyu(x,t) =0 onT.

He proved the blow-up of solutions and the lifespan estimates for three different ranges of initial energy. Global existence of
solutions has been proved by the potential well theory, and decay estimates of the energy function have been established by
using Nakao’s inequality. For more results about the Kirchhoff type equations we refer the readers to [6, 7, 8, 9, 10].

On the other hand, it is known that modeling of some physical phenomena such as flows of electro-rheological fluids, nonlinear
viscoelasticity and image processing give rise to equation with nonstandard growth conditions, that is, equations with variable
exponents of nonlinearities. In [11], Shahrouzi and Kargarfard proved the blow-up result for the following Kirchhoff type
problem:

Uzt 7M(||VMH2)AM - Azn(x)u+h(xvtv u, V”) + Bu, = ¢p(x)(u)7 in Qx (Oa +°°)

u(x,t) =0, (x,2) € Ty x (0, +o0)
M(HVM”Z)%(_X’I) =ou— |Vu|m(x)%’ (xvt) el x (07+°°)
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u(x,0) = up(x), w(x,0)=u(x), in Q,

and proved the blow up of solutions with positive initial energy and suitable conditions on datas. Recently, Antontsev et. al
[12], investigated the following nonlinear Timoshenko equation with variable exponents

Usy + A%y —‘,—M(HVuH%z(Q))Au + |ut|m(x)*2u, = |u|’1(X)*2u,

and by using the Faedo—Galerkin method, they proved the local existence of the solution under suitable conditions. Also, the
nonexistence of solutions with negative initial energy has been investigated. (see also [13, 14, 15])
Dai and Hao [16] studied the following problem

1

-M / ——|Vu|PY dx) div(|Vul[PP 2V = f(x,u), inQ

(o iy Vel ee) iV 02¥i) = f )
u=0, ondQ.

By means of a direct variational approach and the theory of the variable exponent Sobolev spaces, they established conditions

ensuring the existence and multiplicity of solutions for the problem. Recently, Hamdani et. al. [17] investigated the following
nonlocal p(x)—Kirchhoff problem:

—(a—b / P ) div (VPO 2V = AP 204 g(xu), in @
a p(x)
u=0, ondQ.
They obtained a nontrivial weak solution by using the Mountain Pass theorem. For more results in Kirchhoff type equations
with variable-exponents nonlinearities we refer the reader to [18, 19, 20, 21, 22, 23] and references therein.

Motivated by the aforementioned works, in the present paper, we study a r(x)— Kirchhoff type equation with variable-
exponent nonlinearities. Under appropriate conditions on the initial data and variable exponents, we prove asymptotic stability
and blow up of solutions with positive initial energy.

The rest of paper is organized as follows. In Section 2, we recall some definitions and Lemmas about the variable-exponent
Lebesgue space, L/ (Q), the Sobolev space, whr() (Q) and additional conditions that be use for main results. In Section 3,

we prove the asymptotic stability of solutions for appropriate initial data and variable exponents. Finally, the blow-up result has
been proved with positive initial energy and suitable conditions on data and variable exponents, in fourth Section.

2. Preliminaries

Throughout this work, all the functions considered are real-valued. We denote by ||.||, the L?-norm over . In particular, the
L?-norm is denoted ||.|| in Q. In order to study problem (1.1)-(1.3), we need some theories about Lebesgue and Sobolev spaces
with variable-exponents (for detailed, see [24, 25, 26, 27, 28]). Let p(x) > 1 and measurable, we assume that

C+(Q)={hlhe C(Q), h(x) > 1Vx e Q},
h" =maxh(x), h~ =minh(x) foranyhe C(Q),
Q Q
LPY(Q) = {u| u is a measurable real —valued function, / |u(x)[PWdx < 00}.
Q
We equip the Lebesgue space with a variable exponent, L%) (Q), with the following Luxembourg-type norm
. u(x)
) = it {2 > O’/Q|T|P(X)dx <1}
Lemma 2.1. [24, 28] Let Q be a bounded domain in R"

(i) the space (LPX)(Q), I-lp)) is @ Banach space, and its conjugate space is L1(Q), where ﬁ + ﬁ = 1. For any
u € LPY)(Q) and v € L1Y)(Q), we have

1 1
’/qudﬂ < (F—FQT)H“H;:(X)HVHQ(X)'

(ii) If p,q € C4(Q), q(x) < p(x) for any x € Q, then LP™(Q) — L1Y)(Q), and the imbedding is continuous.
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The variable-exponent Lebesgue Sobolev space wip() (Q) is defined by
WP (Q) = {u € LPY)(Q) | Vu exists and |Vu| € L’ (Q)}.

This space is a Banach space with respect to the norm ||ul|;,1p0) @ = llell pxy + [ Vet| () Furthermore, let WO1 P ) (Q) be the
closure of Cy(Q) in W!'»¥)(Q). The dual of Wol’p(x)(Q) is defined as W~ 1'((Q), by the same way as the usual Sobolev
spaces, where ﬁ + 1%()‘) =1.

If we define

Np(x) <N
“(x)={ N-—pl’ p<
P { e, pr >N,

then we have

Lemma 2.2. [24, 28] Let Q be a bounded domain in R" then for any measurable bounded exponent p(x) we have

(i) WPO(Q) and W()l’p(x> (Q) are separable Banach spaces;

(ii) if ¢ € C4 (Q) and q(x) < p*(x) for any x € Q, then the imbedding W'P™) (Q) — L1%)(Q) is compact and continuous;
(iii) if p(x) is uniformly continuous in € then there exists a constant C > 0, such that

1,p(x
el ) < ClIVatll py Ve € Wy " ().

By (iii) of Lemma 2.2, we know that the space W, ) (Q) has an equivalent norm given by lellyr.p0 @y = Vullpi)
We recall the trace Sobolev embedding in Lebesgue space with a constant exponent
2(n—1)
n—2

HE (Q) = LITy)  for 2<gq<

where
HL, () = {u € H'(Q) : ulr, =0}
and the embedding inequality
l[ullg,r, < Bgl[Vull2, @2.1)

where B, is the optimal constant.
We sometimes use the Young’s inequality

/

, 11
ab < Ba?+C(0,9)bY, a,b>0, >0, —+— =1, 2.2)
q q

!

where C(0,q) = ;—,(GqY? are constants.

3. Asymptotic stability

In this section we prove a stability result for the solution energy. For this goal we make the following assumptions:
(A2) There exist € > 0 sufficiently small and 8 sufficiently large such that

pr < ﬁ <n<rx)<n<2eB-e)r

The energy associated with problem (1.1)-(1.3) is given by
S 1
E(t |2+ || Vu +(a+= / Vu /—Vur(x)dx—/ —— |u|PW dx. 3.1
(0= 3P+ 1VlP) + (a4 5 [ Va ) [ vl Was— [ i 1)

Our main result in this section reads in the following theorem:

Theorem 3.1. Let the conditions (Al) and (A2) are satisfied. Then the energy E(t) of problem (1.1)-(1.3) tends to zero as time
goes to infinity.
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To prove the above theorem, we need following Lemmas. First, we define

F(t)=E(t)+ 8/ uusdx,
Q
for some € > 0.

Lemma 3.2. Let u be the solution of (1.1)-(1.3). Then the energy functional satisfies

E'(t)= —/3/ |u; |2dx < 0. (3.2)

Q
Proof. By multiplying equation (1.1) by u, and integrating over Q, using integration by parts, we obtain (3.2) for any regular
solution. This equality remains valid for weak solutions by a simple density argument. O

The following Lemma estimates an appropriate upper bound for F'(¢):

Lemma 3.3. Under the assumptions of Theorem 3.1, F (t) satisfies, along the solution, the estimate
o o o 1 n
F'(1) < —(B —&)||us|> — €]|Vu > — 8[3/ atydx — s/ uPWdx — e (a +b/ —|Vu|’<x)dx)/ VuWdx. (3.3
Q Q Q r(x) Q
Proof. To prove this Lemma, at first we differentiate F(z) to obtain
F/(6) = E'(1) + & Jus +£/ ity dlx,
Q

thanks to Lemma 3.2, we get

F/(t)g—(ﬁ—£)||u,||2+8/9uu,,dx. (3.4)
By multiplying (1.1) in u, it is easy to see that
1
/uu,,dx:—||Vu||2—(a+b/ —\Vu|’(x)dx)/ |Vu|’(x)dx—ﬁ/uu,dx+/ |u[PX) dix. (3.5)
o o r(x) Q o Jo
Combining (3.5) with (3.4), proof is completed. O
Now, from definition of F () and Lemma 3.3, we have
1 1 1 1
F’ F()<—(B—=—— 2 (e— ) |Vul? —a(e - —5—— /V )
O+ g0 =~ (8= 55—g &)l — (e 555 ) IVl —ale— 5 =) IV
£ 1 2 1
p(E o /V Wax) - (——— —¢ / g —/ dx. 36
("2 zr%(ﬁ_e))< Ql I/ll )C) (pz(B*S) ) Q‘u| X Quut X ( )

Using the Young and Poincaré inequalities, we get

|/Q | < || ||2 %;” HZ ( )
t =9 2 1 )

where B, is the best constant in Poincaré inequality.
Utilizing (3.7) into (3.6) to get

2
PO+ g PO < ~(B= 55—~ 52 ) Il = (5 ~ 5= 1Vl —a(e = g5 ) [ IVl
—b(;i2 _ 2rf(/; - 8)) (/Q |Vu|’(x)dx)2 _ (7,,2(/317 5 e) /Q P dx. (3.8)
Thanks to the (A2), we deduce
F’(t)—!—ﬁF(l) <0, (3.9)

Integrating over (0,t), we get from (3.9)

F(t) <F(0)ef—=,
according to (A2), this inequality show that F(z) — 0 as t — 0. Since E(t) < CoF (¢), thus the proof of Theorem 3.1 has been
completed.
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4. Blow-up

In this section we are going to prove that for appropriate initial data some of the solutions blow up in a finite time. To prove the

blow-up result for certain solutions with positive initial energy, we assumed that:
(A3)
p1>rn+2, r% < 2}’% < Zr%.

At this point, we shall add a new variable v(x,7) to the system (1.1)-(1.3). Let us define for any 1 > 0

-1

v(x,1) = e Mu(x,1).

A direct computation by substituting (4.1) into the problem (1.1)-(1.3), yields

.1)

Vie+ A+ B+ A(A+B)v—Av—(a+b /Q Tlx)|e’1’Vv|r(x)dx)div(\eA’Vv|’(x)’2Vv):\e’“v|”(")’2v, (x,1) € Qx (0,00) (4.2)

v(x,t) =0, (x,t) € IQx(0,00),

v(x,0) = up(x), vi(x,0) =ui(x) —Aup(x), x€Q.
The energy function related with problem (4.2)-(4.4) is given by

Aty 1p(x) 1
E — 72}”/ |e Vl d -
sy =e 2 [T dx 1),

where 2 (x) A (x)
- 1yy|rx _ le*Vv|" 2

T 2 IVl 42 2M/|67 241 /7
10) = e lP+ A+ BV + Vvl 2007 | =—v—dxbe (| ———adx)

Now we are in a position to state our blow-up result as follows:

(4.3)

“4.4)

4.5)

Theorem 4.1. Let the conditions (Al) and (A3) are satisfied. Assume that E; (0) > 0. Then there exists a finite time t* such

that the solution of the problem (1.1)-(1.3) blows up in a finite time, that is
lu(®)|| = 4o as t —1*.
To prove the blow-up result, we need the following Lemma.
Lemma 4.2. Under the conditions of Theorem 4.1, the energy functional E; (t), defined by (4.5), satisfies
E) (1) > ™M E; (0) Vi ERT.

Proof. A multiplication of equation (4.2) by v; and integrating over Q gives

At r(x) _
fin 2 g oy [ 1€V 2o [A)=2) o)
EL (1) = (24 + B)|wi||? — bAe (/Qir(x) dx)? — ae /Qir(x) 1MV ) dx
- A(p(x)—2) - |e*1 V) A(r(x) —2)
201 At p() 1 o2 P
+e /Q ) le*v|PW dx — be (/Q e dx)(/g ) e Vy|"Wdx),

next, for any € > 0, we have

€

At r(x)
20t e V| 2 € 2, € 2
S A (/Qir(x) dx)? + A A+ B) I+ 5 V]

B4 (1) = £Ex (1) = (2A+ B+ 5) n]I>+ b

At r(x) _ _
+a8e*2’1’/ e V| dx—ae*“’/ A(r(x) 2)\e’“Vv|’<")dx+e*2’“/ A(p(x) 2)|emv|p<x)dx
o r) o r) o plx)

(4.6)
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At p(x) )Ltv r(x) _
_pp 2 &dx—be’”“(/ MV dx)(/ A(r(x) 2>|e7“Vv\’(x>dx). 4.7)
o r(x) o r)

o p)

Utilizing additional condition (A1), we get

-2 ' -2
EL(1)— By (1) Zb(%— 7L(F22 )—&z)e*w(/ |emvv|r(x)dx)2+a(£_ A(r ))efzm/ M) g
r2 r2 rl Q r r Q

Finally, if we set € := rp,A then by using (A3) we arrive at
E)/L (t) - EEA (t) Z 07
and by integration over (0,7) we obtain the desired result. O

Proof of Theorem 4.1. For obtaining the blow-up result, the choice of the following functional is standard

w() = )], 4.8)
then

V() =2 /Q vvedx, 4.9)

v (1) :2/vi,,dx+zuv,\|2. (4.10)

A multiplication of equation (4.2) by v and integrating over Q2 gives

. . | At r(x) .
[ v =2+ B) [ v =2+ BP9 —e P atb [T [ehvnptian
Jo Q Jo  r(x) Q

e M / Ay [P dx 4.11)
JQ
By using definition of Ej (¢) in (4.11), we have

b(r1 —2
[ v raE ()4 2P+ ACE )04 BYIP (2 1) v 4 2D 2t [ joeuy?
Q 2 2 2 2r1 o)

(1 Q)efzxz / |eltv|p(x)dx— (21 —l—ﬁ)/ vvedx,
P Q Q

and taking into account (A3) to obtain
2 2 2 2
/QVttde > nrE)(t)+ E||v,|| +l(5 —DA+B)||IIF—2A+B) /vi,dx. (4.12)

By substituting (4.8)-(4.10) in (4.12) we get

V() > 2nEL )+ (n+2)vilP+AA+B)(r—2)w() — A +B)Y (1)
> ()P +AA+B)(r2 = 2)w(r) — 22+ BV (1), (4.13)

where Lemma 4.2 and hypotheses of Theorem 4.1 about initial energy have been used.
Multiplying (4.13) in y(t), we get

v (6) 2 (A 2)I Pl P+ A (A +B) (r2 =2)y? (1) = A+ B)w(0)y' (1), (4.14)
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and finally we obtain

vOu' 0> "2 07 440+ B) - 2w - @1+ BV ),

where the inequality (y’(¢))? < 4||v||?||v;||> has been used.
Thus by the modified concavity method we deduce that there exists a finite time ¢* such that

lim y(f) = oo.
t—t*

Consequently, the proof of Theorem 4.1 has been completed.
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