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𝑳∞ Spaces of Vector-Valued Functions as Spaces of Continuous Functions 

Banu Güntürk1 

1Department of Mechanical Engineering, Faculty of Engineering, Baskent University, 06790, Ankara, 

TÜRKİYE 

https://orcid.org/0000-0002-7728-7228 

(Received: 27.11.2023, Accepted: 16.12.2023, Published: 27.05.2024) 

Abstract: It is proved that for any decomposable perfect measure space (𝑍, 𝒜, 𝜇), the space 

𝐿𝜔∗
∞ (𝜇, 𝐸∗) of essentially bounded weak* measurable  functions on 𝑍 to 𝐸∗ is linearly 

isometric to the space 𝐶(𝑍, 𝐸∗
∗) of continuous functions on 𝑍 to 𝐸∗

∗, the latter space is being 

provided with the supremum norm ‖𝑔‖∞ = sup
𝑧∈𝑍

‖𝑔(𝑧)‖, where 𝐸∗
∗ stands for the space 𝐸∗ 

endowed with its weak* topology.  

Key words: 𝐿∞ Space, Vector-Valued Functions, Perfect Measure, Hyperstonean Space, 

Continuous Function Spaces 

1. Introduction 

If 𝜇 is a perfect measure on an extremally disconnected compact Hausdorff space 𝑋 then 

the Banach space 𝐿∞(𝜇) of essentially bounded scalar measurable functions is linearly 

isometric to 𝐶(𝑋), the space of scalar continuous functions on 𝑋 provided with the 

usual supremum norm [1] or [20]. For an arbitrary 𝜇, we may employ the Gelfand-

Naimark theorem to achieve the same result, that is, 𝐿∞(𝜇) is isometric to 𝐶(𝑌) where 𝑌 

denotes the maximal ideal space of 𝐿∞(𝜇), [3], [17] or [12]. In this article, we shall 

generalize this theorem to 𝐿∞spaces of vector-valued functions. We shall restrict our 

study to perfect measures, and the range space will be a Banach dual 𝐸∗ for continuous 

functions, where 𝐸∗
∗ stands for the dual space 𝐸∗ provided with its weak* topology. 

2. Material and Method 

First, let us recall some (not entirely standard) terminology for integration of vector-

valued functions. We will call two measure spaces (𝑋, 𝒜, 𝜇) and (𝑌, ℬ, 𝜇) equivalent if 

each number 1 ≤ 𝑝 < ∞ and each Banach space 𝐸, the Bochner spaces 𝐿𝑝(𝜇, 𝐸) and 

𝐿𝑝(𝜈, 𝐸) are linearly isometric. For basic information about these spaces, see references 

[8,9]. As pointed out in [6] equivalent measure spaces may have different 𝐿∞ spaces. 

Following [1] we will call a measure space (𝑋, 𝒜, 𝜇) perfect if 𝑋 is an extremally 

disconnected locally compact Hausdorff space, 𝒜 contains the Borel algebra and 𝜇 is a 

positive measure on 𝒜 such that every nonempty open set contains a clopen set  𝐾, 

where 𝜇(𝐾) > 0, and for every closed set C with empty interior, 𝜇(𝐶) = 0. 

In [6], Cengiz proves that an arbitrary measure space (𝑋, 𝛴, 𝜇) is equivalent to a perfect 

measure space (𝛺, 𝒜, 𝜇) with the following additional properties: 

i. 𝛺 = ∑ ⊕ 𝛺𝑖𝑖∈𝐼  , where {𝛺𝑖: 𝑖 ∈ 𝐼} of mutually disjoint extremally disconnected 

compact Hausdorff spaces 𝛺𝑖, 𝑖 ∈ 𝐼,   
ii. if a subset 𝑆 of Ω is measurable then 𝑆 ∩ 𝛺𝑖 is measurable  for each  𝑖 ∈ 𝐼, and 

the converse is also true, 

https://dergipark.org.tr/sdufeffd
https://orcid.org/0000-0000-0000-0000
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iii. the restriction of 𝜇 to each 𝛺𝑖  is a regular Borel measure on 𝛺𝑖, 
iv. for each 𝐴 ∈ 𝒜, 𝜇(𝐴) = ∑ 𝜇(𝐴 ∩𝑖∈𝐼 𝛺𝑖), 
v. every 𝜎 –finite measurable set is contained a.e. (almost everywhere) in the union 

of a countable subfamily of {𝛺𝑖: 𝑖 ∈ 𝐼}, and 

vi. every measurable set 𝐴 is equivalent to a clopen set 𝐶, that is,  𝜇(𝐴∆𝐶) = 0. 

 

Note that the measure space (𝛺, 𝒜, 𝜇) is decomposable [14, p. 317]. Since 𝜇 is perfect, 

for every open set 𝑈, 𝜇(�̅�) = 𝜇(𝑈), and from (iv) it follows that every locally null set is 

actually null. (Recall that a measurable set is locally null if its intersection with every 

set of finite measure is null.) 

 

Let Z denote the Stone-Čech compactification of Ω. Then, obviously, Z is extremally 

disconnected, and since Ω is locally compact, it is open in Z, [11, p.245] or [15, p. 90]. 

Using these facts, it is easily shown that the extension of 𝜇 to the Borel algebra ℬ of  

𝑍, which we will continue to denote by 𝜇, by defining the measure of any 𝐵 in ℬ to be 

the measure of 𝐵 ∩ 𝛺𝑖  is indeed a perfect measure on 𝑍. Since 𝑍 ∖ 𝛺 is a null set, we 

will use 𝑍 and Ω interchangeably as the ground set. Hence, every measure is equivalent 

to a decomposable perfect measure on an extremally disconnected (locally) compact 

Hausdorff space. 

 

Following [10] we call an exteremally disconnected compact Hausdorff space 𝑇 

hyperstonean if the union of the supports of the positive normal measures is dense in 𝑇, 

which is equivalent to having a perfect measure on 𝑇 [1]. (We recall that a regular Borel 

measure ν on 𝑇 is normal if 𝜈(𝐵) = 0 for every Borel set of first category.) This 

condition ensures that 𝐶(𝑇) is a dual space [16]. Thus, each measure space is equivalent 

to a hyperstonean measure space.  

 

𝐿∞ Spaces. Let (𝑋, 𝛴, 𝜇) be any measure space and 𝐸 be a Banach space. Let us recall 

that a function 𝑓: 𝑋 → 𝐸 is strongly measurable (or simply measurable) if it is the 

almost everywhere limit in the norm topology of a sequence of measurable simple 

functions, and locally measurable if its restriction to each measurable set of finite 

measure is measurable. A locally measurable function 𝑓: 𝑋 → 𝐸 is essentially bounded 

if for some 𝛼 > 0, the set {𝑥 ∈ 𝑋: ‖𝑓(𝑥)‖ > 𝛼} is locally null, and the infimum of such 

numbers 𝛼 is the essential supremum norm ‖𝑓‖∞ of 𝑓. 𝐿∞(𝜈, 𝐸) will stand for the 

Banach space of all essentially bounded locally measurable functions on 𝑋 to 𝐸. 
 

A function 𝑔: 𝑋 → 𝐸∗ is weak* measurable if for each 𝑒 ∈ 𝐸, the composite function       

�̂� ∘ 𝑔 is measurable, where �̂� denotes the image of 𝑒 in the second dual under the 

canonical embedding. 

 

Throughout the rest of this paper we will be discussing the 𝐿∞ space of 𝐸∗-valued 

functions rather than 𝐸-valued ones and (𝛺, 𝒜, 𝜇) will denote a fixed perfect measure 

space with additional properties (i) - (iv) mentioned earlier and 𝑍 will stand for the 

Stone-Čech compactification of Ω. The unique extension of 𝜇 to a perfect measure on 

the Borel algebra ℬ of  𝑍 will still be denoted by 𝜇. 
 

For each 𝑔 ∈ 𝐿∞(𝜇, 𝐸∗), the mapping 𝜓𝑔, defined on 𝐿1(𝜇) by 

 

𝜓𝑔(𝑓) = ∫〈𝑓, 𝑔〉𝑑𝜇

𝛺
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for all 𝑓 ∈ 𝐿1(𝜇), is a bounded linear functional with norm ‖𝜓𝑔‖ = ‖𝑔‖∞, where 

〈𝑓, 𝑔〉(𝜔) = 〈𝑓(𝜔), 𝑔(𝜔)〉 = 𝑔(𝜔)(𝑓(𝜔)), 𝜔 ∈ 𝛺. This is a well-known result for 𝜎-

finite measures [8, p.98], and has been generalized recently to perfect measures [7]. And 

the isometry 𝜓: 𝑔 → 𝜓𝑔 from 𝐿∞(𝜇, 𝐸∗) into 𝐿1(𝜇, 𝐸)∗ is surjective if and only if 𝐸∗ has 

the Radon-Nikodým property (RNP) with respect to 𝜇. It means that, each 𝜇-continuous 

𝐸∗-valued measure of bounded variation on 𝒜 to 𝐸∗ can be represented (via integral) by 

an 𝐸∗-valued integrable function. (This was first proved by Banach and Taylor [2] for 

Lebesgue measure on the unit interval [0,1] and generalized to 𝜎-finite measures by 

Gretsky and Uhl [13], and its generalization to arbitrary perfect measures is due to 

Cengiz [7]. A nice proof for the 𝜎-finite case can be found in [8].) In particular, for each 

reflexive Banach space 𝐸 we have 𝐿∞(𝜇, 𝐸) ⋍ 𝐿1(𝜇, 𝐸)∗, for such spaces are dual 

spaces and have the RNP with respect to finite measures [8], and this property can be 

generalized to perfect measures as the following proposition shows. (If the measure 

space is not perfect this result may not hold even in the scalar case, [14] or [19].) 

3. Results 

Proposition 3.1 If a Banach space 𝐸 has the RNP with respect to any finite measure 

then it has this property with respect to any perfect measure. Consequently, reflexive 

spaces have the RNP with respect to perfect measures. 

Proof. We will prove this proposition for our fixed perfect measure 𝜇. Let 𝜆 ∶  𝒜 → 𝐸 

be a 𝜇-continuous measure has bounded variation. Then for each 𝑖 ∈ 𝐼, there is a 𝜇-

integrable function 𝑔𝑖 ∶ 𝛺𝑖 → 𝐸 which vanishes outside 𝛺𝑖 satisfies the integration 

𝜆(𝐴) = ∫ 𝑔𝑖𝑑𝜇,    

𝐴

  for all 𝐴 ∈ 𝒜𝑖 , 

where 𝒜𝑖 = {𝐴 ∩ 𝛺𝑖: 𝐴 ∈ 𝒜}. Now let 𝑔 = ∑ 𝑔𝑖.𝑖  Then clearly 𝑔 is locally measurable. 

We claim that it is actually measurable. 

Since 𝜆 has bounded variation, |𝜆|(𝛺) < ∞ . Then we have |𝜆|(𝛺𝑖) = 0 for all but 

countably many 𝑖 ∈ 𝐼, where |𝜆| states for the total variation of 𝜆. Thus, there exist a 

countable subset 𝐽 of 𝐼 such that the set 𝑁𝑖 = {𝑥 ∈ 𝛺𝑖: 𝑔(𝑥) ≠ 0} is null for each        

𝑖 ∈ 𝐼 ∖ 𝐽,  and since ⋃ 𝑁𝑖𝑖∈𝐼∖𝐽  is locally null, it is actually null. Thus, it follows that 𝑔 is 

measurable as claimed. 

Since  

|𝜆|(𝛺) = ∫ ‖𝑔(. )‖𝑑𝜇    

𝛺

   

we conclude that 𝑔 is integrable, and since the support of 𝑔 is contained a.e. in ⋃ 𝛺𝑗𝑗∈𝐽 , 

more simply we may thus suppose that 𝐼 = {1,2, … }. Now, we have 

𝜆(𝐴) = ∫ 𝑔𝑑𝜇 

𝐴

, 

for all 𝐴 ∈ 𝒜, proving our proposition. 
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The following proposition will be needed later. 

Proposition 3.2 Every 𝐸∗-valued measurable function is weak* measurable.  

Proof. Let 𝑔 ∶  𝛺 → 𝐸∗ be measurable. Then by the Pettis measurability theorem, [19] or 

[8], for each 𝑖 ∈ 𝐼, the restriction 𝑔𝑖 of 𝑔 to 𝛺𝑖 is weak* measurable. Thus for each 𝑥 ∈
𝐸, �̂� ∘ 𝑔𝑖  is measurable, and therefore �̂� ∘ 𝑔 is locally measurable, and hence (by 

Property (ii) of 𝜇), it is measurable. This completes the proof. 

Proposition 3.3 If 𝑓 ∶  𝛺 → 𝐸 is measurable and 𝑔 ∶  𝛺 → 𝐸∗ is weak* measurable then 

the scalar function 〈𝑓, 𝑔〉 is measurable. 

Proof. Let 𝑔 ∶  𝛺 → 𝐸∗ be a weak* measurable function, and let 𝑠 = 𝑥1𝜒𝐴1
+ ⋯ + 𝑥𝑛𝜒𝐴𝑛

 

be a measurable simple function from Ω to 𝐸, where for a set 𝑆, 𝜒𝑆 denotes the 

characteristic function of 𝑆. Then, since for each 𝑘 = 1,2, … , 𝑛,  �̂�𝑘 ∘ 𝑔 and 𝜒𝐴𝑘
 are  

measurable, 

〈𝑠, 𝑔〉 = ∑( �̂�𝑘 ∘ 𝑔)

𝑛

𝑘=1

𝜒𝐴𝑘
 

is measurable. Now let 𝑓 ∶  𝛺 → 𝐸 be a measurable function and 𝑠𝑛 ∶  𝛺 → 𝐸 be a 

sequence of measurable simple functions converging a.e. to 𝑓 in the norm topology on 

𝐸. Then, 

lim
𝑛

〈𝑠𝑛(𝜔), 𝑔(𝜔)〉 = 〈𝑓(𝜔), 𝑔(𝜔)〉  a. e.  on  𝛺, 

which proves that 〈𝑓, 𝑔〉 is measurable, is claimed. 

𝐶(𝑍, 𝐸∗
∗) will denote the space of all continuous functions 𝑓 on 𝑍 to 𝐸∗

∗ provided with 

the supremum norm ‖𝑓‖∞ = sup
𝑧∈𝑍

‖𝑓(𝑧)‖. 

Corollary 3.4 The elements of 𝐶(𝑍, 𝐸∗
∗) are weak* measurable. 

It is tempting to call 𝑔 ∶  𝛺 → 𝐸∗ weak* measurable if 𝑔−1(𝐵) is measurable for every 

weak* Borel subset 𝐵 of 𝐸∗. The following proposition shows that this is true.  

Proposition 3.5 Let 𝑔 ∶  𝛺 → 𝐸∗ be a function such that 𝑔−1(𝐵) is measurable for each 

weak* measurable subset 𝐵 of 𝐸∗. Then 𝑔 is weak* measurable. 

Proof. For each 𝑥 ∈ 𝐸,  the functional �̂� is weak* continuous and so, it is measurable 

with respect to the weak* Borel algebra on 𝐸∗
∗. Thus, for each Borel set 𝑆 in the field of 

complex numbers (�̂� ∘ 𝑔)−1(𝑆) = (𝑔)−1(�̂�−1(𝑆)) is measurable. Hence 𝑔 is weak* 

measurable. 

Theorem 3.6 For our perfect measure space, 𝐿𝜔∗
∞ (𝜇, 𝐸∗) ⋍ 𝐶(𝑍, 𝐸∗

∗) ⋍ 𝐿1(𝜇, 𝐸)∗. 

Proof. Let 𝑔 ∈ 𝐶(𝑍, 𝐸∗
∗ ). Then for each 𝑓 ∈ 𝐿1(𝜇, 𝐸), the function 〈𝑓, 𝑔〉 is measurable 

and since |〈𝑓(. ), 𝑔(. )〉| ≤ ‖𝑓(. )‖‖𝑔‖∞, it is also integrable, and the mapping 𝜓𝑔 

defined on 𝐿1(𝜇, 𝐸) by  
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𝜓𝑔(𝑓) = ∫ 〈𝑓, 𝑔〉𝑑𝜇

𝛺

, 𝑓 ∈ 𝐿1(𝜇, 𝐸) 

is a bounded functional with norm ≤ ‖𝑔‖∞. Actually, since (𝑍, ℬ, 𝜇) is a perfect 

measure space, by a theorem of Cambern and Greim [5] the mapping    𝑔 → 𝜓𝑔 is a 

linear isometry from 𝐶(𝑍, 𝐸∗
∗) onto 𝐿1(𝜇, 𝐸)∗. (The known proof of mentioned theorem 

depends on the observation that 𝐶(𝑍, 𝐸∗
∗) is isometric to the space ℒ(𝐸; 𝐶(𝑍)) of 

bounded operators on 𝐸 to 𝐶(𝑍) which is proved explicitly in [4], therefore a more 

direct proof of the inequality ‖𝑔‖∞ ≤ ‖𝜓𝑔‖, will be welcome.) So, the space 𝐿∞(𝜇, 𝐸∗) 

is isometric to a subspace of 𝐶(𝑍, 𝐸∗
∗ ) and, this isometry is surjective if and only if 𝐸∗ 

has the RNP with respect to 𝜇. 

A weak* measurable function 𝑔 ∶  𝛺 → 𝐸∗ may not be essentially bounded in the usual 

sense, or better, the definition of essential boundedness may not apply to 𝑔, for the 

function ‖𝑔(. )‖ need not be measurable, and therefore, the definition of essential 

boundedness for weak* measurable functions should be different. But, in view of 

Proposition 3.2, Corollary 3.4, and the fact that ‖𝑔‖∞ is the same as the norm of the 

operator 𝜓𝑔 when 𝑔 is either in 𝐿∞(𝜇, 𝐸) or 𝐶(𝑍, 𝐸∗
∗), what can be more natural than 

calling a weak* measurable function 𝑔 essentially bounded if 

𝜓𝑔(𝑓) = ∫ 〈𝑓, 𝑔〉𝑑𝜇

𝛺

   

defines a bounded functional on 𝐿1(𝜇, 𝐸), that is, for each 𝑓 ∈ 𝐿1(𝜇, 𝐸), 〈𝑓, 𝑔〉 is 

integrable and there is a constant 𝑘 > 0 such that  

|∫ 〈𝑓, 𝑔〉𝑑𝜇

𝛺

| ≤ 𝑘‖𝑓‖1  for all  𝑓 ∈ 𝐿1(𝜇, 𝐸),   

in which case, we define the essential supremum norm ‖𝑔‖∞ of 𝑔 as the norm of the 

functional 𝜓𝑔 on 𝐿1(𝜇, 𝐸). 

𝐿𝜔∗
∞ (𝜇, 𝐸∗) will denote the normed space of all essentialy bounded weak* measurable 

functions on Ω to 𝐸∗, provided with the essential supremum norm. 

For two normed spaces 𝐸 and 𝐹, the notation 𝐸 ⋍ 𝐹 will indicate that they are linearly 

isometric. 

We can identify 𝐶(𝑍, 𝐸∗
∗) with a subspace of 𝐿𝜔∗

∞ (𝜇, 𝐸∗) in the most natural way, and 

since the mapping 𝑔 → 𝜓𝑔 maps 𝐶(𝑍, 𝐸∗
∗) onto, and 𝐿𝜔∗

∞ (𝜇, 𝐸∗) into 𝐿1(𝜇, 𝐸)∗ we 

conclude that 𝐶(𝑍, 𝐸∗
∗) ⋍ 𝐿𝜔∗

∞ (𝜇, 𝐸∗).  Hence we have completed the proof of the 

theorem. 

Corollary 3.7 𝐿∞(𝜇, 𝐸)∗ = 𝐿𝜔∗
∞ (𝜇, 𝐸∗) if and only if 𝐸∗ has the RNP. 

Corollary 3.8 𝐿∞(𝜇, 𝐸) isometric to a subspace of  𝐶(𝑍, 𝐸∗
∗∗), where 𝐸∗

∗∗ denotes the 

second dual with its weak* topology. 
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Proof. We identify 𝐿∞(𝜇, 𝐸) with the subspace 𝐿∞(𝜇, �̂�) of 𝐿∞(𝜇, 𝐸∗∗) ⋍ 𝐶(𝑍, 𝐸∗
∗∗) 

where �̂� denotes the image of 𝐸 in 𝐸∗∗ under the canonical embedding. 

Corollary 3.9 𝑍 is the maximal ideal space of 𝐿∞(𝜇). 

Remark For a perfect measure space (𝑋, 𝒜, 𝜈) with 𝑋 compact, 𝐿∞(𝜇) ⋍ 𝐶(𝑋) was 

already known, [1] or [20]. 

4. Conclusion 

In this paper, we prove an important isometry between the 𝐿∞ space of vector-valued 

functions and the space of continuous functions on 𝑍 to 𝐸∗
∗, where 𝑍 is the Stone-Čech 

compactification of  the hyperstonean space Ω. Hyperstonean spaces are very important 

spaces with several properties [21] and they are also huge indeed. So, this relation is 

very crucial between the functional analysis and measure theory. Hence, the results 

obtained will shed light on important studies to be conducted on this subject in the 

future. 

    

Authorship contribution statement 

B. Güntürk: Conceptualization, Methodology, Investigation, Software, Review and 

Editing. 

Declaration of competing interest 

As the author of this study, I declare that I do not have any conflict of interest statement.  

Acknowledgment 

I am grateful to my teacher, the late Prof. Bahaettin Cengiz, who made a valuable 

contribution to this article.  

Ethics Committee Approval and/or Informed Consent Information 

As the author of this study, I declare that I do not have any ethics committee approval 

and/or informed consent statement. 

References 

[1] E. Behrends, et al, 𝐿𝑝-structure in real Banach spaces, Lecture Notes in Mathematics, 613, Berlin-

New-York, Springer-Verlag, 1977.  
[2] S. Bochner and R.E. Taylor, “Linear functionals on certain spaces of abstractly-valued functions”, 

Annals of Mathematics, 39(2), 913-944, 1938. 

[3] F. Bonsall and J. Duncan, Complete Normed Algebras, Berlin-Heidelberg-New York, Springer-

Verlag, 1973. 

[4] M. Cambern and P. Greim, “The bidual of 𝐶(𝑋, 𝐸)”, Proceedings of the American Mathematical 

Society, 85, 53-58, 1982. 

[5] M. Cambern and P. Greim, “The dual of a space of vector measures”,  Mathematische Zeitschrift, 

180, 373-378, 1982. 

[6] B. Cengiz, “On the duals of Lebesgue-Bochner 𝐿𝑝 spaces”, Proceedings of the American 

Mathematical Society, 114, 923-926, 1992. 

[7] B. Cengiz, “The isometries of the Bochner space 𝐿𝑝(𝜇, 𝐻) ”, Turkish Journal of Mathematics, 23(3), 

1999. 



DOI: 10.29233/sdufeffd.1396580  2024, 19(1): 1-7y 

 

 

7 

 

[8] J. Diestel  and J. J. Uhl Jr., Vector Measures, Mathematical Surveys and Monographs no.15, 

American Mathematical Society., Providence, Rhode Island,  1977. 

[9] Dinculeanu N., Vector Measures, New-York, Pergamon Press, 1967. 

[10] J. Dixmier, “Sur certains espaces considérés par M.H. Stone, Summa Brasiliensis Mathematicae, 

2(11) , 151-182, 1951. 

[11] J. Dugundji, Topology, Boston, Allyn and Bacon Inc., 1966. 

[12] N. Dunford and J. T. Schwartz, Linear Operators, Part I, New York, Interscience, 1958. 

[13] N. E. Gretsky and J. J. Uhl Jr., “Bounded linear operators on Banach function spaces of vector-

valued functions”, Transactions American Mathematical Society, 167, 263-277, 1972. 

[14] E. Hewitt , K. Stromberg, Real and Abstract Analysis, New York, Springer-Verlag, 1965. 

[15] L. Gilman and M. Jerison, Rings of Continuous Functions, Princeton-Toronto-London-Melbourne, 

D. Van Nostrand Company, 1960. 

[16] H. E. Lacey, The Isometric Theory of Classical Banach Spaces, Berlin- Heidelberg-New York, 

Springer-Verlag, 1974. 

[17] M. A. Naimark, Normed Algebras, The Netherlands, Wolters-Noordhoff Publishing, 1972. 

[18] B. J. Pettis, “On integration in vector measures”, Transactions American Mathematical Society, 44, 

277-304, 1938. 

[19] H. L. Royden, Real Analysis, 3rd ed., London-New York, Collier-Macmillan, 1988. 

[20] H. H. Schaefer, Banach Lattices and Positive Operators, Berlin-Heidelberg-New York, Springer-

Verlag, 1974. 

[21] B. Güntürk, B. Cengiz, “On some properties of hyperstonean spaces”, Turkish Journal of 

Mathematics, 5(42), 2288-2295, 2018. 

 



Süleyman Demirel Üniversitesi Fen Edebiyat Fakültesi Fen Dergisi  https://dergipark.org.tr/sdufeffd  

Süleyman Demirel University Faculty of Arts and Sciences Journal of Science  e-ISSN: 1306-7575 

Research Article, 2024, 19(1): 8-17, DOI: 10.29233/sdufeffd.1407647 

 

 

8 

 

Moduli Space for Invariant Solutions of Seiberg-Witten Equations 

Muhiddin Uğuz 

Department of Mathematics, Faculty of Art and Science, Middle East Technical University, 06800, 

Ankara, TURKIYE  

https://orcid.org/0000-0003-2344-503X 

 

(Received: 20.12.2023, Accepted: 01.02.2024, Published: 27.05.2024) 

Abstract:  In this work we study the 𝐺-invariant solutions of the Seiberg-Witten equations when 

𝐺 is a cyclic group acting on a manifold 𝑀,  preserving the metric and the orientation. 𝐺 is 

assumed to have a lift to principle 𝑆𝑝𝑖𝑛𝑐 bundle which gives rise to Seiberg-Witten equations 

in question. In this work, we prove that when the dimension 𝑏+
𝐺  of the 𝐺-fixed points of 

harmonic two forms is positive, for a generic choice of an element in this fixed point set, the  

moduli space of invariant solutions of Seiberg-Witten equations is a compact, smooth and 

oriented manifold of dimension 𝑑𝐺 = 𝑖𝑛𝑑 𝐷𝐴
𝐺 − 𝑏+

𝐺 − 1. 

Key words: Gauge Theory, Equivariant Seiberg-Witten theory, Equivariant Seiberg-Witten 

moduli space. 

1. Introduction, 

In 1949 Whitehead [1] classified simply connected, closed, oriented 4-manifolds up to 

orientation-preserving homotopy equivalence by their intersection form. A proof of this 

theorem is given in [4], page 103. Later on M. Freedman in 1982 gave a homeomorphism 

classification of closed, simply connected 4-manifolds [3]. His results were expressed in 

terms of intersection forms. However, the classical tools, like intersection forms, were 

not enough to detect differential structures. Differential topology of 4-manifolds is 

intensively studied by Simon Donaldson during the years of 1980’s. Using moduli space 

of connections on an 𝑆𝑈(2)  bundle, he introduced an invariant which detects differential 

structures. However, as the Yang-Mills equations are nonlinear, to make explicit 

computations was not easy and substantial analysis was necessary. Sometimes, instead of 

using this invariant, mere use of moduli space of Gauge equivalence classes of 

connections on a 𝑆𝑈(2) or 𝑆𝑂(3) bundle itself led to important results. One of these was 

a well-known theorem of Donaldson [2],[8], which states that the only negative definite, 

unimodular form, represented by a closed, smooth, simply connected four manifold, is 

the negative of the standard (diagonal) form.  

In the year 1994, a set of equations, namely Seiberg-Witten equations, were introduced 

by Edward Witten, and with them, most of the main results of Donaldson Theory are 

obtained in a much shorted and simpler work. 

These equations were associated to a 𝑆𝑝𝑖𝑛𝑐(4) structure on the manifold in question and 

they were invariant under the group of bundle automorphisms of the determinant line 

bundle associated to this 𝑆𝑝𝑖𝑛𝑐(4) structure. This group is called Gauge group. As in 

Donaldson theory gauge equivalence classes of solutions of Seiberg-Witten equations 

form a moduli space and give important information about the differential topology of 

https://dergipark.org.tr/sdufeffd
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the manifold. In fact, a diffeomorphism invariant, called Seiberg-Witten invariant, was 

introduced using this moduli space (see [5], [7], [2]). 

The moduli space of Gauge equivalence classes of the solutions of the perturbed Seiberg 

Witten equations is compact, and in some cases, for a generic perturbation, is a zero 

dimensional manifold and hence consists of finitely many points. In this case, Seiberg-

Witten invariant is the algebraic sum of the points in the moduli space counted with the 

multiplicities according to the orientation. 

In this work, we construct the moduli space of solutions of Seiberg-Witten equations that 

are invariant under certain cyclic group action. The manifold structure is stated and then 

proven. As a future work, we will concentrate on the special structure near singularities. 

Let 𝐺 be a cyclic group of order α. Suppose 𝐺 acts to preserve orientation on a closed, 

oriented four dimensional manifold. Choose a 𝐺-invariant Riemannian metric and a 

characteristic 𝐺 line bundle 𝐿. We denote the associated principal 𝑈(1)-bundle of 𝐿 by 

𝑃𝐿 and the associated principal 𝑆𝑂(4)-bundle of 𝑇∗𝑀 by 𝑃SO(4). Let 𝑃𝑆𝑝𝑖𝑛𝑐(4) be the 

associated principal 𝑆𝑝𝑖𝑛𝑐(4)-bundle whose determinant bundle is 𝐿.  Assume 𝐺 action 

on 𝑃SO(4) 𝑥 𝑃L  lifts to a 𝐺 action on 𝑃𝑆𝑝𝑖𝑛𝑐(4). Let  𝐷𝐴 denote the Dirac operator associated 

to this 𝑆𝑝𝑖𝑛𝑐(4)-structure. Since 𝐷𝐴  is equivariant under the action of 𝐺, the map 𝐷𝐺  

which is the restriction to the  𝐺-fixed point set of the  domain of Dirac operator 𝐷 makes 

sense. 

The main theorems of this work are following. 

Main Theorem 1: If 𝜋1(𝑀) = 0, for every choice of 𝐺-invariant self dual form 𝛷 ∈ Ω+
𝐺 , 

the moduli space 𝑀  𝛷
𝐺  is compact. 

Main Theorem 2:  If 𝑏+
𝐺 > 0,then for a generic perturbation φ in Ω+

𝐺 , the moduli space 

𝑀𝜑
𝐺  of   Seiberg-Witten equations perturbed by φ  is an oriented smooth manifold  of 

dimension  𝑑𝐺 = 𝑖𝑛𝑑 𝐷𝐴
𝐺 − 𝑏+

𝐺 − 1.  

 

2. Material and Method 

2.1. Bundle Theory 

Definition 1: Let 𝐺 be a Lie group.  A principal 𝐺 -bundle is a triple 𝑃(𝑀, 𝐺, 𝜋) where 𝑃 

is a smooth manifold on which 𝐺 acts from the right freely, and around each point of the 

smooth manifold  𝑀 = 𝑃/𝐺 there exists a neighborhood 𝑈 so that, for the projection  𝜋: 𝑃 

→ 𝑃/𝐺 = 𝑀,  𝑃|𝑈 = 𝜋−1(𝑈) ≅ 𝑈 ×  𝐺 isomorphic as 𝐺-spaces.  𝑃 is called the total 

space, 𝑀 is called the base space and 𝐺  is called the structure group. 

Theorem 1: Isomorphism classes of principal 𝐺-bundles over 𝑀 are in one-to-one 

correspondence with the elements of 𝐻1(𝑀; 𝐺) and also with the elements of [𝑀, 𝐵𝐺], 
that is, homotopy classes of the maps from 𝑀 to the classifying space 𝐵𝐺. 

Definition 2:  Let 𝐹 be a smooth manifold on which 𝐺 acts from left. Then given a 

principal 𝐺-bundle 𝑃(𝑀, 𝐺, 𝜋) over 𝑀, we define 𝑃𝐹 = (𝑃 × 𝐹)/~ where (p, 𝑓) ~ (𝑝 •
 𝑔, 𝑔−1 •  𝑓).  The bundle  𝑃𝐹  → 𝑀  is called as a fiber bundle associated to 𝑃 with fiber 

𝐹. 



DOI: 10.29233/sdufeffd.1407647  2024, 19(1):8-17 

 

 

10 

 

Definition 3:  As a special case of the fiber bundle, defined above, if we take 𝐹 to be a 

vector space 𝑉 and via a representation  𝜌 :𝐺 → 𝐺𝐿(𝑉), define a left action of  𝐺 by 

(𝑔, 𝑣) → 𝜌(𝑔)(𝑣). Then the fiber bundle (𝑃 × 𝑉)/~ we get is called a vector bundle 

modeled on 𝑉 and denoted by (𝑃 ×𝜌 𝑉). 

Theorem 2:  Again as a special case of fiber bundle, take 𝐹 = 𝐻   another Lie group with 

a group homomorphism  𝜌: 𝐺 → 𝐻. Define a left action of 𝐺 on 𝐻 by : 𝑔 • ℎ =  𝜌(𝑔)ℎ  

Then 𝑃𝐻 = 𝑃 ×𝜌 𝐻 is a principal 𝐻-bundle over 𝑀. 

Definition 4: Given two principal bundles 𝑃1(𝑀1, 𝐺1, 𝜋1), 𝑃2(𝑀2, 𝐺2, 𝜋2), and a Lie 

group homomorphism γ: 𝐺1  → 𝐺2 , a map φ:𝑃1 → 𝑃2  is called a bundle map if φ (𝑝 •
𝑔1)= φ (𝑝)  • γ(𝑔1).  Note that φ induces a map on the base spaces φ~: 𝑀1 → 𝑀2, and we 

have φ(𝑝1) ∈ 𝜋2
−1(φ~(𝜋1(𝑝1))) for all 𝑝1 ∈  𝑃1. 

Given γ: 𝐺1  → 𝐺2 and a bundle map φ: 𝑃1  → 𝑃2 consider the map 𝑃1 ×γ 𝐺2  → 𝑃2 

defined by [𝑝1, 𝑔2] → φ(𝑝1) • 𝑔2.  Since [𝑝1 •  ℎ1, γ(ℎ1)
−1𝑔2] →  φ(𝑝1 • ℎ1) •

(γ(ℎ1)
−1 • 𝑔2) =  φ(𝑝1) • γ(ℎ1) • γ(ℎ1)

−1 • 𝑔2 = φ(𝑝1) • 𝑔2, the above bundle map is 

well defined and hence we have 𝑃2 is isomorphic to 𝑃2 ×γ 𝐺2. 

 

Notation: Г(E) denotes the space of smooth sections of the bundle: 𝑝 ∶ 𝐸 →  𝑀.  That 

is, a smooth map ψ∈Г(E)  if ψ:M → 𝐸   satisfies 𝜌 ○ ψ(𝑥)  =  𝑥 for all 𝑥 ∈ 𝑀. We 

usually write Г(M) for Г(TM). 

 

2.2. Connection and  Curvature 

Definition 5: A connection on a vector bundle 𝑝 ∶ 𝐸 →  𝑀 is a map 

▽:Г(M) × Г(E) →Г(E) 

(X,σ)   → ▽𝑋σ =▽ (X,σ) 

which satisfies the following properties: 

 

 ▽𝑋 (𝑓𝜎 + 𝜏) = (𝑋𝑓)(σ)+𝑓 ▽𝑋σ +▽𝑋τ 

 ▽𝑓𝑋+𝑌 (𝜎) = 𝑓 ▽𝑋 (𝜎) +▽𝑌 (𝜎) 

where (𝑋𝑓)(𝑝) = 𝑋(𝑝)𝑓 is the directional derivative. 

An equivalent way of defining a connection on a vector bundle 𝑝 ∶ 𝐸 →  𝑀 is using the 

isomorphism   

Г(𝑇∗M⊗E) ≅ Г(𝐻𝑜𝑚(𝑇𝑀, 𝐸)) ≅ 𝐻𝑜𝑚𝐶∞𝑀(Г(TM), Г(E)); 

It is a map  

𝑑𝐸: Г(E)  → Г(𝑇∗M⊗E) such that 
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𝑑𝐸(𝑓|𝑈𝛼 + 𝜏) = (𝑑𝑓)⊗ 𝜎 + 𝑓𝑑𝐸𝜎 + 𝑑𝐸𝜏. 

 

Note that, after choosing a local trivialization (𝑈𝛼, 𝑔𝛼𝛽) such that over 𝑈𝛼 the bundle is 

trivial, i.e. 𝐸|𝑈𝛼 = 𝑈𝛼 × 𝑅𝑚, any connection restricted to 𝑈𝛼 is of the form 

𝑑𝐸|𝑈𝛼(𝜎𝛼)=d𝜎𝛼 + 𝑤𝛼𝜎𝛼 where 𝜎𝛼 is a section over 𝑈𝛼 and 𝑤𝛼  is a 𝑚 ×𝑚 matrix of one 

forms on 𝑀. That is  

 

𝑑𝐸 (

𝜎1
𝜎2
⋮
𝜎𝑚

) = (

𝑑𝜎1
𝑑𝜎2
⋮

𝑑𝜎𝑚

) +(

𝑤1
1 𝑤2

1 ⋯ 𝑤𝑚
1

𝑤1
2 𝑤2

2 ⋯ 𝑤𝑚
2

⋮ ⋮ ⋱ ⋮
𝑤1
𝑚 𝑤2

𝑚 ⋯ 𝑤𝑚
𝑚

)(

𝜎1
𝜎2
⋮
𝜎𝑚

) 

 

 

Notation: Ω𝑘(𝐸) = Г( 𝛬𝑘(𝑇∗M)⊗E) 

Above definition of connection 𝑑𝐸 can be extended to a 𝑅-linear map 

𝑑𝐸: Ω𝑘(𝐸) → Ω𝑘+1(𝐸) 

by tensoring with deRham complex as in [6]. For, define 

𝑑𝐸(𝜎1 ∧  𝜎2) = 𝑑𝜎1⊗𝜎2 + (−1)𝑘𝜎1 ∧ 𝑑
𝐸𝜎2 

where 𝜎1  ∈ Ω𝑘, 𝜎2  ∈ Ω0(𝐸). 

 

Definition 6: Curvature of a connection 𝑑𝐸: Ω0(𝐸) → Ω1(𝐸) on 𝐸 is defined to be the 

𝐶∞(𝑀)-linear tensor 𝑑𝐸°𝑑𝐸: Ω0(𝐸) → Ω2(𝐸). 

Again, over 𝑈𝛼 we have 𝑑𝐸°𝑑𝐸(𝜎𝛼) = (𝑑𝑤∝ +𝑤∝ ∧𝑤∝)( 𝜎𝛼)= Ω𝛼𝜎𝛼 where Ω𝛼  is a 

matrix of two forms. 

 One final remark about connection and its curvature is about how they transform from 

𝑈𝛼 to 𝑈𝛽.  In order  these locally defined connections and their curvature to be well 

defined globally, on 𝑈𝛼∩ 𝑈𝛽 we must have: 

𝑤∝ = 𝑔𝛼𝛽𝑑𝑔𝛼𝛽
−1 + 𝑔𝛼𝛽𝑤𝛼𝛽𝑔𝛼𝛽

−1and 

Ω𝛼 = 𝑔𝛼𝛽Ω𝛽𝑔𝛼𝛽
−1 

 

Theorem 3:  (Hodge's Theorem): Every deRham cohomology class on a compact 

oriented Riemannian manifold 𝑀 possesses a unique harmonic representative. Thus  

𝐻𝑝(𝑀; 𝑅)  ≅ 𝐻𝑝(𝑀) 

Moreover, 𝐻𝑝(𝑀; 𝑅)  is finite dimensional and Ω𝑝(𝑀)  possesses direct sum 

decompositions 
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Ω𝑝(𝑀) = 𝐻𝑝(𝑀)⊕ 𝑑(Ω𝑝−1(𝑀)) ⊕ 𝛿(Ω𝑝(𝑀)). 

 

2.3. The Groups 𝑺𝑶(𝟒), 𝑺𝒑𝒊𝒏(𝟒) and 𝑺𝒑𝒊𝒏𝒄(𝟒) 

Following [7], we shall consider the quaternions 𝐻 as 2 × 2 complex matrices of the form 

= (
𝑡 + 𝑖𝑧 −𝑥 + 𝑖𝑦
𝑥 + 𝑖𝑦 𝑡 − 𝑖𝑧

) = (
𝑤 −�̅�
𝑤  �̅�

). With this identification, we have  

1̃ = (
1 0
0 1

) ; 𝑖̃ = (
𝑖 0
0 −𝑖

) ;  𝑗̃ = (
0 −1
1 0

) ; �̃� = (
0 −𝑖
−𝑖 0

), 

𝑄 = (
𝑡 + 𝑖𝑧 −𝑥 + 𝑖𝑦
𝑥 + 𝑖𝑦 𝑡 − 𝑖𝑧

) = 𝑡1̃ + 𝑧𝑖̃ + 𝑥𝑗̃ − 𝑦�̃� 

and the matrix multiplication agrees with the quaternion multiplication. 

Since det(𝑄) = 𝑡2 + 𝑥2 + 𝑦2 + 𝑧2 = ⧼𝑄, 𝑄⧽ −Euclidean dot product, regarding 

(𝑡, 𝑧, 𝑥, 𝑦) ∈ 𝑅4as 𝑡 + 𝑖𝑧 + 𝑗𝑥 − 𝑘𝑦 ∈ 𝐻, we can identify the unit sphere in 𝑅4with the 

special unitary group 

𝑆𝑈(2) = {𝑄 ∈ 𝐻; ⧼𝑄, 𝑄⧽ = 1 } = {𝑄 = (
𝑤 −�̅�
𝑤  �̅�

) ; det(𝑄) = 1}. 

 

Definition 7: 𝑆𝑝𝑖𝑛(4) = 𝑆𝑈+(2) × 𝑆𝑈−(2),  where 𝑆𝑈+(2) and 𝑆𝑈−(2) are copies of 

𝑆𝑈(2). 

Definition 8: 𝑆𝑂(4) = (𝑆𝑈+(2) × 𝑆𝑈−(2))/𝑍2. 

A typical element of  𝑆𝑝𝑖𝑛(4) will be represented by (𝐴+, 𝐴−). We have special 

orthogonal representation 

𝜌: 𝑆𝑝𝑖𝑛(4) → 𝑆𝑂(4) =
𝑆𝑈+(2) × 𝑆𝑈−(2)

𝑍2
, 

𝜌(𝐴+, 𝐴−)(𝑄) = [𝐴+, 𝐴−](𝑄) = 𝐴−𝑄𝐴+
−1. 

In fact 𝜌 is surjective and since both 𝑆𝑂(4) and 𝑆𝑝𝑖𝑛(4) are compact Lie groups, it 

induces an isomorphism in the level of Lie algebras and hence 𝑆𝑝𝑖𝑛(4) → 𝑆𝑂(4) is a 

covering space (double cover). 

Elements of 𝑆𝑝𝑖𝑛(4) can also be represented by the 4 × 4  matrices (
𝐴+ 0
0 𝐴−

). This 

representation suggests that we can also consider 𝑆𝑝𝑖𝑛(4) as a subgroup of 

𝑆𝑝𝑖𝑛𝑐(4)where; 

Definition 9: 𝑆𝑝𝑖𝑛𝑐(4) = {(
𝜆𝐴+ 0
0 𝜆𝐴−

) ;  𝜆 ∈ U(1) = 𝑆1 }, which also can be defined as 

𝑆𝑝𝑖𝑛𝑐(4) = ( 𝑆𝑝𝑖𝑛(4) ×U(1) ) / 𝑍2 where 𝑍2acts diagonally. 

We have representation 

𝜌 𝑐: 𝑆𝑝𝑖𝑛𝑐(4) → 𝐺𝐿(𝐻) 
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𝜌 ((
𝜆𝐴+ 0
0 𝜆𝐴−

)) (𝑄) = (𝜆𝐴−)𝑄(𝜆𝐴+)
−1. 

We also have a group homomorphism:   

𝜋: 𝑆𝑝𝑖𝑛𝑐(4) → 𝑈(1), given by 

𝜋 (
𝜆𝐴+ 0
0 𝜆𝐴−

)=𝜆2. 

2.4. 𝑺𝑶(𝟒), 𝑺𝒑𝒊𝒏(𝟒) and 𝑺𝒑𝒊𝒏𝒄(𝟒) Structures on a Manifold 𝑴 

 Definition 10: 𝑆𝑂(4) structure is a collection {(𝑈α, 𝑔αβ);  α, β ∈  Λ} where 𝑈α is an open 

cover of orientable  4 manifold 𝑀, 𝑔αβ: 𝑈𝛼∩ 𝑈𝛽  → 𝑆𝑂(4)satisfying the cocycle 

condition 𝑔αβ𝑔βγ = 𝑔αγ.  An alternative way of defining S𝑂(4) structure is specifying a 

map 𝑓0:𝑀 → 𝐵𝑆𝑂(4). 

Definition 11: An associated 𝑆𝑝𝑖𝑛(4) structure to 𝑆𝑂(4) structure is a collection 

{(𝑈α, �̅�αβ )}; where 𝑔 ̅αβ: 𝑈𝛼∩ 𝑈𝛽  → 𝑆𝑝𝑖𝑛(4) satisfying cocycle condition and 𝜌 ○

�̅�αβ = 𝑔αβ, where 𝜌: 𝑆𝑝𝑖𝑛(4) → 𝑆𝑂(4). Alternatively, an associated 𝑆𝑝𝑖𝑛(4) structure 

to 𝑆𝑂(4) structure is a lifting of 𝑓0:𝑀 → 𝐵𝑆𝑂(4) to 𝑓 ̅0:𝑀 → 𝐵𝑆𝑝𝑖𝑛(4). 

 From the obstruction theory, it is known that the only obstruction for the existence of this 

lifting, that is, for the existence of 𝑆𝑝𝑖𝑛(4) structure, i.e. a bundle with structure group 

𝑆𝑝𝑖𝑛(4), associated to the given 𝑆𝑂(4) structure on the tangent bundle 𝑇(𝑀), is 

𝑤2(𝑇𝑀) ∈ 𝐻2(𝑀, 𝑍2). 

Let 𝑊+and 𝑊− be two copies of 𝐶2.  Consider the representations 𝜌+and 𝜌− given by 

𝜌∓ (
𝐴+ 0
0 𝐴−

)(𝑤∓)= 𝐴∓𝑤∓. 

Definition 12: Given a 𝑆𝑝𝑖𝑛(4) structure,  using the above representations 𝜌+ and  𝜌−, 

we can define  new transition functions 𝜌∓ ○ �̅�αβ: 𝑈𝛼 ∩ 𝑈𝛽 → 𝑆𝑈∓(2), to get two new 

complex bundles also denoted by 𝑊+and  𝑊−, called  Spinor bundles and the  relation 

between these bundles and 𝑇𝑀 is 𝑇𝑀⊗ C ≅ Hom(𝑊+,𝑊−). 

Therefore a 𝑆𝑝𝑖𝑛 structure determines  𝑇𝑀⊗ C ≅ Hom(𝑊+,𝑊−). Moreover if we also 

have a line bundle 𝐿, 𝑇𝑀⊗ C ≅Hom(𝑊+ ⊗L,𝑊− ⊗L), since 𝐿 ⊗ 𝐿∗ is the trivial 

bundle. 

Given a 𝑆𝑝𝑖𝑛(4) structure {(𝑈α, �̅�αβ )}, if we have a line bundle 𝐿 with transition 

functions ℎαβ: 𝑈𝛼 ∩ 𝑈𝛽 → 𝑈(1) then we can define a 𝑆𝑝𝑖𝑛𝑐(4) structure with the 

transition functions ℎαβ ∗ �̅�αβ: 𝑈𝛼 ∩ 𝑈𝛽 → 𝑆𝑝𝑖𝑛𝑐(4), where for 𝑥 ∈  𝑈𝛼 ∩ 𝑈𝛽 if 

�̅�αβ(𝑥) = (
𝐴+ 0
0 𝐴−

) and if ℎαβ(𝑥) = 𝜆 then ℎαβ ∗ �̅�αβ(𝑥) = (
𝜆𝐴+ 0
0 𝜆𝐴−

). Note that 

these maps also satisfy the cocycle condition. 

More generally, a 𝑆𝑝𝑖𝑛𝑐(4) structure can be defined as �̅�αβ: 𝑈𝛼 ∩ 𝑈𝛽 → 𝑆𝑝𝑖𝑛𝑐(4) with 

cocycle condition. That is one doesn't need to have a 𝑆𝑝𝑖𝑛(4)  structure or a line bundle 

in the first place. Combining this with  𝜋 we get a complex line bundle, denoted by 𝐿2. 

Finally, given a 𝑆𝑝𝑖𝑛𝑐(4) structure, associated to it we can define two bundles 𝑊+ ⊗𝐿  
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and 𝑊− ⊗𝐿 although 𝐿 may not exist. 𝑊∓ ⊗L is the bundle whose transition data is 

ρ∓
𝑐 ○ �̅�∓ where ρ∓

𝑐 (
𝜆𝐴+ 0
0 𝜆𝐴−

) (𝑤∓) = 𝜆𝐴∓𝑤∓.  Note that 𝑇𝑀⊗ C ≅ Hom(𝑊+ ⊗

𝐿,𝑊− ⊗𝐿). 

Definition 13: Given an 𝑆𝑂(4) structure on 𝑇(𝑀) and 𝑈(1) structure, that is, a complex 

structure, on line bundle 𝐿 over 𝑀, an associated 𝑆𝑝𝑖𝑛𝑐(4) structure  is a principal 

𝑆𝑝𝑖𝑛𝑐(4) bundle 𝑃 →  𝑀 such that the associated frame bundles satisfy 𝑃𝑆𝑂(4)(𝑇𝑀) = 𝑃 

×ρ𝑐  𝑆𝑂(4) and 𝑃𝑆1(𝐿) = 𝑃 ×𝜋 𝑆1, where  ρ𝑐 [𝐴+, 𝐴−, 𝜆](𝑄) = [𝐴+, 𝐴−](𝑄) =

𝐴−𝑄𝐴+
−1

 and 𝜋 [𝐴+, 𝐴−, 𝜆] =  𝜆
2. 

From the obstruction theory, we know that these liftings exist when 𝐿 is a characteristic 

line bundle, in other words, when the first chern class of 𝐿 is equivalent to the second 

Steifel Withney class of the tangent bundle ( i.e, 𝑐1(𝐿) ≡ 𝑤2(𝑇𝑀) 𝑚𝑜𝑑2 ), as the only 

obstruction for these liftings to exist is 𝑤2(𝑇𝑀⊗ 𝐿) ≡ 𝑐1(𝐿) + 𝑤2(𝑇𝑀) ∈ 𝐻2(𝑀, 𝑍2).  

Note that the assumption 𝑀 is compact oriented smooth 4-manifold guarantees the 

existence of 𝑆𝑝𝑖𝑛𝑐(4) structure. Moreover, the assumption that 𝑀 is simply connected 

ensures   that the liftings considered above are unique. 

2.5.  𝑮𝒂𝒖𝒈𝒆 𝑮𝒓𝒐𝒖𝒑 

Definition 14: A gauge transformation on a line bundle 𝐿 is a bundle homomorphism ℎ ∶
𝐿 →  𝐿 commuting with the action of the structure group 𝑈(1). That is ℎ(𝑔 • 𝑎) = 𝑔 •
ℎ(𝑎) for all 𝑔 ∈ 𝑈(1). 

The set of all gauge transformations of 𝐿 forms a group, denoted by G(𝐿), under 

composition. This group can be considered as maps 𝑓:𝑀 →  𝑆1, see Section 1.7 of [5] 

for details. Hence we have G(𝐿) ≅ Map(M, 𝑆1). 

We define an action of the gauge group G(𝐿) on 𝐴(𝐿) by 𝑔 • 𝑑𝐴 = 𝑑𝐴 + 𝑔𝑑𝑔−1 which 

can also be expressed as 𝑔 ○ 𝑑𝐴 ○ 𝑔
−1. Action of G(𝐿) on Г(𝑊+)  is just complex 

multiplication. 

Note that if we regard G(𝐿) as Map(𝑀, 𝑆1) then, since 𝑀 is simply connected, any 𝑔 ∈ 

G ≅  𝑀𝑎𝑝(𝑀, 𝑆1) can be written as 𝑔 = 𝑒𝑖𝑢 for some 𝑢:𝑀 → 𝑅. According to this 

representation, 𝑔 • ( 𝑑𝐴 − 𝑖𝑎, 𝜓) = (𝑑𝐴0 − 𝑖(𝑎 + 𝑑𝑢), 𝑒𝑖𝑢 𝜓). 

Fix a base point 𝑃0 ∈ 𝑀 and define G0(𝐿) = {𝑔 ∈ G  (𝐿); 𝑔(𝑃0 ) = 1 } 

We have the isomorphism G(𝐿) → G0 (𝐿) × 𝑆1  defined by ℎ → (𝑠−1ℎ, 𝑠) where 𝑠 =

ℎ(𝑃0) ∈ 𝑆1; ℎ ∈ 𝑀𝑎𝑝(𝑀, 𝑆1) = G(𝐿). 

 Note that  G(𝐿)acts freely on 𝐴(𝐿) since 𝑑𝐴 + 𝑔𝑑𝑔−1=𝑑𝐴 means 𝑔𝑑𝑔−1 = 0 that 

𝑑𝑔−1 = 0 which holds if and only if 𝑔=constant.  Elements of 𝑆1 are constant functions 

𝑀 → 𝑆1. Hence 𝑆1 acts trivially on 𝐴(𝐿), whereas it acts freely on Г(𝑊+ − 0) as 

complex multiplication. 

Definition 15: The Dirac operator 𝐷𝐴: Г(𝑊+ ⊗𝐿) →  Г(𝑊+ ⊗𝐿), is defined by 

𝐷𝐴(𝜓) = ∑ 𝑒𝑖 • 𝑑𝐴𝜓(𝑒𝑖) =
4
𝑖=1 ∑ ρ(𝑒𝑖) ▽𝐴 𝜓(𝑒𝑖),

4
𝑖=1  where 𝑑𝐴: Г(𝑊 ⊗ 𝐿) →  Г(𝑇∗M⊗
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(W⊗ 𝐿)) ≅ 𝐻𝑜𝑚𝐶∞(𝑀)(TM,W⊗ 𝐿),  𝑒𝑖 ∈ TM⊗ C ⊆  End(𝑊⊗ 𝐿) and 𝑒𝑖 ∈

𝑇∗M⊗ C are orthonormal basis, ▽𝑒𝑖
 is the covariant derivative along 𝑒𝑖. 

 

 

2.6.  𝑺𝒆𝒊𝒃𝒆𝒓𝒈 −𝑾𝒊𝒕𝒕𝒆𝒏 𝑬𝒒𝒖𝒂𝒕𝒊𝒐𝒏𝒔 

Let 𝑀 be oriented, Riemannian 4-manifold with a 𝑆𝑝𝑖𝑛𝑐(4) structure. We consider the 

pairs (𝑑𝐴,𝜓) where 𝑑𝐴 is a connection on 𝐿2 and 𝜓 ∈ Г(𝑊+ ⊗𝐿).   Let {(𝑑𝐴0 −

𝑖𝑎, 𝜓)} denote the   configuration space. Seiberg-Witten equations are defined as  

𝐷𝐴
+ 𝜓 = 0 

𝐹𝐴
+ = 𝑖𝜎(𝜓) 

where 𝐹𝐴
+ ∈ Г(Ω2(𝑇∗M⊗ iR)) = Ω2(𝑀). 

 

Notation: 𝑀~(𝐿) denotes the moduli space of G0 (𝐿) equivalence classes of the solutions 

of the Seiberg-Witten equations, 𝑀(𝐿) denotes the moduli space of gauge equivalence 

classes of the solutions of the Seiberg-Witten equations. That is 

𝑀(𝐿) = {(𝐴, 𝜓) ∈ 𝐴(𝐿) × Г(𝑊+ ⊗L); 𝐷𝐴
+ 𝜓 = 0 𝑎𝑛𝑑𝐹𝐴

+ = 𝑖𝜎(𝜓)}/ G  

= 𝑀~(𝐿)/𝑆1 

In a similar manner, one can define the perturbed Seiberg-Witten equations:  

𝐷𝐴
+ 𝜓 = 0 

𝐹𝐴
+ = 𝑖𝜎(𝜓) − 𝛷 

and the corresponding perturbed moduli space 𝑀𝛷(𝐿). 

 

3. Results 

Topology of Moduli Space of Invariant Solutions of Seiberg-Witten Equations 

In this section, using the fact that Seiberg Witten equations are invariant under 𝐺-action,   

compactness and the manifold structure on the moduli space, whenever this structure 

exists, will be discussed. 

Given a smooth closed 4-manifold 𝑀 with a Riemannian metric on it and a characteristic 

line bundle 𝐿 over 𝑀. Let 𝐺 be a compact Lie group acting on the base manifold 𝑀 to 

preserve the inner product and orientation, also acting on the characteristic line bundle 𝐿, 

commuting with the base projection and mapping fibers directly to fibers as a complex 

linear map. That is, let 𝐿 be a 𝐺-line bundle. We will also assume that the 𝐺-action on 𝐿 

lifts to the associated 𝑆𝑝𝑖𝑛𝑐(4) bundle whose determinant line bundle is 𝐿. Furthermore, 

we will take 𝐺 a cyclic group of order 𝛼 we will also assume that 𝑀/𝐺 has a positive 
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definite intersection form, and that 𝐻1(𝑀/𝐺; 𝑅) = 0. Note that since 𝐺 is finite and 

preserves the orientation, 𝑀/𝐺 is a real homology manifold, that is 𝑀/𝐺satisfies Poincare 

duality with coefficients in 𝑅. Hence 
𝑀

𝐺
 has a well defined intersection form over 𝑅.  

Moreover Seiberg-Witten equations are invariant under the action of 𝐺. 

Main Theorem 1: If 𝑀 is simply connected, then for every choice of 𝐺-invariant self 

dual form 𝛷 ∈ Ω+
𝐺 , the moduli space 𝑀  𝛷

𝐺  is compact. 

 It is known that every sequence of G0 (𝐿) classes of solutions to the perturbed Seiberg 

Witten equations has a convergent subsequence. A detailed proof is given in section 3.3 

of [5].  Using the continuity of the 𝐺-action, 𝑀  𝛷
𝐺  can be identified with a closed subspace 

of 𝑀  𝛷(𝐿). Being a closed subspace of a compact space,  𝑀  𝛷
𝐺  is also compact. 

Main Theorem 2: Let 𝑀 be a closed, simply connected smooth 4-manifold with a 

𝑆𝑝𝑖𝑛𝑐(4)-structure.   If  dimension of 𝐺-fixed self dual two forms, that is 𝑏+
𝐺 > 0 then,  

𝑀(𝐿)𝛷
𝐺  is, for a generic choice of 𝐺-invariant self-dual two form 𝛷, an oriented smooth 

manifold of dimension 𝑑𝐺 = 𝑖𝑛𝑑𝑅 𝐷𝐴
𝐺 − 𝑏+

𝐺 − 1, where 𝑖𝑛𝑑𝑅 𝐷𝐴
𝐺denotes the index of the 

dirac operator  𝐷𝐴
𝐺 . 

The existence of a reducible solution in  𝑀~(𝐿)𝛷
𝐺 , which causes singularity in 𝑀(𝐿)𝛷

𝐺  

depends on the condition that 𝑐1(𝐿) contains a connection with 𝐹𝐴
+ = 0,  in turn which 

occurs only if 𝛷 ∈ 𝛱𝐺- a subspace of Ω+
𝐺  of codimension 𝑏+

𝐺 .  Since, by the assumption  

𝑏+
𝐺 > 0, these singularities are avoidable. Hence 𝑆1 ⊆ 𝐺 acts freely on 𝑀~(𝐿)𝛷

𝐺 . 

Therefore 𝑀(𝐿)𝛷
𝐺  is an oriented smooth manifold with 𝑑𝑖𝑚(𝑀(𝐿)𝛷

𝐺 ) =
 𝑑𝑖𝑚(𝑀~(𝐿)𝛷

𝐺 ) − 1 = 𝑖𝑛𝑑𝑅 𝐷𝐴
𝐺 − 𝑏+

𝐺 − 1. The orientation of 𝑀(𝐿)𝛷
𝐺  is induced from the 

orientation of 𝑀~(𝐿)𝛷
𝐺 . 

4. Conclusion 

In this work we prove that, under certain conditions on the given group action on the base 

manifold, the compactness of the moduli space and give manifold structure and compute 

the dimension of it. As a future work we will concentrate on the case where 𝑏+
𝐺 = 0 and 

try to understand special structures near singularities 
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Abstract: Biomethane energy, which has the status of renewable energies, has the potential to 

be produced from all kinds of organic wastes, as well as from lignocellulosic materials, which 

are the most common in nature. In this study, hazelnut shells (HS), one of the hazelnut by-

products, were used for biomethane production. In order to obtain higher yields from HS, 

thermal pre-treatments were applied at temperatures of 60°C, 80°C and 100°C. Pretreatment 

effects were controlled by lignocellulosic substance amount determinations. As a result of 

thermal pretreatment at 100°C for 2 h, cellulose and lignin removals occurred approximately 

15% and 30%, respectively. While the cumulative biomethane yield of raw HS was 32.3 

mL•g total solids (TS)‒1, the cumulative biomethane yields of 100°C pretreated HS were 

measured as 132.3 mL•gTS‒1. As a result of different pretreatment temperatures, different 

cumulative biomethane yield curves were successfully simulated with the Modified Gompertz 

equation and R2 values were found to be between 0.9962 - 0.9985. 

Key words: Renewable energy, sigmoidal models, hazelnut shells, biogas 

1. Introduction 

As countries grow rapidly in terms of industry and population, the energy needs of 

industrially developed and developing countries are increasing day by day. Energy need 

has become an important problem in the world today. The demand for energy leads to 

the decrease of fossil fuels (natural gas, coal, lignite, etc.) [1]. Depleting natural energy 

resources have led the world to search for new energy. One of the renewable energies is 

biogas/biomethane energy, which replaces depleting natural gas [2]. 

Biogas can be produced from organic materials by the anaerobic digestion (AD) 

method. AS treatment of wastes with high water content has been a generally preferred 
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method in recent years due to its advantages such as high performance, low cost and 

energy production. Especially, AD applications are common in the treatment of 

domestic and industrial wastewater, animal manure and solid waste. AD method 

requires less energy and nutrient resources compared to other commonly used 

purification techniques [3]. Biogas content contains approximately 50 - 80% CH4, 20-

50% CO2, 0.1-1% N2, 0.01 - 0.2% O2 and 10-4000 ppm H2S is present [4-6, 8]. 

Biogas can be produced from different organic substances as well as lignocellulosic 

components [5]. Lignocellulosic organic matter refers to structures containing cellulose, 

hemicellulose and lignin in its structure and forms the structure of plant-derived 

biomass. Biogas production from lignocellulosic biomass without pretreatment is quite 

inefficient [6]. For this purpose, several innovative pretreatment technologies have been 

developed [7]. One of these is thermal pre-treatment methods, which were developed 

both for the environment and for their ease of applicability [8]. Thermal pretreatment is 

a type of physical pretreatment in which lignocellulosic biomass is subjected to heating 

at a certain temperature and pressure, and accordingly, the temperature range for 

thermal pretreatment can be 50–240°C [9]. 

One of the most underrated lignocellulosic components in AD is hazelnut by-products. 

In previous studies, hydrothermal and ultrasonic pretreatment of hazelnut shells (HS), 

one of the hazelnut by-products, was applied before AD [10]. In another study, thermal 

pretreatment optimization was performed on HS at high temperatures (50, 100 and 

150°C) [11]. Apart from these studies, the biomethane yield of HS without pretreatment 

was investigated and the biomethane yield was obtained as 40.03 ± 4.30 mL/g volatile 

solids (VS) [12]. Apart from these studies, to the best of the authors' knowledge, there is 

no study that increases the biomethane/biogas yield of HS, one of the hazelnut by-

products. Thus, there is a need to apply thermal pre-treatments to HS at lower 

temperatures (especially below 100°C) and longer application times and to conduct 

more in-depth research. 

In this context, the aim of this study was to examine the lignocellulosic change in the 

structure of the HS and the differences in biomethane potential by applying thermal pre-

treatment to raw HS at temperatures below 100°C for 2 hours.  In this context, total 

solids (TS), VS, cellulose, hemicellulose and lignin analyzes of HS were performed 

before pre-treatment. Similar analyzes were performed after thermal pretreatment and 

the results were compared. 

2. Material and Method 

2.1. Substrate and inoculum 

HS, one of the hazelnut by-products, was chosen as the substrate for AD. Sewage 

sludge from the wastewater treatment plant was used as inoculum. Raw materials were 

stored at 4°C before use. 

2.2. Thermal pre-treatments   

Thermal pretreatments were applied to HS at 60, 80 and 100°C [10]. Pre-treatments 

were applied in the oven. Thermal pretreatment time for each sample was kept constant 

as 2 hours. For each reactor, 2 g of dry reactor residue was added to the autoclave flask. 

5 g of distilled water was added to prevent dry biomass from burning during thermal 

pretreatment. As a result of the pre-treatment, solubility was determined by filtering the 

slurry with glass cotton [11]. 

 

2.3. Anaerobic digestion tests    
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AD experiments were carried out in 500 mL conical flasks. 400 mL of these AD bottles 

was used as the effective volume and 100 mL was set as the head space. The TS ratio 

was chosen as 10% for all anaerobic bottles [13]. The inoculum/substrate ratio was 

taken as 1.0 on the basis of organic matter in the effective volume of 400 mL [14]. After 

the inoculum-substrate ratio was completed, N2 gas was purged for 5 minutes to 

eliminate oxygen in the head space [15]. In the established setup, 5 types of reactors 

were prepared: 60°C, 80°C and 100°C pre-treatment reactor, control reactor and the 

reactor containing only the inoculum. A total of 10 reactors were prepared, each with 

two floors. In order to ensure AD conditions, the top was closed with a cork stopper and 

a mechanism containing gas bags was installed. The outer surface temperature (AD 

temperature) in the water bath was set at 37 ± 1.5°C. After AD conditions were 

achieved, the system was left to produce biogas, and during this process, each reactor 

was manually stirred every 24 hours. During the anaerobic process, gas volume was 

measured every 3 days and CH4 content analyzes were performed. The AD test lasted 

approximately 39 days, and as a result of this period, the gases accumulated in the 

reactors were collected. Then, the net biomethane yield of the HS was calculated by 

subtracting the biomethane yield of the inoculum from the biomethane efficiency of the 

reactor containing the inoculum and HS. These gases were then saved for content 

analysis [15]. 

2.4 Analytical methods 

TS and VS values of HS were analyzed according to APHA standards [16]. Cellulose, 

hemicellulose and lignin contents were measured using fiber analyzer (ANKOM 

A2000i, USA) [17]. Content analysis of the biogas obtained from AD experiments was 

performed with a portable biogas measuring device called IRCD4 Multi-Gas Detecting 

Alarm Manual Instruction. For this purpose, an average of 10-50 mL was taken from 

each biogas sample and the CH4, CO2, H2S and O2 values were determined with an 

average sensitivity of 1%. Scanning electron microscopy (SEM) images were acquired 

at x350 magnification values using a SU–1510 SEM (Hitachi, Japan), after preparing 

the raw and pretreated HS samples [14]. 

2.5 Kinetic study 

In AD, the proliferation rate of microorganisms and the CH4 gas production rate are 

directly proportional [14]. For this reason, the gas volumes determined cumulatively in 

the AD process were simulated with the modified Gompertz equation. MATLAB® 

(R2021a) program was used to obtain kinetic parameters in cumulative measurements. 

Then, the estimated values of the modified Gomperz equation were found. The modified 

Gompertz equation is given in Eq. (1) [8]. 

𝑦 = 𝐴𝑒
(−𝑒

[
µ𝑚𝑒(𝜆−𝑡)

𝐴
+1]

)

                                   (1) 

 

Where, A: Maximum biogas production amount (mL/g VS), e: 2.71828, λ: Delay time (days), t: 

Time and µm: Defined as specific biogas production rate (mL/g VS. day). 

3. Results 

3.1. Physicochemical properties of substrate and inoculum 

 

The physicochemical properties of HS, which are hazelnut by-products, and wastewater 

treatment sludge used as inoculum are given in Table 1. In Table 1, the TS value of the 
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HS was reported as 92.4%, while the TS value of the inoculum was reported as 14.06%. 

While there is a significant potential in the VS rate of HS (90.87%), the VS rate of the 

inoculum is quite low (66.12%). In one study, the TS and VS values of HS were 

determined as 85.45 and 76.96, respectively [18]. In another study, TS and VS values 

were found to be 91.58 and 89.94, respectively [19]. As a result, previous studies 

support the values in Table 1. 

 
Table 1. Physicochemical properties of raw hazelnut shell and inoculum used in the study 

Parameters          Raw hazelnut shell Inoculum 

(TS) (%w/w) 92.40 14.06 

(VS) (%TS) 90.87 66.12 

pH - 7.29 

Cellulose  (%w/w) 19.51 - 

Hemicellulose 

(%w/w) 
18.48 - 

Lignin (%w/w) 36.07 - 

Note: O content was found by subtracting the sum of C, H, N and S content from 100% 

 

3.2. Effect of pretreatments on lignosulosic structure 

 

In addition to the elemental content of HS, the lignocellulosic content in HS was 

determined. Accordingly, the cellulose, hemicellulose and lignin contents in raw HS 

were determined as 19.51%, 18.48% and 36.07% by weight, respectively. A literature 

search was conducted to test the consistency of the results of the analyses, and the 

results of lignocellulosic analyzes in HS were compared with the results reported by 

Bianco et al. [10]. Cellulose, hemicellulose and lignin values were found to be 26.11%, 

29.8%, 42.48% by weight, respectively. The reason for this difference may be due to 

measurement error or sample difference. In another study, the cellulose, hemicellulose 

and lignin values of HS were 27.55%, 28.92%, 39.91% by weight, respectively, 

showing similar results with the amount of lignocellulosic substance declared in this 

study [11]. 

 

Table 2. Physicochemical properties of pre-treated hazelnut shells. 

  Thermal pre-treatments conditions 

Parameters Control  60°C and 2 h 80°C and 2 h 100°C and 2 h 

Cellulose  (%w/w) 19.51 18.5 16.8 15.39 

Hemicellulose (%w/w) 18.48 17.8 16.5 15.0 

Lignin (%w/w) 36.07 35.0 33.3 29.9 

 

Cellulose is considered the main lignocellulosic component for biogas production. The 

amount of cellulose plays a vital role in any biochemical process. In one study was 

stated that the maximum degradation of glucan was only 2.8% at 160°C and increased 

to 14.7% after pretreatment at 200°C for 120 min [20]. In this study, looking at the 

values in Table 2., the cellulose value of raw HS is 19.51%; As a result of pre-treatment 

at 60°C and 2 hours, 1.1% cellulose was dissolved and reached 18.5% by weight. As a 

result of pre-treatment at 80°C and 2 hours, 2.7% cellulose was dissolved and reached 

16.8% by weight. As a result of pre-treatment at 100°C and 2 hours, 4.1% cellulose was 
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dissolved and reached 15.39% by weight. Cellulose removal as a result of pretreatment 

at 80°C increased by 1.7% compared to the pretreatment result at 60°C; Cellulose 

removal as a result of pretreatment at 100°C increased by 1.41% compared to the 

pretreatment result at 80°C. When the results are compared, the highest cellulose 

removal occurred as a result of the pre-treatment at 100°C. 

 

Hemicellulose is a type of heterogeneous polysaccharide and contains hexoses, 

pentoses, uronic acid sugars. In the hemicellulose structure, the hydroxyl group of the 

sugars is partially replaced by the acetyl group [21]. While the hemicellulose value of 

raw HS in this study was 18.48%; As a result of pre-treatment at 60°C and 2 hours, 

0.6% hemicellulose dissolved and reached 17.8% by weight. As a result of pre-

treatment at 80°C and 2 hours, 1.9% hemicellulose dissolved and reached 16.5% by 

weight. As a result of pre-treatment at 100°C and two hours, 3.4% hemicellulose was 

dissolved and reached 15.0% by weight. Hemicellulose removal as a result of 

pretreatment at 80°C increased by 1.3% compared to the pretreatment result at 60°C; 

Hemicellulose removal as a result of pretreatment at 100°C increased by 1.5% 

compared to the pretreatment result at 80°C. When the results are compared, the highest 

hemicellulose removal occurred as a result of pre-treatment at 100°C. 

 

The presence of lignin is a vital factor that limits the extent and rate of hydrolysis by 

enzymes during the biochemical reaction of lignocellulosic biomass. Studies have 

shown that lignin removal from lignocellulosic biomass increases cellulose digestibility 

[22]. In this study, the degradability of lignin was tested after thermal pretreatment in 

order to test the high yield of HS in the AD process. While the control value of lignin 

was 36.07%; As a result of 60°C and 2 hours of pre-treatment, 1% lignin was dissolved 

and reached 35% by weight. As a result of 80°C and 2 hours of pre-treatment, 2.7% 

lignin was dissolved and reached 33.3% by weight. At 100°C and As a result of 2 hours 

of pre-treatment, 6.1% lignin was dissolved and reached 29.9% by weight. Lignin 

removal as a result of pretreatment at 80°C increased by 1.7% compared to the 

pretreatment result at 60°C; Lignin removal as a result of pretreatment at 100°C 

increased by 3.4% compared to the pretreatment result at 80°C. When the results are 

compared, the highest lignin removal occurred as a result of pre-treatment at 100°C. 

 

3.3. Effect of pretreatments on biomethane yields 

The cumulative biomethane yields obtained in the AD process as a result of thermal pre-

treatments applied to HS are calculated in (mL•gTS‒1) and are given in Table 3. 

Accordingly, the biomethane yield of raw HS was found to be 32.3 mL gTS‒1. This very 

low value shows us that biomethane production from lignocellulosic material is very 

low. In order to increase this value, a thermal pre-treatment was applied at temperatures 

of 60°C, 80°C and 100°C and application times of 2 hours. As a result of these pre-

treatments at 60°C, the biomethane yield reached from 32.3 mL•gTS‒1 to 88.3 mL•gTS‒

1. Biomethane yield; 1.73 times as a result of pretreatment at 60°C compared to the 

control reactor; 2.53 times as a result of pre-treatment at 80°C; It increased 3.09 times 

as a result of pre-treatment at 100°C. The biogas production amount of the pretreated 

reactor at 80°C increased by 29.3% compared to the biogas production amount of the 

pretreated reactor at 60°C. The biogas production amount of the pre-treated reactor at 

100°C increased by 15.8% compared to the biogas production amount of the pre-treated 

reactor at 80°C. According to these results, it is clear that the highest biomethane yield 

occurs in the reactor with 100°C and 2 hours pretreatment. 

 

Table 3. Cumulative biomethane yields of inoculum, control and thermally pretreated hazelnut shells 
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Pretreatments 

conditions 
 Cumulative biomethane yields (mL·gTS‒1) 

Inoculum  15.5 

Control  32.3 

Thermal (60°C) 88.3  

Thermal (80°C) 114.2 

Thermal (100°C) 132.3 

 

Biomethane measurements were made every 3 days in AD and the anaerobic process 

was completed in 39 days (Figure 1). Since biomethane yield could not be obtained in 

the last 3 consecutive days, the AD process was stopped and gas volumes were 

calculated. 

 

 

 

 

Figure 1. Cumulative biomethane yields of inoculated, control and thermally pretreated hazelnut shells 

 

3.4. Effects of pretreatments on surface morphology 

SEM images were taken to evaluate the effects of thermal pretreatments on HS. Surface 

images of unpretreated and pretreated HS are given in Figure 2. It is observed that the 

sample without pretreatment has surface hardness and crystallinity and does not contain 

pores (Figure 2 (a)). When the pretreatment temperature is 60°C (Figure 2 (b)), a 

slightly porous structure is observed. After 80°C pre-treatment (Figure 2 (c)), it appears 

that the surface crystallinity is broken and cracks are formed. In the SEM images of 

100°C pre-treated HS, the cracks on the surface appear to increase and become 

extremely wide. It is clearly seen that the cracks increase and widen as the pre-treatment 
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temperature increases. Therefore, it can be said that the reactor with a higher pretreatment 

temperature is more suitable for anaerobic microorganisms in AD. 

 

Figure 2. SEM images of hazelnut shells after thermal pre-treatment (a; no pre-treatment, b: 

60°C pre-treated, c: 80°C pre-treated and d; 100°C pre-treated hazelnut shells). 

 

3.5 Kinetic study results 

Mathematical models describe the interactions of operating parameters of anaerobic 

microorganisms and the improvement of technical properties; It is a tool used to explain 

the impact on biogas production and to predict system performance [23]. In AD, the 

biogas production rate and proliferation rate of microorganisms are directly 

proportional. Thus, MATLAB® (R2019b) program was used to calculate the kinetic 

parameters of sigmoidal curves. Estimated biomethane values were found for the 

modified Gompertz model by entering the cumulative biogas production rate measured 

every three days into the program. 

Table 4. Kinetic Parameters of the Modified Gompertz Model 

Kinetic parameters Unit Inoculum Control 60°C 80°C 100°C 

λ (day) 3.163 1.51 0.8901 2.371 2.424 

µm (mL·gTS‒1.gün) 1.481 1.393 3.405 5.258 6.11 

A (mL·gTS‒1) 26.3 34.25 96.88 120.2 136 

(c) (d) 

(a) (b) 
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R2 - 0.9977 0.9973 0.9962 0.9985 0.9979 

Delay time: λ ; Specific biomethane yields: µm ; Max. biogas production amount: A; coefficient 

of determination: R2 

 

According to Table 4, A value indicates maximum biomethane yields [18]. According 

to the modified Gompertz model, the maximum biomethane yield is 136 mL gTS‒1 in 

the 100ºC pre-treated reactor. The experimental biomethane yield of the reactor with 

100ºC thermal pretreatment is 132.3 mL·gTS‒1. The estimated maximum biomethane 

yield and experimental biomethane yield are consistent. Specific biomethane yields 

(µm) vary between 1.393 mL•g TS‒1 and 6.11 mL•gTS‒1. Experimental biomethane 

yields and specific biomethane yields appear to be linearly consistent. 

 

Lag times (λ) express the time required for anaerobic bacteria to start multiplying 

(reproducing) [24]. Since statistically significant biomethane/biogas is produced after 

the delay period in biogas reactors, it is desirable that the delay times be minimum in 

terms of cost [13]. In this study, the delay times of the vaccine, control and pre-

treatment reactors obtained according to the modified Gompertz model were calculated 

and given in Table 4. The lowest λ value is 0.8901 days in the reactor with 60°C 

thermal pretreatment. When the delay times of all reactors are evaluated, the reactor 

with 60°C thermal pretreatment is the most suitable reactor since the delay time is 

desired to be minimum. If other pre-treated reactors are taken into consideration (for 

80°C and 100°C pre-treated reactors, respectively), λ values were obtained as 2.371 and 

2.424 days, and the closeness of the values to each other is remarkable. However, the 

delay period of the vaccine was found to be 3,163 days. In a study, the cumulative 

biomethane curves obtained as a result of AD treatment of HS, a lignocellulosic waste, 

were modeled with the modified Gompertz equation. As a result of the thermal 

pretreatment (100°C) they found in their study, the λ values (0.8956 days) are close to 

the values in this study [25]. 

 

Model compatibility (model performance) for reactors is determined by R2 values [11]. 

R2 value is desired to be closest to 1; The closer it is to 1, the higher the model 

compatibility [26]. The R2 value closest to 1 is 0.9985 in the reactor with 80°C thermal 

pretreatment. Considering the highest biomethane yield, the most compatible reactor is 

the reactor with 80°C thermal pretreatment. According to Table 4, the R2 value varies 

between 0.9962 and 0.9985. According to the results of the modified Gompertz model 

in a study, R2 values vary between 0.975 and 0.993 [27]. Therefore, it can be seen that 

the kinetic constants obtained here are compatible with those previously given in the 

literature. In a study conducted to increase biomethane yield as a result of co-

fermentation of cattle manure and canola waste, the R2 value was calculated as 0.9983 

in the curves obtained with the Modified Gompertz model [28]. The values of the 

kinetic parameters found in this study are compatible with the literature. 

 

4. Conclusion 

In this study, HS, one of the hazelnut by-products, were used as raw material for 

biomethane production. Since HS is a lignocellulosic substance, thermal pre-treatments 

have been applied so that anaerobic microorganisms can better benefit from organic 

substances. Biomethane measurements were made every 3 days in AD and this process 

was completed in 39 days. 

Raw HS samples were subjected to thermal pretreatment separately at temperatures of 

60°C, 80°C and 100°C for 2 hours. While the biomethane yield of raw HS is 32.3 
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mL•gTS‒1, after thermal pre-treatment, the biomethane yields for temperatures of 60°C, 

80°C and 100°C are 88.3 mL•gTS‒1, 114.2 mL•gTS-1, respectively. It was measured as 

1 and 132.3 mL•gTS‒1. The effects of pretreatments on HS were checked by cellulose, 

hemicellulose and lignin analyses. Cellulose, hemicellulose and lignin values in raw HS 

were found to be 19.51%, 18.48% and 36.07%, respectively.  

In this study, for the first time, low-temperature thermal pretreatments were applied to 

hazelnut by-products and successful biomethane production was achieved. The fact that 

biomethane yields are higher in pre-treated reactors compared to the control shows that 

the pre-treatment method used is appropriate. It is recommended that future 

experimental studies apply biomethane yields with alkaline, acid and thermochemical 

pretreatments of HS. Moreover, it is recommended to use raw HS in full-scale anaerobic 

reactors in future studies. 
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Abstract:  

In this study, reaction cross-section calculations of some proton-induced reactions on natPd have 

been investigated under the effects of level density models. All calculations involving level 

density models have been done employing the TALYS code’s 1.95 version. TALYS is an open-

source software. It gives foresight to the researchers about many parameters of a desired nuclear 

reaction, one of which is known as cross-section, when it is not possible to perform it due to 

specific reasons. The TALYS 1.95 code consists of six different level density models, which 

have all been included in this study. All obtained cross-section results gathered from the 

utilization of level density models have been compared with available experimental data. The 

mentioned available experimental data used in this study have been obtained from the 

International Experimental Nuclear Reaction Data Library (EXFOR) database. A graphical 

representation of generated calculation results, and available experimental data have been 

displayed for these comparisons. These graphical representations are also used to point out the 

most consistent level density model with respect to the experimental data for each reaction 

investigated in this study. The use of level density models was found to affect the results of 

cross-sectional calculations. 

Keywords: Palladium, Cross-section, Level density, EXFOR 

 

1. Introduction 

Palladium (Pd), a platinum group metal element, is widely used in many industrial fields 

such as many industries of electronics and petroleum, manufacturing of electrode and 

ceramic capacitors, surgical instruments, jewelries, composite dental alloys, and 

wastewater treatment. This widespread use makes palladium one of the most valuable 

members of the platinum group metals. The importance of platinum group metals, and 

their isotopes has increased in recent years as the industrial, and technological needs have 

increased. From a different perspective, the fact that many precious metals, including 

platinum group elements, are waiting as nuclear waste has led researchers to study these 

materials. Ongoing studies on the recovery of nuclear waste, and alternative production 

techniques for valuable isotopes are of universal importance [1-3]. 
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Natural palladium consists of six stable isotopes, which are; 102Pd, 104Pd, 105Pd, 106Pd, 
108Pd, and 110Pd. The relative abundances of these palladium isotopes are; 1.02 %, 11.1 

%, 22.3 %, 27.3 %, 26.5 %, and 11.7 %, respectively. The half-lives (t1/2) of some unstable 

isotopes of palladium are 6.5 million years for 107Pd, 17 days for 103Pd, 3.63 days for 
100Pd, 8.47 for hours 101Pd, 13.7 hours for 109Pd, and 21 hours for 112Pd [4]. 

In this study, natural isotope of palladium has been used as target, and the effects of level 

density models on the cross-section calculations for (p,x) reactions on natPd-targeted 

reactions have been investigated. The term cross-section can be defined simply, and 

succinctly as the probability of a nuclear reaction taking place. It is very important in 

determining the atomic structure in atomic, and molecular physics in addition to the 

understanding of the mechanisms of a nuclear reaction in nuclear physics. There are many 

parameters that is known to affect the theoretical cross-section calculations where one of 

them is the level density models. The term level density can be defined as the number of 

excited energy levels in an infinite energy range [5]. 

In many cases, the cross-section values can be obtained by performing specific reactions. 

However, there may be cases where many reasons create obstructions to achieving the 

desired typical reaction. In these circumstances, theoretically obtained cross-section 

values may give researchers a foresight. To avoid from any mistake, fault, error or any 

other human origin negative outcome, that may arise while performing the hand-made 

calculations, computer aided software have been used to obtain the cross-section results 

for a specific reaction. For this purpose, many codes have been developed such as CEM95 

[6], EMPIRE [7], GEANT [8], ALICE/ASH [9], PCROSS [10], and TALYS [11]. In this 

study, the code TALYS with the version of 1.95 has been utilized to perform the level 

density model included calculations. The motivation for selecting the TALYS code in this 

study is directly related to the existing literature in which the performance, reliability, 

compatibility, and wide usage possibilities are shown in many studies [12-21].  

As of gathering the calculation results obtained via utilizing the level density models of 

the TALYS code, the need of their comparison has arisen. To perform a logic, and 

equitable comparison of the obtained cross-section results, experimental data for each 

investigated reaction have been used. These mentioned experimental are taken from a 

database, known as the EXFOR [22, 23], which is a freely accessible online platform. All 

calculation results, and experimental data have been graphed together for each reaction 

to perform a visual representation, and comparison. As a result of these graphical 

representations, the level density model that gives the most consistent outcomes with the 

experimental data have been able to point out. 

2. Material and Method 

As mentioned earlier this paper aims to investigate the effects of level density models on 

the cross-section calculations of (p,x) reactions on natPd. To this end, six different level 

density models which are available in the version 1.95 of the TALYS code have been 

employed. TALYS is a computer software, which is developed to provide various 

calculations in accordance with the users’ wishes, and directions given in an input file. 

This input file must contains four fundamental, and mandatory parameters, such as the 

name of the projectile, the energy range of the incident particle, symbol or name of the 

target, and the atomic mass number of the target. In addition to all these, users may change 

other parameters which allows them to manipulate various models, and parameters. The 

power of the TALYS code and one of its common preferring reasons lies along in its 

strong ability to change models, and their parameters. Each model and/or parameter is 

defined by a keyword in TALYS, and there are more than 600 keywords. Some examples 
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of these parameters are related to masses, and deformations, discrete levels, level 

densities, gamma emissions, optical models, astrophysics, medical isotope production, 

and etc. [11]. Many studies in the literature can be shown where some of these parameters' 

effects on different calculations have been examined [13-16].  

In simple terms, level density can be defined as the number of excited energy levels in an 

infinite energy range, or the function used to determine these energy ranges. This model 

neglects the interaction of nucleons with each other and assumes that the particles in the 

single-particle system are placed in equal energy levels, and do not contain collective 

levels [5]. The code TALYS includes six level density models, of which the default one 

is based on the Fermi Gas Model (FGM) [24]. The TALYS code contains six different 

six-level density models. Three of these models can be grouped as phenomenological 

models hypothetically based on the FGM [24]. Among the phenomenological models, the 

so-called Constant Temperature Fermi Gas Model (CT+FGM) was developed to correct 

the failure of the FGM in the high energy region by assuming that constant temperature 

laws are valid in the zero-match energy range, and the FGM is valid in the higher energy 

region [25, 26]. In addition to this model, many modifications, and developments have 

been done over the years with respect to the improvements in the theoretical models. 

Herewith, TALYS contains two more phenomenological level density models, which are 

named as Back Shifted Fermi Gas Model (BSFGM) [27, 28], and Generalized Superfluid 

Model (GSM) [29, 30].  

In addition to these phenomenological level density models, TALYS offers three 

microscopic level density models to the users. These models are named after the scientists 

who came up with the idea of the development of these models and provide indisputable 

contributions to the literature. The microscopic level density models are implemented into 

the TALYS code from the study of Goriely et al., [31], Hilaire, and Goriely [32], Hilaire 

et al., [33]. In the rest of this study, all level density models are shown with abbreviations. 

In this direction, abbreviations for phenomenological level density models are used as 

given above. On the other hand, for microscopic level density models, names of the 

models, and abbreviations are used as given below; Skyrme Force-Goriely level densities 

from numerical tables (SFG) [31], Skyrme Force-Hilaire level densities from numerical 

tables (SFH) [32], and Temperature-dependent Gogny-Hartree-Fock-Bogoluybov level 

densities from numerical tables (GFD) [33]. In this study, natPd(p,x)97Ru, natPd(p,x)100Pd, 
natPd(p,x)101Pd, natPd(p,x)103Ag, natPd(p,x)103Ru, natPd(p,x)105Ag reactions have been 

selected where all include natPd as target, and proton as incident particle. In each reaction, 

all mentioned level density models have been utilized, and reaction cross-section 

calculations have been done with the TALYS code’s 1.95 version. Obtained results have 

been compared with each other, and available experimental data for each reaction, and 

the findings are given as graphical representations.  

3. Results 

In this study, seven proton-induced reactions for the natPd isotope have been investigated. 

The reactions investigated in this study are natPd(p,x)97Ru, natPd(p,x)100Pd, natPd(p,x)101Pd, 
natPd(p,x)103Ag, natPd(p,x)103Ru, natPd(p,x)105Ag, and natPd(p,x)105Rh. Figures 1-7 show 

the comparisons between the computational results, and available experimental data of 

six different level density models for each reaction. 

The cross-section values of the natPd(p,x)97Ru reaction, which takes place around the 

energy range of 30-80 MeV.  The experimental data for this reaction are taken from the 

studies of Tarkanyi et al. [34], and Ditrio et al. [35]. The compatibility of these data with 

the calculation results have been shown in Figure 1. As can be clearly seen from this 
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figure, between the energy range of around 30 MeV to 55 MeV almost all theoretical 

calculation results are obtained below the experimental data. Other than this energy 

region, which falls between the energy range of around 55 MeV to 80 MeV, the model 

results became closer to each other, and some of them approached the experimental data 

more than the others. It is seen that the closest fit with the experimental results is achieved 

with the GFD model, while the GSM is lower than the data obtained with other models, 

and the experimental results. 

 

Figure 1. Graphical representation comparing level density model calculations with the 

Ref [34,35] for the natPd(p,x)97Ru reaction 

For the natPd(p,x)100Pd reaction in almost 25-80 MeV proton incident energy range all 

computation results, and available experimental data [34-37] have been shown together 

in Figure 2. Among the experimental data given in Figure 2, the data of Tarkanyi et al. 

[34] are seen as clustered between the energy range of almost 25-40 MeV. Also, it is 

observable that data taken from both Nguyen et al. [36], and Khandaker et al. [37] are 

located below the other experimental data in adding to the calculation results. After this 

energy range, available experimental data of Tarkanyi et al. [34], and Ditrio et al. [35] are 

shown as in agreement with each other. In all the energy ranges examined for this 

reaction, all level density model calculations are obtained to show general geometrically 

compatibility with the experimental values. After 60 MeV energy reaction cross-section 

data from GSM, GFD, and SFG models are obtained lower than the experimental values. 
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Figure 2. Graphical representation comparing level density model calculations with the 

Ref [34-37] for the natPd(p,x)100Pd reaction 

 

Figure 3. Graphical representation comparing level density model calculations with the 

Ref [34,37] for the natPd(p,x)101Pd reaction 
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In Figure 3, available experimental data [34,37], and calculation results for natPd(p,x)101Pd 

reaction are plotted together. The representation of the experimental data, and calculation 

results exhibit a similar geometrical distribution to the natPd(p,x)100Pd reaction, which is 

given in Figure 2. However, for the natPd(p,x)101Pd calculation, cross-section results 

obtained the use of utilizing level density models have been obtained close to each other 

with respect to the outputs given in Figure 2. On the other hand, if closer attention is given 

to the energy region greater than 50 MeV, it is seen that the results form GSM are obtained 

as slightly lower than the experimental values. Apart from all these, after around 35 MeV 

to around 55 MeV energy region, it is also seen that the results from CT+FGM, and FGM 

are obtained slightly higher than the experimental values. 

natPd(p,x)103Ag reaction is one other investigated reaction in this study. The graphical 

representation comparing level density model calculations with the experimental 

measurements [34, 37-38] for these reactions are given in Figure 4. Unlike the previously 

given three reaction results shown in Figures 1-3, outcomes for natPd(p,x)103Ag reaction 

do not exhibit a similar manner to provide an increase in the cross-section data as the 

energy of the incident particle increases. Even this, in all examined energy ranges for this 

reaction, all model results, except for GSM, show similar, and compatible distribution 

with the general trend of the experimental data. In GSM detail, it can be interpreted that, 

the outcomes via utilizing this model have achieved lower than both the experimental 

data, and the results of other models. 

 
Figure 4. Graphical representation comparing level density model calculations with 

the Ref [34, 37-38] for the natPd(p,x)103Ag reaction 
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Figure 5. Graphical representation comparing level density model calculations with 

the Ref [34] for the  natPd(p,x)103Ru reaction 

 

 

 
Figure 6. Graphical representation comparing level density model calculations with 

the Ref [34-35,37] for the natPd(p,x)105Ag reaction 
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For the natPd(p,x)103Pd reaction, in which the available experimental data [34] are in the 

range of almost 40-80 MeV, Figure 5 is given to compare the calculation results, and 

experimental data. Among all examined reactions in this study, natPd(p,x)100Pd reaction is 

the one where the difference between the model calculation results, in addition to the 

experimental data, can be seen effortlessly. Between the calculation results obtained, 

values higher than the experimental data are obtained via utilizing GSM, while values 

lower than the experimental data are obtained using CT+FGM.  

In Figure 6, the cross-section data of the natPd(p,x)105Ag reaction in the energy range of 

almost 5-80 MeV incident proton particle are compared with the experimental data of 

Tarkanyi et al. [34], Ditrio et al. [35], and Khandaker et al. [37]. When the graphical 

representation is examined it is seen that all models, except for the GSM, are compatible 

with the experimental values up to 40 MeV. After 40 MeV, the results obtained with the 

models are compatible with each other but lower than the experimental values. 

 
Figure 7. Graphical representation comparing level density model calculations with the 

Ref [34] for the natPd(p,x)105Rh reaction 

The comparison of the cross-sectional data for the natPd(p,x)105Rh reaction with the 

experimental data of Tarkanyi et al. [34] are shown in Figure 7. Up to almost18 MeV 

incident particle energy, it is observed that the models deliver lower calculation results 

than the experimental data. After almost 40 MeV energy, it is observed that GFD, and 

SFG models give results that are higher than the experimental data, while the other model 

results are in agree with the experimental measurements taken for this reaction. 

 

 

 



DOI: 10.29233/sdufeffd.1418644  2024, 19(1): 29-39 

 

 

37 

 

4. Conclusion 

In this study, cross-section calculations for natPd(p,x)97Ru, natPd(p,x)100Pd, natPd(p,x)101Pd, 
natPd(p,x)103Ag, natPd(p,x)103Ru, natPd(p,x)105Ag, and natPd(p,x)105Rh reactions have been 

calculated using macroscopic, and microscopic level density models which are available 

in the TALYS 1.95 code. Upon the completing of the cross-section calculations, obtained 

results are compared with the available experimental data taken from the literature, and 

all output are summarized below. 

For some of the investigated reactions in this study, calculation results obtained by using 

some particular level density models have been given higher values than the experimental 

measurements while some particular level density models generate lower values than the 

experimental data. Accordingly, it is possible to interpret the outcomes of all investigated 

reactions in this study by taking them into account as a whole. The utilization of level 

density models clearly affects the results of cross-section calculations.  

In cases where it may be impossible to perform a desired experimental measurement, 

obtaining the cross-section values for a specific reaction under specific conditions, and 

using the desired theoretical parameter set by using confirmed computer-aided calculation 

tools, like TALYS, which is the one employed in this study, could be more beneficial, 

and lead researchers to perform further studies concerning the model, and parameter 

development in addition to the more detailed comprehension of the nature of a nuclear 

reaction mechanism. 
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Abstract: The negative impact of UltraViolet (UV) radiation on human health is an issue that 

is gaining importance gradually, and the demand for the production of fabrics with UV 

protective properties is increasing progressively. Textile materials provide simple and useful 

protection against UV radiation. The degree of this protection is determined by the Ultraviolet 

Protection Factor (UPF). 

The effects of the yarn fineness and the woven fabric tightness, both used in the main 

representative woven fabric weave-types/constructions (plain, satin, twill), on UPF and 

bifunctional UV protection were examined and are presented in this article. 

A prediction model determined by fuzzy logic programming was derived to describe these 

effects of the aforementioned parameters. The results show very good agreement between 

experimental and predicted values. 

Keywords: Human health, Ultraviolet protection, Satin, Twill, Plain, Fuzzy logic  

1. Introduction 

Due to the climate change that is experienced today and is felt very closely, taking 

precautions against the negative effects of the sun has become a necessity. To ensure 

this, exposure to too much sunlight should be avoided, protective equipment should be 

used or clothing that will protect against the harmful effects of sunlight should be 

preferred. 

Dubrovski et al observed that the UPF value of woven fabrics heavily relies on various 

construction parameters [1-2]. Stankovic et al in their research, delved into the impact 

of yarn twist on UPF in cotton woven fabric, alongside the influence of fabric surface 

properties [3]. Gies et al noted that UV light penetrates through the fabric's open areas, 

and numerous studies on different construction parameters have highlighted their 

significant effect on UV protection [4]. Among these parameters, Dimitrovski et al 

focused on fabric cover factor [6-7], while Gabrijelčič et al investigated fabric open 

porosity, mass, and thickness, among others. Dubrovski and Golob found that varying 

weave types (such as twill and satin) exhibit higher UPF in gray-colored 100% cotton 

woven fabrics of the same yarn fineness, with plain weave showing a lower UPF due to 

https://dergipark.org.tr/sdufeffd
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its increased thread passes. In their analysis, satin ranked highest in UPF, followed by 

twill, and then plain weave [8].  

1.2. Ultraviolet 

1.2.1. Electromagnetic waves 

In modern physics, light or electromagnetic wave is theoretically defined in two 

complementary forms: a wave in an electromagnetic field and a flow of massless 

particles called photons [9-10]. 

Electromagnetic waves are a type of energy that propagates very quickly in space 

(vacuum) [11]. Numerous physical events we experience on a daily basis, such as 

sunlight rising, microwaves cooking our meals, and also operating radios and 

televisions due to the creation of an electromagnetic field, are situations that make us 

feel the presence of electromagnetic waves [12]. X-rays, ultraviolet rays, microwaves 

and radio waves can be counted among the main electromagnetic waves [13]. 

Radio waves, television waves and microwaves are types of electromagnetic waves. 

They are separated from each other only by their wavelengths. In the electromagnetic 

spectrum, waves range from very long radio waves the size of buildings to shorter 

gamma waves the size of the nucleus of an atom. 

1.2.3. Ultraviolet light 

Ultraviolet (UV) waves have shorter wavelengths than visible light. These wavelengths 

cannot be seen by the human eye. However, it has been noticed that some species of 

wasps can see these waves. Scientists have divided the ultraviolet part of the spectrum 

into three; near UV, far UV and very far UV. 

This distinction is made according to the energy of UV radiation. It is expressed in 

terms of wavelength energy of UV light. Near UV light is close to visible light, very far 

UV light is close to X-rays, and far UV is in between. The sun emits rays of all 

wavelengths in the electromagnetic spectrum. Some UV waves coming from the sun 

pass through the earth's atmosphere, but they are retained by some gases such as the 

ozone layer. Some days more UV radiation reaches the earth. Scientists have developed 

the UV index to help protect people from the harmful effects of UV radiation [14]. 

Ultraviolet rays also consist of groups with different wavelengths. This classification 

can also be applied by physicists as near UV (320-380 nm), mid-UV (200-320 nm) and 

vacuum UV (10-200 nm) [14]. UV-A Ray wavelength is between 320-400 nm. 

Among UV rays, which rays have the longest wavelength and least energy. Sun-derived 

UV-A rays are not retained by the atmosphere and can pass through glass. It can 

penetrate into the human inner skin known as the dermis. Therefore, it causes premature 

aging, wrinkles on the skin, and the progression of skin cancer. It is generally used in 

lighting systems in industry [15].  

UV-B rays have a wavelength between 280-320 nm and located in the middle of the UV 

band in terms of both energy and wavelength. It is approximately 1000 times stronger 

than UV-A [15]. Biologically harmful UV-B radiation reaches the earth's surface 

depending on the concentration of stratospheric ozone. It is not just stratospheric ozone 

that absorbs UV-B and prevents it from reaching the earth's surface. Most of the UV 

rays are absorbed by clouds. Atmospheric pollution can affect UV exposure locally and 

globally. The most important effect of the UV-B radiation is that it weakens people's 
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immune system. Another important effect is that it causes temporary blindness in 

humans, damage to the cornea, and cataracts in older ages. Another harmful effect of 

UV-B rays on humans is skin cancer. If exposed to long-term UV-B rays, deterioration 

of skin cells may occur, tumor formation may occur at the age of 40, and advanced 

cancer may occur at the age of 50 . It is used in lighting systems and solarium lamps in 

industry [15-16].  

UV-C ray: These are the rays with the shortest wavelength and the highest energy in the 

C band of UV, with a wavelength between 200-280 nm. It causes cancer when it comes 

into contact with skin or eyes. Protector you should not be exposed to UV-C radiation in 

any way without taking precautions [17-18]. UV-C rays originating from the sun are 

filtered by the ozone layer or retained by gases in the atmosphere. Therefore, it is 

produced using electrical energy only as a result of electronic industrial processes. Since 

it loses its energy as soon as it touches any surface, it has been used especially in 

surface modifications recently [19-20].  

In this article, a predictive model was derived with fuzzy logic programming in order to 

investigate the effects of woven fabric construction on the ultraviolet protection factor. 

2. Material and Method 

The fuzzy logic tables created in this study were described using the MATLAB program 

and the resulting data were examined. The Mamdani model, which has two inputs and 

one output, was established with the fuzzy logic module of the MATLAB program. In 

this model, the method of obtaining results with the center of gravity method is taken as 

basis[21]. 

In the study, the type of membership functions used in the input sets is the Generalized 

Bell Membership Function (GBellMF) method, thus the trapezoidal shape, which is a 

geometric shape, is obtained. In this way, approximate values are obtained within the 

framework of fuzzy logic rules. The reason for using the GBellMF method is that 

trapezoidal fuzzy numbers have a special shape compared to triangular fuzzy numbers 

are more understandable with verbal variables [21].  The fuzzy logic rule is presented in 

Figure 1. 

 

Figure 1. The Fuzzy Logic Rule  
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Plain, twill and satin weaves woven fabric constructions made of 100% cotton Open 

End (OE) yarns were used to analyze the effect of woven fabric constructions on the 

UPF. Weaving samples varied according to yarn fineness, weave type and fabric 

tightness. Three woven fabric samples were used to analyze the effect of woven fabric 

constructions on the UPF and define a prediction model for UPF, similar to the previous 

step, with variation of structural parameters. When the results of UPF measurements of 

woven fabrics with different structures were analyzed, it was revealed that samples with 

different woven constructions keeping constant the fabric tightness and yarn fineness 

offered different level of UV protection. 

The combination of various structural features (weave type, fabric tightness, etc.), 

thickness, weight, porosity of fabrics have a great impact on the transmission of UV 

radiation through fabrics. Loosely textured thin fabrics provide less protection than 

tighter textured fabrics. The constructional parameters of the fabrics are presented in 

Table 1. 

Table 1. Constructional Parameters of Woven Samples 

Yarn fineness, 

tex 

Type of  weave Cover factor 

% 

Fabric Tightness 

% 

10 Plain 60 55 

10 Twill 70 55 

10 Satin 80 55 

20 Plain 62 65 

20 Twill 73 65 

20 Satin 81 65 

30 Plain 63 75 

30 Twill 75 75 

30 Satin 82 75 

40 Plain 65 80 

40 Twill 76 80 

40 Satin 84 80 

50 Plain 68 85 

50 Twill 79 85 

50 Satin 87 85 

 

Jasco V-570 spectrometer characteristics are presented in Table 2. Their behaviour 

under the UV radiation exposure was evaluated. 
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Table 2. The Characteristics of Jasco V-570 Spectrometer 

Wavelength rang 190 – 2500 nm 

Measurement 0.3 nm 

Type of the lamp Tungsten – Deuterium 

Type of the detector PbS Photocell – PMT 

3. Results 

Fuzzy logic prediction model was used for UPF of woven fabrics. To assist woven 

fabric makers by developing woven fabrics with optimum UPF, the prediction model 

for UPF has been developed through fuzzy logic programming on the basis of woven 

fabric constructions parameters. The method of modeling presented in this article 

clearly presents the dependence between UPF and the parameters characterizing the 

structure of the textile product. 

3.1. Satin fabric constructions fuzzy prediction 

For satin fabric, our entry membership functions, the yarn fineness, was chosen to be 

five, and the fabric tightness was chosen to be five feet. Our output function, UPF, is 

determined in the sixteen foot range. It was created with a hundred and twenty rule base 

in order to understand the effect of the relationship between the determined membership 

functions on the result. The relationship between the yarn fineness and fabric tightness 

of the satin fabric constructions and UPF  is presented in Figure 2. 

 

 
Figure 2. The Relationship Between Yarn Fineness and Fabric Tightness of Satin Fabric Structure 

 and UPF 

 

The junctions are far apart, causing the threads to float and cover the junctions. Fabrics 

woven with satin weave are therefore soft and shiny. If the fabric tightness is kept high, 

heavy fabrics can be obtained. Satin weave; it has higher warp and weft density than 

twill or plain weaves. As a result, the fabric pores are smaller and have less free space 

for UV radiation to pass through. Satin fabrics, on the other hand, are not stable due to 

their pores, have little thread passage and tend to group together, further reducing the 

free space. 
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Figure 3. Variation Between Yarn Fineness and UPF of Satin Fabric Structure 

 

Variation between yarn fineness and UPF of satin fabric constructions is presented in 

Figure 3. If we compare the UPF values of woven samples in terms of yarn fineness, we 

can observe that the UPF values first increase with yarn fineness (10 to 25 tex) and then 

decrease again, which means that the UV protection depends not only on the open area 

but also on the fabric thickness or volume porosity. Good UV protection in satin fabrics 

depends on the yarn fineness and the density of the fabric. Effect of yarn fineness on 

UPF in fabrics: 15 tex – 26 tex (good protection), 25 tex – 29 tex (very good 

protection), 45 tex – 55 tex  (low protection). 

 

 
Figure 4. Variation Between Fabric Tightness and UPF of Satin Fabric Structure 

 

Variation between fabric tightness and UPF of satin fabric constructions is shown in 

Figure 4. In any case, higher fabric tightness means higher UV protection, but there is a 

limit value at which each woven fabric provides good UV protection. Effect of fabric 
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tightness on UPF: 60%- 65%  (low protection), 65% - 70%  (good protection), 70% - 

85%  (very good protection). 

3.2. Twill fabric constructions fuzzy prediction 

For twill fabric, our entry membership functions, the yarn fineness, are chosen to be 

five, and the fabric tightness is five feet. Our output function, UPF, is determined in the 

twelve feet range. It was created with a hundred and twenty rule base in order to 

understand the effect of the relationship between the determined membership functions 

on the result. The relationship between the yarn fineness and fabric tightness of the satin 

fabric constructions and UPF is shown in Figure 5. 

 

 
Figure 5. The Relationship Between Yarn Fineness and Fabric Tightness of Twill Fabric Structure 

and UPF 

 

If warp skips are effective on one side of the fabric, weft skips are equally effective on 

the other side. Additionally, events may be equal to each other. In twill weave, there are 

many thread jumps from link to link. Twill fabrics have good UV protection when 

tightly woven. Higher warp/weft density per weave means higher fabric tightness and 

therefore higher UV protection. 
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Figure 6. Variation Between Yarn Fineness and UPF of Twill Fabric Structure 

 

Variation between Yarn fineness and UPF of twill fabric constructions is presented in 

Figure 6. Good UV protection in twill fabrics depends on the yarn fineness. The effect 

of yarn fineness on UPF in the fabrics: 10 tex – 30 tex  (low protection), 35 tex – 40 tex 

(good protection), 40 tex – 55 tex  (very good protection). 

 

 

 
Figure 7. Variation Between Fabric Tightness and UPF of Twill Fabric Structure 

 

Variation between fabric tightness and UPF of satin fabric constructions is shown in 

Figure 7. In any case, higher fabric tightness means higher UV protection, but there is a 

limit value at which each woven fabric provides good UV protection. Effect of fabric 

tightness on UPF: 55% - 60%  (good protection), 62% - 78%  (low protection), 80% - 

85%  (very good protection). 
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3.3. Plain fabric constructions fuzzy prediction 

For plain fabric, our input membership functions, the yarn fineness, were chosen to be 

five, and the fabric tightness was chosen to be five feet. Our output function, UPF, is 

determined in the seven-foot range. It was created with a hundred and twenty rule base 

in order to understand the effect of the relationship between the determined membership 

functions on the result. The relationship between the yarn fineness and fabric tightness 

of the satin fabric constructions and UPF is shown in Figure 8. 

 

 
Figure 8. The Relationship Between Yarn Fineness and Fabric Tightness of Plain Fabric Structure 

and UPF 

 

 

Plain braid is the simplest of braids. The smallest unit consists of two warps and two 

wefts. A plain weave fabric is the same on both sides. In a plain woven fabric with the 

same warp and weft density and the same warp and weft thread linear density, it is seen 

that the weft and warp threads are curled equally. In fabrics woven with plain weave, 

each thread gives maximum support to the adjacent thread. For this reason, the texture 

of these fabrics is stronger than other fabrics. It has a very stable and uniform form as a 

result of the macro pores and greater thread passage in plain fabrics. As a result, plain 

fabrics do not offer low UV protection. 
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Figure 9. Variation Between Yarn Fineness and UPF of Plain Structure 

 

Variation between yarn fineness and UPF of satin plain structure is presented in Figure 

9. Good UV protection for plain fabrics depends on the yarn fineness and the fabric 

tightness of the fabric. The effect of yarn fineness on UPF in fabrics: 10 tex – 18 tex  

(good protection), 20 tex – 28 tex ( very good protection), 30 tex- 55 tex (low 

protection). 

 

 
Figure 10. Variation Between Fabric Tightness and UPF of Plain Fabric Structure 

 

Variation between fabric tightness and UPF of plain fabric constructions is presented in 

Figure 10. In any case, higher fabric tightness means higher UV protection, but there is 

a limit value at which each woven fabric provides good UV protection. Fabric tightness 

effect on UPF: 55% - 70% (low protection), 70%- 80% (good protection), 80% - 85% 

(very good protection). 
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Table 3. Comparison of Experimental and Fuzzy Values of  Fabric Structures of UPF 

 

TEX 

 

FABRIC 

TIGHTNESS 

SATIN 

UPF 

TWILL 

UPF 

PLAIN 

UPF 

Fuzzy Experiment Fuzzy Experiment Fuzzy Experiment 

10 55 46 43 29,6 31 9,44 9,9 

15 60 19,8 18,3 34,8 31,6 17,3 18,6 

20 65 25,8 27 13,5 14,1 25,5 23 

25 70 37,9 35 12 12,9 31,4 29,2 

30 75 42,9 45 27,5 25 30,9 31,1 

35 80 41,1 38 18,4 19 27,3 29 

40 85 46,1 49 18,4 17 27,3 26 

45 85 44,8 41 27,4 29 26,8 25,2 

50 85 40,5 43 21,8 20,2 25 27 

55 85 39,2 36 20,2 21,4 20 21,8 

 

Comparison of experimental and fuzzy values of  fabric structures is presented in Table 

3. There is a 9% similarity between the experimental and fuzzy values of UPF. When 

the average values in Table 3. are compared; from the comparison of the average values 

it is obvious that there is a direct relationship between the yarn fineness and fabric 

tightness values of these fabrics with 3 different structures and the UPF value, on the 

basis of the structural features of the fabrics, regarding UV transmission. From the UPF 

results obtained for different woven fabrics, a higher UPF value was reached for satin 

fabrics according to the yarn fineness and fabric tightness values. 

 

Figure 11. Comparison of Experimental and Fuzzy Values of Satin, Twill, Plain Woven Fabric Structures 
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Comparison of experimental and fuzzy values of UPF for satin, twill, plain woven 

fabric structures is presented in Figure 11. There are various factors that affect the UV 

protection properties of woven fabric. 

4. Conclusion 

In this study, it was seen that the production of clothes that can protect people from 

exposure to UV radiation can be achieved, especially in regions where sunlight is 

received more due to climatic conditions. 

It is seen that the data obtained from the study conducted as fuzzy logic estimation 

contains positive results that can be applied in businesses. It is hoped that these data can 

provide initial information when considering further research studies on these topics. In 

the light of the data obtained from this study, the following conclusions can be drawn. 

Fabrics such as yarn structure (fiber type, twist), fabric constructions are primary 

(weave type, warp/weft density, fabric tightness) and secondary (cover factor, porosity, 

thickness) fabric geometry parameters, knowing the UPF value of the garment will be 

more useful for the person wearing the garment made of UV protected fabrics. As a 

result, in terms of UPF value, satin fabrics can be considered as a widely used protective 

fabric constructions compared to other twill and plain fabrics, since the possibility of 

light transmission is low. 

In order to protect the human skin from harmful UV rays, it is necessary to pay attention 

to fabric constructions. The high protection of satin woven fabric has revealed the 

necessity of further researching this woven constructions and ensuring its more 

widespread use. 
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Abstract: In this research, 2-amino-4,7-dihydro-5H-spiro[benzo[b]thiophene-6,2'-

[1,3]dioxolane]-3-carbonitrile (ST) was synthesized using the Gewald method, starting with 

1,4-dioxaspiro[4,5]decan-8-one ketone. The structures of compounds were characterized 

through FT-IR, 1H-NMR, and 13C-NMR spectra. The antimicrobial properties of the 

compounds were examined by the disk diffusion process. The compounds (N1-3) did not 

exhibit effectiveness against the E. Coli (ATCC) and S. Aureus (ATCC) bacteria. The molecular 

electrostatic potential surface (MEP) of all compounds was calculated via DFT calculations 

based on the optimized geometries at the B3LYP/6-31G (d,p) level of theory. Negative 

potential regions were located over the oxygen and nitrogen atoms, whereas positive potential 

regions were identified over the oxygen and sulfur atoms. Conceptually, computations of the 

molecular structures of the compounds were carried out using molecular modeling software, 

specifically GaussView 5.0 and the GAUSSIAN 09 package programs. Additionally, 

computations were performed for the HOMO and LUMO molecular orbitals of isolated 

molecules in the gas phase. Molecular electrostatic potential (MEP) surfaces were used to 

visualize potential interactions between receptors and ligands over the steady-state geometries 

of the molecules and to highlight the electrophilic and nucleophilic regions of the molecules. 

Key words: Amino Thiophene, Spiro Compounds, Benzamide Derivatives, Molecular 

Electrostatic Potential Surface 

1. Introduction 

Amides, which constitute a notable subgroup in the field of organic chemistry and were 

originally thought to exist exclusively in living organisms, gained new importance in 

synthetic chemistry with the synthesis of urea by the German chemist Friedrich Wöhler 

in 1828 [1]. Subsequent research during that period led to numerous significant 

discoveries related to amides. The ability to synthesize amide compounds under 

controlled laboratory conditions and to gain a detailed understanding of their structures 

also provided opportunities to elucidate the fundamental processes within biological 

systems.  

Amides are typically compounds containing one or more amino groups attached to a 

carbonyl group. The synthesis of amide compounds, such as those derived from 
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structurally diverse amino or carboxylic acid derivatives, as used in this study, often 

requires specific conditions depending on the desired structure and intended applications 

of the amides [2,3]. The chemical structure of amides not only plays a crucial role during 

their synthesis but also holds significant importance in the biological context.  

The structural diversity of amides makes them important in various fields, including 

biochemistry [4], pharmaceutical chemistry [5, 6], polymer science [7, 8], and materials 

science [9]. Amide groups, particularly those found in essential compounds like amino 

acids, play a critical role in biological systems and are frequently employed in the design 

of drug molecules to enhance efficacy or achieve specific targets. In a study conducted in 

2020, it has been demonstrated that [1+1] condensed furan and thipohene-based 

cycloheterophane amide derivatives are effective against S. aureus, B. cereus, E. coli, 

Listeria monocytogenes, Salmonella typhimurium bacterial strains, and C. albicans yeast 

culture [10].  Bondock et al synthesized heterocyclic amide derivatives and determined 

that these compounds exhibited high efficacy, in vitro assays. Additionally, some 

derivatives exhibited antifungal activity [11]. A study of comparing the ligand and metal 

complexes of benzo[b]thiophene-2-carbohydrazide, reported that antimicrobial activity 

was observed with the ligand, but an increase in antimicrobial activity was noted with 

them metal complex [12]. Different types of amides can exhibit various therapeutic 

effects, including antibacterial [13], antiviral [14], anticancer [15], antiparkinson [16], 

and analgesic [17] properties. 

In this study, the amine compound used in the synthesis of amide derivatives is 2-amino-

4,7-dihydro-5H-spiro[benzo[b]thiophene-6,2'-[1,3]dioxolane]-3-carbonitrile (ST). This 

compound is structurally a thiophene ring. Thiophene compounds have played significant 

roles in many studies due to their high chemical reactivity. It is known that some 

mushrooms and a perennial plant species contain the thiophene rings. These biologically 

active compounds frequently appear in pharmacological studies with different properties 

such as antioxidant [18], antibacterial [19], antitumor [20] etc. Due to the effects 

originating from thiophene, the 2-aminothiophene compound has been preferred to 

include in our target compounds.  

 In the front molecular orbital analysis, certain reactivity descriptors were utilized, 

investigated through the DFT approach and B3LYP/6-31G (d,p) level of theory. These 

descriptors provide important information for determining the chemical reactivity, 

stability, and behavior of the molecular structure. The ionization potential (IP) for the 

tendency to lose electrons, the electron affinity (EA) for the tendency to gain electrons, 

and the electronegativity (χ) values for the ability to attract electrons are examined in a 

molecule. The resistance a molecule exhibits in reactions is quantified by chemical 

hardness (η), and sensitivity is determined by chemical softness (S). Chemical potential 

gauges a molecule's capacity to either lose or gain electrons. A higher global 

electrophilicity ındex (ω) value signifies a more pronounced electrophilic character, 

while molecular electrostatic potential (MEP) specifies electron density around a 

molecule's nuclei. 

2. Material and Method 

Melting points of all samples were measured using the open capillary method with a 

Gallenkamp apparatus and were reported without any corrections. Fourier Transform 

Infrared (FT-IR) spectra, including the Attenuated Total Reflectance (ATR) technique, 

were obtained from a Thermo Nicolet 6700 Spectrometer in the Chemistry Department 

of Hitit University. Nuclear magnetic resonance spectra were obtained at Giresun 

University using a Bruker AVANCE III spectrometer, 400 MHz for 1H-NMR and 100 
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MHz for 13C/APT-NMR, in CDCl3 (with TMS as the internal standard). The mass 

analyses of the compounds were determined using Liquid Chromatography-Mass 

Spectrometry (LC-MS/MS) method with an AB Sciex 3200 Q Trap Mass Spectrometer 

located at Hitit University Scientific Technical Application and Research Center. The 

chemicals obtained from Sigma-Aldrich were of high purity, and therefore, no 

purification process was deemed necessary. The course of reactions was observed by 

Thin-Layer Chromatography (TLC) on silica gel aluminum sheets with a UV indicator at 

254 nm. Antimicrobial activity assays were performed at Amasya University Central 

Research and Application Laboratory. 

2.1. Synthesis Procedures 

2.1.1. 2-amino-4,7-dihydro-5H-spiro[benzo[b]thiophene-6,2'-[1,3]dioxolane]-3-

carbonitrile (ST) 

The title compound coded as ST was synthesized according to the relevant literature 

studies [21-23] from 1,4-dioxaspiro[4.5]decan-8-one (0.01 mmol), malononitrile, sulfur 

(0.01 mmol), and morpholine (0.01 mmol), and used for the synthesis of the chloro 

benzamide-thiophene compounds (Scheme 1). 

S

CN

NH2O

O

O

O

O

NCCH2CN+
[S], morpholine

Ethanol

 

Scheme 1. Synthesis of ST 

2.1.2. 2/3/4-chloro-N-(3-cyano-4,7-dihydro-5H-spiro[benzo[b]thiophene-6,2'-

[1,3]dioxolan]-2-yl)benzamide] derivatives (N1-3) 

The reaction mixture containing ST (1.0 mmol), toluene (1.0 mmol), and pyridine (1.0 

mmol) was stirred for approximately 30 minutes at room temperature in a dry nitrogen 

atmosphere. Subsequently, 2-chlorobenzoyl chloride, 3-chlorobenzoyl chloride or 4-

chlorobenzoyl chloride (1.0 mmol) were slowly introduced drop by drop to the reaction 

flask.  The obtained mixture was stirred at 110°C for 6-8 h. It was allowed to cool to room 

temperature, and then water  (20 ml) was added. The product (N1-3) was extracted into 

the organic phase with ethyl acetate (2x20 mL) and then obtained in solid form after the 

removal of the solvent (Scheme 2). 
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1.  R1: Cl,   R2:H,    R3: H

2.  R1: H,    R2: Cl,  R3: H

3.  R1:H,     R2: H,   R3: Cl
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Scheme 2. Synthetic prodecure of ST-benzamide derivatives (N1-3) 
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2-chloro benzamide derivative of ST (N1) As started in headline 2.1.2, it was prepared 

on the basis of items ST and 2-chlorobenzoyl chloride. FT-IR ATR, cm-1: 3272, 3214 

NH, 2984-2867 aliphatic C-H, 2224 CN, 1670 CO. 1H-NMR spectral data (ppm, CDCl3) 

: 9.60 (s, 1H, NH), 7.94 (d, 1H, Ar-H) 7.52 (d and m, 3H, Ar-H), 4.06 (s, 4H, OCH2), 

2.91 (s, 2H, CH2), 2.85 (t, 2H, CH2), 1.96 (t, 2H, CH2). 
13C-NMR APT (ppm, CDCl3): 

162.19, 147.17, 133.10, 131.64, 130.77, 130.34, 127.60, 126.29, 114.05, 108.00, 64.80, 

34.52, 31.00, 22.77. 

3-chloro benzamide derivative of ST (N2) As started in headline 2.1.2, it was prepared 

on the basis of items ST and 3-chlorobenzoyl chloride. FT-IR ATR cm-1: 3247, 3207 NH, 

2944-2880 aliphatic C-H, 2225 CN, 1669 CO. 1H-NMR spectral data (ppm, CDCl3): 9.43 

(s, 1H, NH), 7.96 (s, 1H, Ar-H) 7.83 (d, 1H, Ar-H), 7.58 (d, 1H, Ar-H) 7.46 (t, 1H, Ar-

H) 4.06 (s, 4H, OCH2), 2.89 (s, 2H, CH2), 2.81 (t, 2H, CH2), 1.98 (t, 2H, CH2). 
13C-NMR 

APT (ppm, CDCl3): 162.94, 147.55, 134.99, 133.43, 132.70, 130.43, 130.00, 128.12, 

125.85, 114.20, 108,00, 64.79, 34.10, 30.85, 22.67. 

4-chloro benzamide derivative of ST (N3) As started in headline 2.1.2, it was prepared 

on the basis of items ST and 4-chlorobenzoyl chloride. FT-IR ATR cm-1: 3265, 3202 NH, 

2989-2890 aliphatic C-H, 2222 CN, 1665 CO.   1H-NMR spectral data (ppm, CDCl3): 

9.27 (s, 1H, NH), 7.90 (d, 2H, Ar-H) 7.51 (d, 2H, Ar-H), 4.06 (s, 4H, OCH2), 2.90 (s, 2H, 

CH2), 2.82 (t, 2H, CH2), 1.99 (t, 2H, CH2). 
13C-NMR APT (ppm, CDCl3): 163.05, 147.92, 

139.27, 130.23, 129.28, 129.15, 126.11, 114.46, 107.99, 64.63, 34.38, 30.98, 22.53.  

2.2. Theoretical Calculations 

All compounds underwent quantum chemical calculations using the Gaussian 09 program 

package, employing density functional theory (DFT) [24]. The full optimization of the 

molecular geometries of all compounds was performed using the Becke-3-Lee-Yang-Parr 

(B3LYP) functional and 6-31 G (d,p) basis set. [25, 26]. 

2.2.1. Frontier Molecular Orbital Analysis 

The highest occupied molecular orbital is known as HOMO, and the lowest unoccupied 

molecular orbital is known as LUMO. HOMO orbitals, being occupied, have an electron-

donating tendency, while LUMO orbitals, being unoccupied, have an electron-accepting 

tendency. These concepts facilitate the understanding of chemical reactivity and play a 

crucial role in explaining the mechanisms of chemical reactions. Ionization potential is 

directly related to HOMO energy, while electron affinity to LUMO energy. Fig. 1 and 

Table 1 illustrate the computed EHOMO and ELUMO energy values, ΔEHOMO-LUMO band gaps, 

and other descriptors for all compounds. As indicated by Figure 1 and Table 1, the energy 

band gaps (ΔEHOMO-LUMO) of 1, 2 and 3 were found to be 2.5269, 2.4969 and 2.5377 eV 

at B3LYP/6-31G (d,p) level of theory. The electrophilicity index (ω) is helpful in 

predicting the formation of chemical bonds in biomolecules, thus aiding in understanding 

of the mechanisms of chemical reactions. 

2.2.2. Molecular Electrostatic Potential Surface 

Molecular electrostatic potential surface (MEP) is a concept that illustrates the electron 

density and electrical interactions surrounding a molecule. In simpler terms, MEP 

demonstrates how a molecule distributes electron density in space and how this 

distribution affects the electrical potential on the molecular surface. In our study, MEP 

potentials of all molecules were modeled using DFT calculations. For geometry 

optimization in DFT calculations, the B3LYP / 6-31G (d,p) level of theory was employed. 

The potential values of the molecules in the MEP diagrams provided in Figure 2 are 
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observed to decrease from blue to red. As seen in Figure 2, the negative potential regions 

are located over the oxygen and nitrogen atoms, whereas positive potential regions are 

found over the oxygen and sulfur atoms. 

Additionally, chemical reactivity descriptors such as chemical potential (μ), chemical 

hardness (η) and chemical softness (S) were also calculated in this study and shown in 

Table 1. The corresponding values are calculated using the following formulas [27-30]. 

 

 

𝐼 = −𝐸𝐻𝑂𝑀𝑂  𝐴 = −𝐸𝐿𝑈𝑀𝑂  
𝜂 =

1

2
(𝐸𝐿𝑈𝑀𝑂 − 𝐸𝐻𝑂𝑀𝑂) 

𝑆 =
1

2𝜂
 𝜒 =

1

2
(𝐼 + 𝐴) 𝜔 =  

𝜇2

2𝜂
 

µ =  − 
1

2
 (𝐼 + 𝐴) =  

1

2
 (EHOMO + ELUMO)   
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Figure 1. HOMO-LUMO energies of all compounds. 

 

Table 1. Chemical reactivity descriptor result of all compounds 

Molecular Properties (eV) 
1 2 3 

a.u. ev a.u. ev a.u. ev 
EHOMO -0.3083 -8.4166 -0.3084 -8.3885 -0.3085 -8.3912 

ELUMO -0.2154 -5.8589 -0.2165 -5.8888 -0.2152 -5.8534 

ΔEHOMO-LUMO 0.0929 2.5269 0.0918 2.4969 0.0933 2.5377 

EHOMO-1 -0.3164 -8.6061 -0.3167 -8.6142 -0.3168 -8.6169 

ELUMO+1 -0.1931 -5.2523 -0.2007 -5.4590 -0.1916 -5.2115 

Ionization Potential (IP) 0.3083 8.4166 0.3084 8.3885 0.3085 8.3912 

Electron Affinity (EA) 0.2154 5.8589 0.2165 5.8888 0.2152 5.8534 

Chemical Hardness (η) 0.0465 1.2788 0.04595 1.2498 0.0466 1.2689 

Electronegativity (χ) 0.2618 7.1377 0.2625 7.1387 0.2618 7.1223 

Chemical Potential (μ) -0.2618 -7.1377 -0.2625 -7.1387 -0.2618 -7.1223 

Softness (S) ev-1 10.75 0.3909 10.88 0.4000 10.73 0.3940 

Electrophilicity index (ω) 0.737 19.919 0.749 20.388 0.735 19.988 
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Figure 2. Molecular electrostatic potential surface (MEP) results of all compounds  

2.3. Antimicrobial Activity with Disk Diffusion Test 

The vulnerability of bacteria to antibiotics was determined on MH (Mueller Hinton) agar 

using Kirby-Bauer disk diffusion technique, in accordance with the guidelines outlined 

in CLSI January-2011 (Clinical and Laboratory Standards Institute) documents M02 and 

M07. MH (Mueller Hinton) agar was used for sterile, disposable, 15 cm diameter petri 

plates with a medium at a height of 4 mm. A few bacterial colonies that grew as pure 

colonies on culture plates were collected using a sterile extract and inoculated into MH 

broth, incubated at 37°C for 1-2 hours. After turbidity was developed, a typical turbidity 

was established by calibrating it to McFarland 0.5 (108 microorganisms/ml). Extensive 

sowing was performed from this suspension on MH agar medium using a sterile swab. 

Dilutions of the substances to be investigated were prepared with DMSO at 

concentrations of 2-1-0.5 and 0.25 mg/ml, respectively, and paper discs impregnated with 

20μl of these dilutions were placed in the medium. 2 mg/ml streptomycin antibiotic was 

used for positive control. Petri dishes were incubated at 35-37ºC for 18–24 h and then 

inhibition zone diameters were measured. The results are shown in Table 2, in which 

inhibition zones are provided in millimeters and expressed as mean ±SE. 

Table 2. The results of disk diffusion test 

 

 

 

 

 

 

 

 

 

3. Results 

This study has been occurred in two stages. In the first stage, we synthesized 2-amino-

4,7-dihydro-5H-spiro[benzo[b]thiophene-6,2'-[1,3]dioxolane]-3-carbonitrile as the 

starting 1,4-dioxaspiro[4.5]decan-8-one. In the second stage, we prepared amid 

Bacterial 

İsolates 

Mg/mL Inhibition zone diameters (mm) 

E.Coli 

ATCC 

25922 

 1 2 3 Control 

Streptomycin 

2 - - - 17 

1 - - -  

0.5 - - - 

0.25 - - - 

S.Aureus 

ATCC 

25923 

2 - - - 19 

1 - - -  

0.5 - - - 

0.25 - - - 
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compounds (N1-3) derivatives. Amit peaks were confirmed by FT-IR, which showed 

peaks at 3272, 3214 for compound 1, 3247, 3207 for compound 2, and 3265, 3202 for 

compound 3. Aliphatic C-H peaks were observed between 2989 and 2867 for compounds 

(N1-3). CN peaks were observed at 2224 cm-1, 2225 cm-1 and 2222 cm-1 and amide 

carbonyl peaks were observed 1670 cm-1, 1669 cm-1, 1665 cm-1 respectively for 

compounds N1, N2 and N3. 

The 1H-NMR spectra of amide compounds have been carried out in CDCl3 at room 

temperature. The peaks at 9.60, 9.43, and 9.27 ppm were attributed to NH protons. 

Aromatic protons were observed at 7.94-7.52 ppm for compound N1, 7.96-7.46 ppm for 

compound N2 and 7.90-7.51 ppm for compound N3. Peaks of the amine compound were 

observed where expected and with expected cleavages. C peaks, observed in the 13C-

NMR APT spectra, confirmed the expected structure.  

4. Conclusion 

E. coli, which is an element of intestinal flora, and S. aureus Streptomycin in human skin 

have been found to have no effect according to the antibiotic reference. In determining 

and relating the areas of these compounds, it can be said that at least they will not disrupt 

the intestinal flora or harm the human skin. Additionally, frontier molecular orbital 

energies, chemical parameters and molecular electrostatic potentials (MEPs) were 

investigated with DFT approach 6-31G (d,p) level of theory. The 3-chloro benzamide 

derivative of ST, N2, which has a low ionization potential (8.3885 eV), exhibits high 

activity. 
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Abstract: Due to the harmful effects of ionizing radiation, shielding has become a crucial topic 

for radiation protection. Finding effective, non-toxic and low-cost shielding materials is 

imperative in ensuring the safety of individuals exposed to ionizing radiation. Whether a 

material is effective in shielding against radiation depends on the linear attenuation coefficient. 

In this study, linear attenuation coefficients were calculated using the MCNPX code for energy 

values of 81 keV (Ba-133), 140 keV (Tc-99m), 662 keV (Cs-137), 1173 keV, and 1332 keV 

(Co-60) by incorporating Bentonite Clay (BC) nanoparticles and micro-sized particles as 

additives into a Polyvinyl Alcohol (PVA) matrix. BC particles with a density of 50% were 

added to the PVA matrix using LAT and U cards. Simulations were performed with a mono-

energetic source emitting 107 particles and a narrow beam geometry, and the counts of particles 

with diameters of 50 nanometers and 50 micrometers were calculated using the F4 tally. When 

the results obtained from the simulation were compared, it was observed that as the diameters 

of the added particles decreased, their effectiveness in radiation shielding increased for each 

energy value. Among them, the 50 nm BC particles added at a rate of 50% in PVA showed the 

highest effect at 1332 keV, with a 9.5% increase compared to 50 µm BC particles. 

Key words: PVA, Bentonite Clay, Nanoparticles, Linear Attenuation Coefficient, MCNPX 

1. Introduction 

In recent years, the widespread use of radiation in various fields such as industry and 

medicine, coupled with the understanding of the potential biological effects resulting 

from exposure, underscores the importance of radiation protection. The realization that 

lead, commonly used in radiation shielding, can have toxic effects over time as a result 

of its interaction with radiation has led to a search for natural alternatives to lead. The 

pursuit of a new material that can provide effective radiation shielding while being easily 

obtainable, lighter, and more cost-effective than lead has kept research in this field current 

[1]. Additionally, studies have shown that nanoparticles are highly effective in radiation 

protection [2,3].  

Due to the diversity of research topics, the use of mathematical approaches in radiation 

and materials science is increasingly on the rise. Among the various mathematical 

methods, Monte Carlo simulation stands out as one of the most preferred tools because 
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of its reliability and consistent approach, particularly when dealing with complex issues 

that may be difficult, expensive, or physically impossible to investigate experimentally. 

Dong et al. conducted research on the effects of nano-sized and micro-sized WO3 particles 

added to E44 for gamma radiation shielding and found that nano-sized particles provided 

better radiation protection compared to micro-sized particles [4]. In another study, the 

mass attenuation coefficient of WO3 added in nano and micro-sized particles within 

concrete was investigated using the MCNPX code, and it was observed that nano-sized 

particles provided the highest mass attenuation coefficient [5]. In a study conducted by 

Alavian at al., LDPE matrices were supplemented with W in four different sizes and at 

four different densities. Using the MCNP code, they investigated radiation shielding 

parameters and concluded that particle size had an inverse relationship with radiation 

shielding, and the ratio of the additive was a highly influential parameter [6]. In another 

study, Bi2O3 and WO3 particles were examined within epoxy in nano and micro-sized 

using MCNP6, and similar results were obtained as in other studies [7].  

Natural bentonite clays have also been investigated for their effectiveness in radiation 

shielding, in addition to heavy materials. Natural bentonite is derived from volcanic ash 

deposits formed as a result of volcanic eruptions and is naturally present at the nanometer 

scale. Furthermore, due to its high abundance and low cost, it is considered a good choice 

for this purpose [8,9,10]. In 2019, Hager et al. conducted experimental research on natural 

bentonite clays found in El Mutalla Mountain in Egypt, which naturally exist at the 

nanometer scale, under three different pressure values of 50, 100, and 150 bars, against 

662 keV, 1173 keV, and 1332 keV gamma radiation. According to the Dynamic Light 

Scattering (DLS) measurement results of the obtained natural bentonite clay sample, the 

smallest size observed was 122 nm, representing 75% of the entire particle structure 

ranging from 122.4 to 220 nm. The study revealed that as the compression pressure of the 

bentonite clay increased, both density and linear attenuation coefficient also increased, 

with the highest linear and mass attenuation coefficients obtained under 150 bar pressure 

[8]. Elsafi at al. experimentally investigated the linear attenuation coefficients for four 

different bentonite clay samples at energies of 59 keV, 662 keV, 1173 keV, and 1332 keV 

gamma radiation. They concluded that natural bentonite clay provided the best shielding 

coefficient among the four different clays they studied, particularly at lower gamma 

energies [11].  

Polyvinyl alcohol is an artificial polymer that has been used worldwide since the first half 

of the twentieth century, and it is produced from polyvinyl acetate through hydrolysis. It 

has been applied in various industries, including the industrial, medical, and food sectors, 

for the production of many end products such as resins, surgical threads, and food 

packaging materials that often come into contact with food [12,13]. The non-toxic and 

non-corrosive nature of PVA polymer, its water solubility, high optical transparency, and 

thermal stability make it a suitable matrix for optoelectronic and various other 

applications [14-16]. It has been demonstrated that a polymeric matrix containing suitable 

fillers exhibits favorable properties depending on the high surface area-to-volume ratio 

of the filler materials within the polymer matrix. An increase in the absorption/attenuation 

capabilities of a radiation shield is expected, while a decrease in the total weight is 

anticipated. Additionally, materials of this kind are expected to have higher compatibility 

and lower toxicity compared to lead [17,18].  

In this study, the effects of changes in particle size on radiation shielding have been 

investigated. Polymeric matrix with a chemical formula of C2H4O and a density of 1.19 

g/cm3, PVA [19] was used. Bentonite clays with particle sizes of 50 nm and 50 µm were 

added to the PVA matrix at a density ratio of 50% using LAT and U cards. Monte Carlo 

Simulation with the MCNP code was employed to simulate and examine the radiation 
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shielding parameters at energies of 81 keV (Ba-133), 140 keV (Tc-99m), 662 keV (Cs-

137), 1173 keV, and 1332 keV (Co-60) which are the most commonly used gamma 

energies in medical applications. Due to the awareness of the harmful effects of ionizing 

radiation used in medical applications, protecting and finding a better useful shielding 

materials from such radiation is crucial to prevent exposure outside of the procedures. 

2. Material and Method 

2.1 Theoretical Approach 

The linear attenuation coefficient is calculated according to the Lambert-Beer law, which 

defines the attenuation of a mono-energetic beam as follows: 

 

𝐼 = 𝐼0𝑒−µx (1) 

 

Here, 𝐼 represents the gamma radiation intensity after passing through the target material, 

𝐼𝑜 is the gamma radiation intensity from the source, 𝑥 is the thickness of the absorbing 

medium, and 𝜇 is the linear attenuation coefficient [20] Unit of the 𝜇 is cm-1. 

 

The effectiveness of gamma radiation shielding is described in terms of the Half-Value 

Layer (HVL) and Tenth-Value Layer (TVL) of the attenuating material. The unit for HVL 

and TVL is cm. HVL is defined as the thickness of the absorber material that reduces the 

intensity of gamma radiation to half of its value: 

 

𝐻𝑉𝐿 =
 𝐿𝑛2

µ
 (2) 

 

TVL, which depends on the absorber material and photon energy of radiation, is defined 

as the thickness of the absorber material that reduces the intensity of gamma radiation to 

one-tenth of its initial value [21]: 

 

𝑇𝑉𝐿 =  
𝐿𝑛10

µ
 (3) 

 

MFP, which is defined as the average distance between consecutive interactions, is 

mathematically the inverse of the linear attenuation coefficient. The relationship with 

photon energy explains why the number of interactions increases as the distance between 

interactions decreases. The MFP (in cm) for the shielding material is calculated using the 

following equation [22]: 

 

𝑀𝐹𝑃 =  1/ µ. (4) 

2.2. Monte Carlo Code 

MCNPX (Monte Carlo N-Particle eXtended) is a code developed at the Los Alamos 

National Laboratory to simulate the behavior of particles such as neutrons, photons, 

electrons, and other particle types. The MCNPX code is based on the Monte Carlo 

method, which involves simulating the behavior of particles by tracking their interactions 

and movements through a defined geometry [23]. The code uses probability distributions 

and statistical methods to model physical processes that particles undergo, such as 

scattering, absorption, and nuclear reactions [5,24]. During this study, the simulation was 

run in photon mode only. 
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The simulation was carried out using LAT, U, SDEF, AXS, POS, PAR, ERG, and CELL 

cards. To determine the linear attenuation coefficient of the PVA/BC mixture against 

photons, mono-energetic beams were simulated. The selection of mono-energetic beams 

were from gamma-emitting radioactive sources, including 81 keV (Ba-133), 140 keV 

(Tc-99m), 662 keV (Cs-137), 1173 keV, and 1332 keV (Co-60). 

For the simulation with a narrow beam geometry, a spherical source with a 3 mm radius, 

lead collimators, and a target were set up as shown in Figure 1. The photon source is 

located within a cylindrical lead collimator with a radius of 3 mm and a length of 40 cm. 

The detector is positioned 43 cm away from the source on the same axis and has 

dimensions of 3x3x4 cm3. The detector collimator is made of lead, with a diameter of 4.5 

cm and a length of 10 cm. The modeled nano and micro-sized shielding materials were 

placed 40 cm away from the source, and they had dimensions of 4 × 4 × 0.2 cm3. Equation 

5 was used for density calculations of the materials: 

 
100

𝑚

ρ𝑚
+

𝑓

ρ𝑓

    
(5) 

 

Here, m represents the percentage of the matrix, 𝜌𝑚 is the density of the matrix material, 

f represents the percentage of the filler material, and 𝜌𝑓 is the density of the filler material. 

The density of the new material consisting of a 50% PVA - 50% BC mixture is 1.6844 

g/cm3. 

 
Figure 1. Schematic View of Simulation Geometry  

2.2.1. Design of Nano and Micro Particles in the Matrix 

In this study, nano and micro particles were placed in the PVA matrix using lattice cards. 

The filler materials consisting of nano and micro-sized bentonite clays were defined 

within the PVA matrix as spheres located at the centers of cubes. Each micro and nano 

particle in the study was designed to have sizes of 50 micrometers and 50 nanometers, 

respectively. In Figure 2, an arrangement example for a 50% weight fraction is shown. 

For the PVA matrix with 50% fraction of BC micro and nano particles, the size of each 

lattice cell was L, which is 1.4205x10-02 cm and 1.4205x10-05 cm, respectively. The F4 

tally was used in the simulation to calculate the photon flux in the detector cell. 
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Figure 2. MCNP Screenshot of Nano/Micro BC Particles in PVA Matrix 

As seen in Figure 3, the equidistant spacing between particles with a homogeneous 

distribution within the matrix is defined as "a." For the PVA matrix with a %50 density 

ratio of 50 nm diameter added particles, the distance "a" between two particles is 

9.2054x10-06 cm. For particles with a diameter of 50 µm added to the matrix, the distance 

"a" between two particles is 9.2054x10-03 cm. 

 
Figure 3. Inter-particle Distance Representation 

The F4 tally evaluates the number of photons entering a cell in MeV/cm2. The relative 

statistical errors of the MC results are less than %1 [25]. Table 1 contains the elemental 

weight fractions of bentonite clay and PVA used in the simulation. These data were used 

for material definitions in the simulation [19,26]. 
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Table 1. Elemental Mass Fractions Used in MCNPX 

 Bentonite Clay PVA 

Density 2.881 g/cm3 1.19 g/cm3 

H 0.007977 0.091520 

C - 0.545296 

O 0.525272 0.363184 

Na 0.012504 - 

Mg 0.018654 - 

Al 0.088209 - 

Si 0.308240 - 

P 0.000130 - 

K 0.004445 - 

Ca 0.010133 - 

Ti 0.000832 - 

Mn 0.000998 - 

Fe 0.022607 - 

3. Results 

3.1. MCNPX and XCOM Validation 

In order to test the reliability of the results obtained with the geometry designed using the 

Monte Carlo code, the linear attenuation coefficients of pure PVA (C2H4O) polymer were 

calculated using the MCNPX code at different energy values. The linear attenuation 

coefficients obtained at 81 keV, 140 keV, 662 keV, 1173 keV, and 1332 keV energies 

were compared with the National Institute of Standards and Technology (NIST) data [27]. 

As shown in Table 2 , there is a close agreement between the Monte Carlo results and the 

NIST data. The maximum approximate difference between Monte Carlo and NIST values 

is about %0.49. Therefore, the created Monte Carlo model has been validated for further 

simulations in the study. 

Table 2. MCNPX AND XCOM Values of Linear Attenuation Coefficients of PVA (d=1.19 g/cm3) and % 

Difference Between the Results 

Energy (keV) µ-XCOM( 1/cm) µ-MCNPX ( 1/cm) % DIFFERENCE 

81 0.2099 0.2094 0.2382 

140 0.1787 0.1783 0.2238 

662 0.1001 0.0996 0.4995 

1173 0.0762 0.0761 0.1312 

1332 0.0714 0.0712 0.2801 

 

3.2. Comparison between MCNPX and Other Studies 

The study conducted by Elsafi and colleagues involved four types of clay: Red, ball, 

kaolin, and bentonite, obtained from stone quarries in the Aswan, Abuznima, and Fayoum 

governorates of Egypt. These samples were sieved to a size of 100 µm, mixed thoroughly 

with water, divided into slices, and then dried in the sun to obtain them. Subsequently, 

they obtained linear attenuation coefficients for 662 keV, 1173 keV, and 1332 keV 

gamma sources. Table 3 shows the linear attenuation coefficients for these four different 

types of clay and, additionally, the linear attenuation coefficients for ordinary concrete as 

found in the study by Cape Town for bentonite clay and in Bashter's study [28] for 

ordinary concrete. Figure 4 presents a comparison of the data from Table 3. 
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Table 3. Comparison of Linear Attenuation Coefficients of Pure Bentonite Clay with Previously 

Published Data 

 LAC (1/cm) 

ENERGY 

(KEV) 

RED 

CLAY 

BALL 

CLAY 

KAOLIN 

CLAY 

BENTONITE 

CLAY 

ORDINARY 

CONCRETE 

THIS 

STUDY 

(BC) 

[11] [11] [11] [11] [28] MCNPX 

81 - - - - - 0.5762 

140 - - - - - 0.4199 

662 0.1608 0.1524 0.1525 0.1608 0,1513 0.2222 

1173 0.1224 0.1161 0.1161 0.1221 0.1366 0.1695 

1332 0.1101 0.1087 0.1088 0.1146 0.1279 0.1587 

 

 
Figure 4. Comparison of Linear Attenuation Coefficients of Pure Bentonite Clay with Previously 

Published Data 

 

3.3. The Effect of Particle Size on Linear Attenuation Coefficients 

Table 4 presents the calculated linear attenuation coefficients for samples of bentonite 

clay added to PVA with a 50% weight ratio at 81, 140, 662, 1173, and 1332 keV gamma 

energies, along with the percentage difference between nano and micro-sized particles. 

When looking at Figure 5, which contains separate comparisons for each energy value, it 

can be observed that for the same proportion of added BC, the linear attenuation 

coefficient increases as the particle size decreases. The increased linear attenuation 

coefficients due to a decrease in particle size exhibit the same increasing trend for each 

energy. The highest linear attenuation coefficient was obtained for nano-sized BC added 

at 81 keV energy, with a value of 0.230 cm-1. When considering the exchange between 

nano and micro particles at the same energy values, the highest difference occurs at 1332 

keV with a percentage difference of  %8.974. In Table 5, the linear attenuation 

coefficients and percentage differences are presented for pure PVA and PVA with nano-

sized BC added at the same energies. Here, the addition of nano-sized BC results in an 

increase in the linear attenuation coefficient for each energy value, with the highest 

difference observed at 662 keV with a percentage difference of %15.384.  

Figure 6 compares the linear attenuation coefficients of pure PVA, PVA with 50 nm-BC 

added at a 50% ratio, and PVA with 50 μm-BC added at a 50% ratio. It can be observed 

that nano-sized BC added provides the highest effect among these materials in terms of 

linear attenuation coefficients. 
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Table 4. Comparison of Linear Attenuation Coefficients and Percentage Difference Values of BC's Micro 

and Nano Samples at Different Photon Energies (keV) 

ENERGY (keV) 
µ-LAC 

(%50 PVA+50 µm BC) 

µ-LAC 

(%50 PVA+50 nm BC) 
% DIFFERENCE 

81 0.221 0.230 3.913 

140 0.180 0.191 5.759 

662 0.114 0.117 2.564 

1173 0.075 0.078 3.846 

1332 0.071 0.078 8.974 

 

Table 5. Comparison of Linear Attenuation Coefficients and Percentage Difference Values of BC's Nano 

Samples and Pure PVA at Different Photon Energies (keV). 

ENERGY (keV) 
µ-LAC 

(PURE PVA) 

µ-LAC 

(%50 PVA+50 nm BC) 
% DIFFERENCE 

81 0.209 0.230 9.130 

140 0.178 0.191 6.806 

662 0.099 0.117 15.384 

1173 0.075 0.078 3.846 

1332 0.071 0.078 8.974 
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(e) 

Figure 5. Comparison of Linear Attenuation Coefficient of Micro and Nano Samples for Photon 

Shielding at Different Energy Levels (keV) 

 

 
Figure 6. Linear Attenuation Coefficients of New Materials Created by Adding Pure PVA and 50% Nano 

and Micro Sized BC Particles into the PVA Matrix  

 

3.4. MFP, HVL, and TVL Values 

The MFP, HVL and TVL values for the 50 nm-BC and 50 µm-BC materials added to 

PVA in this study are presented in Figure 8. 

The MFP value increases with energy because lower-energy photons can lose their energy 

over short distances, while higher-energy photons require larger distances to lose their 

energy. As shown in Figure 7 (a), the highest MFP value is achieved with micro-sized 

BC at 1332 keV energy. HVL is an essential parameter for radiation shielding materials, 

and the effectiveness of a shielding material against radiation is inversely proportional to 

its HVL. Figure 7 (b) displays HVL values for PVA with nano and micro-sized BC. Here, 

micro-sized BC exhibits the highest HVL value at 1332 keV. Figure 7 (c) illustrates the 

TVL values. Similar to HVL, micro-sized BC added to PVA provides the highest TVL 

value at 1332 keV. 
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(c) 

Figure 7: Energy-Dependent Changes of MFP (a), HVL (b) And TVL (c) for PVA/Bentonite Clay Forms 

Created with Nano/Micro Additives 

4. Discussion and Conclusion 

The Bentonite Clay simulated during this study was obtained from Cape Town [27] and 

effects of this BC on radiation protection has not been investigated before, and no 

previous study has examined the change in linear attenuation coefficient with particle 

size. To validate this simulation, linear attenuation coefficient values for pure PVA were 

calculated and compared with the theoretical results from XCOM NIST, demonstrating 

the accuracy of the simulation with a 0.43% error margin. During this study, BC was 

added to PVA to create a homogeneous distribution with a weight fraction of %50 and 

particle sizes of 50 nm and 50 µm to investigate the effect of particle size and LAC, HVL, 

MFP, and TVL values were investigated using MCNPX for mono-energetic gamma 

sources at 81 keV, 140 keV, 662 keV, 1173 keV, and 1332 keV. In [11], gamma energies 

of 662, 1173, and 1332 keV were investigated, while in this study, the energy range was 

extended to include 81 keV and 140 keV where photoelectric effect is dominant as a 

interaction type of matter with photons. Table 3 presents linear attenuation coefficients 

of four different clays obtained in [11] with LACs for ordinary concrete from [27], and 

LACs for the BC used in this study are also included.  At 662 keV gamma energy, [11] 

reported that the LACs of Bentonite Clay and Red Clay are equal, and both clays have 

higher LAC values compared to the other two clays. When compared to ordinary 

concrete, all clays provide approximately %5.9 better protection at this energy. However, 

BC used in this study, shows a %27 higher LAC value compared to ordinary concrete. At 

1173 keV gamma energy, [11] reported that red clay has the highest LAC value among 

the clays, but ordinary concrete has a %10.3 higher LAC value compared to red clay. 

When compared to ordinary concrete, the BC used in this study is approximately %19 

more effective. At 1332 keV gamma energy, [11] reported that bentonite clay has the 

highest LAC value among the clays, while ordinary concrete has a %10.3 higher LAC 

value compared to bentonite clay. According to the results of this study, it is 

approximately 19% more effective than ordinary concrete. Table 3 and Figure 4 show 

that the BC from Cape Town has the highest impact among the energies studied. The fact 

that bentonite clay samples sometimes show protection performance similar to or even 

higher than common radiation shields demonstrates their potential in shielding 

applications. The results show that the highest linear attenuation coefficient is obtained 

in terms of particle size, in the nano size, and this continues for each energy value. It is 

because of the materials at the nanometer scale have a significantly larger surface area 

compared to micro-sized particles with the same mass or volume. This increased surface 

area provides more opportunities for interactions with radiation, enhancing both 

scattering and absorption chances, making it highly suitable for gamma ray protection. 

Due to the results of LAC, the highest HVL value is provided by micro-sized BC at 1332 

keV. Since high energy already requires the protective shield to be thicker than low 
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energies, the shield made with nm-BC is thinner than the shield prepared with µm-BC, as 

shown in Figure 6. Similar results can be seen for TVL and MFP values in Figure 7 (b)-

(c). 

As a conclusion, due to its superior performance compared to commonly used concrete 

for shielding, this clay sample is considered suitable for use as a radiation shielding 

material by incorporating it into different scenarios. Additionally, using it in nanometer 

size enhances its effectiveness in protection against gamma radiation. Considering its 

abundance, applicability, and cost-effectiveness, this material can be utilized in various 

fields where radiation shielding is required. 
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Abstract: This study aimed to calculate the thermal neutron (0.0253 eV) total macroscopic cross-section  

and gamma-ray (1.25 MeV) linear absorption coefficient  for (100-x)Al-xGd2O3 (x=5 to 50) and 100-

(x+y)Al-xGd2O3+yW (x,y=5 to 50) composites using MCNP6.2 simulation code. The simulation consists 

of a mono-energy point neutron and gamma-ray source, target material, and detector. The F4 tally from the 

MCNP6.2 library was used as the detector. The results show the highest thermal neutron total macroscopic 

cross-section for the 50%Al-50%Gd2O3 composite and the highest linear absorption coefficient for the 

50%Al-%5Gd2O3-45%W composite. The results of this study provide a good understanding of the thermal 

neutron and gamma ray the shielding capabilities of Al matrix Gd2O3 and W doped composites. 

Keywords: Al-Gd2O3-W composites, Neutron shielding, Gama shielding, Monte Carlo simulations 

1. Introduction 

Neutrons are used or emitted in nuclear power plants (during power generation and in fuel waste), 

particle accelerators, neutron imaging devices, elemental analysis and some biological applications 

[1–6]. Since neutrons have a net electric charge of zero, they do not enter into Coulomb interactions 

and interact with matter only at short distances (less than 1 fm) where the strong nuclear force is 

effective. For this reason, they can easily penetrate matter. Neutrons, depending on their energy, 

have a higher Relative Biological Effect and Radiation Weight Factor [7,8] compared to other 

types of ionizing radiation (p, α, γ, β-, β+). This makes neutron shielding a very important task 

when protecting workers and equipment in areas where neutron flux is present [9]. Neutron shields 

should be designed according to the restrictions and requirements of a specific usage [10–13]. 

Depending on their location/usage, neutron shielding properties, such as strength, portability, or 

heat resistance, become important [14].  

Due to the high neutron absorption cross-section of the 10B isotope, boron-containing materials 

have been widely studied to shield neutrons emitted during the storage and transport of spent fuel 

in dry storage casks or wet storage pools. Since B4C cannot be formed into sheets due to its 

brittleness, it is produced as an aluminum-boron carbide (Al-B4C) composite as a high-

performance neutron shielding [15–18]. Studies show that the hardness as well as the neutron cross 

section of the Al-B4C composite increases as the B4C ratio increases and the machinability of the 

composite decreases. [19–23]. Therefore, literature studies suggest Al-30%B4C composite as the 

ideal Al-B4C composite ratio. [24,25]. In addition, the corrosion rate of neutron shielding increases 
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with increasing B4C content in the composite as helium bubbles are generated due to the 10B(n, 

α) reaction. [26].  

Therefore, rare earth elements with high neutron absorption cross-section, such as cadmium (Cd, 

2520 barn), gadolinium (Gd, 49700 barn), samarium (Sm, 5922 barn), or europium (Eu, 4530 

barn), have been utilized to enhance the absorption cross-section and ductility of Al-B4C 

composites [27–29]. Among these elements, Gd has the highest thermal neutron absorption cross-

section, so it has been widely studied to develop neutron shielding. Additionally, since Gd 

undergoes the (n, γ) reaction, it does not cause corrosion processes caused by the (n, α) reaction. 

Xu et al. developed Al-(15%B4C+1%Gd) composite as an alternative to Al-30%B4C composite 

for shielding against thermal neutrons (0.0253 eV) [30]. They reported that reducing the B4C ratio 

from 30% to 15% in the B4C-Al composite and replacing it with 1%Gd increased its thermal 

neutron macroscopic cross-section from 24.9 cm-1 to 27.4 cm-1 and the elongation from 4% to 9%. 

Jiang et al. produced 6061Al-(1%Gd+15%B4C) composite using vacuum hot pressing and hot 

rolling methods to enhance the ductility of spent fuel storage [31]. They reported that the 

mechanical properties of the composites were improved by the homogeneous distribution of Gd in 

the matrix. Moreover, the relationship between its fracture energy and the neutron total 

macroscopic cross-section exhibited a better performance than the B4C/Al composites reported in 

the literature [22–24,32,33].  

Since pure Gd is easily oxidized and very costly, Gd2O3 is an alternative. Zhang et al. obtained the 

neutron macroscopic cross-section of 6061Al-10%Gd2O3 and 6061Al-30%B4C composites as  = 

5.1 cm-1 and =5.5 cm-1 respectively, in their study with neutrons of 0.2 eV energy. While the 

tensile strength values of both composites were equal (240 Mpa), the tensile strain increased from 

4% in 6061Al-30%B4C composite to 16% in 6061Al -10%Gd2O3 [34]. Cong et al. produced (100-

x)%Al-x%Gd2O3 (x = 7, 15, 25, and 35) composites via powder metallurgy method with a cold 

isostatic press. The produced composites exhibited higher total macroscopic cross-section values 

for neutrons of 0.0253 eV energy than the Al-30%B4C composite. Additionally, the thermal 

efficiency of the composite improved with increasing sintering time [35]. 

In order to absorb secondary gamma rays from the neutron absorption reaction, the neutron 

shielding is doped with elements with high gamma-ray linear attenuation coefficient. In 

comparison to lead (Pb) and bismuth (Bi) in neutron shielding [36], tungsten (W) stands out for 

gamma-ray absorption. In addition to its physical and mechanical properties, W is non-toxic, like 

Pb [37,38]. It also exhibits a higher thermal neutron absorption cross section (18.3 barn) than Pb 

(0.171 barn) [39]. 

Cong et al. examined Al-25%Gd2O3-x%W (x = 7, 15, 25 and 35) [40] composites as an alternative 

to Al-30%B4C composite. They showed that Al-25%Gd2O3-25%W composite has a hardness 

value (88 HV) close to Al-30%B4C composite, while thermal neutron and gamma-ray shielding 

properties are much better. 

Researchers aiming to develop next-generation neutron shielding should address the following 

key questions when evaluating the Al-Gd2O3-W composite: whether its thermal neutron cross-

section, gamma ray shielding properties (LAC, HVL, and TVL), and mechanical properties are 
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suitable.The composite with an optimal mixture ratio for these three properties is preferred as a 

suitable neutron shield. This study seeks to answer the first two questions to provide design 

concepts for Al-Gd2O3-W composites. In the simulation study, thermal neutron total 

macroscopic cross-section and LAC, HVL , TVL of 1.25 MeV gamma-rays were calculated for 

(100-x)Al-xGd2O3 (x=5 to 50) and 100-(x+y)Al-xGd2O3+yW (x,y=5 to 50) composites using the 

MCNP6.2 simulation code. This study is expected to guide the exploration of Al matrix Gd2O3- 

and W-doped composites, characterized by high strength and plasticity, by considering the 

thermal neutron cross-section and gamma-ray LAC, HVL and TVL values of Al-Gd2O3-W 

composition. 

2. Materials and method 

2.1 Monte Carlo simulations 

This study used the Monte Carlo method to calculate the thermal neutron total macroscopic cross-

section and gamma-ray shielding properties (LAC, HVL, and TVL). The radiation transport 

package MCNP6.2 simulation code is a Monte Carlo program that can simulate the transportation 

of neutrons, electrons, and photons through materials [41]. It was developed at Los Alamos 

National Laboratory for general-purpose radiation interactions. In the literature, MCNP has been 

used to calculate the radiation protection performance of various materials, such as concretes [42], 

glasses [43], and metal composites [33]. Simulation calculations for radiation shielding 

calculations are widely used in the literature [44–47]. 

As shown in Fig. 1, the simulation geometry consists of a mono-energetic point neutron/gamma-

ray source placed in a cylindrical cavity, a target material in the form of a disk, and a cylindrical 

detector volume to measure the particle flux through the absorbing material. The thermal neutron 

energy is defined as 2.53*10-8 MeV, and the gamma-ray energy is defined as 1.25 MeV. The 

photon significance was set to zero (0) for thermal neutron total macroscopic cross-section 

calculations to shorten the simulation time. The detector flux was calculated using the F4 tally of 

MCNP6.2 simulation code, which measures the average flux in a cell per cm2. To reduce statistical 

error, the simulations generated 108 histories (neutrons and gamma-rays) and the statistical error 

was below 1%. 

 
Figure 1. Geometrical setup for the monte carlo simulations  
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2.2 Calculation of total macroscopic cross-section (𝜮𝒕) for neutrons 

As neutrons pass through the matter, scattering or absorption reaction occurs, depending on their 

energy and the nucleus that makes up the matter. The neutron can perform nuclear fission, neutron 

capture, inelastic scattering, and elastic scattering reactions with the nucleus with which it 

interacts. The sum of the probability of neutron interacting with matter through the mentioned 

absorption 𝜎𝑎 and scattering 𝜎𝑠 reactions is defined as the total microscopic cross-section 𝜎𝑡. 

𝜎𝑡 = 𝜎𝑎 + 𝜎𝑠 (1) 

 

When neutrons pass through a medium, the probability of scattering and absorption does not 

depend only on the microscopic scattering and absorption cross-section. The density of nuclei in 

the medium also affects the probability of the neutron passing through the medium and interacting. 

The microscopic cross-section and the density of nuclei in the medium are expressed by a physical 

quantity called the total macroscopic cross-section and is denoted by 𝛴𝑡 [48];  

𝛴𝑡 = 𝑁𝜎𝑡 (2) 

 

N is the number of nuclei per unit volume, and the unit of 𝛴𝑡 is cm-1. 

The total macroscopic cross-section of a material consisting of different nuclei is calculated as 

follows: 

𝛴𝑡 = 𝑁𝑎𝜎𝑎 + 𝑁𝑏𝜎𝑏 + 𝑁𝑐𝜎𝑐 +⋯ (3) 

 

The 𝛴𝑡 value of a material is calculated using the Beer-Lambert law as follows [49]; 

𝐼𝑥 = 𝐼0𝑒
−∑𝑡𝑥 (4) 

 

Where 𝑥 (in cm) is the thickness of the material, 𝐼0 and 𝐼 are the unattenuated and attenuated 

neutrons, and 𝛴𝑡 (in cm−1) is the total macroscopic cross-section. 

2.3. Theoretical basis of gamma-ray shielding 

When a gamma-ray beam passes through an absorbing medium, the intensity of the beam will be 

attenuated according to the Beer-Lambert law, so the linear absorption constant (𝜇) of the incident 

beam is calculated as follows; 

𝐼 = 𝐼0𝑒
−𝜇𝑥 (5) 

 

Where 𝑥 (in cm) is the thickness of the material, 𝐼0 and 𝐼 are the unattenuated and attenuated 

gamma-ray beam intensities, and 𝜇 (in cm−1) are the linear attenuation coefficients. 

Half Value Layer (HVL) is the thickness of a shield or an absorber that reduces the radiation level 

by a factor of 2 that is to half the initial level and is calculated by the following equation: 
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𝐻𝑉𝐿 =
𝑙𝑛2

𝜇
=
0,693

𝜇
 

(6) 

 

Similarly, the Tenth Value Layer (TVL) is defined as the thickness of a shield required for 

attenuating a radiation beam to 10% of its radiation level and is computed by, 

𝑇𝑉𝐿 =
𝑙𝑛10

𝜇
=
2,3026

𝜇
 (7) 

 

3. Results and Discussion 

 

The thermal neutron total macroscopic cross-section values of (100-x)%Al-x%Gd2O3 (x=5 to 50) 

and 100(x+y)%Al-x%Gd2O3-y%W (x-y=5 to 50) composites are presented in Figure 2. As can be 

seen, the thermal neutron total macroscopic cross section increases with increasing Gd2O3 content 

in the composite. The thermal neutron total macroscopic cross-section value for the 95%Al-

5%Gd2O3 composite is the lowest (22.7 cm-1) among the Al-Gd2O3 series, while the value for the 

50%Al-50%Gd2O3 composite is the highest (308.5 cm-1). Compared to the reference Al-B4C 

composite in the literature, the thermal neutron total macroscopic cross-section value of 26.68 cm-

1 for the 70%Al-30%B4C composite is lower than all Al-Gd2O3 composites in the series except the 

95%Al-5%Gd2O3 composite. 

In the Al-Gd2O3-W ternary composite, all composites except (95-x)%Al-5%Gd2O3-x%W (x=5, 10 

and 15) composites have higher thermal neutron total macroscopic cross section values compared 

to the 70%Al-30%B4C composite. 

 

Figure 2. Thermal neutron total macroscopic cross-section of Al-Gd2O3/Al-Gd2O3-W composite combinations 



DOI: 10.29233/sdufeffd.1364481  2024, 19(1): 75-85 

 

 

80 

 

 

The gamma-ray LAC, HVL, and TVL values of the (100-x)%Al-x%Gd2O3 (x=5 to 50) and 100-

(x+y)%Al-x%Gd2O3-y%W (x-y=5 to 50) composites are depicted in Figure 3(a-c). As shown in 

Figure 3(a), the LAC of a composite increases when its Gd2O3 ratio increases. Among the Al-

Gd2O3 series, 95%Al-5%Gd2O3 composite has the lowest gamma ray LAC value (0.154 cm-1) and 

and the composite with the highest LAC value (0.213 cm-1) is 50%Al-50%Gd2O3. In the case of 

the 100-(x+y)%Al-x%Gd2O3-y%W (x-y=5 to 50) composite, the LAC of a composite in the series 

decreases when its Gd2O3 ratio increases. The lowest LAC (0.161 cm-1) is for the 90%Al-

5%Gd2O3-5W composite, while the highest LAC (0.256 cm-1) is for the 50%Al-5%Gd2O3-45%W 

composite. The LAC values of all Al-Gd2O3-W composites were calculated to be higher than that 

of the 70%Al-30%B4C (0.144 cm-1) composite. The LAC value of lead, accepted as a reference in 

gamma-ray absorption, was calculated as 0.656 cm-1. 

As shown in Figure 3(b-c), the highest HVL (3.19 cm) and TVL (10.6 cm) values were calculated 

for 50%Al-5%Gd2O3-45%W composite. Due to the high LAC value of tungsten, doping tungsten 

into the composite increases the gamma-ray shielding capability. In the literature, the HVL of lead 

used for gamma-ray shielding is calculated as 1.06 cm and the TVL as 3.51 cm. 

 

Figure 3. LAC, HVL, and TVL of Al-Gd2O3/Al-Gd2O3-W composite combinations 

4. Conclusions 

In this study, thermal neutron total macroscopic cross-section and gamma-ray LAC, HVL and 

TVL values of composites (100-x)%Al-x%Gd2O3 (where x=5 to 50) and 100-(x+y)%Al-

x%Gd2O3-y%W (x-y=5 to 50) were calculated using the MCNP6.2 simulation code. This study 

investigated changes in the thermal neutron total macroscopic cross-sections and gamma-ray 

shielding properties of composites with Al matrix and Gd2O3 and W dopants. The results can be 

summarized as follows: The highest thermal neutron total macroscopic cross-section was 

calculated for the 50%Al-50%Gd2O3 composite. Gd is known to have the highest thermal neutron 

absorption cross-section. Therefore, doping Gd2O3 to the Al matrix significantly increases its 

thermal neutron total macroscopic cross-section. Similarly, Tungsten, with its high LAC value, 

increases the gamma-ray shielding properties of the composite when doped into the Al-Gd2O3 

composite. The highest gamma-ray shielding value was calculated for the 50%Al-%5Gd2O3-

45%W composite.  

The cost of Gd2O3 is similar to that of B4C and less than that of pure Gd. Since Gd has a much 

higher thermal neutron cross-section than B, adding only 5% Gd2O3 to the composite brings the 

thermal neutron total macroscopic cross-section closer to the value obtained with 30% B4C doping. 
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Therefore, Gd2O3 is more cost-effective than B4C. The composite formed with tungsten doping 

will be shielded in the secondary gamma-ray produced during the neutron absorption reaction. 
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