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Gap Between Operator Norm and Spectral Radius for
the Square of Antidiagonal Block Operator Matrices

Elif Otkun Cevik'*

Abstract

In this work, the gap between operator norm and spectral radius for the square of antidiagonal block operator
matrices in the direct sum of Banach spaces has been investigated, and also the gap between operator norm
and numerical radius for the square of same matrices in the direct sum of Hilbert spaces has been studied.

Keywords: Antidiagonal operator matrix, Numerical radius, Operator norm, Spectral radius
2010 AMS: 47A12, 47A30, 15A60

1. Introduction

As it is known from the mathematical literature that one of the fundamental problems of the spectral theory of linear operators
is to obtain the spectrum set, numerical range set and calculate spectral and numerical radii of a given operator. In many
cases, serious theoretical and technical difficulties are encountered in finding the spectrum set and numerical range of non-
selfadjoint linear bounded operators. Note that there is one formula for the calculation of the spectral radius r(A) of the linear

bounded operator in any Banach space r(A) = lim ||A" H% [1]. On the other hand, it is also known that r(A) < w(A) < ||A|| and
n—yoo

LJA]l < w(A) < |A] for A € L(H).

In addition for the linear normal bounded operator A in Hilbert space we have the following relations r(A) = w(A) = ||A]|.

It is beneficial to recall that for the spectrum set 6(A) and numerical range W (A) of any linear bounded operator A the
following spectral inclusion holds 6(A) C W(A) (See [1, 2] for more information).

In [3] some spectral radius inequalities for 2 x 2 block operator matrix, sum, product, and commutators of two linear
bounded Hilbert space operators have been examined. In [4] some estimates for numerical and spectral radii of the Frobenius
companion matrix has been obtained.

Some upper and lower bounds for the numerical radius in Hilbert space operators have been obtained in [5].

In [6] some estimates for spectral and numerical radii have been obtained for the product, sum, commutator, anticommutator
of two Hilbert spaces operators.

In [7] several numerical radius inequalities for n x n block operator matrices in the direct sum of Hilbert spaces have been
proved. The numerical radius inequalities for n x n accretive matrices have also been given in [8].

Several new norms and numerical radius inequalities for 2 x 2 block operator matrices have been researched in [9].

Recently, several new A-numerical radius inequalities for many type n x n block operator matrices have been offered in [9]
in the direct sum of Hilbert spaces.

Subadditivity of the spectral radius of commutative two operators in Banach spaces has been investigated in [10]. By the
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same author the subadditivity and submultiplicativity properties of local spectral radius of bounded positive operators have
been researched in Banach spaces [11]. The same properties of local spectral radius in partially ordered Banach spaces have
been established in [12]. In Banach space ordered by a normal and generating core, several inequalities for the spectral radius
of a positive commutator of positive operators have been surveyed in [13].

The numerical range and numerical radius of some Volterra integral operator in Hilbert Lebesgue spaces at finite interval
have been considered in [14, 15].

Demuth’s open problem in 2015 had a great impact on the emergence and shaping of the subject examined in this article
(see [16]).

This paper is organized as fallows: In section 2 one important result will be contrived. The evaluations of gaps between
operator norm with spectral and numerical radii will be given in Section 3 and Section 4, respectively. And also, throughout
this paper, we will use the notations as fallows:

Codmi=Coo)s 1Nl =00 Goda = G dms -l = 11 s T <m <

2. Auxiliary important result
It will be proved the following elementary result.

Theorem 2.1. For each n € N and numbers ay,ay,...,a, € R and by,by,...,b, € R

min (@, —by) < max a, — max by, < max (a, —bp)
1<m<n 1<m<n 1<m<n 1<m<n

are true.

Proof. In proof, we will use by mathematical induction method.
For n = 2, it is clear that

max{aj,a,} —max{by,by} = %[(al +ax+ |a; —az]) — (b1 + b2+ |by — ba))]
= 1@~ 1)+ (a— b))+ (jar — o] — b1 b))
= S [(@ —b0) 4 (2 —b2)) ~ (b1 — ol ~ s — o]}
> %[((al —b1) + (a2 —b2)) = ||b1 — ba| = |ay — az]]
> %[((01 —b1) + (a2 —b2)) = |(b1 — b2) — (a1 — a2)]]
—%[((al —b1) + (a2 —b2)) — (a1 —b1) = (a2 — b2)]]
=min{a; —b1,a, — b }.

Now assume that
Lmen 1 T e b = 1§$§i271(a’" = bm)

for any n € N, n > 2. Then one can easily have that
max{ay,...,an,} —max{by,....b,} =max{ max day,a,} —max{ max by,b,}
1<m<n—1 1<m<n—1

>min{ max a,— max by,a,—b,}
1<m<n—1 1<m<n—1

> min{1gffgi3_1(a’” —bm),an— by}

= mi —bp).
lggn(am n)

From this and by mathematical induction method, for any n € N

min (a, —by) < max a, — max by
1<m<n 1<m<n 1<m<n
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holds. Similarly, for n = 2 by simple calculations we again have that

max (a1 a2}~ max{bi,bs} = 5 (@1 +aa + | —as]) — (b1 +bs + by — bal)]
= Sl —b1)+(a— b))+ (jar — o] — b1 b))
= %[((arbl)ﬂaz*bz))*ﬂal —az| = |b1 — bs)]
< S [((@r—b1) + (@2 —b2)) ~ llay —as| ~ by bl
< %[((al —bi1)+ (a2 —b2)) = (a1 —b1) — (a2 — b2) ]
— max{a1 — b1, a2 — by}

Now assume that forn e N, n > 2

max a,— max by < max (am—bpy).
1<m<n—1 1<m<n—1 1<m<n—1

From this assumption one can have that

max a, — max b, =max{ max am,da,}— max{ max bm,b}
1<m<n 1<m<n 1<m<n—1

<max{ max a,— max bm,a,l—b,,}
1<m<n—1 1<m<n—1

<max{ _min 1( am —bm),an — by}

= ma o ).

Consequently, by mathematical induction method it is obtained that,

max da, — max b, < max (a,—by,)
1<m<n 1<m<n 1 <m<n

holds for any n € N. This completes the proof of theorem.

O

3. Gap between operator norm and spectral radius for the square of antidiagonal block

operator matrices

Remember that the traditional direct sum of Banach spaces X,,,1 < m < n in the sense of £,,,1 < p < e and the direct sum of

linear densely defined closed operator A, in X,,,,1 < m < n are defined as

1/p
n n
x - (@x) L= () € X 1< m<n, ||x|p=<2||xm||",,1) < +eo
m=1 m=1
P
and
A = @Am,A D(A) C X — X,
DA) = {x:(xl,...,xn) EX:xm €D(An), 1 <m<n, Ax=(A1x1,A2%2,...,Anxy) € X},

respectively [17].
Definition 3.1. [16] For any operator A € L(Z") in any Banach space 2, gap(A) denotes as fallows

gap(A) = [|A[| - r(A).
Theorem 3.2. Forany 1 <m <n X, be a Banach space and A,, € L(%,,), X = ( él Xp)p and

m—

0o 0 - 0 A
R S £
A, 0 -~ 0 O
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Then for the operator A € L(X)

i AmAn_ < A% < AmAn—mi1)-
]g};gngap( mAn-m1) < gap(A”) < lrgnﬁgngap( wAn—m+1)

Proof. Tt is clear that

AlAn
5 ArA,—1 0
A= . X=X
0 -
ARAL
Then from this we obtain
142 = max A, | 18

and

n

o(A%) = | o(AnAn—m+1) [19].

m=1
In this case

2y _
r(A ) - 1232" r(AmAnfqul)-

Consequently by Theorem 2.1 it implies that

min gap(AnAn-mi1) < gap(A?)
1<m<n

= A% - r(4)
= lglrrzllén ||AmAn7m+l || - lglrrzllén r(AmAnfanl)

< _ .
= 121:117;" gaP(AmAn m+1 )

Corollary 3.3. It is known that by spectral mapping theorem r(A%) = r*(A) [3]. Then from the inequality
147 ]| — r(4%) < ||A|]* - r(A)

and last theorem it implies that

g};gn 8ap(AmAn—m+1)

IA[[+r(A)
for A # 0. From this, additionally for A # 0 we have

1

< gap(A)

2041 1£I}nil<lngap(A’"A”*m“) < gap(A).

Example 3.4. Let us
X1 =%X=L(0,1), X = (X1 B X2)2, A1,A2: L»(0,1) — L(0,1),

t
Aifi=aVi=o /fl(s)dsa fi € L(0,1), o >0,
0

t
Arfr =V = Otz/fz(s)dS, fr€L5(0,1), o >0,
0

. 0 oV
A:X— X, <oz2V 0 )
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In this case,

20 200
A1 = 715 r(A)) =0, gap(A)) = 717
20 20
A2 = 72» r(A2) =0, gap(Ay) = 72
and
r(AiA2) = r(A2A1) = {0} [3].
Then by Theorem 3.2

2 2
;min{al,az} < gap(A?) < ;max{(x] L0},

where A% = (Ot] aV? 0 ) .

0 oy V2

4. Gap between operator norm and numerical radius for the square of antidiagonal
block operator matrices

n
Let us for each 1 <m <n < e H,, be a Hilbert space with inner product (-,-),, and H = @ H,,,1 < m < n be direct sum of
m=1
Hilbert spaces H,,;, 1 < m < n with inner product

n
(x,y) = Z (Xms Ym)ms X = (X155Xm)s ¥ = (V15 0sYm) € H.
m=1
In this section it will be investigated gap between operator norm and numerical radius of block antidiagonal operator matrix
in the form

0 0 - 0 A
] I B/
Av 0 - 0 0

in case when Ay, € L(Hy—m+1,Hn), 1 <m <n. ThenA € L(H).
Definition 4.1. [2] The numerical range and numerical radius of an operator T in any Hilbert space (€, (-,-)) are
W(T) ={(Tx,x) :x € A, ||lx|| = 1}, w(T) = sup{|A| : L € W(T)},

respectively. And also along of this section the nonnegative number wgap(T) = ||T || —w(T) will be called the numerical gap
of the operator T.

Note that 1||T|| <w(T) < ||T|| and w(T) < ||T|| < 2w(T) forany T € L(¢) ( see [1] and [2]).
Theorem 4.2. For the block antidiagonal operator matrix A in Hilbert space H
min wgap(AmAn-mi1) < wgap(A®) < max wgap(AnAn-mi1)

1<m<n 1<m<n
are true.
Proof. In this case the simple calculations shown that

AlAn
b A2An—1 0
A= . H—H.
AnAl

In this case from [20] it is clear that

HAZH - W(Az) = lglrgén lAmAn—m+1]] — lglrgénw(AmAn—m-H)-
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From this relation and proof of Theorem 2.1 it is clear that

min Wgap(AmAnfm+l) < Wgap(Az) < max Wgap(AmAnferl)-
1<m<n 1<m<n
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Abstract
In the article, the existence of a solution for a class of boundary value problem for a fuzzy differential equation
with finite delay is discussed. By applying the contraction mapping principle, we gain an existence of a solution

Keywords: Existence, Fuzzy differential equations, Fuzzy solution, w-fractional derivative
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1. Introduction

The idea of this paper is to look into the existence of fuzzy solution for three-point boundary value problem for y-type fractional
differential equation:

P%Vx(t) = f (t,x, 2P Vx(r)), tel:=[0,1], 1<a<2,
x(r) = (1), t € [—n0], (1.1)
x(§) =x(1),

where 2%Y, 9BV are y-type Riemann-Liouville (R-L) fractional derivatives, « — B > 1, € [0,1), f: I xCy X E" - E" is a
fuzzy function, ¢ € Cy, ¢(0) = 0,and Co=C ([~r,0],E™). For any function x defined on [—r, 1] and any ¢ € J. We denote by x,
the element of Cy defined by x,(0) = x(r+ 6), 6 € [—r,0].

To the best of our information, even if various results for fuzzy differential equations (FDEs) have been established until
now, results for FDEs with fractional order are rarely seen, papers [1, 2, 3] related to it only. The plan of the present paper is
to establish some simple criteria for the existence and uniqueness of solution of the problem (1.1). The paper is structured
as follows. In Section 2, we present some preliminaries and lemmas. In Section 3, we discuss the existence of solution for
problem (1.1).

2. Prerequisites

Let P,(R) be the family of all nonempty compact convex subsets of R”. For A, B € P,(R"), the Hausdorff metric is defined by

dy(A,B) = inf [|a — b inf [|a — b |-
1(A,B) max{i‘;ﬁé&'“ I sup infla I}
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A fuzzy setin R” is a function with domain R" and values in [0,1], that is, an element of [0, 1]®".
Letu € [0,1]%", the a-level set is

[]* ={x e R"ulx) > a}, ac(0,1].

By E", we denote the all upper-semi continuous, normal fuzzy convex sets with [u]® = ¢l {x € R|u(x) > 0} is compact.
Letd : E" X E" — [0,4c0) be defined by

d(u,v) = sup{dy ([u]*,[V]*) | € [0, 1]}.
Then, (E",d) is a complete metric space. We define 0 € E” as 0(0) = 1 if x =0 and 0 = 0 if x # 0.

Definition 2.1. [4] The y-type R-L fractional integral of order o for a function f : [a,b] — E" is defined by
150 = s [ VO W0 - v s, a0
When a = 0, we write I%V f(r).
Definition 2.2. [4] For a function f : [a,b] — E", the y-type R-L derivative of fractional order a. > 0 is defined by
710 = i () [ VO WO v S5 n = o] +1.

Denote by C(J,E") the set of all continuous mapping from J to E” the metric on C(J,E") is defined by H(u,v) =
sup,c;d (u(r),v(t)). And we metricize Cy by setting

H()(X,y) = max{d(xay)ay(t)lt € [—F,O]},

forall x,y € Co. Set X = {x|x € C([~r,1],E"), ZPx € C(J,E"), and x(t) = §(t), t € [-r,0] }, the metric on X will be defined
later.

3. Main Result

Theorem 3.1. Assume that f:J X D, x E" — E" and there exist positive constant K, L such that
d (f(t,u, @ﬁ;wu),f(t,v, @ﬁ;wv)) < KHy(u,v)+Ld (@B;wu, @ﬁ;wv)

forallt € J and all u,v € Cy. Then

K L ()
(na+n+rwﬁ+n)<“*1<wow1><“

implies that the problem (1.1) has a unique fuzzy solution on [—r,1].

Proof. The metric H on X is defined by
H(u,v) =K max d(u(t),v(t)) + L max d(2PVu, 2PV¥v),
te[—rl] t€[0,1]

u,v € X. Then (X,H) is a complete metric space.
Transform the problem into a fixed point problem. It is clear that the solutions of problem (1.1) are fixed points of the
problem F : X — X defined by

o), rel-r0],

ﬁﬁfwﬁﬂﬂ—W®W”ﬂ&%9&W@WB

+ e I8 W (W) — W)@ f (s x, ZPYx(s))ds

— e Jo ¥ W) = W)@ fls,x,, PPVx(s))ds, 1 € (0,1).

(=R

F)(r) =

For u,v € X, then
d(Fu(t),Fv(t))=0, te[-r0], 3.1
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and for ¢ € J, we have
d (Fu(t) Fv(t)

)
YOO - ld(f(s,us,@B;"’M(S)),f(s,vm@B”"V(S)))dS

+r(a)(l_(()3,og))a_l)/()';1,,/<s ) ‘d(fs s PPYU), 5, PP¥V(e) ) s
gr%) tw(s)(w(t)fw( Pk ‘[Kdms(e) 5(6))+Ld(FPVu(s), 7PVv( WS

s [ VOO v [Kauu(0)(0)) +La( 7 Vals) (5 s
n % O'l v () (w () — w(s) ! {Kd(us(e),vs(e)) +Ld(9ﬁ””u(s)79ﬁ””V(S))} dS>

(y(0)*" ¢
(1=(yw(£)*") Jo
1 !

1
T 5T o W(S)(W(C)V/(S))“lds> H(uv)

W) (w@)*  (wr)*!

I (y(0)e 1—<w<c>>a1)H(”’V)

< o ([ VOWO - v« tas V) —w(e)* ds
t

< Fain ™ ((llf(t))“ +

and similarly,

d (.@ﬁ"”Fu(t), QB;WFV(I))

Sﬁ [ 00— w6)™ 1 (1500 PPV, 590, PP0()) ) ds
a—pB-1

*%/ V()W (8) = W) P (s, PPVu(s)), £ .00 PPV(s)) )
a—p-1

b [V 00 = W) P (s PPuls). S50 () ) ds

e wp, W WP )\
STla—B+1) 5y ((w(;)) + 0= (w(2)* D) +(1_(‘I/(C))“1)>H( ).

Therefore, for each t € J, we have

K L WO Y,
H(F”’F”)S(r<a+1>+r<a—ﬁ+1>>(” “wO)" 1)’” V-

So, F is contraction and thus F has a unique fixed point x on X, then x(¢) is the unique solution to problem (1.1) on [-r,1]. O
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Abstract

"How to find any n'* order Bézier curve if we know its first, second, and third derivatives?” Hence we have
examined the way to find the Bézier curve based on the control points with matrix form, while derivatives are
given in E3. Further, we examined the control points of a cubic Bézier curve with given derivatives as an example.
In this study first we have examined how to find any »"* order Bezier curve with known its first, second and third
derivatives, which are inherently, the (n— 1) order, the (n—2)" and the (n—3)™ Bezier curves in respective
order. There is a lot of the number of Bézier curves with known the derivatives with control points. Hence to find
a Bézier curve we have to choose any control point of any derivationin this study we have chosen two special

points which are the initial point Py and the endpoint B,.

Keywords: Bézier curves, Cubic Bezier curves, Derivatives of Bezier curve
2010 AMS: 53A04, 53A05

1. Introduction and Preliminaries

A Bézier curve is frequently used in computer graphics and related fields, in vector graphics and in animations as a tool to
control motions. Especially, in animation applications, such as Adobe Flash and Synfig, Bézier curves are used to outline
object’s behaviors. Users sketch the desired path in Bézier curves, and the application creates the required frames for an object
moving along in that given path. For 3D animation, Bézier curves are often used to define 3D paths as well as 2D curves by
key-frame interpolation. We have been motivated by the following studies. First, Bézier-curves with curvature and torsion
continuity has been examined in [1]. In [2, 3], Bézier curves are outlined for Computer-Aided Geometric Design. Bézier curves
and surfaces have been discussed deeply in [4, 5]. Frenet apparatus of both the n’" degree Bézier curves have been examined in
E3, in [6]. The Bishop frame and the alternative frame have been associated with the Bézier curves in [7] and [8], respectively.
The matrix forms of the cubic Bézier curve and its involute have been examined in [9] and [10], respectively. Cubic Bézier
like curves have been studied with different basis in [11]. 5 order Bézier curve and its, first, second, and third derivatives are
examined based on the control points of 5 order Bézier Curve in E3 by [12]. Further, the Bertrand and the Mannheim partner
of a cubic Bézier curve based on the control points with matrix form according to Frenet apparatus have been examined in
[13, 14]. Some other couples of Bézier curves have been studied in [15].

Generally, a Bézier curve of an n'" degree can be defined by 1+ 1 control points Py, Py, ..., P, by the following parametriza-
tion:

n

B(r)=) Bi()[P]

i=0
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where B} (1) = (7)1 (1— 1)""" is known to be Bernstein polynomials and (") = ﬁ are the binomial coefficients. Bézier
curves have some specific properties inherited by Bernstein polynomials. Since B}(¢) > 0 for t € [0,1] and i =0, ...,n,
and the polynomials have the property of partition of unity thatis Y, B"(t) = 1, the Bézier curves are invariant to affine
transformations. Moreover, the curve lies in the convex hull of its control points by two of these properties. The end point
interpolation property ensures that any Bézier curve has the first and the last of control points on it, whereas none of others do
not touch the curve, necessarily. Moreover, the recursiveness property and the derivatives of the polynomials lead this study,

intrinsically.

2. How to find a Bézier curve with known derivatives

Before responding the main question of this paper, we suggest readers to see [9] and [10], where another question that "How to
find the control points of a given Bézier curve?” was studied. To solve the latter, we have referred the matrix form of Bézier
curves as it is relatively the simplest representation. Further, it is advised to check the matrix representation of 5 and n’" order
Bézier Curve and derivatives provided in [12] and [16], respectively. Now, let us consider the main argument "How to find a
Bézier curve if we know its first derivative ?” with the background of a knowledge on finding the control points of a given
Bézier curve.

Theorem 2.1. Fort € [0,1], i € Ny and P, € B>, a Bézier curve of n'" order defined by B (t) = Y'_B!(t) [P] has the following
control points by means of the given its first derivative and the initial point Py

N Qo+01+02+...+0i1
n

F=h

,1<i<n

Pe=Pc1+ Ql;l .

Proof. The derivative of the any Bézier curve B (¢) is

wo -3 (") )ra-o e

th

where Qp, Q1,...,0,—1 are the control points. The first derivative of a n'" order Bézier curve has the following matrix

representation
T Qo
0l
o (1) = )| -
; .
1 On—1

where [B'] is the coefficient matrix of the (n — 1) order Bezier curve which is the derivative of the n'" order Bezier curve and
the control points Qy, Q1,...,On—1 are

Qo =n(P—P)
O1=nP—P)

On—1 :n(Pn_Pn—l)-

For more detail see in [16] .There are a lot of number Bézier curves with the first dervatives have these control points. Then we
have to choose any initial point. In this study we choose first two special points which are the initial point Py and the end point
P,



How to Find a Bézier Curve in E3 — 14/24

Let the n'" order Bézier curve pass through from a given the initial point Py, then

P1=P0+@

n
P2=P1+%

n
P3:P2+%

n
Pn:Pnfl_’_%

n

if replace we get all the control points based on the Q;,

P1=Po+%

n
P2:PO+@+9

n n
P3:P0+@+g+%

n n n

po=p+ @ & Ly | O
n n n n

This complete the proof. O

Corollary 2.2. The derivative of n'" order Bézier curve can not has the origin (0,0,0) as a control point.

Proof. Let first derivative of n'" order Bézier curve has the origin Q; = (0,0,0)

Qi=n(P4+1—F)=(0,0,0)
Py =F.

Hence Bézier curve has n control points and cant be n'" order Bézier curve. So derivative of n'* order Bézier curve cannot has
the origin Q;(0,0,0) as a control point. O

Corollary 2.3. If the first derivative of ' order Bézier curve with given control points Q;,0 < i < n— 1, is given and n'"* order
Bézier curve has initial point Py = (0,0,0),has the following control points

_ Q0+ 01+t +0i
n

P J1<i<n.

Proof. Since P = Py + 2+ 0t40i1 1y < i <y and By = (0,0,0), it is clear that

_Q0+O1+O ... +0i
n

P 1<i<n.

O

Corollary 2.4. n'" order Bézier curve with given the first derivative and the initial point Py, under the condition Py = Qy, has
the following control points

(n+1)R n O1+0r+...+0i1
n n

p—p + 21
n

Pi:

J1<i<n
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Theorem 2.5. The Bézier curve based on the control points a n' order Bézier curve with given the first derivative and the end
point B,, has the following control points as in the following ways

P :PH—Q0+Q1+Q2+“'+QH, 1<i<n

n
Py =P — Q;‘l.

Proof. If the first derivative of n'" order Bézier curve is given,

tnfl T QO
01
al(t) = [B']
t .
1 anl
then the control points Qy, Q1,...,0,—1 are given , where
Qo =n (P —Ry)
Q1=n(P,—P)

On—1 :n(Pn_Pn—l)-

Let the n'* order Bézier curve passing through the end point F,, then

P, is given
P =P — On—1
n
Pn—2 _ Pn—l _ anZ
n
On—3
Pn73 - Pn72 -=
n
P =P;— %
n
P =PFy— g



How to Find a Bézier Curve in E3> — 16/24

if replace we get all the control points based on the Q;,

P, is given
Pn—l — Pn _ anl
n
[)”72 — Pn _ anl _ Qn72
n n
P, 3=P,— On-1 N On—2 i On—3
n n n

anl _ Qn72 _ Qn73 _ %

P =F-
n n n n
P =P, — On—1 _ On—2 _ On-3 _ %_%
n n n n o n
P():Pn*thl 7Qn727Qn73 7.“7%7g7%
n n n n n n
This completes the proof. O

Corollary 2.6. The n'" order Bézier curve with given the first derivative and the end point P, = (0,0,0) has the following
control points as in the following ways

Q0+ 01+ 00+ +0i
n

P =

1<i<n.

Corollary 2.7. The Bézier curve based on the control points a n' order Bézier curve with given the first derivative and the end
point P,, under the condition P, = Qq, has the following control points as in the following ways

-1 o+ 0
PH:(” )PH7Q1+Q2+ i i,
n n
Py =Py — Qe
n

Theorem 2.8. The n'" order Bézier curve with given the first derivative and any point P, ,0 < k < n, is given, has the following
control points Piy1,Pit2,...,P, and Py, Py, ..., P

Ok
Perr =B+~
Peir =P+ & + i1
n n
P, =Pk+%+ Ok+1 +“.an1
n n n
Ok—1
Py =P —
n
Poy—P — Q-1 Gk
n n
Py =P Qi1 _ Q2 D+ +00

n n n

Second, lets find the answer of "How to find a Bézier curve if we know the second derivative ? ”
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Theorem 2.9. The n'" order Bézier curve with given the initial point Py, the initial point Qg of the first derivative and the

control points Ry, Ry, ...,R,_> of the second derivation, has the following control points as in the following ways
P =P+ &
n
Qo (i—1)Ry (i—=2)R; (i—3)R, Ri»

+...+1 2<i<n.

P=P+i—+
n o n

(n—1) nn—-1) nh-1) nn—1)’

th

Proof. The second derivative of n'"* order Bézier curve by using matrix representation is

27" [ Ry
Ry
a”([) — [B//:I
t .
L 1 i L Rn72
r o2 T
"2 (n—1)(Q1— Qo)
(n—1)(Q2— Q1)
(X”([) — . [B”] .
t .
L 1 i L (I’l - 1) (anl - anz)
Control points Ry, Ry, ...,R,—2, and Qg are given, we can easily find the Q1,0>,...,Q,—1.
Qo is given
R
01=00+——
n—1
R R
0y =00+ 4 —
n—1 n-—1

Ry Ry Ry
03 =00+ + +
n— n

R R R,._
On-1=00+ 0 + L +... 1 2.
n—1 n—1 n—1

Also if the initial control point Py is given we can find easly control points of n" order Bézier curve

Py and Qg are given

P1=P0+@

n

R

R —\

n  nn-1)

300 2Ry R
Py=pR+ 22
3=t +n(n—l)+n(n—l)

4 3R 2R 1R
P4:P0+&+ 0 4 ! 2

n  nn—1) n(n—1)+n(n—1)

o, 00 (i—DRy  (i-2)R  (i-3)R R, 2
P'7P0+n+n(n—1) nin—1)  nm-1) “'+n(n—1)'
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Corollary 2.10. The n'" order Bézier curve with given the initial point Py, the initial point Qq of the first derivative and the
control points Ro,R1,...,R,_2 of the second derivation, under the condition Py = Qo = Ry , has the following control points as
in the following ways

(intnn—1)—1) (i—-2)R;  (i—-3)R; R _
b= nn—1) POJrn(n—l)1 n(n—1) +...+lm,2§l§n.
Proof. Since
R (i—-1D)R | (—2R | (i-3)R Ri»
Pi_PO—H;—’—n(n—l) nin—1) n(m-—1) T n(n—1)
'_n(nf1)P0+i(n71)P0+(i71)P0 (i*Z)R] (i73)R2 R,;z
fi= n(n—1) +n(n71) +n(n71)+m+1n(n71)
Plin(n—l)—i-i(n—l)—l—(i—l) (i—2)R1 (i—3)R2 | R; »
e n(n—1) T wtn—=1) " nn—1) . n(n—1)
it is clear. O

Now, let us find the answer to "How to find a Bézier curve if we know its third derivative ? ”

Theorem 2.11. The n'" order Bézier curve with given the initial point Py , the initial point Qg of the first derivative , the initial
point Ry of the second derivative and the control points Sy, S, ...,S,—3 of the third derivative has the following control points
as in the following ways

Q0 ((=1)F 3424 DRy (((=2)+..+3+2+1)Sp

R=hte n(n—1) nn—1)(n—2)
L ((=3)+..4+34241)5, 38,4 18,3
nn—1)(n—2) T onn—=-1)(n-2) nh-1)(n-2)

Proof. The third derivative of n'" order Bézier curve by using matrix representation is

B tn—3 1T r SO
S
a///(t) — . [B ///] ,
t }
L 1 | L Sn73
[ m3 7 (n—2) (R, —Ro)
(n—2)(R2—Ry)
— . [B ///]
t .
L 1 i L (n - 2) (Rn72 _Rn73)

Control points Sy, Sy, ...,S,—3, and R are given, hence solving the following system

Ry is given,
So
Ry =R
1 0+(n—2)7
So S1
Ry =R
2=y Ty
So S1 SH
R; =R
Ty T2 T2
S S Sy
Ry =Ro+—2 L+t ]

=2 " =2 (n—2)
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We can easily find the Ry,R3,...,R,—>. Also if the initial control point Qg of first derivative is given we can find easily Q;
control points of n'* order Bézier curve

Qo is given,
R
01 =00+ ——,
n—1
R R
0 =00+ > 4 —

n—1 n—1’

Ry R, Ry

03 =00+ + + ;
n—1 n—-1 n-—1

Ro Ry Ry,

Qn_l:Q0+n—l+n—1+mn—l'

Qo, Ro are given,

0 —Qo+m7

_ Ry So
Q=002 T T ey

B Ry PAY S
% =003t Ty T o)

B 4Ry 380 251 AY)
Qa=0Qo+ — + (n—1)(n—2) +(n—l)(an) +1(n*1)(”*2)7
o (i—D)Ry  (i—2)So (i=3)S

Ql*l_QO_F n—1 +(n71)(l’l*2) (nfl)(}’l*2)

o 24 S

(n—=1)(n-=2) (m-1)(n—2)

the n'* order Bézier curve pass through from a given initial point Py, then

Pl:PO+@7
n
2 R
P2=P0+&+ 0 _
n  nn-—1)
300 3Ro So
Py=PRy+ 220
s=fot n +n(n—1)+n(n—1)(n—2)’
40 6Ry 350 S
Py=PRy4 20
a=fot n Jrn(n—l)Jrn(n—l)(n—Z)Jrn(n—l)(n—Z)7

i—1)+... 24+ 1)R [ —2)+... 241
Pn:P0+n@+((l )+ +3+2+ DRy ((=2)+...+3+24+1)So
n n(n—1) nn—1)(n—2)
3Snf4 Sn73

+n(n71)(n72) +1n(n71)(n72)'

3. How to find a cubic Bézier curve with known derivatives
In this section as an application we will study on cubic Bézier curves which are defined in E3. For more detail see in [3] .

Definition 3.1. A cubic Bézier curve is a special Bézier curve has only four control points Py, Py, P» and P3, with the
parametrization

a(t)=(1—1)>Py+3t(1—1)> P +3t> (1 —1) Py +1°Ps
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and matrix form of its the cubic Bézier curve with control points Py, Py, P, P3, is

T

I -1 3 =31 Py

o (t) = 12 3 -6 3 0 P
Tt -3 3 0 0 P

1 1 0 0 0 P

Also using the derivatives of a cubic Bézier curve Frenet apparatus {T,N, B, k, T} have already been given as in the [9].
The first derivative of a cubic Bézier curve by using matrix representation is given by

21771 -2 1 0o
)=t -2 2 0 Q1
1 1 0 0] 0

where Qo =3(Pi—PR),01 =3(P,—P,),0> =3 (Ps — P,) are control points. The second derivative of a cubic Bézier
curve in matrix representation is

T
mey |t -1 1 Ry
wo=[ ]3] %]
where Ry = 6(P, — 2P+ PRy), Ry = 6 (P; — 2P, + Py ) are control points.

Theorem 3.2. The cubic Bézier curve with given the first derivative and the initial point Py, has the following control points

P1=P0+%7
+
P2=P0+Q03Q1,
+0+
P3:P0+QO 01+

3

Corollary 3.3. The cubic Bézier curve with given the first derivative and the initial point Py,under the condition Py = Qq,has
the following control points

Py 4P,
p=p+-2_"0
1 0+3 3
P 4R
P 4P,
Py— Pyt 0+Q31+Q2: 30+Q173LQ2.

Theorem 3.4. The cubic Bézier curve with given the first derivative and the end point Ps, has the following control points

&:%*%7

0 O
p=p-=-%
1 3 3 37
%:%_&+&+%.

3

Corollary 3.5. The cubic Bézier curve with given the first derivative and the end point Ps, under the condition P3 = Q> has the
following control points

P 2P
P=P——=—
2 3 3 37
2P Oy
p==3_%
1 3 3a
2P
P0:737Q1+Q0.

3 3
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For an example, let us consider the cubic Bézier curve a(t) = (3t3 — 612 + 3¢, —3t3 + 3¢2,3) with the control points
Py=(0,0,0),P = (1,0,0),P, = (0,1,0),P; = (0,0,1). (See, Figure 3.1)

Figure 3.1.
The 3¢ order cubic Bézier curve a(t) = (3¢3 — 61> + 3¢, =313 +312,13)

Example 3.6. If the first derivative of the cubic Bézier curve is &' (t) = (9t> — 12t +3,—9t> + 6¢,3t?) given. It’s matrix
representation is

21771 =2 17T 0

at)y=| t -2 2 0 o
1 1 0 0 0>

We can find the control points Q;, 0 < i < 2 as in the following way easily

T

21T 1 =2 1171 0 2 9 -9 3
2 2 0 0 | = 12 6 0|,
10 o]l | 30 0

T001] [ 3 0 0
o l=|-3 3 o
0| |0 =33

There are a lot of number Bézier curves with the first dervatives have these control points. Then we have to choose any initial
point. To make the correction our example, let the initial point be Py = (0,0,0) with Qo = (3,0,0),0, = (-3,3,0),0, =
(0,—3,3) . Since

%:%+@%gw
%:%+%+%+&7
we get
P, = (0,0,0) + (3,0,0 =(1,0,0),
Py =Pyt (3,0,0) +3(—3,3,0) —(0,1,0),
Py= Pyt (3,0,0)+(—3,3,0)+(0,—3,3) —(0,0,1).

3
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Now we can write the cubic Bézier curve

(A1 -1 3 -3 1] R

o(t) = 12 3 -6 3 0 Py

t -3 3 0 0 P

1] [t 0o 0o o]]|~
A1 -1 3 -3 17[0 0 0
2 3 -6 3 0 1 00
— |t -3 3 0 0 010
1] 1 0 0 0]|0 01

=[3P—62+3r 32-37 £ ].
Let the end point be P; = (0,0, 1) with Qg = (3,0,0),0; = (—3,3,0),0> = (0, —3,3). Since

P2=P3—%,
O O

p=p-=_=
1 3 3 3 )
%:%7®+@+%7

3

0,-3.3
Pz=(0,0,1)—(’37’):(071,0),
P =(0,0,1)— (0’_33’3) - (_3’33’0) =(1,0,0),
By=(0,0,1)— (0,—3,3)+(—33,3,0)+(3,0,0) — (0,0.0).

Let the any point except the initial or the end point be P, = (0, 1,0) with Qo = (3,0,0),0; = (—3,3,0),0> = (0,—3,3) are
given. Since

P3=P2+%,
3
P, is given,
O O O
P=P+=-=-=
1 2+ 3 3 3
:PZ_%v
0, O+ 01+00
=P+ - ==
0 »+ 3 3
+
_PZ_Q13Q0’

0,-3,3
Pz:(0)130)+(’37’):(07071)7
P, is given,

O O O
=P+ -2
1 » + 3 3 3
-3,3,0
:(0,1,0)—7( ’3 ! ):(1,0,0),
0 O+01+Q
Rh=P+==- ===
0 2+ 3 3 )
= 01,0~ FROEELO_ g0

To find cubic Bézier curve with given second derivative we have the following theorem:;
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Theorem 3.7. The cubic Bézier curve with given the second derivative,the initial point Qg and the initial point Py, has the
following control points

Py and Qg are given,

P1:P0+%,

Qo  Ro
p=P+2=2 420
p) o+ 3 + 6’

Q R0 R
Py=Py+320 4270 4 2L
3 0+ 3 + 6 + 6

Example 3.8. The second derivative o (t) = (18t — 12, —18¢ +6,6t) of a cubic Bézier curve in matrix representation is

=] s —18 6] [+¢1"[-1 1]]Ro
1 -12 6 0| |1 1 0 Ry
where Ry = ( —-12, 6, 0 ) and Ry = ( 6, —12, 6 ) are the control points

Py =(0,0,0) and Qo = (3,0,0)are given,

P1:P0+*Q307
Qo  Ro
P=P+220 4+ 20
2 0+ 3+67
R R
P3=P0+Qo+?0+€1>

Py =(0,0,0) and Qo = (3,0,0) are given,

3
P1=(0,0,0)+(’3ﬂ=(1,0,0)7

3,0,0) | (—12,6,0
(77)+( 77)

P2:(05030)+2 3 6 :(07150)7
—-12 —-12
P;=(0,0,0)+(3,0,0) + ( 3’6’0) + 6, 6 6 _ (0,0,1).
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Abstract
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1. Introduction

Let S be a semitopological semigroup, i.e. S is a semigroup with a Hausdorff topology such that for each a € S, the mappings
s — as and s — sa from S into S are continuous. Let £(S) denotes the C*-algebra of bounded real-valued functions on S with
the supremum norm and pointwise multiplication. For each a € S and f € £~(S), let ,f and f, denote, respectively, the left and
right translations of S by a, i.e. (of)(s) = (f-a)(s) = f(as) and (f,)(s) = (a- f)(s) = f(sa), s € S. Let X be a closed subspace
of £(S) containing the constant functions and being invariant under translations. A linear functional m € X* is called a mean if
|lm||= m(1) = 1; where 1 denotes the constant function on S with value 1. Then m is called a left invariant mean if

m(sf) =m(f),

forall s € Sand f € X. If X is a subalgebra of £~(S), then m is multiplicative if m(fg) = m(f)m(g) forall f,g € X.
Recently, a new version of amenability of discrete semigroups, namely set amenability is defined by authors in [1] as
follows:

Definition 1.1. Let S be a semigroup and 0 #= A C S. We say that a mean m on £ (S) is an A-invariant mean if for all a € A
and f € £=(S) we have

m(qf) =m(f).

A semigroup S which admits A-invariant means is called left A-amenable. If for every pure subset A of S, S is left
A-amenable, then we say that § is left set-amenable. The right A-amenability may be defined similarly. A semigroup S which is
both left and right A-amenable is called A-amenable. It follows immediately that every amenable semigroup is A-amenable for
all subsets A of S, but the converse is not true in general, see the examples are given in [1] for more details.

A semitopological semigroup S is said to be act on a topological space X from the left if there is a map S x X — X denoted
by (s,x) — s-x for each (s,x) € S x X such that (s¢)-x=s-(¢-x) for all s,# € S and x € X. The action is separately continuous
if the mapping is continuous in each of the variables when the other is kept fixed. Moreover, the action is jointly continuous if
the mapping is continuous when S x X has the product topology.
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When C is a convex subset of a linear topological space X, we say that an action of S on C is affine if for each s € S, the
mapping from C — C defined by x — s-x (x € C) is affine, i.e. it satisfies s- (Ax+ (1 —A)y) = A(s-x)+ (1 —A)(s-y), for all
seS, x,yecCand0 <A <1.

Let C,(S) be the Banach space of all continuous bounded real-valued functions on S with the supremum norm topology,
A(K) be the closed subspace of Cp,(K) consisting of all real valued continuous affine functions on a compact Hausdorff space K
and LUC(S) be the space of left uniformly continuous functions on S, that is, all f € Cp,(S) such that the mappings s — f from
S into C(S) are continuous when Cj,(S) has the supremum norm topology. Then LUC(S) is a C*-subalgebra of Cp,(S) invariant
under translations and contains the constant functions.

A function f € Cp(S) is strongly almost periodic if {,f : a € S} is relatively compact in the supremum norm topology of
C(S) and the set of all strongly almost periodic functions is denoted by AP(S). Also, it is weakly almost periodic if {,f : a € S}
is relatively compact in the weak topology of Cp,(S) and the set of all weakly almost periodic functions is denoted by WAP(S).

In this paper, we investigate a new version of the fixed point property for semitopological semigroups that we call A-fixed
point property, where A is a non-empty subset of S. In the next section, we introduce and study the concept of set-reversibility
of semitopological semigroups that is a generalization of reversibility that is defined for discrete semigroups in [1]. Section 3,
introduce the notion of set-fixed point theory for semitopological semigroups and gives some relations between set-amenability
and set-fixed point property for them.

Finally, in section 4, we give some examples for clarifying this new version of fixed point property for semitopological
semigroups that they show that set-fixed point property is weaker than fixed point property.

2. Set-reversiblity for semigroups

For discrete semigroups, set reversibility is defined in [1, Definition 4.7], now we start off with the following definition for
semitopological semigroups:

Definition 2.1. Let S be a semigroup and ® # A C S. We say that S is left A-reversible if aSNbS # 0 for all a,b € A. If S for
every pure subset A is A-reversible, then we call it set-reversible.

Clearly, every reversible semigroup is set-reversible, but, the converse is not true [1, Example 4.8]. For discrete semigroup
S, if it is left A-amenable, then S is left A-reversible [1, Lemma 4.9]. However, a general semitopological semigroup S needs
not be left A-reversible even when Cp,(S) has a left A-invariant mean unless S is normal (see Proposition 2.5).

Proposition 2.2. Let S be a compact semitopological semigroup with minimal right ideal I, then S is left I-reversible.

Proof. Since I is a right ideal, aS and bS are closed right ideals of S contained in / for each a,b € I. Furthermore, since [ is
minimal, aS = bS = I. Thus

aSNbS =1+ 0.
O

Proposition 2.3. Let S be a compact semitopological semigroup with subset A containig of a minimal right ideal. If S is left
A-reversible, then A consists a unique minimal right ideal of S.

Proof. Let I and I, be two distinct minimal right ideals in A. It is easy to verify that they are closed and disjoint. Now, if we
consider a; € I and a, € I, then we may write

aiSCIL and aSC .
By minimility of I; and I, we obtain that a; S = I; and a,S = I,. Therefore
aiSNaxS=0INhL=0.
This is a contradiction. O

The following Proposition is a set-reversibility version of [2, Lemma 3.1] that its proof is similar and we omit it.

Proposition 2.4. Let S be a semitopological semigroup with non-empty subset A and X be a left translation invariant subspace
of Cy(S) containing constants. If X which separates closed subsets of S and has a left A-invariant mean, then S is left
A-reversible.
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Above proposition implies immediately the following result:

Proposition 2.5. Let S be a normal semitopological semigroup and Cy,(S) has a left A-invariant mean, then S is left A-reversible.
In light [1, Lemma 4.9] of the above proposition we have the following result:

Proposition 2.6. Let S be a discrete semigroup left A-amenable, then S is left A-reversible.

If S is not a normal semitopological semigroup, then Proposition 2.5 does not hold. For example, if S is a left zero semigroup,
that is a semigroup whose multiplication is defined by st = s for all 5,7 € S and is the topological space which is regular and
Hausdorff such that C,(S) consists of constant functions only. For a fixed a € S define m(f) = f(a), for all f € C(S). Then for
each subset A of S, contains more than one element, m is a left A-invariant mean on Cp(S), but S is not left A-reversible.

By the following result, we show that set-reversibility can be transfered by a continuouse and onto semigroup homomor-
phism.

Proposition 2.7. Let S and T be two semitopological semigroups and ¢ be a continuouse homomorphism of S onto T. If S is
left A-reversible, then T is left ¢(A)-reversible.

Proof. For each by,by € @(A), there exist aj,a; € A such that @(a;) = by and @(az) = by. Since S is left A-reversible,
a1SNayS # 0. Let xg € a;SNasS, then there are nets (a15q) C a1S and (axtg) C aS such that aysq — xo and aztg — Xo.
Continuity of ¢ implies

b19(sa) = @(ai1sa) — @(x0) and bao(tg) = @(azts) — @(xo).
It follows that there exists @(xo) € by T Nb,T, hence T is left ¢(A)-reversible. O

Recall that if S is a semigroup, the intersection of all the two-sided ideals of S is called the kernel of S and denoted by K (S).
If K(S) is non-empty, it is clearly the smallest two-sided ideal of S (see [3]).
Similar to [4, Lemma 2.8], we have the following result:

Proposition 2.8. Let S be a compact semitopological semigroup with unit and let A be a subset of S that consists a minimal
right ideal of S. Then the following statements are equivalent:

(a) A consists a unique minimal right ideal of S.
(b) Cp(S) has a left A-invariant mean.

Proof. (b) = (a). Let m be a left A-invariant mean on C,(S) and I; and I, be two distinct minimal right ideals in A. It is
obvious that /; and I are closed and disjoint. Now, we define f € C,(S) by

. 0 sel
f(S)—{l

se b.
Then for any a € I} and b € I, we have ,f =0 and , f = 1. But, by the definition of m,

L=m(of) =m(f) =m(pf) =0,

which this is a contradiction.
(a) = (b). By [4, Corollary 2.4], K(S) is a union of compact semitopological groups that are left ideals. Normalized Haar
measure on any one of these will be a left A-invariant mean for Cy(S). O

By the following result, we rewrite [4, Lemma 2.10] as follows that its proof is similar to that mentioned Lemma and for
clarify we state its proof.

Proposition 2.9. Let S and T be semitopological semigroups with T be compact and ¢ : S — T be a continuous homomorphism
with @(S) dense in T. Let ¢ : C,(T) — Cp(S) be the dual map taking f into f o @, then Cy(T) has a left ¢(A)-invariant mean
if and only if §(Cy(T)) has a left A-invariant mean.
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Proof. Suppose that there is a left ¢ (A)-invariant mean m on C,(7T'). For each f € C,(T), define n by
n(@f) = m(f)-

Furthermore, it is clear that for any f in C»(7T),

s(@f) = P(p(sf) forall s€S.
Now, for all a € A and f € C,(T), we have

n(a(@1)) = 1(P(p(@)f)) = m(p(@).f) = m(f) = n(@f).

This means that 7 is a left A-invariant mean on ¢(C,(T)).
On the other hand, let n be a left A-invariant mean on ¢(C(7')), we can define a mean m on Cp,(T') by

m(f) =n(@f) forall f € Cy(T).

Since m satisfies

m(g(a)f) = 1(Poa)f)) = n(a(@S)) = n(@f) = m(f),

for all a € A, m is a left @ (A)-invariant mean on C,(T'). O

3. Common set-fixed point

Fixed point property for semigroups is one of the interesting concepts related to the semigroups theory that investigated by
many authors, see [5]-[9]. Set-fixed point property for discrete semigroups is defined in [1, Definition 4.5]. Now, we define it
for semitopological semigroups as follows:

Definition 3.1. Let X be a non-empty Hausdorff topological space and S is a semigroup acting on X from the left with® # A C S.
A point x € X is called a common A-fixed point of S in X if a-x = x for each a € A. If S for every pure subset A has a common
A-fixed point, then we say that it has a common set-fixed point.

It follows immediately that every common fixed point of S in X is a common A-fixed point. But the converse is not true
in general (see the Example 4.2). In this section, we rewrite some well-known results related to fixed point properties of
semitopological semigroup for the set fixed point properties.

Before stating the following result, recall that when K is convex subset of a Banach space, a mapping 7 : K — K is called
non-expansive self-maps if || 7x — Ty||< ||x — y||, for each x,y € K.

Theorem 3.2. Let S be a left I-reversible semigroup of non-expansive self-maps on a non-empty compact convex subset K of a
Banach space with ideal I, then K contains a common I-fixed point.

Proof. By using Zorn’s Lemma, there is a minimal /-invariant non-empty compact convex set X C K. By using Zorn’s Lemma
again, we can find a minimal /-invariant nonempty compact set M C X. Since S is left I-reversible, if {a,az,...,a,} is any
finite subset of I, there is a finite subset {s1,s2,...,s,} of S such that ajs; = apsp = -+ - = a,s,. Hence

IDE

ai(siaiM) = aysyaiM #£ 0.

-

aiM O

i=1 i=1

Thus the family {aM : a € I} has the finite intersection property. By compactness of M, F = (,c;aM is non-empty. Assume
that x € F. For each pair a,b € I, there exist ¢,d € S such that ac = bd. Since F C caM, x = cay for some y € M. Furthermore,

ax = a(cay) = b(day) € bM.

Moreover, aF C F, for all a € I. By minimality of M, we have F = M. Therefore M = aM, for all a € I.
If we assume that M contains more than one point, there is an element u in the closed convex hull of M such that
p = sup{|lu—x||: x e M} < §(M), where §(M) is the diameter of M. Define

Xo=({yeX:|x—yl<p},
xeM

then Xj is a proper non-empty compact convex subset of X such that it is /-invariant, which contradicts the minimality of X.
Hence M is a singleton set, which proves the theorem. O
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Note that in the above Theorem if we replace I by S we have the following result:

Corollary 3.3. Let S be a left reversible semigroup of non-expansive self-maps on a non-empty compact convex subset K of a
Banach space, then K contains a common fixed point of S.

Definition 3.4. An action S on a convex subset K of a linear topological space X is A-affine ifa- (Ax+ (1 —1)y) = A(a-x)+
(I=A)(a-y), forallac A, x,yc Kand 0 <A < 1.

Clearly every affine action is an A-affine, but the converse is not true in general. For example, let S be a semigroup of
real-valued functions on R with function composition operation and A = {f : R — R | f(x) = kx}. Define the action S on R by
f-x= f(x). Itis easy to see that this action is A-affine, but it does not act affinely on R.

There is a strong connection between left A-amenability and A-fixed point properties. By a similar method for discrete
semigroups in [1, Theorem 4.6] and [9, Theorem 2.1], we have the following result:

Theorem 3.5 (Day’s Fixed Point Theorem). Let S be a semigroup. Then the following statements are equivalent:
(a) S is left A-amenable.

(b) Whenever S acts A-affinely on a non-empty compact convex subset K of a locally convex space, there is a common A-fixed
point of S in K.

Proof. According to [1, Theorem 4.6], it suffices that we prove (b) = (a).

(b) = (a). As well-known that M(S) the set of all means on £>(S) is a w*-compact convex subset of £*(S)*. For s € S and
m € M(S), we can define the action S on the left £(S)* by (s-m)(f) =m(f-s) for each f € £=(S). It is easy to verify that
the map m — s-m is w* — w*-continuous and S acts A-affinely on (M(S),w*). Hence, by the assumption there is a common
A-fixed point of S in M(S) which is a left A-invariant mean on £*(S). O

Theorem 3.6. Let S be a semitopological semigroup. Then the following statements are equivalent:
(a) LUC(S) has a multiplicative left A-invariant mean.

(b) Whenever action of S on a compact Hausdorff space X is jointly continuous, then X contains a common A-fixed point of

S.

Proof. (a) = (b). From [8, Theorem 1], for each x € X and each f € C(X), we have f, € LUC(S), where f; is defined by
fx(s) = f(s-x). Now, for x € X we consider T, : C(X) — LUC(S) by Ty.(f) = fy foreach f € C(X). Let T, : LUC(S)* — C(X)*
be the adjoint map of Ty. Thus, if m is a multiplicative left A-invariant mean on LUC(S), then there exists a point xo € X such
that f(xo) = (Ty'm)(f) = m(Tyf) for all f € C(X).

For each s € S, define 6, : C(X) — C(X) by (6sf)(x) = f(s-x) forall f € C(X),x € X. Hence, for each r € S, we have

(T:(6f)) (1) = (65) (1 -x) = f(s- (-x)) = f(st - x) = fulst) = (Tef) (st) = s(TeSf) (0).
Therefore, T,(0;f) = s(Ty.f). Thus it follows that for all f € C(X) and a € A,

fla-xo) = (6af)(x0)
= m(Tx(6af))
= m(a(T:f))
= m(Tf)
= f(xo).
But C(X) separates points of X and this implies that xo is the A-fixed point.
(b) = (a). Assume that X is the compact Hausdorff space of the set of all multiplicative means on LUC(S), where X is
given by the w*-topology of LUC(S)*. By a simillar method in [8, Theorem 1] and use the notations there in, one can show the

action of S on X its jointly continuous. Thus, (b) implies that there exists mo € LUC(S)* such that mo(,f) = mo(f), for all
f€LUC(S) and a € A. O

Theorem 3.7. Let S be a semitopological semigroup. Then the following properties are equivalent:

(a) LUC(S) has a left A-invariant mean.
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(b) Whenever action of S on a nonempty compact convex subset X of a locally convex linear topological space is A-affine,
then X contains a common A-fixed point of S.

Proof. (a) = (b). For each x € X and each f € Cp(X), the proof of Theorem 3.6 yields f, € LUC(S), where f is defined by
fx(s) = f(s-x). For a specific x € X we consider Ty : A(X) — LUC(S) by Ty(f) = f; for each f € A(X). Now, by simmilar
method in Theorem 3.6 we can obtain (b).

(b) = (a). Assume that X is the compact convex set of the space of all means on LUC(S), with the w*-topology of LUC(S)*.
Define the A-affine action of S on X by s-m = [{m, for each s € S and m € X. Now, the argument used in the proof of Theorem
3.6 can be used to show that the action is jointly continuous, hence by (b), there exists an A-fixed point of S on X. O

An action of S on a compact convex subset K of locally convex space X is equicontinuous if for each neighborhood U of 0,
there exists a neighborhood V of 0 in X such that x,y € Kandx—y €V imply s-x—s-y € U foreach s € S.

In the following Theorem, we state a relation between the existence of left A-invariant mean on AP(S), the space of
continuous almost periodic functions on S and A-fixed point properties of S acting on certain subsets of a locally convex space.
In light of [10, Theorem 3.2], we have the following result which its proof is similar to the mentioned result and for clarifying
we write its proof completely.

Theorem 3.8. Let S be a semitopological semigroup. Then the following statements are equivalent:
(a) AP(S) is left A-amenable.

(b) Whenever action of S on a compact convex subset K of a separated locally convex space is separately continuous,
equicontinuous and A-affine, then there exists a common A-fixed point of S in K.

Proof. (a) = (b). Suppose that m is a left A-invariant mean on AP(S). Since the finite means are w*-dense in the set of means,
we can find a net of finite means ¢o = Y. _; A;, Oy, » Aiy, > 0 and Y} _; A;, = 1 such that w*-converges to m in AP(S)*. Let
x € K be fixed and xo be a cluster point of the net (X _; A;, i, **)o in K. Now by [10, Lemma 3.1], for each f € A(K), we
have f; € AP(S) and hence

fla-xo) = f(a'lién an AigSig - X) :f(lién Zn: Aig GSi - X)

ig=1 ig=1

= lim f( Z Aiq@siy ) = lim( Z Aig f (@i - X))

ig=1 ig=1
- lim fl Kiay (ol ) = lim @a ()
m(a(fe)) =m(fx)

= f(xo),

for all a € A. Since A(K) separates points, this shows that xp is an A-fixed point for S.

(b) = (a). Let the compact convex set K be the space of all means on AP(S), where K has the w*-topology of AP(S)*. Let
the A-affine action of S on K be given by s-m = [im, for each s € S and m € K. By the similar method in [10, Theorem 3.2],
the action of S on (K, w*) is both separately continuous and equicontinuous. Consequently, any A-fixed point in K under this
action is a left A-invariant mean on AP(S). O

Recall that the right translation operators r, on the Banach space AP(S), clearly, form an almost periodic semigroup of
operators. In fact, the strong operator closure of this semigroup is a compact semitopological semigroup, having jointly
continuous multiplication, in the strong (or equivalently weak) operator topology. It will be denoted by S¢ and called the almost
periodic compactification of S.

Corollary 3.9. Let S be a semitopological semigroup with subset A containig of minimal right ideal. If S is left A-reversible,
then AP(S) is left A-amenable.

Proof. Assume that S is left A-reversible. In light of [4, Theorem 6.1], the homomorphism 7 : S — S* defined by r(a) =rqis
continuous. This implies that S* is also 7(A)-reversible. By Proposition 2.3, S has a unique minimal right ideal in r(A). Hence,
by Theorem 2.8, C, (3“) has a left r(A)-invariant mean. Consequently, again it follows from [4, Theorem 6.1] and Proposition
2.9, AP(S) has a left A-invariant mean. O

Form the above Corollary and Proposition 2.5, we immediately have the following result:
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Corollary 3.10. Let S be a normal semitopological semigroup and Cy(S) has a left A-invariant mean, then AP(S) has a left
A-invariant mean.

Note that the converse of Corollary 3.9 is false in general, since there exist the exampels of topological semigroups such as
S such that they are not left A-reversible, but AP(S) (or even Cp(S)) has a left A-invariant mean (see Exampel 4.3 ).

Definition 3.11. Let Q be a (fixed) family of continuous semi-norms on a separated locally convex space X which determines
the topology of X. Then an action of S on a subset K C X is Qa-nonexpansive if p(a-x—a-y) < p(x—y) forallac A, x,y € K
and p € Q.

Theorem 3.12. Let S be a semitopological semigroup. Then the following statements are equivalent:
(a) AP(S) is left A-amenable.

(b) Whenever S is a separately continuous and Q-non-expansive action on a compact convex subset K of a separately
locally convex space, there is a common A-fixed point of S in K.

Proof. (a) = (b). Assume that m is a left A-invariant mean on AP(S). An application of Zorn’s Lemma shows that there exists
a minimal non-empty compact convex X C K, that is invariant under A. In particular, If X is not a singleton, apply Zorn’s
Lemma for the second time to get a minimal non-empty compact F C X, that is invariant under A.

Let x € X be a fixed. By using [10, Lemma 3.1], we may define a mean u on C(F) by u(f) = m(f;) for all f € C(F).
Since u(f) > 0 whenever f >0, and (1) = 1 and,

ﬂ(af) = m((af)x) = m(a(fx)) = m(fx) = ﬂ(f)

It is easy to see that y is a left A-invariant mean on C(F). From Riesz representation Theorem, f can be viewed as a
regular probability measure on F and it satisfies t(B) = u(a~'B) for each Borel set B C F and a € A, where as usual,
a'B={x€F:a-xeB}. LetI'={BCF :Bisclosed subset, t(B) = 1}. Set Fy = (\ger B. Then by finite intersection
property Fy is a non-empty compact subset of F. Since for each B € I" and a € A, we have a !B € I" then a~'Fy D Fy or
Fyo O aFp. Hence F = Fy by the minimality of F. Since

p(aF) = p(a="(aF)) = u(F) =1,

aF €1 forall a € A. Consequently, F O aF O Fy = F. This means that aF = F for all a € A.

Now, if F is a singleton we are done, otherwise, there exists a continuous seminorm p in Q such that r = sup{p(x —
y): x,y € F} > 0. Then, by De Marr’s Lemma [6], there exists an element u in the closed convex hull of F such that
ro =sup{p(u—x): x € F} <r. Consider

Xo = ﬂ{yEX:p(y—x)Sro 1.

Then u € Xy and X, is a nonempty closed convex proper subset of X. From aF = F for each a € A and Q4-nonexpansiveness
of S on X, we can write

pla-xo—a-y) < plxo—y) < ro,

for each xp € Xp and y € F. This leads to aXp C X for all a € A, contradicting the minimality of X. Consequently, F' contains
only one point, which, in fact, is a common A-fixed point for S.
(b) = (a). We can prove it by the same argument in Theorem 3.8.

Finally, in this section, by the similar method in [7, Theorem 3.4], we have the following result:
Theorem 3.13. Let S be a semitopological semigroup with separable ideal 1. Then the following statements are equivalent:
(a) WAP(S) is left I-amenable.

(b) Whenever S acts on a weakly compact convex subset K of a separated locally convex space and the action is weakly
separately continuous, weakly quasi-equicontinuous and Qj-non-expansive, there is a common I-fixed point of S in K.
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4. Examples
Example 4.1. Consider the semigroup S = {a,b,c,d} defined as follows:

al|lb|c|d
alalalc|c
b|b|b|d|d
clalal|c]|c
d|b|b|d|d

(i) Let A = {a,b}. The sets aS = {a,c} and bS = {b,d} are disjoint minimal right ideals. Thus S is not left A-reversible.
Letting f = X4} be the characteristic function. It is easy to see that ,f = 1 and , f = 0. Now, if we take m a left A-invariant
mean on AP(S) = WP(S) = Cp(S), then

L=m(af) =m(f) =m(,f) =0,

which is impossible.
(i) Let A = {a,c}. Since aSNcS = {a,c}, S is left A-reversible. Now, if we for a fix a € S define m(f) = f(a) for all
f € AP(S). Itis evident that ,f = . f. Also, we have

m(af) = af (@) = f(aa) = f(a) = m(f).

This means that m is a left A-invariant mean on AP(S).

In the following, we denote the cardinal number of a set A by |A|.

Example 4.2. Let K = [0,1] and consider a semigroup S = {h, : s € K} with functional composition operation. Define the
action S on K by hy(x) = s for each x € K. Then for any subset A of S we have:

(i) If |A| =1, then there is an A-fixed point of S in K.
(ii) If |A| > 2, then there is no common A-fixed point of S in K.

Example 4.3. Consider the partially bicyclic semigroups Sy = (e,a,b,c|lab = e,ac = e) and S| = (e,a,b,c,d|ac = e,bd = ¢).
For Ay = {b,c} and Ay = {b,d}, since

bSrNecS, =0 and CSl_’lﬂdSLl =0

Sy and Sy 1 are not left A;-reversible (i = 1,2), respectively. Of course, it is worth to mention that both AP(S,) and AP(S) 1)
have an invariant mean [7, Proposition 4.6].

We consider for a semitopological semigroup S the following A-fixed point property:
(Fa): Every jointly continuous action of S on a non-empty compact convex set K of a separated locally convex topological
vector space has a common A-fixed point.

Proposition 4.4. If a semitopological semigroup S has the common A-fixed point property (Fy), then LUC(S) has a left
A-invariant mean.

Proof. Suppose that M(S) is the set of all means on LUC(S), where M(S) is given the w*-topology of LUC(S)*. Then, M(S)
is w*-compact convex subset of LUC(S)*. Define an action of S on X by s-m = [7m for each s € S and each m € M(S). This
action is jointly continuous on M(S). Therefore, the common A-fixed point of this action gives a left A-invariant mean on
LUC(S). O

Corollary 4.5. If S is a discrete semigroup with the common A-fixed point property (Fy), then S is left A-amenable.
In the following, by A;’s we mean the sets in Example 4.3.

Example 4.6. We know that the partially bicyclic semigroups S, and S 1 are not left Aj-amenable (i = 1,2), respectively.
Hence, by Corollary 4.5, they do not have the common Aj-fixed point property (Fy ).

Proposition 4.7. Let S and T be two semigroups and ¢ be a homomorphism of S onto T. If S has the common A-fixed point
property (Fy), then T has the common @(A)-fixed point property (Fy).
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Proposition 4.8. Letr S and T be semigroups such that S x T has the common (A x B)-fixed point property (Fy).Then both
semigroups S and T have the common A-fixed point and common B-fixed point property (Fy), respectively.

Proof. Consider the projection homomorphisms 7y : S X T'— S and 77 : S x T — T defined by 7s(s,t) = s and 7r(s,t) =1,
respectively. Let S x T has the common (A x B)-fixed point property (F4). Then by 75(A x B) = A and Proposition 4.7, we
obtain that S has the common A-fixed point property (F4 ). Similarly, we conclude that 7 has the common B-fixed point property
(Fy). O

In the following, we show that the converse of the Proposition 4.8, is not true in general.
Example 4.9. Commutative free semigroup on two generators does not have (Fy).

First recall from the well-known Schauder’s Fixed Point Theorem that every free commutative discrete semigroup on one
generator has the fixed point property (F4). Let Np denote the additive semigroup of non-negative integers, which is the free
commutative semigroup on one generator. Hence, it has the common A-fixed point property (Fj ).

We know from [11] that there are two continuous functions f and g mapping the unit interval [0, 1] into itself which
commute under the function composition but do not have any common fixed point in [0, 1].

Consider set A = {(0,0),(1,0),(0,1)} and define the action of Ny x Ny on [0, 1] by

(0,0)-x=x, (1,0)-x= f(x) and (0,1)-x= g(x).

Then, Ny x Ny has no common A-fixed point on [0, 1]. Therefore, this semigroup does not has (Fy ), since it is isomorphic to
No X Ny.

5. Conclusion

In this paper, we investigate a new version of the fixed point property for semitopological semigroups and also we introduce
and study the concept of set-reversibility of semitopological semigroups that is a generalization of reversibility that is defined
for discrete semigroups. Finally, some examples are given to illustrate the theoretical results.
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1. Introduction

The initial work on fuzzy sets was established by Zadeh [1]. Then, several authors have advanced the theory of fuzzy set. Park
[2] defined intuitionistic fuzzy metric space and also intuitionistic fuzzy normed space was examined by Lael and Nourouzi [3].
Some beneficial results on this topic can be found in [4]-[7].

The neutrosophic set (NS) was worked by F. Smarandache [8] who defined the degree of indeterminacy (i) as indepedent
component. In [9], neutrosophic logic was firstly examined. It is a logic where each proposition is identified to have a degree of
truth (T), falsity (F), and indeterminacy (I). A Neutrosophic set (NS) is specified as a set where each component of the universe
has a degree of T, F and I. Kirisci and Simsek [10] discussed neutrosophic metric space (NMS) with continuous 7-norms and
continuous ¢-conorms. The theory of NNS and statistical convergence in NNS were first developed by Kirisci and Simsek
[11]. Neutrosophic set and neutrosophic logic has utilized by applied sciences and theoretical science for instance summability
theory, decision making, robotics. Some remarkable results on this topic can be reviewed in [12]-[15].

The concept of statistical convergence was investigated under the name almost convergence by Zygmund [16]. It was
formally introduced by Fast [17]. Later the idea was associated with summability theory by Fridy [18], and many others (see
[19]-[22]). The studies of triple sequences have seen rapid growth. The initial work on the statistical convergence of triple
sequences was establised by Sahiner et al. [23] and the other researches continued by [24, 25]. The idea of difference sequences
was given by Kizmaz [26] where Ax = (Ax;) = x; — x¢ 1. Basarir [27] investigated the A -statistical convergence of sequences.
Also, the generalized difference sequence spaces were worked by various authors [28]-[30].

Since sequence convergence plays a very significant role in the fundamental theory of mathematics, there are many
convergence notions in summability theory, in approximation theory, in classical measure theory, in probability theory, and the
relationships between them are discussed. The interested reader may consult Hazarika et al. [31], the monographs [32] and [33]
for the background on the sequence spaces and related topics. Inspired by this, in this study, a further investigation into the
mathematical features of triple sequences will be thought. Section 2 recalls some definitions in summability theory and NNS.
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In Section 3, we study triple A-statistical convergent sequences in a NNS. Also, we examine the notions of A-statistical limit
point and A-statistical cluster point and prove their important features.

2. Definitions and preliminaries

Now, we remember essential definitions required in this study.
Triangular norms (#-norms) (TN) were considered by Menger [34]. Triangular conorms (¢-conorms) (TC) recognized as
dual operations of TNs. TNs and TCs are significant for fuzzy operations.

Definition 2.1. ([34]) Let * : [0,1] x [0,1] — [0, 1] be an operation. If * provides subsequent cases, it is named continuous TN.
Take a,b,c,d € [0,1],

(@) ax1=a,

(b)If a<candb<d, thenaxb < cxd,
(¢) * is continuous,

(d) * associative and commutative.

Definition 2.2. ([34]) Let { : [0,1] x [0, 1] — [0, 1] be an operation. If { provides subsequent cases, it is named to be continuous
TC.

(a) a00=a,

(b) If a < cand b <d, then aQb < ¢{d,
(¢) ¢ is continuous,

(d) ¢ associative and commutative.

Definition 2.3. ([11]) Let F be a vector space, N/ = {(®,9 (®),RB(®),% (®)): ® € F} be a normed space (NS) such that
N :F xRY — [0, 1]. While subsequent situations hold, V = (F, A, *,0) is called to be NNS. For each @,k € F and A,j1 >0
and for all 6 # 0,

(@) 0<¥Y(@,A)<1,0<B(O,A)<1,0<% (@,1) <1VA R,
b)Y (@A) +B (@A) +% (O,A) <3 (for A eRT),
()9 (@,A)=1(forA>0)iff ®=0,
()Y (6B, A) =9 (w, &),
()9 (0, u)*9 (x,A) <Y (@+x,u+1),
(f) 9 (@,.) is non- decreasmg continuous function,
() limy ... (@, A) =
(h) B(@,A) = 0(forl>0)zﬁw:0,
(i) B(cm,A\) = B (af, e
(/) B (@, 1) OB (k,A) ><%’(65+K H+A)
(k) # (@,.) is non- decreasmg continuous function,
(1) limy .. B (@, 1) =
(m) % (@, l)—O(forl>0)zﬁ‘(D 0,
(n) ¥ (6BA) =W (w <
(o) ¥ (@, ,LL)OZ’/(KA)>@((H+K/J+A)
(p) % (@,.) is non- decreasmg continuous function,

() limy .. % (@,4) =

(s)If A <0, then%(w,k) =0,2(@,A)=1and % (O, L) =

Then N = (9,PB,%) is called Neutrosophic norm (NN).

We recall the notions of convergence, statistical convergence, lacunary statistical convergence for single sequences in a
NNS.

Definition 2.4. ([11]) Take V as an NNS. Let € € (0,1) and A > 0. Then, a sequence (x;) is converges to L € F iff there is
N eNsuchthat 4 (xy —L,A) >1—¢€, B(xx—L,A) <€ ¥ (xy —L,A) < €. That is,

lim ¥4 (xy —L,A)=1,lim Z (xy —L,A) =0and lim % (x; —L,A) =0
k—yoo k—yoo k—yoo

as A > 0. The convergent in NNS is signified by N —limx;, = L.
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Definition 2.5. ([11]) A sequence (xy,) is named to be statistically convergent to L € F with regards to NN (SC-NN), provided
that, for each A >0 and € >0

lim l|{k§n:§f(xk—L,l) <l—eorBxy—LA)>¢e ¥ (xp—L,A) >¢€}|=0.

n—oo
It is demonstrated by S_y-limx; = L.
Now we give the following notion.
Definition 2.6. (/23]) A subset K of N° is said to have natural density 83(K) if

| Kkl
Ky=P— 1
%(K) i ik

exists, where the vertical bars denote the number of (n,1,k) in K such that p <n, q <1, r <k. Then, a real triple sequence
x = (xpqr) is said to be statistically convergent to L in Pringsheim’s sense if for every € > 0,

&({(nlk) eN i p<ng<lr<k, |x,—L|>e})=0.

3. Main results

Definition 3.1. A riple sequence w = (wyyi) in'V is named to be A-convergent to § € F with regards to (w.r.t in short) NN
(9,PB,%) on condition that for every A > 0 and € € (0,1), there is a positive integer ko such that

g(Awnlk—C,l) > 1 —sand,@(Awnlk—C,l) <E, @(Awnlk—g,l) <E&

for every n > ko,l > ko,k > ko where n,l,k € N and Awpii = Wyik — Wi 141 & — Wil g1 + Wi b1k 1 — Wit 1Lk W 11k
Wit 1 Lj+1 — Wit 1141 k+1. We indicate (9,9,% ) —limAw = § or Aw — § ((9,B,%)) as n, 1,k — oo.

Definition 3.2. A triple sequence w = (wyyi) is named to be A-Cauchy in'V w.r.t NN (4,B,%) if for each € € (0,1) and A >0,
there are positive integers ty,t1 ,tp such that G (Awny — Awpgr, A) > 1 —€ and B (Awnig — AWpgr, A) < €, Y (AW — Awpgr, ) <
€, whenever n,p > ty, l,q > t1, k,r > t>.

Definition 3.3. A rriple sequence w = (wyyy.) is named to be A-statistical convergent to § in V w.rt NN (4, 8,%) if for each
€€ (0,1)and A >0,

8 ({(n.1K) €N+ (Aw— §,A) < 1~ 0r B (Bws— §,2) > &, 7 (A~ {,4) > €}) =0,
In this case, we denote SII%I(A) —limw,; = €.

Definition 3.4. A triple sequence w = (wyyy) is named to be A-statistically Cauchy inV w.r.t NN (4 ,8,%) if for each € € (0,1)
and A > 0, there are positive integers U, V and Y such that

5 (n,1,k) € N> : G (Awyi — Awpgr, A) < 1 —€ or —0
%’(Awnlk wapq,,l) > €, s (Awnlk wapqr,l) > €

foralln,p>U,l,q>V, k,r>Y.
Lemma 3.5. For each € € (0,1) and A > 0, the subsequent cases are equivalent.

(a) sti,w —limw,; = ¢.

(b)

53({ (n,1,k) eN?: G (Awpp —E,A) < 1—¢€or })O
B (Awur — &A1) > &, ¥ (Awu —E,A) > € 7

()
5 (n,1,k) eN*>: G (Aw —E,A) > 1 —¢€ and 1
%(Awnlk—§,1)<£,@(Awnlk—é,l)<8 o
()
Sty — Mm% (Awy —&,4) = 1 and
St]%,(A) — lim%‘(Awnlk — é,l) =0,
Stl%’(A) —lim% (Awnlk — é,l) =0.
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Proof. (a) = (b) Presume that st}%,(A) — limwyy = §. Then, we get for each € € (0,1) and A > 0,
5 (n,1,k) eN*: % (Awpu — {,A) < 1—¢gor —0
B (Bwn —CA) > &, Y (Awp — §,A) > € '
(b) = (c) Take € € (0,1) and A > 0. Then, we acquire

5 (n,1,k) e N?: G (Aw — E,1) > 1 — € and
%’(Awnlkfé,l) <E, Q/(Awnlkfé,l) <E&
18 (n,1,k) e N> G (Aw, — E,A) <1 —¢gor 1
B B (Awar—EA) =€, ¥ (Awu —E,A)>€ [ )
(¢) = (d) Take € € (0,1) and A > 0. Then, we obtain

{(n,l,k) €N3 : |g(Awnlk—§7l)—l‘ ZS}
= {(n,l,k) €N3 :%(Awnlkfé,),) < 178}
U{(n,l,k) eN? Z%(Awnlk—é,l) > 1+8}.

Therefore, we have

{( €N3 ‘g(Awnlk_évl)_”Ze})
:53({( k)EN% g(Awnlk_éal)Sl_e})
8 ({(n,1,K) € N+ (A — E.2) > 14}

Since,

& ({(n,1,k) eN*: & (Awu —E,A) < 1—¢}) =0and
& ({(n,L,k) eN>: G (Awa —E,A) > 1+€}) =0

& ({(n 1) € N1 & (A — E,2) — 1] > €}) =
So Stl%/(A) —1lim¥ (Aw, — &,A) = 1. Similarly, we obtain StI%I(A) —1limZ (Aw — E,1) =0, SII%I(A) —lim% (Aw, —&E,A) =
0. ]

Theorem 3.6. If w = (wyi) is A-statistically convergent to § in' V w.r.t NN (4,98,%), then St]%/(A) — limw, is determined
unique.

Proof. Let stl%,w —limw,; = {; and Sti%/(A) —limwy, = &, where §; # &,. For a given € € (0,1) select v € (0,1) such that
(I=v)x(1—=v)>1—¢and vOv < €. For any A > 0, we identify the subsequent sets:

Fgy (v,A) ={(n,1,k) e N’ : G (Awp —&1,4) < 1= v}
Fyr(V,A) Z{n,l k) € N3 : G (Awp — Ea, A )SI—V}

531(V l):{(n,l,k EN3 (Awnlk—él,/l)Zv}
F,gz(v A)={(n,1,k) e N>: B (Awx — &, A) > vy
FJ] v l):{(n,l,k)€N3 @(Awnlkfél,l)ZV
F]z \4 ),):{(n,l,k)GN3 Q/(Awn,kféz,l)ZV

Since st,%/(A) —limw,; = &1, we say
8 (Fy1 (V,A)) =8 (Fz,1 (V,4)) = 8 (Fwr 1 (V,A)) =
for all A > 0. In addition, utilizing sti,( N limw,;, = &, we acquire

8 (Fga(V,A)) =8 (Fz2(V,A)) =8 (Fo 2 (V,A)) =

forall A > 0.
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Now, take
Fyza (V,A) = (Fg.1 (V,A)UFg 2 (V,A)) N (F1 (V,A)UFz2 (v,4)) N (Fy 1 (V,A)UFz 2 (v, 1))

Then, contemplate that &3 (Fgﬂ,gy(v,l)) = 0 that implies &3 (NS\Fggg,gy(v,l)) = 1. If (n,1,k) € N*\Fy 29 (V,1),
then we get three possible situations. The former is the situation of (n,1,k) € N*\ (Fy 1 (v,A)UFg,(v,1)), the second is
(n,1,k) € N>\ (F,1 (V,A)UFz,(v,A)) and the third is (n,,k) € N*\ (Fa 1 (V,A)UFy > (v,1)). First think that (n,[,k) €
N3N (Fg’l (V,A)UFy, (VJ,)). Then, we acquire

G(61—8,4) > (AWnZk S5 ) (Awnlk 52,g>>(1—v)*(1—v).

Since (1—v)*(1—v)>1—¢,wehave ¥ (§ —&;,A) > 1 —¢€. Since € € (0, 1) was arbitrary, we get 4 (& — &,A) = 1 for
all A > 0 which means that & = &,. At the same time, if (n,,k) € N3\ (Fgg,l (V,A)UFz» (V,k)), we can see

A A
B(&1—E,A) < B <Awn1k -1, 2) 0% (Awnlk —52,2> <Vvov.

Since VOV < €, we get Z (&) — &,A) < €. Since € € (0,1) was arbitrary, we acquire % (§; — &,A) =0 for all > 0 which
means that & = &,. If we observe the third case, we see that & = &,. Hence, in all conditions, we obtain St]%/(A) — limw, is

determined unique. O
Theorem 3.7. Let w = (wyi) be a sequence in'V. If Aw — § ((4,%8,%)), then sti,(A) —limw={¢.
Proof. By supposition, for every A > 0 and € € (0, 1), there is a kyp € N such that
G (Awy—C A) > 1—eand B(Awy —EA) <&, @ (Awpe—E,A) < €

for every n > ko,l > ko,k > ko. This assurances that the set

{(n,l,k) eEN G (Awyr —EA) <1 —gor B(Awur —EA) > €, Z (Awpe — E,A) > 8}
has at most finitely many terms. Every finite subset of the N has density zero, so we acquire

& ({(n,l,k) eN? G (Awp—E L) <1l—€eor B(Awu —E L) > €, W (Awue —E,A) > 8}) =0
gives the result. Hence, stI%,( AT limw,;, = €. ]

The subsequent example indicates that the converse of Theorem 3.7 is not valid.

Example 3.8. Let (F,||.||) be a NS. For each a,b € [0,1], select the TN axb = ab and the TC a0b = min{a+ b, 1}. For every
= (Wnx) € F and each A > 0, we contemplate G (w, 1) = B (w,\) = )LMU\/H and % (w,A) = M . Then V is an NNS.
We identify a sequence (wyi.) by

/l-‘erH’

o L n=»k*1=v?k=1*(k,v,t €N)
nlk 0, otherwise.

Consider

A(ea)=] nSplSqk<r:G(win—5A)<1—¢eor
pqr\s» B %(Wnlk_§7z’) > & g(wnlk_é’l) 28

for every € € (0,1) and for any A > 0. Then we acquire

ikl =
or ||wukl| > Ae

_ A (Wi HwnlkH
Apgr(8,A) =n<pl<qk<r: W< —gor > € >¢

=in<pl<qk<r: Hwnlk||>1 e’

={n<pl<qk<r:|wu|=1}
={n<pl<qk<rin=k.1=vk=7(kvieN)}
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we get

ﬁ‘AM,(S,A)’ = ﬁ’{ngp,lSq,kﬁr:n:kz,l:vz,k:l‘2 (k,v,tGN)}’ <

pqr
pqr

1
par
not A-convergent in the space (F,||.||).

which means that limgr e ‘qur (g, l)‘ = 0. Hence, we have st}%(A) —limwy, = 0. However, the sequence w = (W) is

Theorem 3.9. Take NNS asV. Then, stg(A) —limwy, = & iff there is a subset
K={(nl,k)eN’:nl.k=123,.} CN?
such that 83 (K) =1 and (Y, 8,%) — 1My, 1 )€Kl k—so0 AWnik = g.
Proof. Presume that sti,( A limw, = §. Then, for every A >0and j > 1,
1 1 1
K(j,A)= {(n,l,k) eN Y (Awur — M) > 1—; and B (Awp— E,A) < B Y (Awne—E,A) < j}

and

| —

M(j,A)= {(n,l,k) EN’: G (Awu—,A) < 1—% or B(Awuk —§,A) > —, # (Awyy — E,A) > }

~.| —
~

Then & (M (j,A)) = 0 since

K(j,A)DK(j+1,1) 3.1
and

8y (K (j.2)) =1 (32)

for A > 0and j > 1. Now we need to show that for (n,l,k) € K (j, ) the triple sequence w = (w,x) is A-convergent to § € F
w.r.t NN (¢, 2,%). Suppose w = (w,;) be not A-convergent to § € F w.r.t NN (¢, %,%). Therefore, there are § > 0 and
ko > 0 such that%(Awnlk - C,ﬁ,) <1 —B or %‘(Awnlk — C,l) > ,B, @(Awnlk - C,)L) > ﬁ for all n > ko,l > ko,k > ko. Let
B> % and

K(B,2)={(n,1,k) eEN G (Awup —E,A) > 1— B and B (Awu — §,A) < B, # (Awup — §,A) <B}.

Then, we have 8 (K (f,A1)) = 0. Since 8 > %, by (3.1) we get 8 (K (j,A)) = 0, which contradicts by (3.2). Therefore,
w = (W) is A-convergent to § € F w..t NN (¥, 28,%).

Conversely presume that there is a subset K = {(n,l,k) eN?inlk=1,23, } C N?such that 8; (K) = 1 and (¢4, 8,.% ) —
1im 1 )k .1 k—oo AWnik = L. Then for every A > 0 and € € (0,1), there is ko € N such that 4 (Aw, — §,A) > 1 — € and
B (Awp—EA) <&, Y (Awpye — E,A) < € forall n > ko, 1 > ko, k > ko. Let

Mg, ) (n,1,k) € N’ : G (Awy — §,A) < 1 =€ or B(Awuk = §,A) 2 €, & (Awa — §, 1) > €}
3

- { (nk0+l ) lk0+lkk0+l) ) (nk0+27 lk0+2kk0+2) ) }
and as a consequence & (M (g,1)) <1—1=0. Hence sti,( a) —Himwy = €. Then, the desired result has been acquired. [J

Definition 3.10. Let V be an NNS, then § is named a A-limit point of the sequence w = (wy) w.r.t NN (4,98,%) on condition
that there is a subsequence of the sequence w which A-converges to § w.rt NN (4, 8,%). Let L?%,%,?J/)(A) (w), indicate
the set of all limit points of the sequence w w.r.t NN (4, 8,%). Let {(Wn(jl)l(jz)k(h))} be a subsequence of w = (wyy) and

P={(n(j1),l(j2),k(j3)) €N, ji,ja,j3 € N}, then we contract { (Wi, yij»)k(js)) } by {W}p, which in case 85 (P) =0, {w}p
is named a thin subsequence or subsequence of density zero. At the same time, {w}p is a non-thin subsequence of w if P does
not have density zero.

Definition 3.11. Ler V be an NNS. Then, { is named a A-statistical limit point of the sequence w = (wy) w.r.t NN (9, 8,%)
on condition that there is a non-thin subsequence of w that A-converges to § € V w.r.t NN (¥, 28,%). In that case, we say § is
sty(a)-limit point of sequence w. Throughout A?V(A) (w) demonstrates the set of all stl%,(A)—limit point of sequence w.
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Definition 3.12. Let V be an NNS. Then, § is named a A-statistical cluster point of the sequence w = (Wpy) w.r.t NN (4, B,%)
on condition that for every A > 0 and € € (0, 1),

5 (n,1,k) eN?: G (Awp — §,A) > 1 — € and >0
%’(Awnlk - C,)L) <E, @(Awnlk — C,A,) <E&

where 83 = limsup &3. In that case, we say that { is stl%[( A>-cluster point of sequence w. Throughout Cli,( A) (w) indicates the set

of all sti,( A)-cluster point of sequence w.

Definition 3.13. A NNS'V is called to be A-complete if every A-Cauchy sequence is A-convergent in' V w.r.t NN (4, %8,%).

Theorem 3.14. Let V be an NNS. Then, for any sequence w = (wu) €V, A3 N (&) (w) C Cli, ) (w).

Proof. Let § € Ay(a) (w), then there is a non-thin subsequence (wn(jl)l(jz)k( )) of w that A-converges to { € V w.r.t NN

(GBI, ie
(n(jr),1(j2) Kk (j ))GN% G (Awy(ji(; Cl)>1_8 _
& <{ }) d>0.

J Rk
and%’(AW( V(ja)k -$A) <k, @(Aw( )( -{A)<e
Since
{(n,l,k) eN? Zg(Awnlk— C,ﬁ,) >1—¢and %(Awnlk C l) <E, @(Awnlk— C,ﬁ,) < 8}
D{ (1), L(j2) k(j3) €N = (Awy C /1) >1-¢ }
= and B (Awyj i) — §54) <€, W(A <m1< —{A)<e
For every A > 0 and € € (0,1), we obtain
{(n,l,k) eEN G (Awy — €, /l) >1—gand B(Awu—C§,A) <&, @ (Awu— G A) < e}
2 {(n(j1),1(72) k() €N*: ji,jn, js € N}

(n(j1):1(j2), k(J%))EN LG (AW i)k Cl)<1—8
\{ 01‘:@(AW()( Cﬂ,)>8 Q/(W()l( Cl)>8}

Since { (Wy(j)1(j5)k(js)) } 18 A-convergent to { w.r.t the NN (%,%’,6’/), the set

{ (n(j1),1(j2), k(/’s))EN3 G (BWa(jp)i(ia)k C/I)<1—€ }
or%’(Awn(m[( Cﬂ,) > &, @(AW( )( CA) > €

is finite, for any € € (0, 1), SO

& ({(n,1,k) € N> : G (Awpy — §,A) > 1 — € and B (Awy — G, A) < &, X (Awu — §, 1) < €})
> 8 ({(n m l(n K(j3)) €NY: i, 2 ja €NY)

<{ n(ji), )k( ))GN LG (AW i) Cl)<1— })
or% Aw,, DGk Cl)zg @(Awn()( C/I)ZE ’

Hence

5 (n,1,k) e N : G (Awp — {,A) > 1 —€ and 0
B (A —CA) <&, Y (Awu—CA) <€ )70

which gives § € Cl;,( A (w) . Therefore, we acquire A13V( A) (w) C Cl;,( A (w). O
Theorem 3.15. For any sequence w = (wy) €V, Clil(A) (w) C L?g,gagy)(A) (w).
Proof. Let§ € le\,(A) (w), then
8 ({(n,1,k) N’ : G (Avu — §,A) > 1 — € and B (Axu— §,A) < &, ¥ (Av— §,A) < €}) >0
for every A > 0 and € € (0,1). Let {w}p be a non-thin subsequence of w such that

P—{ (n(j1),1(j2) Kk (j3)) € N? : G (Axy(j ok C 7L) >1—¢and }
B (Axu(j)i(ink(s) — 6o A) <& F (Ax, <m1< —{A)<e

for each £ € (0,1) and & (P) # 0. Since there are infinitely many elements in P, { € L? 9,29 (w) Therefore, we obtain
Cl3 (w) CL%JQ)( )(w). O
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Theorem 3.16. For any sequence w = (wyi) €V, sti,(A) —limwyy = §, gives A13\,<A) (w) = C113\1(A) w)=A{¢}.

Proof. First we denote that A3, N (&) (w) ={&}. Presume that A;v( A) (w) ={&,n} such that { # n. In that case, there are two

non-thin subsequences {( GDG2)kG3) )} and {( Ya(j2)r( j3))} of w = (wyx) those A-converge to § and 7 respectively w.r.t

the NN (¢, %,%). Since {(wp aGa)r(s)) | 18 A convergent to 11 w.r.t the NN (¢, %,%), so for every A >0 and € € (0,1),

P:{ (P(j1),q(j2) 7 (j3) €N 1 G (Ax, (i a(in)r(s) — > l) <l-¢gor }

B (Axp(j)g(i)r(s) — Mo A) 2 €, Y (Axpm)qo () —MA) 2 €

is a finite set and so 83 (P) = 0. Then, we observe that

{(p(71),9(j2),7(j3) EN* €N, ji, o, j3 € N}

:{ (P(1),q(j2),r(f3) €N 1 G (Ax,(; )q(m( nl)>1—8and }
2B (A%p(j1)q(s2 r.<j3>*77»37l)<8,@( a()ry) —MA) <€

u{ (P(in), ‘1(12) () €N ig(Axp(mun > 777/1)S1—€0r }
B (A1 )qinyr(s) —MhA) = & P (A, —nA)>e

which gives that

(p(ir).q(j2), ('))GN3 G (Axp()qia)r(is) "l)>1—£a“d }) 0 33
63({ *@(Axp(jl)q(u n}‘)<g @(A’C()( 71)*)<3 7 0. (3.3)

. 3 . _
Since Strvia) — limw, = §, we get

(n,k,1) € N?: G (Axppy — §,A) < 1—¢gor _
53({ %( nkl — C)u)>€ g( nkl_Cal)ZS })_07 (34)

for every A > 0 and € € (0, 1). Therefore, we can write

(nkl)€N3 g( ,,k/—i_,’l)>l—£and
a({ Sl e SR G e ) o
For every { # 1, we get

(P (1):a(j2),7(j3)) € N’ : G (Axyy)g(in)r s 711) >1—¢and }
%‘(Mp<jl)q<jz)r<j3>—’%l)<€7@’(Ax )q(Jz)( —-Mn.A)<e
ﬁ({ (nkl)EN 1Y (Axup — C?L)>l—8and

B (Avs — CA) <8, Y (hrgy— L) <& [) =0

Hence

{(P(]l) q(j ),r(]3))€N3:g(Ax( Ya(ja)r(j3) — T]?L)>l—8and }
B (A Dalia) (i) ~ ’M)<£75”(Axp<mq<nr<n -n,A)<e
c (n,kl)GN G (A —CA)<1—¢or

B (Mt — E,A) > &, W (Axuy — E,A) > €

Therefore

63({ P Geat).rls )) €N F (A1 )q(jo)riin) — s A) > 1 eand })
B (A% a(ytn) ~ M A) <€, @(Axmmqm) —mA)<e
<5 { (nkl)eN g( wki — G, A)<l—¢€or _0
- P (Axny — G, A) = & X (Axuy — G, 1) > €
This contradicts (3.3). Hence A13v( A) (w)={¢}.
Next we demonstrate that Cl}%/( A (w) = {{}. Presume that Cl;,( A) (w) ={C,y} such that { # y. Then

N (n,k,1) € N> : G (Axyg — v, A) > 1 — € and })
&({ B (Axu — Y, A) < & Y (Axuuy —7,A) < € #0. (3.5)
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Since

B (Axuy — 1) < &, Y (Axpy — §,A) <&
m{ (n,k,1) €N*: G (Axuy — 7,2) > 1 — € and }
B (Axupg — 1, 1) < & X (Axuig — 7, A) < €

{ (n,k,1) €N?: & (Axyy— €, 2) > 1 —g and }

for every § # v, so

{ (nkl)6N3 g( nkl — Cl)<l—£0r }
B (Axpps — CA) > &, W (Axus — §,4) > €

3{ (n,k,1) €N*: G (Axy; — 7,2) > 1 — € and }
T B A —1,A) <& X (Axuy—V,A) <€ |

Therefore

&({ (nkl)€N3 %( ki — G, A) <1—¢€or
B (Dxuys — G, A) > &, U (Axua — §,A) > €

>5<{ (n,k,1) € N1 4 (Axpgy —7,1) > 1 — € and }) (3.6)
=% B (Axig — 7, A) <&, Y (Axppy —7,A) < € :

From (3.5), the right hand side of (3.6) is greater than zero and from (3.4) the left hand side of (3.6) equals zero. This causes a
contradiction. Hence Cl3 (w)={¢}. O

Theorem 3.17. The set Cl13v( A) is closed in V for each w = (wy) of elements of V.

Proof. Letq € CL3, . (w). Letr € (0,1) and A > 0, there is ¢ € Cl3 ) (W)NB(g,r,A) such that

(4)
B(qg,nA)={s€eV:9(q—s,A)>1—rand B(q—s,A)<r, ¥ (q—s,A) <r}
Select & > 0 such that B(§,0,4) C B(g,r,A). Then, we get

(n,k,1) €N*>:9 (g — Awpg,A) > 1 —r and
{ B(q— AWy, A) <1, Y (q—Awp, A) <r
(n,k,1) €N?: 9 (6 — Awpg, A) > 1 — & and
{ %(G—Awnk1,1)<(§, @/(G—Awnkl,l) <§ }

Since ¢ € Cli,(A) (w) so

5 (n,k,1) eN?: 9 (6 — Awpg, A) > 1 — & and 0
B(6— Awpa, M) < E, Y (6 —Awug M) < E [) 70

Hence

5 (n,k,1) € N*: 9 (g — Axppg, A) > 1 —r and -0
B(q—Axppg, L) <1, Y (q— Dy, A) <1 '

Thus g € Cli,w (w). This ends the proof. O
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Abstract

In this work, an erratum for a proposition in the paper “A New Pre-Order Relation for Set Optimization using
(-difference” is outlined. It was pointed out by Stefan Rocktaschel and Ernest Quintana that the proof of
Proposition 3.11 is wrong in [1]. A small detail in the proof of Proposition 3.11 has been overlooked. A new
proposition, which is closely related to Proposition 3.11 in [1], is presented. The main results of the paper are not
affected by this erratum.
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1. A new order relation for set approach

There is a subtle error in the proof of Proposition 3.11 in [1]. So, Proposition 3.11 in [1] needs to be restate. The main results of
the paper are not effected from this erratum. The following example can be given as a counter example for Proposition 3.11 (i)
in [1]:

Example 1.1. LetY =R% K = {(x,y) € R? | y=xand x > 0}, A = {(x,y) € R? | y =x} and B = {Og. }. Then, we can find
a €A and b € B such that b <y a. But, A <"1 B is not satisfied.

I want to put the following proposition instead of Proposition 3.11 in [1]:
Proposition 1.2. LetrA,B€ P (Y). Ifb<gaforalla € A andall b € B, then A <t B.

Proof. Assume that b <g a for all a € A and all b € B. By contradiction, suppose that A £/t B. Then, (BS,A)NK =0, and
we have k+A ¢ B+ K for all k € K. By setting k =0y € K, we have A ¢ B+ K. Hence, there exists a € A witha ¢ B+K.
Consequently, it holds a € b+ K for all b € B and therefore, b £k a for all b € B, which is contradict. O

Besides of all them, we can easily show that the order relation <3 implies the order relation =<’ where the order of sets
should be changed. That is, if B <> A (or A C B+K) for any A,B € Z(Y), then A <‘1 B. But, the inverse inclusion may not be
true. For example, let Y = R2, K = Ri, A =(-1,0) and B = (0,0), where Ri is nonnegative orthant of the space. Although
A <% B, we have B ﬁ3 A.
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