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ABOUT

Eskisehir Technical University Journal of Science and Technology B- Theoretical Sciences
(formerly Anadolu University Journal of Science and Technology B- Theoretical Sciences) is
an peer-reviewed and refereed international journal by Eskigehir Technical University. Since
2010, it has been regularly published and distributed biannually and it has been published
biannually and electronically only since 2016.

e The journal accepts TURKISH and ENGLISH manuscripts.
e Thejournal is indexed by ULAKBIM TR DIZIN.

AIM AND SCOPE

The journal publishes research papers, reviews and technical notes in the fields of theoretical
sciences such as Physics, Biology, Mathematics, Statistics, Chemistry and Chemical
Engineering, Environmental Sciences and Engineering, Civil Engineering, Electrical and
Electronical Engineering, Computer Science and Informatics, Materials Science and
Engineering, Mechanical Engineering, Mining Engineering, Industrial Engineering,
Aeronautics and Astronautics, Health Sciences, Pharmaceutical Sciences, and so on.

PEER REVIEW PROCESS

Manuscripts are first reviewed by the editorial board in terms of its its journal’s style rules
scientific content, ethics and methodological approach. If found appropriate, the manuscript is
then send to at least two referees by editor. The decision in line with the referees may be an
acceptance, a rejection or an invitation to revise and resubmit. Confidential review reports from
the referees will be kept in archive. All submission process manage through the online
submission systems.

OPEN ACCESS POLICY

This journal provides immediate open access to its content on the principle that making
research freely available to the public supports a greater global exchange of knowledge.
Copyright notice and type of licence : CC BY-NC-ND.

The journal doesn’t have Article Processing Charge (APC) or any submission charges.
PRICE POLICY

Eskisehir Technical University Journal of Science and Technology B - Theoretical Sciences,
peer-reviewed, scientific, free of charge open-access-based journal. The author is not required
to pay any publication fees or article processing charges (APCs) for peer-review administration
and management, typesetting, and open-access. Articles also receive Digital Object Identifiers
(DOIs) from the CrossRef organization to ensure they are always available.



ETHICAL RULES
You can reach the Ethical Rules in our journal in full detail from the link below:
https://dergipark.org.tr/en/pub/estubtdb/policy

Ethical Principles and Publication Policy

Policy & Ethics
Assessment and Publication

As a peer-reviewed journal, it is our goal to advance scientific knowledge and understanding.
We adhere to the guideline and ethical standards from the Committee on Publication Ethics
(COPE) and the recommendations of ICMJE (International Committee of Medical Journal
Editors) regarding all aspects of publication ethics and cases of research and publication
misconduct to ensure that all publications represent accurate and original work and that our peer
review process is structured without bias. We have outlined a set of ethical principles that must
be followed by all authors, reviewers, and editors.

All manuscripts submitted to our journals are pre-evaluated in terms of their relevance to the
scope of the journal, language, compliance with writing instructions, suitability for science, and
originality, by taking into account the current legal requirements regarding copyright
infringement and plagiarism. Manuscripts that are evaluated as insufficient or non-compliant
with the instructions for authors may be rejected without peer review.

Editors and referees who are expert researchers in their fields assess scientific manuscripts
submitted to our journals. A blind peer review policy is applied to the evaluation process. The
Editor-in-Chief, if he/she sees necessary, may assign an Editor for the manuscript or may
conduct the scientific assessment of the manuscript himself/herself. Editors may also assign
referees for the scientific assessment of the manuscript and make their decisions based on
reports by the referees. The Editor-in-Chief makes the final decision regarding the publishing
of the manuscript.

Editors and referees who are expert researchers in their fields assess scientific manuscripts
submitted to our journals. A blind peer review policy is applied to the evaluation process. The
Editor-in-Chief, if he/she sees necessary, may assign an Editor for the manuscript or may
conduct the scientific assessment of the manuscript himself/herself. Editors may also assign
referees for the scientific assessment of the manuscript and make their decisions based on
reports by the referees. Articles are accepted for publication on the understanding that they have
not been published and are not going to be considered for publication elsewhere. Authors should
certify that neither the manuscript nor its main contents have already been published or
submitted for publication in another journal.

The Journal; Implements the Publication Policy and Ethics guidelines to meet high-quality
ethical standards for authors, editors and reviewers:
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Duties of Editors-in-Chief and co-Editors

The crucial role of the journal Editor-in-Chief and co-Editors is to monitor and ensure the
fairness, timeliness, thoroughness, and civility of the peer-review editorial process. The main
responsibilities of Editors-in-Chief are as follows:

* Selecting manuscripts suitable for publication while rejecting unsuitable manuscripts,
* Ensuring a supply of high-quality manuscripts to the journal by identifying important,
* Increasing the journal’s impact factor and maintaining the publishing schedule,

* Providing strategic input for the journal’s development,

Duties of Editors
The main responsibilities of editors are as follows:

* An editor must evaluate the manuscript objectively for publication, judging each on its quality
without considering the nationality, ethnicity, political beliefs, race, religion, gender, seniority,
or institutional affiliation of the author(s). Editors should decline any assignment when there is
a potential for conflict of interest.

* Editors must ensure the document(s) sent to the reviewers does not contain information of the
author(s) and vice versa.

 Editors’ decisions should be provided to the author(s) accompanied by the reviewers’
comments and recommendations unless they contain offensive or libelous remarks.

* Editors should respect requests (if well reasoned and practicable) from author(s) that an
individual should not review the submission.

» Editors and all staff members should guarantee the confidentiality of the submitted
manuscript.

* Editors should have no conflict of interest with respect to articles they reject/accept. They
must not have a conflict of interest with the author(s), funder(s), or reviewer(s) of the
manuscript.

« Editors should strive to meet the needs of readers and authors and to constantly improve the
journal.

Duties of Reviewers/Referees
The main responsibilities of reviewers/referees are as follows:

» Reviewers should keep all information regarding papers confidential and treat them as
privileged information.

» Reviews should be conducted objectively, with no personal criticism of the author.

» Reviewers assist in the editorial decision process and as such should express their views
clearly with supporting arguments.

* Reviewers should complete their reviews within a specified timeframe (maximum thirty-five
(35) days). In the event that a reviewer feels it is not possible for him/her to complete the review
of the manuscript within a stipulated time, then this information must be communicated to the
editor so that the manuscript could be sent to another reviewer.

* Unpublished materials disclosed in a submitted manuscript must not be used in a reviewer’s
personal research without the written permission of the author. Information contained in an
unpublished manuscript will remain confidential and must not be used by the reviewer for
personal gain.

» Reviewers should not review manuscripts in which they have conflicts of interest resulting
from competitive, collaborative, or other relationships or connections with any of the authors,
companies, or institutions connected to the papers.
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» Reviewers should identify similar work in published manuscripts that has not been cited by
the author. Reviewers should also notify the Editors of significant similarities and/or overlaps
between the manuscript and any other published or unpublished material.

Duties of Authors
The main responsibilities of authors are as follows:

* The author(s) should affirm that the material has not been previously published and that they
have not transferred elsewhere any rights to the article.

* The author(s) should ensure the originality of the work and that they have properly cited
others’ work in accordance with the reference format.

* The author(s) should not engage in plagiarism or in self-plagiarism.

* On clinical and experimental humans and animals, which require an ethical committee
decision for research in all branches of science;

All kinds of research carried out with qualitative or quantitative approaches that require data
collection from the participants by using survey, interview, focus group work, observation,
experiment, interview techniques,

Use of humans and animals (including material/data) for experimental or other scientific
purposes,

* Clinical studies on humans,

* Studies on animals,

* Retrospective studies in accordance with the law on the protection of personal data, (Ethics
committee approval should have been obtained for each individual application, and this
approval should be stated and documented in the article.)

Information about the permission (board name, date, and number) should be included in the
"Method" section of the article and also on the first/last page.

During manuscript upload, the “Ethics Committee Approval” file should be uploaded to the
system in addition to the manuscript file.

In addition, in case reports, it is necessary to include information on the signing of the informed
consent/ informed consent form in the manuscript.

 The author(s) should suggest no personal information that might make the identity of the
patient recognizable in any form of description, photograph, or pedigree. When photographs of
the patient were essential and indispensable as scientific information, the author(s) have
received consent in written form and have clearly stated as much.

 The author(s) should provide the editor with the data and details of the work if there are
suspicions of data falsification or fabrication. Fraudulent data shall not be tolerated. Any
manuscript with suspected fabricated or falsified data will not be accepted. A retraction will be
made for any publication which is found to have included fabricated or falsified data.

» The author(s) should clarify everything that may cause a conflict of interests such as work,
research expenses, consultant expenses, and intellectual property.

* The author(s) must follow the submission guidelines of the journal.

* The author(s) discover(s) a significant error and/or inaccuracy in the submitted manuscript at
any time, then the error and/or inaccuracy must be reported to the editor.

* The author(s) should disclose in their manuscript any financial or other substantive conflicts
of interest that might be construed to influence the results or interpretation of their manuscript.
All sources of financial support should be disclosed under the heading of “Acknowledgment”
or “Contribution”.

* The corresponding author should ensure that all appropriate co-authors and no inappropriate
co-authors are included in the paper and that all co-authors have seen and approved the final
version of the paper and have agreed to its submission for publication. All those who have made
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significant contributions should be listed as co-authors. Others who have participated in certain
substantive aspects of the research should be acknowledged or listed under the heading of
“Author Contributions”.

» The corresponding author(s) must ensure that all appropriate co-authors are not included in
the manuscript, that author names are not added or removed and that the authors' address
information is not changed after the review begins and that all co-authors see and approve the
final version of the manuscript at every stage of the manuscript. All significant contributors
should be listed as co-authors. Other individuals who have participated in significant aspects of
the research work should be considered contributors and listed under “Author Contribution”.

Cancellations/Returns

Articles/manuscripts may be returned to the authors in order to increase the authenticity and/or
reliability and to prevent ethical breaches, and even if articles have been accepted and/or
published, they can be withdrawn from publication if necessary. The Editor-in-Chief of the
journal has the right to return or withdraw an article/manuscript in the following situations:

* When the manuscript is not within the scope of the journal,

» When the scientific quality and/or content of the manuscript do not meet the standards of the
journal and a referee review is not necessary,

* When there is proof of ruling out the findings obtained by the research, (When the
article/manuscript is undergoing an assessment or publication process by another journal,
congress, conference, etc.,)

* When the article/manuscript was not prepared in compliance with scientific publication ethics,
* When any other plagiarism is detected in the article/manuscript,

* When the authors do not perform the requested corrections within the requested time
(maximum twenty-one (21) days),

* When the author does not submit the requested documents/materials/data etc. within the
requested time,

* When the requested documents/materials/data etc. submitted by the author are missing for the
second time,

* When the study includes outdated data,

» When the authors make changes that are not approved by the editor after the manuscript was
submitted,

« When an author is added/removed, the order of the authors is changed, the corresponding
author is altered, or the addresses of the authors are changed in the article that is in the
evaluation process,

* When a statement is not submitted indicating that approval of the ethics committee permission
was obtained for the following (including retrospective studies):

* When human rights or animal rights are violated,

ETHICAL ISSUES

Plagiarism
The use of someone else’s ideas or words without a proper citation is considered plagiarism

and will not be tolerated. Even if a citation is given, if quotation marks are not placed around
words taken directly from other authors’ work, the author is still guilty of plagiarism. Reuse of
the author’s own previously published words, with or without a citation, is regarded as self-
plagiarism.

All manuscripts received are submitted to iThenticate®, which compares the content of the
manuscript with a database of web pages and academic publications. Manuscripts are judged to
be plagiarized or self-plagiarized, based on the iThenticate® report or any other source of
information, will be rejected. Corrective actions are proposed when plagiarism and/or self-



plagiarism is detected after publication. Editors should analyze the article and decide whether
a corrected article or retraction needs to be published.

Open-access theses are considered as published works and they are included in the similarity
checks.

1Thenticate® report should have a maximum of 11% from a single source, and a maximum of

25% in total.
Conflicts of Interest

Eskisehir Technical University Journal of Science and Technology A - Applied Sciences and
Engineering should be informed of any significant conflict of interest of editors, authors, or
reviewers to determine whether any action would be appropriate (e.g. an author's statement of
conflict of interest for a published work, or disqualifying a referee).

Financial

The authors and reviewers of the article should inform the journal about the financial
information that will bring financial gain or loss to any organization from the publication of the
article.

*Research funds; funds, consulting fees for a staff member; If you have an interest, such as

patent interests, you may have a conflict of interest that needs to be declared.
Other areas of interest

The editor or reviewer may disclose a conflict of interest that, if known, would be embarrassing
(for example, an academic affiliation or rivalry,a close relationship or dislike, or a person who
may be affected by the publication of the article).

Conflict of interest statement

Please note that a conflict of interest statement is required for all submitted manuscripts. If there
is no conflict of interest, please state “There are no conflicts of interest to declare” in your
manuscript under the heading “Conflicts of Interest” as the last section before your
Acknowledgments.

AUTHOR GUIDELINES

All manuscripts must be submitted electronically.

You will be guided stepwise through the creation and uploading of the various files. There are no
page charges. Papers are accepted for publication on the understanding that they have not been
published and are not going to be considered for publication elsewhere. Authors should certify
that neither the manuscript nor its main contents have already been published or submitted for
publication in another journal. We ask a signed Copyright Form to start the evaluation process.
After a manuscript has been submitted, it is not possible for authors to be added or removed or
for the order of authors to be changed. If authors do so, their submission will be cancelled.

Manuscripts may be rejected without peer review by the editor-in-chief if they do not comply
with the instructions to authors or if they are beyond the scope of the journal. After a manuscript
has been accepted for publication, i.e. after referee-recommended revisions are complete, the
author will not be permitted to make any changes that constitute departures from the manuscript
that was accepted by the editor. Before publication, the galley proofs are always sent to the
authors for corrections. Mistakes or omissions that occur due to some negligence on our part
during final printing will be rectified in an errata section in a later issue.

This does not include those errors left uncorrected by the author in the galley proof. The use of
someone else’s ideas or words in their original form or slightly changed without a proper
citation is considered plagiarism and will not be tolerated. Even if a citation is given, if quotation
marks are not placed around words taken directly from another author’s work, the author is still
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guilty of plagiarism. All manuscripts received are submitted to iThenticateR, a plagiarism
checking system, which compares the content of the manuscript with a vast database of web pages
and academic publications. Manuscripts judged to be plagiarised or self-plagiarised, based on the
iThenticateR report or any other source of information, will not be considered for publication.

Uploading Articles to the Journal

Authors should prepare and upload 2 separate files while uploading articles to the journal. First,
the Author names and institution information should be uploaded so that they can be seen, and
then (using the additional file options) a separate file should be uploaded with the Author names
and institution information completely closed. When uploading their files with closed author
names, they will select the "Show to Referee” option, so that the file whose names are closed
can be opened to the referees.

Preparation of Manuscript

Style and Format: Manuscripts should be single column by giving one-spaced with 2.5-cm
margins on all sides of the page, in Times New Roman font (font size 11). Every page of the
manuscript, including the title page, references, tables, etc., should be numbered. All copies of
the manuscript should also have line numbers starting with 1 on each consecutive page.

Manuscripts must be upload as word document (*.doc, *.docx vb.). Please avoid uploading
texts in *.pdf format.

Manuscripts should be written in Turkish or English.

Symbols, Units and Abbreviations: Standard abbreviations and units should be used; SI units
are recommended. Abbreviations should be defined at first appearance, and their use in the title
and abstract should be avoided. Generic names of chemicals should be used. Genus and species
names should be typed in italic or, if this is not available, underlined.

Please refer to equations with capitalisation and unabbreviated (e.g., as given in Equation (1)).

Manuscript Content: Articles should be divided into logically ordered and numbered sections.
Principal sections should be numbered consecutively with Arabic numerals (1. Introduction, 2.
Formulation of problem, etc.) and subsections should be numbered 1.1., 1.2., etc. Do not
number the Acknowledgements or References sections. The text of articles should be, if
possible, divided into the following sections: Introduction, Materials and Methods (or
Experimental), Results, Discussion, and Conclusion.

Title and contact information

The first page should contain the full title in sentence case (e.g., Hybrid feature selection for
text classification), the full names (last names fully capitalised) and affiliations (in English) of
all authors (Department, Faculty, University, City, Country, E-mail), and the contact e-mail
address for the clearly identified corresponding author.

Abstract

The abstract should provide clear information about the research and the results obtained, and
should not exceed 300 words. The abstract should not contain citations and must be written in
Times New Roman font with font size 9.
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Keywords
Please provide 3 to 5 keywords which can be used for indexing purposes.

Introduction

The motivation or purpose of your research should appear in the “Introduction”, where you
state the questions you sought to answer, and then provide some of the historical basis for those
questions.

Methods

Provide sufficient information to allow someone to repeat your work. A clear description of
your experimental design, sampling procedures, and statistical procedures is especially
important in papers describing field studies, simulations, or experiments. If you list a product
(e.g., animal food, analytical device), supply the name and location of the manufacturer. Give
the model number for equipment used.

Results
Results should be stated concisely and without interpretation.

Discussion

Focus on the rigorously supported aspects of your study. Carefully differentiate the results of
your study from data obtained from other sources. Interpret your results, relate them to the
results of previous research, and discuss the implications of your results or interpretations.

Conclusion
This should state clearly the main conclusions of the research and give a clear explanation of
their importance and relevance. Summary illustrations may be included.

Acknowledgments
Acknowledgments of people, grants, funds, etc. should be placed in a separate section before
the reference list. The names of funding organizations should be written in full.

Conflict of Interest Statement

The authors are obliged to present the conflict of interest statement at the end of the article
after the acknowledgments section.

CRediT Author Statement

Write the authors' contributions in detail using the specified CRediT notifications. Authors may
have contributed in more than one role. The corresponding author is responsible for ensuring
that descriptions are accurate and accepted by all authors.

CRediT Notifications Explanation

Ideas; formulation or evolution of overarching research goals and

Conceptualization aims

Methodology Development or design of methodology; creation of models
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Programming, software development; designing computer
Software programs; implementation of the computer code and supporting
algorithms; testing of existing code components

Verification, whether as a part of the activity or separate, of the
Validation overall replication/ reproducibility of results/experiments and
other research outputs

. Application of statistical, mathematical, computational, or other
Formal analysis formal techniques to analyse or synthesize study data
Investigation Conducting a research and investigation process, specifically

g performing the experiments, or data/evidence collection
Provision of study materials, reagents, materials, patients,
Resources laboratory samples, animals, instrumentation, computing
resources, or other analysis tools

Management activities to annotate (produce metadata), scrub
data and maintain research data (including software code, where
it is necessary for interpreting the data itself) for initial use and
later reuse

Data Curation

Preparation, creation and/or presentation of the published work,
specifically writing the initial draft (including substantive
translation)

Writing — Original
Draft

Preparation, creation and/or presentation of the published work
Writing — Review & by those from the original research group, specifically critical
Editing review, commentary, or revision — including pre-or post-
publication stages

Preparation, creation and/or presentation of the published work,

Visualization specifically visualization/ data presentation
Oversight and leadership responsibility for the research activity
Supervision planning and execution, including mentorship external to the
core team
Project Management and coordination responsibility for the research
administration activity planning and execution

Acquisition of the financial support for the project leading to this

Funding acquisition 1, 1 lieation

References
AMA Style should be used in the reference writing of our journal. If necessary, at this point,
the reference writings of the articles published in our article can be examined.

Citations in the text should be identified by numbers in square brackets. The list of references
at the end of the paper should be given in order of their first appearance in the text or in
alphabetical order according to the surname of the fist author. All authors should be included in
reference lists unless there are 10 or more, in which case only the first 10 should be given,
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followed by ‘et al.”. Do not use individual sets of square brackets for citation numbers that
appear together, e.g., [2, 3, 5-9], not [2], [3], [5]-[9]. Do not include personal communications,
unpublished data, websites, or other unpublished materials as references, although such
material may be inserted (in parentheses) in the text. In the case of publications in languages
other than English, the published English title should be provided if one exists, with an
annotation such as “(article in Turkish with an abstract in English)”. If the publication was not
published with an English title, cite the original title only; do not provide a self-translation.
References should be formatted as follows (please note the punctuation and capitalisation):

Journal articles
Journal titles should be abbreviated according to ISI Web of Science abbreviations.

Guyon I. and Elisseeff A. An introduction to variable and feature selection. J Mach Learn Res,
2003; 3: 1157-1182.

Izadpanahi S, Ozcmar C, Anbarjafari G and Demirel H. Resolution enhancement of video
sequences by using discrete wavelet transform and illumination compensation. Turk J Elec Eng
& Comp Sci., 2012; 20: 1268-1276.

Books
Haupt RL. and Haupt S.E. Practical Genetic Algorithms. 2nd ed. New York, NY, USA: Wiley,
2004,

Kennedy J and Eberhart R. Swarm Intelligence. San Diego, CA, USA: Academic Press, 2001.

Chapters in boks

Poore JH, Lin L, Eschbach R and Bauer T. Automated statistical testing for embedded systems.
In: Zander J, Schieferdecker I, Mosterman PJ, editors. Model-Based Testing for Embedded
Systems. Boca Raton, FL, USA: CRC Press, 2012. pp. 111-146.

Conference proceedings

Li RTH and Chung SH. Digital boundary controller for single-phase grid-connected CSI. In:
IEEE 2008 Power Electronics Specialists Conference; 15-19 June 2008; Rhodes, Greece. New
York, NY, USA: IEEE. pp. 4562-4568.

Theses
Boynukalin Z. Emotion analysis of Turkish texts by using machine learning methods. MSc,
Middle East Technical University, Ankara, Turkey, 2012.

Tables and Figures
All illustrations (photographs, drawings, graphs, etc.), not including tables, must be labelled
“Figure.” Figures must be submitted in the manuscript.

All tables and figures must have a caption and/or legend and be numbered (e.g., Table 1,
Figure 2), unless there is only one table or figure, in which case it should be labelled “Table”
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Abstract Keywords
The interactions between guanidine and silicon decorated fullerene or single walled

carbon nanotube were examined for insight into the drug delivery approach. The Guanidine,
calculations show that the chemical reactivity and interaction energies are strongly Fullerene,
dependent on the interaction site of the guanidine molecule. Depending on the Carbon nanotubes,
purpose, by determining the interaction sites, it is possible to use Si decorated DFT

fullerenes and single walled carbon nanotubes as selective drug delivery vehicles. The
results will contribute to further searches on improving drug delivery platforms.
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1. INTRODUCTION

Guanidines are known as nitrogen rich small organic compounds having found large scale application
areas. Guanidines and their derivatives are part of different biological molecules including arginine and
agmatine [1, 2]. Moreover, guanidine containing drug molecules are center to many clinical assessments
due to their versatile pharmaceutical properties [3, 4]. It is also known that guanidine groups show very
good hydrophilicity and anti-algal growth characteristics and further, the amino site in the guanidine
molecule plays an important role as an active uranium adsorption site [5, 6].

Nanotechnological materials have been lately grasping considerable attention among the scientific
community. Especially carbon-based materials such as fullerenes carbon nanotubes (CNTSs) have found
many scientific application possibilities including drug delivery and sensor applications due to their
inherent physical and chemical properties [7-10]. The main drawback for possible medicinal
applications of fullerenes and CNT based systems appears as their solubility problems. However, this
problem might be overcome by adding impurity atoms while keeping the system structurally stable [11].
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In the scope of this work, based on density functional theory (DFT) calculations, possible interaction
sites, electronic and some important vibrational properties of silicon decorated fullerene (SiCsg) and
single walled carbon nanotube (SI@SWCNT) towards the guanidine molecule have been investigated.
The reactivity and sensing assessments of SiCsg and SI@SWCNT against the guanidine molecules have
been also examined. All the obtained results were discussed in brief.

2. CALCULATIONS

For the optimization process of the examined structures, the following procedure was followed: first,
guanidine molecule, Ceo and SWCNT structures were optimized. Then one carbon atom on the surface
of Ceo and SWCNT was replaced with one silicon atom and the resultant structures were re-optimized.
Based on the charge distribution on the surface of the guanidine molecule (See supplementary file)
interaction sites were determined. Finally, the optimization process of the interacted systems was carried
out. To reach a real global energy minimum, at the end of each optimization process, vibrational
frequency calculations were also performed to see if no negative frequencies were observed at the end
of each calculation. In any case where there appear any negative frequencies, the optimization process
was repeated to reach a result that is free of all possible negative vibrational frequencies. The
computations were carried out in both the gas phase and in the water media to see the solvation effect.
The effect of solvent media was taken into account using the polarizable continuum model [12].

The binding energy (Eb) between guanidine and SiCsy or SI@QSWCNT was calculated using the
following equation:

Eb = Ecuanidineasicso-( Ecuanidine+ Esicsg)
Eb = Ecuanidineasi@swenT-(Ecuanidinet Esi@swent)

where all the structures given above are the optimized energies of the related structures. In the given
equations, the structures with more negative Ey values are referred to as the most stable structures. Eq
energies are taken as the magnitudes of differences between the highest occupied molecular orbitals
(HOMO) and the lowest unoccupied molecular orbitals (LUMO). E;, values were recalculated to get rid
of possible basis sets superposition errors (BSSE) by including the counterpoise correction method [13].
For all calculations, the B3LYP/6-31G(d) level of theory was preferred due to their acceptable results
[14, 15]. It can be used to investigate the binding energy and reactivity properties for such interactions
of the compounds compared to the highly demanding cc-pvdz basis set [16]. Gaussian and GaussView
programs were used for DFT computations, molecular design of the examined systems and visualization
[17, 18].

3. RESULTS AND DISCUSSIONS
3.1. Analysis of SiCse Interacted Guanidine System

The optimized structures of the guanidine interacted SiCsg system are given in Figure 1. Si...NH; and
Si...NH inter-atomic distances were calculated as 1.983 & 1.841 A in the gas phase and 1.940 & 1.799
A in the water media, respectively. It was observed that Si...N inter-atomic distances are shorter in the
water media leading to more stable structures. This fact can also be verified from the analysis of Ep
energies which were calculated as -39.87 & -50.70 kcal/mol for gas and water media calculations for
Si...NH interacted system. As for the Si...NH; interacted system, E;, energies were found as -15.78 & -
21.76 kcal/mol correspondingly. It is seen that systems are more stable in water media and the strongest
interaction occurs at the NH site of the guanidine molecule.
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SiCs9...NH»2 SiC59..NH

Figure 1. The optimized structures of the guanidine interacted SiCsg System in the gas phase.

NH or NHj stretching vibrations can easily be identified in the IR spectrum. Therefore, at this point, it
is better to analyze the alterations of NH or NH; stretching vibrations before and after the interaction of
the examined systems. NHs-asymmetric stretching (as), NHz-symmetric stretching (ss) and NH-s
vibrations (scaled by 0.9614 [19]) for the isolated guanidine were calculated (gas & water media) as
3499 & 3501, 3396 & 3405 and 3332 & 3332 cm?, respectively. Following the NH; site interaction of
the guanidine molecule with SiCsg, NHz-as and NH,-ss vibrations (gas & water media) were shifted to
3350 & 3339 and 3274 & 3275 cm?, respectively. The results suggest a red-shift in the IR spectra upon
interaction. Further, as for the NH site interaction of the guanidine molecule with SiCsy, NH-s vibrations
(gas & water media) shifted to 3425 & 3424 cm™. The blue shifts are more dominant when with NH site
interacts fullerene system since as indicated the interactions are stronger with the NH site of the
guanidine molecule when compared to the NH; site. Therefore, the obtained results support each other.

Single isolated SiCsy produced Eg values of 2.169 and 2.170 eV in the gas and water phases. Upon
interaction from NH- and NH site of guanidine, these values (gas & water media) decreased to 2.092 &
1.998 eV and 2.143 & 1.968 eV, respectively. The decrease in E4 values proposes that no matter which
site or which phase the interaction occurs, SiCsg is sensitive to the presence of guanidine molecule.

3.2. Analysis of SI@QSWCNT Interacted Guanidine System

The optimized structures of guanidine interacted SI@SWCNT system are given in Figure 2. Si...NH»
and Si...NH inter-atomic distances were computed as 2.036 & 1.869 A in the gas phase and 1.981 &
1.819 A in the water media, respectively. Es energies were found as -9.09 & -13.02 kcal/mol for gas and
water media calculations for Si...NH interacted system. As for Si...NH interacted system, Ep values
were calculated as -28.29 and -38.07 kcal/mol, respectively. As it happens for silicon decorated fullerene
systems, here water as solvent stabilizes the examined silicon decorated SWCNT system and yields
more negative Ey energies with respect to gas phase calculations. The strongest interaction also occurs
with the NH site of the guanidine molecule.
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2

Si@SWCNT...NH» Si@SWCNT...NH

Figure 2. The optimized structures of the guanidine interacted SI@SWCNT system.

Following the NH site interaction of guanidine molecule with SI@SWCNT, NH.-as, NH2-ss vibrations
(gas & water media) were shifted to 3368 & 3357 and 3287 & 3270 cm?, respectively. When compared
to the isolated guanidine molecule, a red-shift was observed for the interacted system. Moreover, as for
the NH site interaction of the guanidine molecule with SI@SWCNT, NH-s vibrations (gas & water
media) shifted to 3415 & 3418 cm™.

Single, isolated SI@SWCNT yielded Eq4 values of 1.719 and 1.706 eV in the gas and water phases. After
the interaction from NH; and NH site of guanidine, the related values (gas & water media) altered to
1.756 & 1.729 eV and 1.740 & 1.689 eV, respectively. The obtained results here are quite different from
the results obtained with fullerene interacted systems. The only decrease in Eq4 values for SIi@SWCNT
interacted guanidine system was observed for NH site interaction in the water phase. Therefore, it can
be concluded that, if the interaction between SI@SWCNT and guanidine molecule occurs at the NH
edge in water media then the SI@QSWCNT system is sensitive to the presence of guanidine molecule
otherwise it is not.

4. CONCLUSIONS

In this study, the interactions between guanidine molecule and silicon decorated fullerene Cgoand single
walled carbon nanotube were examined by DFT calculations. It was observed that the strongest
interactions occurred at the NH site of the guanidine molecule and the strength of the interactions is far
stronger with the fullerene system compared to the SWCNT system. It was also observed that water as
a solvent and the site of interaction have impacts on the sensitivity of the fullerene and SWCNT systems
towards the guanidine molecule. By defining the interaction site of the guanidine molecule, the
electronic properties of the interacted systems can be manipulated in a preferred manner.
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Abstract

Keywords

Similar to how the quasi-interior ideal generalizes the ideal and interior ideal of a
semigroup, the concept of soft intersection quasi-interior ideal generalizes the idea of
soft intersection ideal and soft intersection interior ideal of a semigroup. In this study,
we provide the notion of soft intersection almost quasi-interior ideal as well as the
soft intersection weakly almost quasi-interior ideal in a semigroup. We show that any
nonnull soft intersection quasi-interior ideal is a soft intersection almost quasi-interior
ideal; and soft intersection almost quasi-interior ideal is a soft intersection weakly
almost quasi-interior ideal, but the converses are not true. We further demonstrate that
any idempotent soft intersection almost quasi-interior ideal is a soft intersection
almost subsemigroup. With the established theorem that states that if a nonempty set
A is almost quasi-interior ideal, then its soft characteristic function is a soft
intersection almost quasi-interior ideal, and vice versa, we are also able to derive
several intriguing relationships concerning minimality, primeness, semiprimeness,
and strongly primeness between almost quasi-interior ideals, and soft intersection
almost quasi-interior ideals.

Soft set,

Semigroup,

(Almost) quasi-interior ideals,
Soft intersection (almost)
quasi-interior ideals
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1. INTRODUCTION

As semigroups provide the abstract algebraic basis for "memoryless” systems, which restart on each
iteration, semigroups are essential in many disciplines of mathematics. The formal study of semigroups
began in the early 1900s. In practical mathematics, semigroups are essential models for linear time-
invariant systems. Since finite semigroups are inherently connected to finite automata, studying them is
essential to theoretical computer science. Furthermore, in probability theory, semigroups, and Markov

processes are related.

Ideals are necessary to understand algebraic structures and their applications. The earliest ideals to help
with the study of algebraic numbers were offered by Dedekind. Noether generalized them further by
adding associative rings. Bi-ideals for semigroups were first introduced by Good and Hughes in 1952
[1]. Steinfeld [2] first established the idea of quasi-ideals for semigroups and later expanded it to rings.
For many mathematicians, generalizing ideals in algebraic structures has been a key field of research.
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The concept of almost left, right, and two-sided ideals of semigroups was first developed by Grosek and
Satko [3] in 1980. Later, in 1981, Bogdanovic [4] extended the concept of bi-ideals to almost bi-ideals
in semigroups. By combining the concepts of almost ideals and quasi-ideals of semigroups,
Wattanatripop et al. [5] proposed almost quasi-ideals in 2018. In 2020, Kaopusek et al. [6] introduced
almost interior ideals and weakly almost interior ideals of semigroups, extending and analyzing the
notions of almost ideals and interior ideals of semigroups. lampan [7] in 2022, Gaketem [9] in 2022,
Chinram and Nakkhasen [8] in 2022, and Gaketem and Chinram [10] in 2023 introduced almost
subsemigroups, almost bi-quasi-interior ideals, almost bi-interior ideals, and almost bi-quasi-ideals of
semigroups, respectively. Furthermore, in [5, 7-12], several almost fuzzy semigroup ideal types were
studied.

The concept of soft sets as a means of modeling uncertainty was initially proposed by Molodtsov [13]
in 1999, and it has since attracted interest from several of disciplines. The basic operations of soft sets
were studied in [14-29]. Cagman and Enginoglu [30] modified the concept of soft sets and soft set
operations and in [31] Cagman et al. introduced soft intersection groups by which research on other soft
algebraic systems was inspired. Soft sets were also conveyed to semigroup theory through the notions
of soft intersection semigroup, left, right, and two-sided, quasi-ideals, interior ideals, and (generalized)
bi-ideals, which were extensively explored in [32—33]. Sezgin and Orbay [34] studied soft intersection
substructures to classify various semigroups. A variety of soft algebraic structures became the subject
of additional investigation in [35-44].

Bi-interior ideals, bi-quasi-interior ideals, bi-quasi-ideals, quasi-interior ideals, and weak-interior ideals
are some of the new semigroup types that Rao [45-48] has proposed. These ideals are expansions of
existing ideals. Moreover, Baupradist et al. [49] proposed the notion of essential ideals in semigroups.

While the quasi-interior ideal of semigroups was introduced by Rao [47] as a generalization of ideal and
interior ideal of a semigroup; soft intersection quasi-interior ideal of a semigroup was proposed in [50]
as a generalization of the soft intersection ideal and interior ideal of a semigroup. In this study, as a
further generalization of the nonnull soft intersection quasi-interior ideal, the concept of soft intersection
almost quasi-interior and its generalization soft intersection weakly almost quasi-interior ideals are
introduced. Moreover, we demonstrate that an idempotent soft intersection almost quasi-interior ideal is
a soft intersection almost subsemigroup. We observe that under the binary operation of soft union, a
semigroup may be constructed by soft intersection almost quasi-interior ideals; however, this is not the
case under the soft intersection operation. We also establish the relationship between the soft intersection
almost quasi-interior ideal and almost quasi-interior ideal of a semigroup in terms of minimality,
primeness, semiprimeness, and strongly primeness. This is achieved by deriving that if a nonempty set
A is an almost quasi-interior ideal, then its soft characteristic function is also a soft intersection almost
quasi-interior ideal, and vice versa. This paper is organized in the following manner. Section 2 reviews
the fundamental principles of soft set theory, including semigroup ideals. Section 3 looks at the
definition and thorough study of soft intersection almost quasi-interior ideals. In the conclusion section,
we highlight the significance of the study's findings and their possible impact on the field.

2. PRELIMINARIES
In this section, we review several fundamental notions related to semigroups and soft sets.

Definition 2.1. Let U be the universal set, E be the parameter set, and P(U) be the power set of U and
K € E. A soft set fx over U is a set-valued function such that fx: E — P(U) such that for all x ¢ K,
fx(x) = @. A soft set over U can be represented by the set of ordered pairs

fe = {(x fk(xX)):x €E, fx(x) € P(U)}
[13, 30]. Throughout this paper, the set of all the soft sets over U is designated by Sg (U).

Definition 2.2. Let f, € Sg(U). If f4(x) = @ for all x € E, then f, is called a null soft set and denoted
by @5. If f4(x) = U forall x € E, then f, is called an absolute soft set and denoted by Uy [30].
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Definition 2.3. Let f,, fz € Sg(U). If for all x € E, f,(x) € fz(x), then £, is a soft subset of f5 and
denoted by f4 € f5. If f4(x) = fz(x) for all x € E, then f, is called soft equal to f5 and denoted by

fa = 15 [30].
Definition 2.4. Let f,, fg € Sg(U). The union of f, and f5 is the soft set f, U fg, where (f4 U f5)(x) =

f2(x) U fp(x) for all x € E. The intersection of f, and f5 is the soft set f; A fz, where (f, N fz)(x) =
fa(x) N fp(x) for all x € E [30].

Definition 2.5. For a soft set £, the support of £, is defined by
supp(fa) = {x € A: fa(x) # B}[18]

Thus, a null soft set in is indeed a soft set with an empty support, and we say that a soft set f, is nonnull
if supp(fy) # @ [18].

Note 2.6. If f, € f5, then supp(f4) S supp(fp) [51].

A semigroup S is a nonempty set with an associative binary operation and throughout this paper, S
stands for a semigroup and all the soft sets are the elements of S¢(U) unless otherwise specified. A
nonempty subset A of S is called a left quasi-interior ideal of S if SASA € A; and is called a right quasi-
interior ideal of S if ASAS < A; and is called a quasi-interior ideal of S if A is both a left quasi-interior
ideal and a right quasi-interior ideal of S [47].

Definition 2.7. A nonempty subset A of S is called an almost left quasi-interior ideal of S if forall x,y €
S; xAyA N A + @, and is called an almost right quasi-interior ideal of S if forall x,y € S, AxAy N A #
@; and is called an almost quasi-interior ideal of S when A is both an almost left quasi-interior ideal of
S and an almost right quasi-interior ideal of S.

Example 2.8. LetS = Z and @ # 2Z < Z. Since x(2Z)y(2Z) N 27Z # @ and (2Z)x(2Z)y N 2Z # @ for
all x,y € Z, 27 is an almost quasi-interior ideal of S.

An almost (left/right) quasi-interior ideal A of S is called a minimal almost (left/right) quasi-interior
ideal of S if for any almost (left/right) quasi-interior ideal B of S if whenever B € A, then A = B.

An almost (left/right) quasi-interior ideal P of S is called a prime almost (left/right) quasi-interior ideal
if for any almost (left/right) quasi-interior ideals A and B of S such that AB < P implies that A € P or
B < P. An almost (left/right) quasi-interior ideal P of S is called a semiprime almost (left/right) quasi-
interior ideal if for any almost (left/right) quasi-interior ideal A of S such that AA < P implies that A <
P. An almost (left/right) quasi-interior ideal P of S is called a strongly prime almost (left/right) quasi-
interior ideal if for any almost (left/right) quasi-interior ideals A and B of S such that AB n BA € P
impliesthat A < P or B € P.

Definition 2.9. Let fs and g be soft sets over the common universe U. Then, soft intersection product
fs © gs is defined by [32]

{fs(y)ngs(2)}, if 3y, z € Ssuchthatx =yz
(fs ° 95)(x) = u T

o, otherwise

Theorem 2.10. Let f5, gs, hs € Sg(U). Then,
i) (fs°9s)°hs = fs°(gs ° hs).
i) fs°gs# 9gs° fs,generally.
iii) fs°(gs Uhs) = (fs° gs) U (fs ° hs) and (fs U gs) ° hs = (fs ° hs) U (gss ° hs).
83



Sezgin et al. / Estuscience —Theory , 12 [2] — 2024

iv) fs°(gsNhs) = (fs°gs) N (fs ° hs) and (fs A gs) ° hs = (fs ° hs) N (gs ° hs).
v) If fs € g, then fs ° hg € g5 ° hg and hg ° fs C hg ° gs.
vi) If tg, kg € Sg(U) such that tg € fs and kg € g, then t5 ° kg € f5 ° g5 [32].
Lemma 2.11. Let fs and g be soft sets over U. Then, fs ° gs = @ if and only if fg = @5 or g5 = @.

Definition 2.12. Let A be a subset of S. We denote by S, the soft characteristic function of A and define
as

Sa(%) = {g il]]:;:?\A
The soft characteristic function of A is a soft set over U, that is, S,:S — P(U) [32].
Corollary 2.13. supp(S,) = A [51].
Theorem 2.14. Let X and Y be nonempty subsets of S. Then, the following properties hold [32,51]:
i) XcvYifandonlyifSy €S,
i) Sy NSy =Syny and Sy USy = Syuy
i) Sy °Sy = Sxy

Proof: In[32], (i) is given as if X € Y, then if Sy € Sy. In [51], it was shown that if Sy, € Sy, then X C
Y. Let Sy €Sy and x € X. Then, Sy(x) = U, and this implies that S, (x) = U since Sy € Sy, Hence,
x€Y,andso X €Y. Now let x & Y. Then, Sy (x) = @, and this implies that Sy (x) = @ since Sy € Sy.
Hence, x € X,andso Y’ € X', implying that X € Y.

Definition 2.15. Let x be an element in S. We denote by S, the soft characteristic function of x and
define as

(U, ify=x
Sx(y)_{(b, if y#x

The soft characteristic function of x is a soft set over U, that is, S,:S — P(U) [52].

Corollary 2.16. Let x,y € S, fs and S, be soft sets over U. Then, S, ° fs°S,, ° f¢ = @g if and only if
fs = @S and fs on ofSo Sy = @S |f and Only |ff5 = @S.

Proof: By Lemma 2.11, S, °fs°S, °fs = @s if and only if fo = @5 or S, = @s or S, = @5. Since
Sy # @sand S, # @g forall x, y € S by Definition 2.15, hence fg = @. The rest of the proof is obvious
by Lemma 2.11.

Definition 2.17. A soft set fg over U is called a soft intersection left (resp. right) quasi-interior ideal of

Sover U if fe(xyzt) 2 fs(y) N fs(t) (fs(xyzt) 2 fs(x) N fs(z)) forall x,y,z,t € S. A soft set fg over
U is called a soft intersection quasi-interior ideal of S if it is both a soft intersection left quasi-interior

ideal and a soft intersection right quasi-interior ideal of S over U [50].
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It is easy to see that if fc(x) = U for all x € S, then fs is a soft intersection (left/right) quasi-interior
ideal of S. We denote such a kind of (left/right) quasi-interior ideal by S. It is obvious that § = Sj, that
is, S(x) = U for all x € S [50].

Theorem 2.18. Let f be a soft set over U. Then, fs is a soft intersection left (resp. right) quasi-interior
ideal of Sifand only if S° f5°S°fs € f5 (fs°S°fs°S € f5). fs is a soft intersection quasi-interior
ideal of Sifand only if S°fs°S°f € fs and fs°S° f5°S € s [50].

From now on, soft intersection left (right) quasi-interior ideal of S is denoted by Sl-left (right) Ql-ideal.

Definition 2.19. Let fs be a soft set over U. Then, fs is called a soft intersection almost subsemigroup
of Sif (fs °fs) N fs # s [51].

We refer to [53] for the implications of network analysis and graph applications with respect to soft sets,
which are determined by the divisibility of determinants and to [54-56] for more about soft set
operations.

3. SOFT INTERSECTION ALMOST QUASI-INTERIOR IDEALS OF SEMIGROUPS

Definition 3.1. Let f be a soft set over U.

1) fsiscalled a soft intersection almost left (resp. right) quasi-interior ideal of S if forall x,y € S,
(Sx°fs°Sy°fs ) P fs # B ((fs ° S fs°Sy) P fs # ).

fs is called a soft intersection almost quasi-interior ideal of S if f is both a soft intersection almost left
quasi-interior ideal of S and a soft intersection almost right quasi-interior ideal of S.

2) fs is called a soft intersection weakly almost left (resp. right) quasi-interior ideal of S if for
allx €S,

(Sx°fs°Sx°fs) N fs # B ((fsosxofsosx)ﬁfs * Q)s)-

fs is called a soft intersection weakly almost quasi-interior ideal of S if fs is both a soft intersection
weakly almost left quasi-interior ideal of S and a soft intersection weakly almost right quasi-interior
ideal of S.

Hereafter, for brevity, soft intersection is abbreviated as Sl, left (right) quasi-interior is as left (right) QlI;
so soft intersection (weakly) almost left (right) quasi-interior ideal of S is denoted by SlI-(weakly) almost
left (right) Ql-ideal.

Example 3.2. Let S = {z, k} be the semigroup with the following Cayley Table.

z k
z z z
k z k

Let fs, hg, and gg be soft sets over U = Z~ as follows:
fs ={@z{=3,-2}), (k, {-51}

hS = {(Z, {_91 _8})1 (k, {_1})}
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gs = {(z.0), (k. {~7,-4})}
Here, fs and hg are Sl-almost Ql-ideals. Let’s first show that fs is an SI-weakly almost Ql-ideal:
[(Skc® f5 ° Sk ° f5) D £s1(2) = [(Sk ° f5) ° Sk ° f)1(2) N fs(2) = [((Sk ° fs)(2) N (Sk ° f5)(2)) U
(i ® L)@ 0 (S )R U (S )R 0 i L)) 0 £5) = [[ (S 0 @) v
(Se(2) N £s()) U (S (k) 0 £5(2)) ) 0 (S (@) 0 f5(2)) U (Se(@) 1 f5(R)) U (Sie(k) 0 f5(2)) )| v
[((Sk@ 0 £5(2)) U (Sk(@) 0 f500) U (Sic () 0 £5(2D)) 01 ((Sie ) 0 £5G)) )| W (SR
£509)) 0 (S 0 @) U (k@) 0 f00) U (800 0 )] 0 2 = [(152) 0 fs@) v
(fs(@) n fs(k)) u (fs(k) N fs(2)] N fs(2) = fs(2) = {~3,-2}

(S * fs ° Sic ® ) B fs] () = [(Skc ° fs) ° (Sk © f$)1(F) N fs () = [(Skc ° £s) () N (S ° f) (K] N
fs() = [(Sk(®) n fs(k)) n (S () 0 fs(R))] N fs(k) = f(k) N fs() 0 fs (k) = fs (k) = {5}

Consequently,
Sk ° fs° Sk ° f) D fs = {(z,{=3,-2}), (k, {—5D)} # Os
Similarly,
(S:°fs°S.° f) N fs = {(z,{=3,-2]), (k, D)} # @5

Therefore, for all x € S, (S, ° fs° S, ° fs) N fs # B, SO fs is an Sl-weakly almost left Ql-ideal. And
also,

(fs°Sk° fs °Se) N fs = {(z,{=3,-2}), (k, {-=5})} # Os
(fs°S;°fs°S) N fo = {(z,{=3,-2}), (k,®)} # Ds

Therefore, forall x € S, (f5 ° S, ° fs °Sy) N fs # B, SO f5 is an Sl-weakly almost right Ql-ideal. Thus,
fs is an Sl-weakly almost Ql-ideal.

With similar calculations, we have
Sr°fs°S°fo)n fo ={(z,{-3,-2}), (k,0)} # B5
(Sz°fs Sk ° fo) N fs = {(z,{=3,-2}), (k, )} # @5

Therefore, we have shown that for all x,y € S, (Sx °fs°Sy° fs) N fs # B, SO fs is an Sl-almost left
Ql-ideal. Now let’s show that fs is an Sl-almost right Ql-ideal. As usual calculations, we have

(fS 0Sk ofS OSZ) n fS = {(Z,{—?),—Z}), (k' Q)} * ®S
(fS 0SZ ofS osk) n fS = {(Z,{—?),—Z}), (k' Q)} * ®S

Therefore, we have shown that for all x, y € S, (fs ° Sy ° fs °Sy) 0 fs # @s, S0 fs is an Sl-almost right
Ql-ideal. Thus fs is an Sl-almost QI-ideal. Similarly, hg is an Sl-weakly almost Ql-ideal since

(Sk ° hS ° Sk ° hS) ﬁ h'S = {(Z, {_91 _8})1 (kr {_1})} * @S
(S;°hs°S,°hs) A hg ={(z,{-9,-8}), (k,0)} # 05
(hs ° Sk ° hs ° Sp) 0 hs = {(2,{=9,-8}), (k, {—=1})} # @5

(hS ° SZ ° hS ° Z) ﬁ hS = {(Z! {_9' _8})r (k' Q)} * ®S
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and also since

(Sk °hs°S; °hs) Nhs ={(z,{-9,-8}), (k, D)} # Os

(Sz° hs ° Sk © hs) N hs = {(z,{=9,-8}), (k, D)} # Os

(hs ° Sk ° hs ° S;) Nhs ={(z,{=9,-8}), (k, D)} # Os

(hs °S; ° hs ° Sk) Nhs = {(z,{=9,-8}), (k, D)} # Os
hg is an Sl-almost Ql-ideal. One can also show that g is not an Sl-almost Ql-ideal. In fact;
[(S,°gs°S,°gs) N gs1(z) = [(S;° gs) ° (S; ° g)1(2) N gs(2) = [((S,° gs)(2) N (S, ° gs)(2)) U
((Sz° 9)(2) N (S, ° g5)(k)) U ((S; ° gs) (k) N (S, ° gs) ()] N gs(2) = [[((SZ(Z) N gs(2)) U
(8:(2) 1 gs(k)) U (S,0k) 0 g5(2)) ) 0 ((52(2) 1 g5(2)) U (S,(2) N g5 (kD) U (S, (k) N gs(2)) )] U
[((52(2) 0 g5(2)) U (S2(2) 0 g5(K)) U (S,(K) 1 g5(2))) 1 ((S,0k) 1 g5 (D) )| w (5.0
9509)) 0 ((8:) 0 g5@) U (5:2) 1 g5(00) U (5,00 1 g5@))] | 0 95 = [[(g52) v

9s(k)) n (gs(2) U gs(k))] v [(gs(@) v gs(k)) n@]u [0 n (gs(z) U gs(k))]] N gs(2) =
[(9s(2) U gs(k)) U@ U B] N gs(2) = gs(z) = &

[(S;°95°S,°gs) N gsl(k) =[(S;°gs) °(S;°gs)Ik) N gs(k) =[(S,°gs)(k) N
(S, ° g9) ()] N gs(k) = [(S.(k) n gs(k)) N (S.(k) N gs(k))] N gs(k) =@ NN gs(k) =
1)

Thus, for z € S;

(S:°95°S:°9s) N gs = {(2,0), (k, D)} = Os
Hence, g5 is not an SI-weakly almost Ql-ideal, thus it is not an Sl-almost Ql-ideal.
Proposition 3.3. Every Sl-almost Ql-ideal is an Sl-weakly almost Ql-ideal.

Proof: Let fs be an Sl-almost QlI-ideal of S. Then, for all x,y € S, (Sx °fs°S, °fs) A fs # @5 and
(fSOSxOfSOSy)ﬁfS;tms. Hence, fOI’ a" XES, (Sxofgosxofs)ﬁf5¢®5 and
(fs° Sy ° fs°Sy) N fs # Bs. So, fs is an Sl-weakly almost Ql-ideal.

Since Sl-weakly almost Ql-ideal is a generalization of Sl-almost QI-ideal, from now on, all the theorems
and proofs are given for Sl-almost Ql-ideals instead of SI-weakly almost QI-ideals.

The converse of Proposition 3.3 is not true in general as shown in the following example:

Example 3.4. Let S = {a, r} be the semigroup with the following Cayley Table.

‘ a r
a r a
r a r

f5 be soft sets over U = Z as follows:
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fs = {(@.9), (r {-6,3,61)}
Let’s first show that f is an Sl-weakly almost QI-ideal, that is for all x € S,

(Sx°fs°Sx°fs) N fs # Bg
Let’s start with S, S;:
[(Sa® f5 °Sa® £5) T fs1(@) = [(Sa ® £5)° (Sa ° f)1(@) N fs(@) = [((Sa ® f5)(@) N1 (S ° f5)(r)) U
(6a® ) 0 GSa* H@)] 0 (@ = |[((Sal@ 0 £0) U (520 0 f5@)) 0 ((Sal@ 0
f5(@) U (Sa() 0 £50)))] U [((Sa@) 0 £5(a)) U (Sa() 0 £5() ) 0 ((Sal@) 0 £5G)) U (Sal) 0
£5@))|| @ = [(50) 0 @) U (5@ 0 )] 0 (@) = (@) 0 ) 0 f(@) =
fs@nfs(r)=0

[(Sa ® fs ° Sa® f5) P f1r) = [(Sa® f5) ° (Sa ° )10 N fs() = [((Sa ° f5)(@) 0 (S ° f5)(@)) U
(6a® ) 0 GSa* HEN] 0 £ = [[((Sal@ 1 £ U (520 0 £5(@)) 0 (Sal@ 0
f5) U (820 0 fs(@)))] U [((Sal@) 0 £5(@) U (Sa() 0 £5))) 0 ((Sa(@) 0 f5(@)) U (S2() 0
fs(r)))” N fs(r) = [(fs(r) N fs(T)) U (fs(a) n fs(a))] Nfs(r) = (fs(r) u fs(a)) Nfs(r) =
fs(r) = {-6,3,6)
Hence,
(Sa®fs°Sa®fs) 1 f5 = (2, 0), (r, {—6,3,61)} # 0
And also,
(S:°f5° S, ° fs) T fo = {(0,0), (r {~6,3,61)} # 05

Therefore, for all x €S, (S, °fs°S,°f;) N fs # Bs, SO fs is an Sl-weakly almost left Ql-ideal.
Similarly,

(fS ° Sa ofS ° Sa) N fS = {(Cl, Q)' (7",{—6,3,6})} * ®S
(fS ° ST ofS ° ST) N fS = {(Cl, Q)' (7",{—6,3,6})} * Q)S

Hence, forall x € S, (f5 ° S, ° f5 ° Sy) N fs # B, SO fs is an Sl-weakly almost right Ql-ideal. Thus f
is an Sl-weakly almost Ql-ideal.

However, here not that fs is not an Sl-almost Ql-ideal. In deed,;

[(Sa°f5°Sr ° £5) B f51(@) = [(Sa ° £5)° (S, ° f)1(@) N fs(@) = [((Sa ° £5)(@) N (5, ° £) () U
(Sa® L)@ 0 G- @] 0 f(@ = [[((Sa@) 0 ) U (Sa) 0 (@) 0 (5@ 1
fs(@) U (S0 0 £5))] U[((Sal@) 0 fs(@) U (Sa@) 0 £509)) 0 (8- (@) 0 £s)) U (S,()

f@))]| 0 i@ = [(50) 0 £0) U (@ n £@)] N (@ = (50D U @) 0 fi@) =
fs(@) =0
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[(Sa® f5.° S f5) T A1) = [(Sa ® £5)°(S, ° 1) 0 £5() = [((Sa ° (@) 0 (S, ° f) (@) U
(62 SO 0 S* O] 00 = [[(Sal@ 0 £0) U (Sal) 0 fs(@)) 0 (0@
f5) U (5,0 0 £5(@))] U [((Sal@) 0 fs(@) U (Sa @) 0 £50))) 0 ((Se(@) 0 fs(@) v (50D 0

)] 0 50 = [(50) 0 £@) U (K@ 0 O] 00 = (5@ 0 @) 0 f0) =
fs@nfs(r)=90

Consequently,
(Sa®fs°Sr° fs) N fs ={(a,0), (r,0)} = Os
Thus, fs is not an Sl-almost Ql-ideal.

Proposition 3.5. If f5 is an Sl-left (resp. right) Ql-ideal such that fg # @, then fs is an Sl-almost left
(resp. right) Ql-ideal.

Proof: Let f5 # @5 be an Sl-left Ql-ideal, then S ° £ °S ° f; € f;. Since fs # @, by Corollary 2.16,
it follows that S, ° fs ° S,, ° fs # @s. We need to show that for all x,y € S,

(Sx °fs°S,y 0fs) N fs # @s.
Since S, °fs°S,°fs €S °fs°S °fs  fs, it follows that S, ° s ° S, ° fs € fs. Thus,
(5x°f5°5y°fs) Nfs=S:°fs°Sy°fs # Ds
implying that fs is an Sl-almost left Ql-ideal.

Here it is obvious that @ is an Sl-left Ql-ideal, as S ° @5 ° S ° @5 € @; but it is not an Sl-almost QI-
ideal, since (S, ° @5 °S, ° Bs) A Bs = B5 N B = B forall x,y € S.

Here note that if f5 is an Sl-almost left (resp. right) Ql-ideal, then fs needs not to be an Sl-left (resp.
right) Ql-ideal as shown in the following example:

Example 3.6. In Example 3.2, it is shown that f; and hg are Sl-almost QI-ideals; however f; and hg are
not SI-Ql-ideals. In fact;

S°fs°Sf)@D =[S f)@Dn(S°f)@D]U[(S°fs)@ n (S fs)R]U[(S° fs) ) n
5 £)@] = [ n @) u (50 £0) U (56 0 )] n[ (8¢ 0 ) U (5 0

£:G0) u (800 n £5@)]| v [[(8@) n @) u (5 0 f0) U (50 0 )] n[ (S 0

£)]| v [[(8¢0 0 £509)] n[(8¢) 0 @) U (3 0 £5)) u (800 0 £5)]| = [ v

fs(k) U fs(Z)) n (fs(Z) Ufs(k)u fs(Z))] u [(fs(z) Ufs(k)u fs(Z)) n fs(k)] U [(fs(k) n (fs(Z) U
fs() U f5(2)] = (fs(@ U fs(k) U (k) U f:(K) = (fs(2) U fs(k)) = {=5,-3,-2} & fs(2) =
{_3'_2}

Or similarly,
(fs°S°fs°S)(2) = [(fs °S)(@) N (fs° 'S)(z)] U [(fs °S)(@) N (fs° 'S)(k)] u [(fs °$)(k) n
5°H@] = |[(5@ n8@) v (@) n8W0) u (00 nS@)]n [(£x) n§@) u (K@ n

50) u (500 n5@)]| u|[(5@ n8@) v () n8W) u (F00 nS@)]| n [(HC 0
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50)]| u[[(500n5w0)] 0 [(52) n8@) U (5@ n§W) u (K0 NS@)]| = [(K@ v

fs() U fs(0)) N (fs(D U fs(D) U fs()] U [(fs(@) U fs(2) U £s()) n fsGO] U [(fs(R) N (fs(@) U

fs(z) U fs(k))] = (fs(Z) U fs(k)) Ufs(k) U fs(k) = (fs(Z) U fs(k)) ={-5-3,-2} & fs(2) =
{_31_2}

Thus, fs is not an SI-Ql-ideal. Similarly,
(S°hs°S°hs)(z) = (hs(2) U hs(k)) = {—9,—8,—1} & hg(z) = {—9,—8} or
(hs °S°hs°$)(2) = (hs(2) U hs(k)) = {~9,-8,—1} & hg(z) = {9, -8}
Hence, hg is not an SI-Ql-ideal.

Proposition 3.7. Let fs be an idempotent Sl-almost left (right) Ql-ideal. Then, fs is an Sl-almost
subsemigroup.

Proof: Assume that f; is an idempotent Sl-almost left Ql-ideal. Then, fs ° fs = fs and for all x,y € S,
(fs°Sx°fs°S,) N fs # Bs. We need to show that for all x € S,

(fs° f) N fs # Bs
Since,
Ds # (f5°5x ofsosy) Nfs= [(f5°5x °fs°5y) ﬁfs] Nfs=
[(fs°Sx°fs°Sy) D fsIN (fs° f) E(fs° f) N f
hence fs is an Sl-almost subsemigroup.

Theorem 3.7. Let fs € hg such that fs is an Sl-almost left (resp. right) Ql-ideal, then hg is an Sl-almost
left (resp. right) Ql-ideal.

Proof: Assume that fs is an Sl-almost left Ql-ideal. Hence, for all x,y € S, (Sx °fs°Sy °f) N fs #
@s. We need to show that (S, ° ks ° S, ® hs) 1 hs # @s. In fact,

(Sx°f5°5y°f5)ﬁf5§(5x°h5°5‘y°hs)ﬁhs

Since (S ° fs° S, ° fs) N fs # Bs, it is obvious that (S, ° hs ° S, ° hg) A hg # @s. This completes the
proof.

Theorem 3.8. Let fs and hg be Sl-almost left (resp. right) Ql-ideals. Then, fs U hg is an Sl-almost left
(resp. right) Ql-ideal.

Proof: Since fs is an Sl-almost left Ql-ideal by assumption and fs € fs U hg, fs U hg is an Sl-almost
left Ql-ideal by Theorem 3.7.

Here note that if fg and hg are Sl-almost left (resp. right) Ql-ideals, then fs N hg needs not to be an SI-
almost left (resp. right) Ql-ideal.

Example 3.9. Consider the Sl-almost Ql-ideals fs and hg in Example 3.2. Since,
fs D hs ={(z,0), (k,0)} = O

fs 0 hg is not an Sl-almost Ql-ideals.
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Now, we give the relationship between almost QI-ideal and Sl-almost Ql-ideal. But first of all, we
remind the following lemma to use it in Theorem 3.11.

Lemma 3.10. Let x € S and Y be nonempty subset of S. Then, S, ° Sy = S,y. If X is a nonempty subset
of Sand y € S, then it is obvious that Sx ° S, = Sx,, [52].

Theorem 3.11. Let A be a nonempty subset of S. Then, A is an almost left (resp. right) Ql-ideal if and
only if S,, the soft characteristic function of 4, is an Sl-almost left (resp. right) Ql-ideal.

Proof: Assume that @ # A is an almost left Ql-ideal. Then, xAyA n A = @ for all x,y € S, and so there
exist £ € S such that £ € xAyA n A. Since,

((Sx °S4°8,°S4) N SA) () = (Sxaya N Sa)®) = (Sxayana)®) =U = @
it follows that (S, ° S, ° S, °S4) N1 S # Bs. Thus, S, is an Sl-almost left Ql-ideal.

Conversely assume that S, is an Sl-almost left Ql-ideal. Hence, we have (Sx °54°8,° SA) NS, #+ @
forall x,y € S. To show that A is an almost left Ql-ideal of S, we should show that A # @ and xAyA N
A=+ @forall x,y € S. A # @ is obvious from assumption. Now,

Bs # (Sx°S4°Sy°Sa) 1S3> 3n€S; ((Sx°S4°Sy°Sa) [5,) () = 0
= In€S; (Seaya NSy)(n) # @
= dn€eSs; (SxAyAnA)(/n) *=0
= In €S; (Syayana)(n) =U
> nexAyANnA

Hence, xAyA n A # @ for all x,y € S. Consequently, A is an almost left Ql-ideal.
Lemma 3.12. Let fs be a soft set over U. Then, fs € Sqypp (s [511.

Theorem 3.13. If f5 is an Sl-almost left (resp. right) Ql-ideal, then supp(fs) is an almost left (resp.
right) Ql-ideal.

Proof: Assume that fs is an Sl-almost left Ql-ideal. Thus, fs# @5, supp(fs) # @ and
(Sx °fs°S, °f5) N fs # @g for all x,y € S. To show that supp(fs) is an almost left Ql-ideal, by
Theorem 3.11, it is enough to show that S, (f) is an Sl-almost left Ql-ideal. By Lemma 3.12,

(Sx° fs° Sy ° fs) D fs € (Sx ° Ssupp(rs) ° Sy * Ssupp(rs)) 0 Ssupp(rs)

and since (S, °fs°S, °fs) N fs # @s, it implies that (Sy ° Ssupp(rs) © Sy ° Ssupp(rs)) N Ssupp(rs) *
@s. Consequently, Sq,pp(rs) Is an Sl-almost left Ql-ideal of S and by Theorem 3.11, supp(fs) is an
almost left Ql-ideal.

Here note that the converse of Theorem 3.13 is not true in general as shown in the following example.

Example 3.14. Let S ={h, i, k} be the semigroup with the following Cayley Table.

h i k
h k h h
i h k k
k h k k
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fs be soft sets over U = Z as follows:

fS = {(h, {1'9}): (l, {0'5}): (k; Q))}

Let’s first show that f is not an Sl-almost QI-ideal:

[(fs°Si° fs © S0 B fs](h) = [(fs ° S0 ° (fs ° SDIR) 0 fs(R) = [((fs ° S N (fs ° SH(D)) U
(o) n (s ° SO K)) U ((fs ° S N (s ° S (W) U (s ° SH D 0 (fs ° SH(W)] N fe(h) =

[[((5® i) U (50 n5:00) U (5O 0 Sw) U (00 1 5:(w)) n o] u (s n
Si®) U (fs(h) 0 5:()) U (fs(@) 1 5:(h) U (fs(k) 0 S:())) 0 ((fs(h) 0 S:()) U (fs(D) 1
Si(D) U (fs@) 0 S:)) U (k) 0.5,0) U (fs () 0 S:)) )| u [0 0 (fs(h) 0 8:(0)) U ()
$i00) U (£s(0) N S:(h) U (fs(k) 0 S; ()| u [(fs(h) 0 Si () U (£ 0 $: (@) U (5D
$:(k)) U (fs(k) 0 5,0) U (fs(k) 0 5:(K))) 0 ((fs(h) 0 S: @) U (fs() 0 S (kD) U (@)
5:(m) U (500 0 5:w))|| 0 £ = [0 0 [0 0 (5D U K@ VB [ U f(0) N
fs®]] 0 fs() = [(fs0) U £500) 0 fs(W] 0 fs(h) = 9.
Similarly, [(fs°S;° fs°S) N fs]() =@ and [(fs°S; ° fs°S) N fs](k) = @. Thus,
(fs°Si° fs° SO B fs = (0, ©), (i, 0), (k, 8} = B

Thus f; is not an Sl-almost Ql-ideal. Let’s show that supp(fs) = {h, i} is an almost Ql-ideal. In deed

[{h}supp (fs) {h}supp(f)] O supp(fs) = [{h}h, iH{R}A, i} 0 {h,i} = {h} = 0

[{h}supp (f){i}supp(£5)] N supp(fs) = [(h}h, iHiHA, 3] 0 {h, i} = {h} =
[{h}supp(fs){k}supp (fs)] N supp(fs) = [}k, iHk}h, ] 0 {h i} = (h} # @
[{i}supp(fs) {hysupp(£5)] 0 supp(fs) = [{i}{h, (YA}, Y] 0 {h i} = (h} # @
[{i}supp(fs) (i}supp (fs)] 0 supp(fs) = {idh, {3 0 {h i} = (h} # @
[{i}supp(fs) (ysupp(£5)] N supp(fs) = [{i}h, i}k}h, Y] 0 {h, i} = (h} # @
[{k}supp (fs) (hysupp(f)] 0 supp(fs) = [{k}h, iHRHA, Y] 0 {h,i} = {h} =
[{k}supp () {i}supp(£s)] 0 supp(fs) = [UeHh M}k, i3] 0 (b 1} = (h} = @
[{k}supp () {kysupp (f)] 0 supp(fs) = [{k}h, MU, i3] 0 {hy i} = {h} = @

it is seen that [{x}supp(fs){y}supp(fs)] N supp(fs) # @ for all x,y € S. That is to say, supp(fs) is
an almost left Ql-ideal of S. Similarly,

[supp(fs){h}supp(fs){h}] 0 supp(fs) = [{h, 3{h}{h, }{h}] N {h,i} = {h} # ©
[supp (fs){h}supp (fs){i3] N supp(fs) = [{h, i}{h}{h, Hi3] N {h, i} = {h} # ©
[supp(fs){h}supp (fs){k}] 0 supp(fs) = [{h, }{h}{h, }{k}] N {h,i} = {h} # ©
[supp (fs){}supp(fs){h}] N supp(fs) = [{h, i{iYth, 3] n{h,i} = (h} # @
[supp (fs){i}supp (fs){i3] N supp(fs) = [{h, iH{i}h {3 n{h,i} = {h} # @
[supp(fs){}supp(fs){k3] N supp(fs) = [{h, iHiYh, i3k} N {h, i} = {h} # @
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[supp(fs){k}supp(fs){h}] 0 supp(fs) = [{h, i}{k}{h, i}{h}] n{h,i} = {h} # ©
[supp (fs){k}supp(f){i3] N supp(fs) = [{h, i}{k}{h, i}] 0 {h,i} = {h} # @
[supp (fs){k}supp(fs){k3] N supp(fs) = [{h, i}{k}{h, i}{k}] N {h,i} = {h} # ©

It is seen that [supp(fs){x}supp(fs){y}] N supp(fs) # @ for all x,y € S. That is to say, supp(fs) is
an almost right Ql-ideal of S. Consequently, supp(fs) is an almost QI-ideal of S; however f; is not an

Sl-almost Ql-ideal.

Definition 3.15. An Sl-almost left (resp. right) Ql-ideal fs is called minimal if any Sl-almost left (resp.
right) Ql-ideal hg if whenever hg € f;, then supp(hs) = supp(fs).

Theorem 3.16. A is a minimal almost left (resp. right) Ql-ideal if and only if S,, the soft characteristic
function of A, is a minimal Sl-almost left (resp. right) Ql-ideal, where ® # A € S.

Proof: Assume that A is a minimal almost left Ql-ideal. Thus, A is an almost left Ql-ideal of S, and so
S, is an Sl-almost left Ql-ideal by Theorem 3.11. Let f5 be an Sl-almost left Ql-ideal such that f5 € S,.
By Theorem 3.13, supp(fs) is an almost left QI-ideal and by Note 2.6 and Corollary 2.13,

supp(fs) € supp(S4) = A.

Since A is a minimal almost left Ql-ideal, supp(fs) = supp(S,) = A. Thus, S, is a minimal Sl-almost
left Ql-ideal by Definition 3.15.

Conversely, let S, be a minimal Sl-almost left Ql-ideal. Thus, S, is an Sl-almost left Ql-ideal of S and
A is an almost left Ql-ideal by Theorem 3.13. Let B be an almost left Ql-ideal such that B < A. By
Theorem 3.11, Sy is an Sl-almost left Ql-ideal, and by Theorem 2.14 (i), Sz € S,. Since S, is a minimal
Sl-almost left Ql-ideal,

B = supp(Sp) = supp(Ss) = A
by Corollary 2.13. Thus, A is a minimal almost left Ql-ideal.

Definition 3.17. Let fs, gs and hg be any Sl-almost left (resp. right) Ql-ideals. If hs © g € fs implies
that hg € fs or gs € f, then fs is called an Sl-prime almost left (resp. right) Ql-ideal.

Definition 3.18. Let f5 and hg be any Sl-almost left (resp. right) Ql-ideals. If hg © hg € fg implies that
hs € fs, then fs is called an Sl-semiprime almost left (resp. right) Ql-ideal.

Definition 3.19. Let f;, gsand hg be any Sl-almost left (resp. right) Ql-ideals. |If
(hs ° gs) N (gs ° hg) € fs implies that hg € fg or gs € fs, then fs is called an Sl-strongly prime
almost left (resp. right) Ql-ideal.

It is obvious that every Sl-strongly prime almost left (resp. right) Ql-ideal of S is an Sl-prime almost
left (resp. right) QI-ideal and every Sl-prime almost (left/right) Ql-ideal of S is an SI-semiprime almost
left (resp. right) Ql-ideal.

Theorem 3.20. If Sp, the soft characteristic function of P, is an Sl-prime almost left (resp. right) QlI-
ideal, then P is a prime almost left (resp. right) Ql-ideal, where @ = P C S.

Proof: Assume that S, is an SI-prime almost left Ql-ideal. Thus, Sp is an Sl-almost left Ql-ideal of S
and thus, P is an almost left Ql-ideal by Theorem 3.11. Let A and B be almost left Ql-ideals such that
AB < P. Thus, by Theorem 3.11, S, and Sy are Sl-almost left QI-ideals and by Theorem 2.14 (i) and

(iii),

SA OSB = SAB g SP'
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Since Sp is an Sl-prime almost left Ql-ideal and S, ° Sz € Sp, it follows that S, € Sp or Sg € Sp.
Therefore, by Theorem 2.14 (i), A € P or B < P. Consequently, P is a prime almost left Ql-ideal.

Theorem 3.21. If Sp, the soft characteristic function of P, is an Sl-semiprime left (resp. right) almost
Ql-ideal of S, then P is a semiprime almost left (resp. right) Ql-ideal, where @ #= P € S.

Proof: Assume that Sp is an Sl-semiprime almost left Ql-ideal. Thus, Sp is an Sl-almost left Ql-ideal
and thus, P is an almost left Ql-ideal of S by Theorem 3.11. Let A be an almost left Ql-ideal such that
AA € P. Thus, by Theorem 3.11, S, is an Sl-almost left Ql-ideal and by Theorem 2.14 (i) and (iii),

Sa°Sy =544 ESp

Since Sp is an Sl-semiprime almost left Ql-ideal of S, and S, °S, € Sp, it follows that S, € Sp.
Therefore, by Theorem 2.14 (i), A < P. Consequently, P is a semiprime almost left Ql-ideal.

Theorem 3.22. If Sp, the soft characteristic function of P, is an Sl-strongly prime almost left (resp. right)
Ql-ideal, then P is a strongly prime almost left (resp. right) Ql-ideal of S, where @ # P c S.

Proof: Assume that Sp is an Sl-strongly prime almost left Ql-ideal. Thus, Sp is an Sl-almost left QI-
ideal of S and thus, P is an almost left Ql-ideal by Theorem 3.11. Let A and B be almost left Ql-ideals
such that AB N BA < P. Thus, by Theorem 3.11, S, and Sy are Sl-almost left Ql-ideals and by Theorem
2.14,

(SA ° SB) N (SB ° SA) = Sap N Spa = SaBnBa c Sp

Since Sp is an Sl-strongly prime almost left Ql-ideal and (S, ° Sg) N (Sg ° S4) € Sp, it follows that
Sy € SporSg € Sp. Thus, by Theorem 2.14 (i), A € P or B € P. Therefore, P is a strongly prime
almost left Ql-ideal

4. CONCLUSION

In this study, we defined two notions of semigroups: "soft intersection almost quasi-interior ideal" and
"soft intersection weakly almost quasi-interior ideal". We showed that while every nonnull soft
intersection quasi-interior ideal is a soft intersection almost quasi-interior, and every soft intersection
almost quasi-interior is a soft intersection weakly almost quasi-interior ideal; the converses are not true
for counterexamples. Furthermore, it was demonstrated that an idempotent soft intersection almost
quasi-interior ideal is a soft intersection almost subsemigroup. With the obtained theorem that if a
nonempty set A is almost quasi-interior ideal, then its soft characteristic function is soft intersection
almost quasi-interior ideal and vice versa, we obtained the relation among soft intersection almost quasi-
interior ideal of a semigroup and almost quasi-interior ideal of a semigroup according with minimality,
primeness, semiprimeness, and strongly primeness. Furthermore, we derived that the binary operation
of soft union, in contrast to soft intersection operation, constructs a semigroup with the collection of soft
intersection almost quasi-interior ideals. In future studies, many types of soft intersection almost ideals,
including quasi-ideal, interior ideal, bi-ideal, bi-interior ideal, bi-quasi ideal, and bi-quasi-interior ideal
of semigroups and their interrelations can be examined.

The relation between several soft intersection ideals and their generalized ideals is depicted in the
following figure, where A= B denotes that A is B but B may not always be A.
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Soft intersection ideal and interior ideal of a semigroup

Soft intersection quasi-interior ideal of a semigroup

nonnull

Soft intersection almost quasi-interior ideal of a semigroup

Soft intersection weakly almost quasi-interior ideal of a semigroup
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1. INTRODUCTION

Let (X,d) and (Y, p) be metric spaces, (f,,) be a sequence of functions from X to Y and f be a function
from X to Y. In this study, there are two main types of convergence of sequences of functions:
“exhaustiveness” and “almost uniform convergence”. In 2008, V. Gregoriades and N. Papanastassiou
introduced the notion of exhaustiveness which is closely connected to the notion of equicontinuity as
follows:

Definition 1.1. [16] The sequence (f;) is called exhaustive at x, € X, if for every € > 0 there exists
6 > 0 and ny € N such that for all x € B;(xy, ) and all n = ny we have that p(f,(x), fn(x0)) < &,
where B, (x,, &) is the ball with radius § centered at x, according to the metric d.

The concept of exhaustiveness allows us to understand the convergence of a sequence of functions based
on properties of the sequence itself, rather than properties of individual functions within the sequence
[16]. In the following years, many generalizations of this concept were carried out. Z.H. Toyganozu and
S. Pehlivan introduced the concept of exhaustiveness in the context of asymmetric metric spaces and
examined several of its properties [21]. A. Caserta and Lj.D.R. Kocinac defined statistical versions of
notions, exhaustiveness and weak exhaustiveness. Moreover, they presented several findings regarding
the continuity of the statistical pointwise limit of a sequence of functions and elucidated the relationships
between st-exhaustiveness and other forms of st-convergence [7]. E. Athanassiadou et al. introduced
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and examined the fundamental properties of I-exhaustiveness and I-convergence in sequences of real-
valued functions, providing certain characterizations [4]. Subsequently, H. Albayrak and S. Pehlivan
[1] introduced the concepts of F-exhaustiveness, where F represents a filter on N. See also [15].

The concept “almost uniform convergence” was defined by J. Ewert in 1993 [13]:

Definition 1.2. The sequence (f;,) is called almost uniformly convergent at x, to a function f and

denoted by “f, 5 f atx,” if for every € > 0 there exists §(¢,xy) > 0 and ny € N such that for all
n = ny and for all x € By (xq, 6) implies p(f,,(x), f(x)) < e.

Ewert provided instances of this form of convergence that exist between the concepts of uniform
convergence and quasi-uniform convergence. Ewert also proved in which cases these are equivalent
concepts [13]. R. Drozdowski et al. discussed Ewert's concept of “almost uniform convergence” with
the same name but with a different approach [11].

Korovkin's Theorem stands as one of the fundamental theorems in constructive approximation theory
[18]. While the original theorem was given according to the concept of uniform convergence, in recent
years it has been given according to many different concepts of convergence and summability methods.
A seminal paper discussing Korovkin-type theorems in the context of statistical convergence can be
found in [14]. In the paper by K. Demirci et al. [9], the concept of relative uniform convergence of a
sequence of functions at a specific point was introduced and they utilized this new form of convergence
to prove a Korovkin-type approximation theorem. Additionally, they delved into the investigation of
convergence rates in their study. Numerous studies have also been conducted on Korovkin-type
theorems that are closely linked to convergence connected with summability methods, statistical
convergence and filter convergence ([3,5,6,10,12,14,17,19,22,23]).

As of 2020, with the work of N. Papanastassiou [20], in addition to the ones mentioned above, semi-
types of many convergence types for function sequences have been defined and their relationships with
each other have been examined. See for example [8].

This paper focuses on dealing the Korovkin-type theorems that are contingent upon the semi-types of
“exhaustiveness” and “almost uniform convergence”. Since it is known that the convergence types
mentioned above are between point-wise and uniform convergence, it will be noticed that the
circumstances can be mitigated in the classical Korovkin's Theorem.

2. DEFINITIONS AND AUXILIARY RESULTS

Let (X,d) and (Y, p) be metric spaces, (f;,) be a sequence of functions from X to Y and f be a function
fromXtoY.For x, € X and § > 0, B;(x,,6) denotes the ball with radius & centered at x, according
to the metric d. Let us recall the definitions of exhaustiveness, semi-exhaustiveness, almost uniform
convergence and semi-uniformly convergence.

Definition 2.1. [20] The sequence (f,) is called semi-exhaustive at x, € X if for every € > 0 there exists
6 > 0 such that for all n € N there exists m € N (m > n) such that for all x € B;(x,, §) we have that

P (fm (), fin(x0)) < &.

From the definition, an exhaustive sequence of functions is semi-exhaustive, although the reverse
implication may not hold. In [20] (Remark 4.2 (2) (Example 3.3)), the given example is accidentally
overlooked. For correction, one can use the following example:

nx, nisodd
Example 2.2. Let f,,: (—1,1) » R, f,(x) = {x/n n is even

exhaustive at x = 0 but lacks exhaustiveness at the same point.
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Proposition 2.3. Let x, € X. The sequence (f,,) is semi-exhaustive at x, iff there exists a strictly
increasing sequence of positive integers (n;) such that (fy, ) is exhaustive at x,.

Proof.

Lete > 0 and x, € R are given. Let's assume we have a sequence of positive integers, denoted by (1),
which strictly increases such that (f;, ) is exhaustive at x,. From exhaustiveness there exists § > 0 and
k* € N such that for all k = k™ and for all x € B(x,, §) we have p(fy, (), fn, (%0)) < &. Since n; =
ngx = k* sothatng« ., = k*+n >n forall k > k*, then if we choose m = ny+,,, forall n € N then

for all x € B(x,,d) we have
Pfin (), fn(x0)) = p(faye,, OO e, (%0)) < &

Now, assume that the sequence (f,,) semi-exhaustive at x,. From here we construct the desired
subsequence (n,) as follows: From the Definition 2.1., there exists n; =1 such that
P(frn, (), fn,(x0)) <& for all x € By(x,,8). Similarly, there exists n, =n; +1 such that
P (frn, (X)) fn, (x0)) < € for all x € By(x,8). If it continues in this way, there exists n, > n,_q + 1
such that p(fy, (x), fn, (x0)) < € for all x € By(x,,5). Consequently, we get a strictly increasing
sequence of positive integers (n,) such that f,, is exhaustive at x,.

|

Definition 2.4. [22] The sequence (f;,) is called uniformly exhaustive on X if for every € > 0 there
exists §(¢) > 0 and ny € N such that for all n = n, and for all x, y € X that satisfy d(x, y) < § implies

p(fn(0), fu() <e.

Definition 2.5. The sequence (f;,) is called semi-bounded on X if there exists M > 0 such that for all
n € N there exists m € N (m > n) such that the sequence p(f,,(x),0) < M forall x € X .

Definition 2.6. The sequence (f;,) is called semi-boundedly exhaustive at x,, if for all € > 0 there exists
& > 0 such that for all n € N there exists m € N (m > n) such that

. p(fm(@), f(xo)m) < e forall x € B(xy, )

i p(fin(x0),0) <M
where M > 0 is a constant independent from & and n.

Definition 2.7. The sequence (f,,) is called almost uniformly bounded on X if there exists n, € N and
M > 0 such that p(f,,(x),0) < M foralln > nyand all x € X.

Remark 2.8. It is clear that the uniform boundedness of a sequence implies almost uniformly

boundedness. The inverse of this assertion is not true. For example, for f,,: (1, @) - R, f,,(x) = x2n-n?
the sequence (f;,) is not uniformly bounded, but almost uniformly bounded.

Definition 2.8. The sequence (f,,) is called locally almost uniformly bounded on X, if for all x € X,
there exists & > 0 such that the sequence (f;,) is almost uniformly bounded on B, (x, 8).

Proposition 2.9. If the sequence (f;,) is exhaustive at x, and (f;,(x,)) is bounded then (f;,) is almost
uniformly bounded in a neighborhood at x,.

Proof.
By boundedness of the sequence (f;,(x,)), there exists a number M > 0 such that p(f,,(x(),0) < M for
all n € N. From exhaustiveness of the sequence (f;,) at x,, there exists § > 0 and n, € N such that for
all n > ny and x € B, (xg,8) we have p(fy,(x), f(x0)) < 1. Since p(f(x),0) < 1 + p(f,(x(),0) <
1+ M forall n = ny and all x € B;(xq, §), we get the desired result.
]
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Corollary 2.10. Let the sequence (f,,) is exhaustive and pointwise bounded on X then (f,,) is locally
almost uniformly bounded on X.

Proposition 2.11. If (f;,) o fat Xy, then (f,) 5 f at x,, for any strictly increasing sequence of
positive integers (ny).

Proof. Let strictly increasing sequence of positive integers (n;) and x, € R are given. From almost
convergency of (f,,) to f at x, there exists § > 0 and n* € N such that for all n = n* and for all x €
B(xq,6) we have p(f,(x), f(x)) < ¢ for all € > 0. For given ¢ > 0 if we choose §* =4 and k* =
min{k : n, = n"}then forall k > k* and for all x € B(x,, ) we have p(fy, (x), f (x)) < &.
]

Definition 2.12. [20] The sequence (f;,) is called semi-uniformly convergent to a function f at x,, if

Lo fu(x0) = f(x0)

ii.  Forevery e > 0 there exists § > 0 such that for all n € N there exists m € N

(m > n) such that for all x € B(x,, ) implies p(f;, (%), f(x)) < .

A semi—u
The notation "f,, —

to f at x,.

" f at x," will be used for semi-uniformly convergence of the sequence (f;,)

Remark 2.13. Obviously, if a sequence of functions converges almost uniformly to a function at a
specific point, then it can be inferred that the sequence converges semi-uniformly to the same function
at the same point. Nevertheless, it should be noted that the converse statement does not hold true. For
instance, considering the sequence provided in Example 2.2. even though it converges semi-uniformly
to the function f = 0 at the point x = 0, it is not characterized by almost uniform convergence.

Proposition 2.14. Let x, € X. The sequence (f,,) semi-uniformly converges to f at x iff
i fulr) > fl) _ o _
ii.  There exists a strictly increasing sequence of positive integers (n;) such that (fy,) is almost
uniformly convergent to f at x,,.

Proof. Let € > 0 and x, € R are given. Assume that (f,,(xy)) converges to f(x,) and there exists a
strictly increasing sequence of positive integers () such that (fy, ) is almost uniformly convergent to
f at x,. From almost uniform convergency there exists § > 0 and k* € N such that for all k > k™ and
for all x € B(x,,8) we have p(f,, (%), f(x)) < €. Since n = ny» = k™ so that ny-y,, =2 k™ +n>n
for all k > k*, then if we choose m = ny+,, for all n € N then for all x € B(x,, §) we have

P, ) = pfrye,, (0, F)) < e

Now, assume that the sequence (f,,) semi-uniformly converges to f at x,. From here we construct the
desired subsequence (n;,) as follows: From the second condition of Definition 2.12. there exists n; = 1
such that p(fn, (%), f(x)) < e for all x € B;(x(,6). Similarly, there exists n, = n; + 1 such that
p(fn,(x), f(x)) < e forall x € By(xo,8). If it continues in this way, there exists n;, = n,_; + 1 such
that p(f,, (), f (x)) < € for all x € B;(x,, §). Consequently, we get a strictly increasing sequence of

semi—un.

positive integers (n;) suchthat f,, -
|
With the proposition mentioned earlier serving as motivation, a specific type of semi-exhaustiveness
can be defined by incorporating the concept of natural density. However, before delving into this
definition, let's review the definition of natural density. For A € N, we denote the natural density of A
by
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d(A) = lim

[{k€A : k<n}|
n—o0 n
if the limit exists, where |A| denotes of the cardinality of the finite set A. Let Ac[l . Then A is
called

e astatistically thin setisd(4) = 0

e astatistically thick setis d(4) # 0

e astatistically dense setif d(4) = 1.

It is well known that if d(A;) = d(4,) = 1for A;,A, c Nthend(4; N 4,) =1 [8].

Definition 2.15. It is called that the sequence (f,,) is densely semi-exhaustive at x, € X if there exists a
strictly increasing sequence of positive integers (n), with d({n,}) = 1, such that (£, ) is exhaustive

at xq.

It's clear that if a function sequence is densely semi-exhaustive then it is semi-exhaustive. Reverse
implication could not be true. For example, the sequence (f,,) defined by f,: (—1,1) = R,
_ (nx, n 1S prime
fa () = {x/n, n is non-prime
is semi-exhaustive at x, = 0, however it is not densely semi-exhaustive at x, = 0.

Definition 2.16.
It is called that the sequence (f;,) is densely semi-uniformly converges to f at x, € X if there exists a
strictly increasing sequence of positive integers (n;), with d({n,}) =1, such that (f,, ) almost

converges to f at x.

It's clear that if a function sequence is densely semi-uniformly convergent then it is semi-uniformly
convergent. Reverse implication could not be true. For instance, consider the sequence (f;,) defined by:
fr:(—1,1) - R,
X . .
fa) = { v
nx, nisnotprime
is semi-uniformly convergent at x, = 0, it is not densely semi-uniformly convergent at x, = 0.

Let C (X) denote the space of real valued continuous functions and B (X) denote the space of real valued
bounded functions on the metric space (X, p). We will deal with the positive and linear operators defined
on these spaces. The positivity of an L operator defined on these spaces will be understood as the fact
that the L(f) function is also positive for every positive function f. Let be e, (x) = x* for k € Ny: =
N U {0} and x € R. For X = [a, b], let us give Korovkin's Theorem to deal with an approximation
property of the sequences of positive and linear operators on C (X):

Theorem 2.17. [18] Let (L,) be a sequence of positive linear operators on C[a, b]. If the sequence
L,,(ex) converges uniformly to e, on [a, b], for k = 0,1,2 then the sequence L, (f) converges uniformly
to f on [a, b] forall f € C[a, b].

In the next section, we deal with Korovkin-type theorems depending upon the kind of convergences

such as almost uniform convergence, semi-uniformly convergence and the notion of semi-
exhaustiveness.
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3. MAIN RESULTS

Let (X, p) be a metric space for a bounded set X < R and C,, (X) be the space of real valued, bounded
and continuous functions on the metric space (X, p). For every x € X denote by B(x; §), the set {y €
X:p(y,x) < &} and by p, the function p,(y) = p(x,y), (y € X). Itisclear that p, € C,(X). In [2],
Altomare's contribution involved extending Korovkin's Theorem to include metric spaces, thus
presenting a broader and more encompassing version of the theorem.

Theorem 3.1. [2] Let (L,),»1 be a sequence of positive linear operators on € (X) and assume that for
some compact subset K of X the following properties hold true:
e lim L,(ey) = ey uniformly on K. * lim L, (p,) = 0 uniformly on K.
n—oo n—oo

Then for every function f € C(K), lim,,_ L, (f) = f uniformly on K.
Using similar method in [2], we give the Korovkin-type theorems based on the concept of semi-
exhaustiveness, almost uniform convergence and semi-uniformly convergence.

Theorem 3.2. Let (L,,) be a sequence of positive linear operators on C(X) and x, € X. If L,,(eg) o €
and L, (p¥,) is almost uniformly converges to 0 at x, for some r > 0, then L, (f) o f at x, for all

f e Cy(X).

Proof. Let f € C,(X) and x, € X. By the continuity of f at xg, there exists § > 0 such that
(@) = fxo)l < e

holds for all t € X that satisfies p(x,,t) < &. On the other hand, in the case p(x,,t) = §, we have
2M
If (@) = f(xo)| < ZSupr(x)I <~ P, 1)
where M: = sup|f(x)| Letr > 0. From the dlscussmn above, the inequality pertaining to the set X can

be written as foIIows

2M
lf () = f(x0)| < g€ + =7 P,
By almost uniformly convergence of (L, (eg)) at x,, there exists §; > 0 and n; € N such that for all
n = n, and for all x € B(x,, §;) we have

|Ln(eg; x) —eo(x)] < 1.
Also, by almost uniformly convergence of (Ln(p,to)) at x,, there exists §, > 0 and n, € N such that
for all n > n, and for all x € B(x,, §,) we have

52
Ln(pkyi %) < T
By utilizing the well-known properties of positive and linear operators, we can establish the following:
|Ln(f5 %) — fOOI < Lp(If — F(O)5 %)
2M
< SLn(eO'x) + n(pxonx)

2M , £
< 5 ILn(e0; x) — o (| + 5 Ln(phyi %) + 5 €0(x)

for all n>n, and for all x € B(xy,8) where ny = max{n,,n,} and 6§, = min{é;,d,,6} .
Consequently, we obtain the almost uniform convergence of the sequence (L, (f)) to f at x,.
|

Corollary 3.3. Let (L,,) be a sequence of positive linear operators on C(X). If L,(ey) iy eo and

Ly (p%,) is almost uniformly converges to 0 on X for some r > 0, then L, (f) o fonXforall fe
Cp(X).
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Example 3.4. For X = (0,2), consider the operators L,, on C,(X)
A (D +nfR), x<1/2n
La(f3 %) ‘{ fe),  x>1/2m
It is evident that the operators L,, possess both linearity and positivity. While the sequence (L,) does
not meet the conditions of Theorem 3.1, it does satisfy the conditions outlined in Theorem 3.2.

Remark 3.5. Korovkin's Theorem is not true for the concept of semi-uniformly convergence. However,
as we can see in the next theorem, it can be written for densely semi-uniformly convergence. An example
is given after the next theorem.

Theorem 3.6. Let (L,,) be a sequence of positive linear operators on Cp, (X) and x, € X. If the sequence
(Ln(eo)) densely semi-uniformly convergent to e, and the sequence Ly (p,) densely semi-uniformly

convergent to 0, for some r > 0, at X, , then L, (f) densely semi-uniformly convergent to f at x, for all
f € Cy(X).

Proof. Let f € C,(X) and € > 0 be given. Since the sequence (L, (ey)) has densely semi-uniformly
convergent to eq at x, then there exists a strictly increasing sequence of positive integers (n,((l)), with
d({n,(cl)}) =1, such that (L _a)(eo)) is almost uniformly convergent to e, at x,. Similarly, since the
sequence (L, (px,)) has dengely semi-uniformly convergent to 0 at x, then there exists a strictly
increasing sequence of positive integers (n,(f)), with d({n,(f)}) =1, such that (L, (px,)) is almost
uniformly convergent to 0 at x,. Because of the densely semi-uniformly convergencg implies the semi-
uniformly convergence , if we take the strictly increasing sequence of positive integers 0 in the set
M} n (n{?} which has natural density 1, we obtain that L, (eo) — €oand Ly (o) almost uniformly
converges to 0 at X, by using Proposition 2.11. Now, the desired result follows from Theorem 3.2.

|
Example 3.7. Let the linear positive operators L,, on C[0,1] defined by

1
&, x =
folf(t)Kn(t,x) dt, x#3
where K,(t,x) = (m+ Dx™ +~|x =2 with n=m(mod3) for n€N. It's obvious that

RN

Ln(fi %) =

L,(e) e e; at%fori = 0,1,2 but L, (f) does not semi-uniformly converge to f at%forf(x) = x3.

In the next theorem, let X R be any set, bounded or unbounded.

Theorem 3.8. Let (L,,) be a sequence of positive linear operators on C(X). If (L,(ep)) is semi-
exhaustive and bounded at x, € X, then (L,,(f)) is semi-exhaustive at x, for all f € C(X).

Proof.
Let f € C(X), xo € X and € > 0 be given. By semi-exhaustiveness of (L,,(ey)) at x,, there exists §, >
0 and for all n € N there exists m € N such that for all x € X satisfying p(x, xy) < &,, we have

&
|Lm (€05 %) = Lm (€03 x0)| < 357y = A1(©).
By boundedness of the sequence (L, (eq; Xo)), there exists M > 0 such that L, (ey; xo) < M. By the

continuity of f at x,, there exists §; > 0 such that for all x € X that satisfies p(x, xy) < 8, we get
8 —
If (x) = f(x0)| < NG Az (&)
From properties of positive linear operators, we have
Lo(If = f(xo)]; x) < Az(€)[Ln(eg; x) — Ly (eg; xo)| + Az(€)|Lyn(€0; X0) |-
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Now, if we choose § = min{§,, §,} and for all n € N, m* = m (m* > n) then for all x € B(x,; §), we
have
1Lin(f; %) = Lin(f; %)l < |Lin(f5 %) = Lin (f (X0); X) | + [ L (f (%0); X) = Lin (f (x0); Xo)|
+Ln (f (%0); X0) = Lm (f; %0)
< Lin(If = F (o) 5 %) + |f (o) [ILm (€05 X) — Lim (€05 x0)|
+Ln (If = £ (o) 5 %0)
< 24;(&)(A1(e) + M) + |f (x0)|A1(€)
<e.

Hence (L,,(f)) is semi-exhaustive at X, . ]

Theorem 3.8 can also be expressed as follows:

Theorem 3.9. Let (L,,) be a sequence of positive linear operators on C(X). If (L,,(ep)) is semi-
boundedly exhaustive at x, € X, then (L,,(f)) is semi-exhaustive at x, for all f € C(X).

Theorem 3.10. Let (L,) be positive linear operators on C(X). If (L,(ey)) is semi-exhaustive and
pointwise bounded on X then (L,,(f)) is semi-exhaustive on X for all f € C(X).

Proof.

Let f € C(X), xo € X and € > 0 be given. From Proposition 2.3. there exists an increasing sequence of
positive integers (ny ) such that (L, ) is exhaustive at x,. Then by exhaustiveness of (Lnk(eo)) at x,,
there exists 6, > 0 and k, € N such that for all x € X and for all k > k that satisfy p(x, xy) < &y, we

have
&

P(Ln, (e0; X), L, (€03 %0)) < oD — Aq(e).
Exhaustiveness and pointwise boundedness of (L,(ey)) on X implies locally almost uniformly
boundedness from Corollary 2.10. Consequently, there is a positive real number that exists M > 0, §; >
0 and k; € N such that for all x € X that satisfy p(x,xy) <&, and for all k > k;, we have
|Ln, (e0; x)| < M. By the continuity of f at x,, there exists §, > 0 such that for all x € X that satisfies
p(x,xy) < 65, We have
If () = F(xo)| < 5
From properties of positive linear operators, we have
L (If = f o)) < 5 Ly (€05 %),
Now, if we choose 6§ = min{é,, 6;,5,} and for all n € N, m = n,(m > n, > n) then for all x €
B(xy,6), we have

|Lin (f; %) = Lin(f; X0)| < [Lin (f5 %) = Lin (f (x0); 2| + | Ly (f (%0); %) = Lin (f (%05 x0)|
+ | Lin (f (x0); x0) — Lin (f; %0)
< Lin(If = f(xo) ;X)) + |f (X0)||Lm (eq; x) — L (€0; xo)|
+ Lin (If = f(x0)1; x0)
< 25 |Lin(eq; 2)| + |f (x0) |41 (€)
Hence (L,,(f)) is semi-exhaustive at x,. Thus (Ln<(f£)') is semi-exhaustive on X.

Example 3.11. Scrutinize the linear positive operators L,, on C[—1,1] defined by
f(x)/n, x < 0andnis prime
L,(f;x) =<f(x)/2n, x > 0andnis prime
f(0), n is not prime.
It is clear that (L, (ey)) is semi-exhaustive at x = 0 and bounded on [—1,1], so for every f € C[—1,1],
(L (f)) is semi-exhaustive at x = 0. Indeed, for every € > 0, we choose § < 1/2 and for everyn € N
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we choose m to be the least prime integer that greater than n, then |L,,(f; x) — L,,(f; 0)] < € hold for
all x € B(0, 6).

Example 3.12. Consider the linear positive operators L,, on C(0,1) defined by
L _(f(x)+nf(xp), nisodd

Ln(f3%) = { nf(x), nis even
and x4 € (0,1) be fixed. For a function f € €(0,1) with f(xy) # 0. the sequence (L, (f)) does not
converge uniformly on (0,1), but it is semi-exhaustive on (0,1).
Remark 3.13. The condition about boundedness cannot remove from Theorem 3.8.
Example 3.14. Consider the linear positive operators L,, on C[0,1] defined by L,,(f; x;) = n?f(x). It’s
clear that (L,,(eg)) is not bounded. Although (L,,(ey)) is semi-exhaustive, the sequence (L, (f)) is not
semi-exhaustive on [0,1] for every f € C[0,1] which is not constant.
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