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Abstract

In this study, a matrix R, is defined, and two closed form expressions of the matrix R},
for an integer n > 1, are evaluated by the matrix functions in matrix theory. These
expressions satisfy a connection between the generalized Fibonacci and Lucas numbers
with the Pascal matrices. Thus, two representations of the matrix R and various forms
of matrix (R,+qAI)™ are studied in terms of the generalized Fibonacci and Lucas numbers
and binomial coefficients. By modifying results of 2 x 2 matrix representations given in
the references of our study, we give various 3 x 3 matrix representations of the generalized
Fibonacci and Lucas sequences. Many combinatorial identities are derived as applications.
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1. Introduction

The generalized Fibonacci sequence {U, (p, q)},~, and the generalized Lucas sequence
{Va (p, @) }>0, for an integer n, are defined by the second order recurrence relation

U, = pUn—l - qUn—2 UO = 0; Uy = 17 (11)
Voo = pVao1 — ¢V Vo =2, V1 =p, (12)

where p and ¢ (p # 0 and q # 0, p® # 4q) are arbitrary complex coefficients. From the
sequences
{Un}nzo = {Unx (p, Q)}nZO and {Vn}nZO = {Va (p, Q)}nzo

we derive;
Fibonacci {F,,},,~o := {Un (1,—=1)},,5¢ and Lucas {L,},~¢ := {Va (1, =1) },,>0s
Pell {P,}, 50 = {Un (2,—1)},,50 and Pell-Lucas {Qn}, ¢ == {Vi (2, = 1) },,50,
Jacobsthal {J,,}, - = {Uy (1, —2)}, 5, and Jacobsthal Lucas {jn}, >0 := {Vn (2, =1)},.50,
sequences. a a a a

Any n-th entries of the sequences {U,},,~, and {V;,}, -, are generalized Fibonacci num-
ber U,, and Lucas number V,,, respectively, are given by

Up=(a"=p")/(a=B), Vo =a"+p", (1.3)
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where o = (p +Vp? — 4q> /2 and 8 = (p —\/p? - 4q> /2 are the roots of the equation
22 —pz+q = 0. These formulas given in (1.3) are called Binet’s formulas [18]. Throughout

this paper, we let n be an arbitrary positive integer, A = p? — 4q, o = (p—i— \/Z) /2,

and 8 = (p - \/Z) /2, where p and ¢ (p # 0 and g # 0, p? =+ 4q) are arbitrary complex
coeflicients.

Many authors have studied various fundamental properties, matrix representations, and
sums of their squares or products of consecutive numbers U,, and V,, (see, e.g., [2,4,8,12,
18,19]).

Among the generalized Fibonacci and Lucas sequences, the Fibonacci {F},},~, and
Lucas {Ly},~( sequences have achieved a kind of celebrity status, and have been studied
extensively in number theory, matrix theory, and applied mathematics (see, e.g., [3,5,6,
13,14,17,20,21]).

In [5] and [6], the authors relate with altering sums of squares of odd and even terms
of the Fibonacci sequence and altering sums of their products to the product of the ap-
propriate Fibonacci and Lucas numbers. In [17], the authors give elementary methods
to investigate the reciprocal sums of products of two Fibonacci numbers in several ways.
Similar formulas for other special sequences such as the Pell, Pell Lucas, Jacobsthal, and
Jacobsthal Lucas sequences are obtained by the same methods in [7,9, 10].

In [1] and [2], H. Belbachir and F. Bencherif give a number of formulas for sums and
alternating sums of product of the generalized Fibonacci and Lucas numbers. These
studies extend all results, and recover more easily as the methods in [5-7,9,10]. In [8], Z.
Cerin achieves explicit formulas for sums of products of a fixed number of the consecutive
generalized Fibonacci and Lucas numbers. These formulas are related to the results given
in [2], on the other hand, the author eliminates all restrictions.

An existing formula for any n-th power of a m X m matrix or particular matrices with
various matrix identities etc. can also be used to derive various combinatorial identities.
In [15], J. Mc Laughlin shows how to derive various combinatorial identities by using a
formula for any n-th power of a 2 x 2 matrix. As an illustration, the well-known 2 x 2
Fibonacci matrix Q™ gives the ninety-first formula from Vajda’s list in [21] and various
formulas can be similarly derived by this method. As other formulas for any n-th power
of matrices of order 2 , we see that many properties of the Fibonacci and Lucas sequences
are derived by the Fibonacci matrix Q™ [20] and Lucas matrix Q)7 [14]. These properties
in the context of 2 x 2 matrices U(p, q) and V(p, q) associated with the numbers Uy, (p, q)
and V,,(p, q) are generalized by using the identities of these numbers in induction method,
it can be shown that the matrices U"(p, q) and V" (p, q) are the generalized Fibonacci and
Lucas matrices, all elements of which are related to indices of the numbers U,, and V;, [4].
Also, several properties of the generalized Fibonacci sequence {Hy,,,} are given by using
the same matrix methods [22].

In [19], Melham shows that any n-th integer powers of the matrix R of order 3 is related
with the numbers U, (p, ¢), and applies some matrix functions to obtain new infinite sums
to the matrix R™ (n € Z"), which is derived as

quEL—l Up1Uy q2U72L
R" = _2qUn—1Un —q (Ur% =+ Un—1U7L+1) _QQUnUn-i-l . (14)
U2 UpUni1 Uz,

In [16], the authors obtain a general polynomial identity in k variables, a closed form
expression for the entries of the powers of a k x k matrix is given by using this identity
for kK > 2 an arbitrary positive integer. Various combinatorial identities are also derived
by using these results.

In [1], H. Belbachir and F. Bencherif derive a formula expressing the general term of a
linear recurrent sequence. This result generalizes the result of J. Mc Laughlin about the
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powers of a 2 X 2 matrix in [15] to the case of a m x m matrix, m > 2. These results
are used to derive various identities concerning the Fibonacci and Stirling numbers and
combinatorial relations.

In this work we aim to find different relations between matrices containing sequences
alike the generalized Fibonacci and Lucas sequences. As far as we know in the litera-
ture, matrix representations of the generalized Fibonacci sequence {U,},~, have been
introduced and investigated. We consider matrix representations of the generalized Lucas
sequence {V,},~q, which both establish various summation identities involving squares
of terms from the sequences {U,},q and {V,}, o, and derive properties of the Lucas,
Pell Lucas, Jacobsthal Lucas numbers by taking advantage of the ideas introduced for the
Fibonacci, Pell, and Jacobsthal numbers in the literature.

2. The closed form expressions of the matrix R

Several generalizations of the Pascal matrix are defined in [23] and a number of the-
oretic properties associated with the generalized Fibonacci and Lucas sequences and the
Pascal-type matrix are studied in [3] and [19]. Unless otherwise stated, x4, =1,2,3
denotes the entry in the i-th row and j-th column of n-th powers of any matrix X of
order 3, we define first and third column vectors, (u}}), (ul), (v}}), and (v}y), i = 1,2,3,

including their squares or consecutive product of entries from the sequences {U,(p, q)},,>¢
and {V,(p, q)},,>0, respectively;

(Uﬁ) = ((2 E 1) (*qUnfl)gii Ué—l) ) (U?B) = ((Z E 1) (7qUn)37i Ué-&-ll) i=1,2,3
2 3 i1 ' 2 3—iyrie1 b
- (2 o) (2o oo

where (‘;) denotes the binomial coefficient. Now, let us consider a matrix R, of order 3 as

4q4? 2pq* P
R,=| —4pa —a(20°+A) —2pq(p* —29) |, A=p*—4q, (2.1)
2 2 2 2
P p (p* —2q) (»* —2q)

which includes all matrices considered as special cases like Lucas, Pell Lucas, and Jacob-
sthal Lucas matrices, etc. It is seen that the matrix R, is related with column vectors

(uﬁj) and (vi"j), j =1,3 such as
Ry (ufy) = (vj) and R, (vj}) = A? (uiy), for i =1,2,3.

In addition, we present two closed form expressions of h-th powers of the matrix R,, one
of them is the matrix representation.

Theorem 2.1. Let R be any h-th positive integer powers of matriz given in (2.1). Then,

¢*Us, ¢*Uzp—1Uzp *U3,
R = A" | —2qUsy—1Uzn  —q (U2, + Uzn—1Usp+1) —2qUonUspin |, (2.2)
U22n U2nU2n+1 U22n+1
Vi, o ¢*Von—2Van—1 Vi, 1
R = A2 —2qVon oVant —q (VR 4 Van—aVon) —2qVan—1Von |.  (2.3)
Vin_1 Van—1Van V2,

Proof. By using the induction method on h € Z*, (2.2) and (2.3) are proved according
to whether h is even or not.

Firstly, since R,R, = R2 and R2R, = R}, the matrix R2 for n = 1 in (2.2) and the
matrix R> for n = 2 in (2.3) are proved by computing the elements rizl and 7’?17 1=1,2,3
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of the matrices R? and R2, respectively. Other elements can be showed similar to them.
The element 7§, is ¢ (p? — 4q)2. Thus, by using p?> —4¢ = A and U; = 1, we find
that r3; = A2¢%. The element 73, is —2pq (—4q—|—p2)2. By using Us = p, we see that
r3, = —2A%qU,. The element 3, is p? (p? — 4q)2 = A2U32. So, the elements 1%, i =1,2,3
of the matrix R? are valid for n = 1. By using Uz = p? — ¢, and due to the manner in
which elements of the matrix R2 are computed, we note that the matrix R2 is true for
n=1.

Since RZR, = R3, the elements r3; = ¢?A%VE, 3, = —2¢A2VLV3, 13, = A%VZ are
given by using V5 = p? — 2q and V3 = p (p? — 3¢). Then, the elements r}, i = 1,2,3 of
the matrix R are valid for n = 2. When other elements of the matrix R3 are evaluated
by using V3 = p* — 4p%q + 2¢%, we note that the matrix Rg is valid for n = 2.

Now, we suppose that they are true for h < 2N , N > 2. Due to R?NR, = R2N+!
or RZN-1R2 — R2N+1 by using the induction hypothesis and R, or R?, we obtain the
R%NH Then, elements r2NTL i =1,2,3 of R2NT! = R2N R, are given with

PVt = 2 (pUan — 2qUan—1)* = ¢* Vi,
ray T = —2¢ (pUan — 2qUan—_1) (pUan+1 — 2qUan) = —2qVanVan 1,
2
ravt = (pUan 41 — 2qUan)” = Viiv i1,
by using the recurrence relation given in (1.2) and V,, = 2Up4+1 — pUy, = Upy1 — qUp—1.

All elements of the R2V*! can be proved similar to them.
By using the induction hypothesis and the R2, we can write RN R2 = RU(NH). Then,

the elements r2N 2 i =1,2,3 of the Rv(NJr ) are given by using the recurrence relation
given in (1.1), respectively, as

PNt = 2 (pUay — qUan—1)° = ¢*Uan 41,
riVT2 = —2¢ (pUan+1 — qUan) (pUan — qUan—1) = —2qUan2Uan 41,
2
3 = (pUan 11 — qUan)* = Uy .

Other elements can be proved similar to them. Thus, the R? holds for all positive integer
h. O

Let us mention the properties of the matrix Rfj’ ;
Remark 2.2. The entries 7§ = ¢>r20 and rig~! = q2r§? Uinvolve always the numbers
q?U32, and ¢*V2,_,, respectively. And also, the entry 7% involves the numbers U? L1 or

V,3+1 for even and odd h, respectively.

Remark 2.3. The entries rlhl, 1 =1,2,3 of the matrix Rff are equal to the values of

2 —1 71— — 2 —i o ri— .

in the expansions A%" (U}, — qUh,l)2 and A2(n—1) (Vi — (]Vh,l)2 for even and odd h, re-

spectively. And also, the entries TZ%, i =1,2,3 of R" are equal to the values of

2 ; _ 2 ; ,
AP <<Z - 1) (—qUp)*™ Uh+1> and AP~1 ((Z_ 1) (—qVi)*~ Vh+1> =1,2,3
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in the expansions A" (U1 — qUp)? and AP (Vj,41 — ¢V;,)? for even and odd h, respec-
tively. That is, for i =1, 2, 3,

2 A o
o= AR <<z - 1) (—q)*" Ui’:;Ug_1> for even h,

2 . -
b= ARl ((z - 1) (—q)*" v,f:;v,;*) for odd h,

where (7) is a positive integer known as a binomial coefficient. The matrix R" can be
expressed as a Pascal-type matrix [23].

The other closed form expression is a polynomial representation, RZ = col+c1Ry+caR2,
the coefficients ¢, c1, and ¢y are given with the numbers Uy, and V3, based on the eigenvalues
A, 7 = 1,2,3 of the matrix R,. Let us suppose that it is a function f(z) = 2", n € Z*,
then, polynomial expression f (R,) gives R} as

3 3 ,
FR) =S T2 m, g, (2.4)
i=1j=1 " "
i#]

where I is the 3 x 3 identity matrix. The polynomial A* — (p? — 3¢) A (A2 — gAN) + ¢3A3
is the characteristic polynomial of R,,, and so, \{ = Aa?, Ay = —Aaf3, A3 = AB? are the
eigenvalues of the matrix R, [11].

Theorem 2.4. Let R be any h-th positive integer power of the matriz given in (2.1),
and I is the 3 x 3 identity matriz. Then,

A2n72
R = P [UQnVZn—le + qA*UzyUgn—o Ry — q3A2U2n—2‘/2n—II] ; (2.5)
o1 _ AP 2 3 A2
Ry = e [U2n—2V2n—1Rv + qAVap—1Vop—3R, — ¢°A U2n—2‘/2n—31} - (2.6)
Proof. By inserting the eigenvalues \; = Aa?, Ay = —Aq, A3 = AB? into (2.4), we

consider it as two equations according to whether A is even or odd, and rewrite the right
hand side of f (R,) = R by grouping similar members with respect to matrices R2, R,,
and I,

4n—1 on—1 pan—1 ) 4n—1 2 2n—1
R2n — A [ (U5 + 0t = 25 ) B2+ A (Bat =t — (p? — 2q) "

2 _ 2 4n—1 2g4n—1 s
p aﬁ4n I)Rv_qﬁ2<BaA _qn_@,@A )I
4n—3 _ 4n—3 _ _
i s (a - e B R )Rﬁ A(Bo/‘" 3 (pz —20) g2n2
v 2 _ 2 4n—3 _ 2 ndn—3 .
R p aBin 3)Rv_qA2(BaA i 1_ocﬁA )I

We arrange these equations according to the Binet’s formulas given in (1.3) and we get
the desired results;

a2n_ 2n n— n— " n
s | a0
v p <a2n72 _ /82n72> R, — qSAQa \/_ZIB (Odanl + /82n71) I ’

2n—1 __ A2n-3
R, = =

[ a2n—2_g2n—2 (azn—l +62n71) R% T gA (a2n73 +52n73) }
p2

a 2n—2 2n—2
(a2n /BQn) R, — q3A2a —Aﬁ (a2n73 627173) T
]

Remark 2.5. Equating all the entries of the closed form given in (2.2) with (2.5), and
(2.3) with (2.6) we obtain several identities of the numbers U,, and V,,.
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Remark 2.6. The matrix equations such that R?R™ = R*T™ RPRML = R2nFL and
R}R;™ = R~ etc., give some identities of sums or difference of indices for their squares
or products of consecutive numbers U,, and V,,. Since these identities and their proofs can
be carried out by means of analogous arguments considering by many mathematician, we
state only the essential details and omit the identities, and their proofs.

3. The closed form expressions of the matrix (R, + ¢AI)"

Throughout Section 3, let I denote the 3 x 3 identity matrix and n be an arbitrary
positive integer. From the Cayley Hamilton theorem, RS — (p? —3¢) A (R% — ¢AR,) +
@3 A3I = 0 is valid, multiplying with R? of this matrix equation yields

AV:
N A (R 4 qARYH). (3.1)

Remark 3.1. Various identities can be obtained from the cases whether n is even integer
or not in (3.1). If n = 2k, k > 1, then

PV + 0P pAUZ = Vi (AUL, +aV2),
qpVnt2Voss + @CpAUn1Un = V3 (AUns1Upgz + ViVog1)
and, if n =2k — 1, kK > 1, then
PAUZ s +¢°pV? = W (Vr?+2 + qAU72L+1) )
PAUn2Unss + ViV = Vs (Vg1 Vigo + ¢AURUp 1) -

Similar identities can also be given with matrix equation

AV
R3S 4+ 3A3R! = 7333“ (Ry + qAI) .

After a little algebraic manipulation on the expansion (R, + ¢AT )3, we obtain a matrix
equation as

(Ry + qAI)® = Ap*R, (R, + qAI) . (3.2)

Now, we give closed form expressions and some matrix equations on the matrix (R, + ¢AI)"
to produce summation identities involving terms from the sequences {U,} and {V,,}.

Theorem 3.2. Let R} be any n-th powers of the matriz given in (2.1), 0 # p,q € C,

A =p®—4q, and X :=[R, + qAI] is a matriz X = [x5],, 5. Then,
X2n+1 = AnPQnRZ (R'u + qAI) ) (33)
, 2
X2n+2 — p2n+2A2n+1 [(_q)g_l < 1) V2n+i+j2] . (34)
i—
3x3

Proof. By using the induction method on n and (R, + qAI)3 = Ap’R, (R, + qAI) given
in (3.2), the relation (3.3) can be proved. After the equation given in (3.3) is valid, an
equation (R, + gAIl )2’”2 = A"p"R" (R, + qAI )2 is established by multiplying the right
hand side of the equation (3.3) with (R, + ¢AI). Then, by using the matrix R} in (2.2)
and (2.3), the proof is completed. O

Theorem 3.3. Let X := [R, + qAlI] be a matriz X = [xij]5. 4 and 0 # p,q € C, A =
p? — 4q, then
n nAN— —1 2
X" =prAr! [(—Q)S <

17—

1) Vn+i+j_4‘| ,i,j == 1,2,3. (35)
3x3
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Proof. By using the induction method on n with the following identities
PVay2 —4qVap1 +paVn = AV,
Vip® = 2V 102q + Vi—opg® — 3Vapq + 4Vi_1¢®> = AVpia,
the desired results can be proved. ]
In [2], the authors establish several formulas for sums and alternating sums of products

of generalized Fibonacci and Lucas numbers. Especially, the authors extend, more easily,

some results of Z. Cerin [5-7,9,10]. By equating the entries 727! and rg?“ of matrices

given in (3.3), (3.4), and (3.5), we derive new finite sums involving their squares or products
of terms from the generalized Fibonacci and Lucas sequences {U,} and {V,,}.

Theorem 3.4. If n =2k, k> 1, then

k k
Y\ 9 2 n 2i—17,2

i=0
Foln\ o i n ’
> 9 ' AUp—2i-1Un—2i+ Y _ | .. ¢ WaaiViosis1i = p"Va-,
i=0 \“" o \2e—1
and ifn=2k—1, k > 1, then

k k
Y\ 2ir,2 n 2i—1 2 n
V2 .. E AU?_,. = |4
i=0 <2Z> Tt i=1 <2i - 1) ! o v

k k
n . n -
> (22) ' Vn2i1Vo2i + Y <2i _ 1) AU 92U 2is1 = P"Vao1.

=0 i=1

Proof. Let X := [R, + qAlI] be a matrix X = [z4;],, 4, by using the binomial formula for
the left hand side of the expression given in (3.5), we rewrite

xt =3 @A) R = pr A (<P (T Variria| =123,

=\t 1—1
= 3x3

The desired results are obtained by equating the entries (2,1) and (3,1) of the appropriate

matrices given in (2.2) or (2.3) on the above results. O

By using the similar steps, we establish the following matrix equations.

Corollary 3.5. Let R} be any n-th powers of matriz given in (2.1), and 0 # p,q € C,
A =p®—4q #0. Then,

PP"A"RY [R, 4 qAI" = [R, + ¢AI*". (3.6)

Proof. By using the techniques given above and the well-known identities Vo, _1Usp+1 —
q‘/72n72U2n = Vzlnfly V2nU2n+1 _qvv2n71U2n = Va, and Vs, 2 Vo), —qV2n71V2n73 = Ale,Lnf?n
the desired result is obtained. OJ

We also observe that the following identity is valid;

ATL n
VS pr (R, + AT (3.7)

pTL

[R?, + q3A3I}n =

Remark 3.6. Manipulating the equation given in (3.6) yields
Anvn
= 7n3 R

[Rfj + q3A3I}n .

Vn
[Ry, + qAI" = pT?’n [Ry, + qAI" (3.8)
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and, expanding (3.8) and (3.5) gives
A"V & (n

Z(”) (@A RS = =

i—o \"

Z) (qA)" ") Rt (3.9)

q2v3n—2 Q2V3n—1 q2‘/3n
= A3n_1‘/3n —2qV3p—1  —2qV3, —2qV3n41 . (3.10)
‘/E’)n Vsﬂn—l—l V3n+2

Many identities similar to the identities given below can be established by using the matrix
equation given in (3.10).

Theorem 3.7. The following identities are valid:

k
Y n=2i A2 n i1
; [(2@')(]” AU o + <2i+1>qn i Vn+2i+1] — P"Va,, n =2k,
k=17/. .
—2i7,2 il Ao
; KQi)q” ZVn+2¢+ <2i+1>qn i AUn+2i+1] — "V m= 2k — 1.

Proof. By equating the (3,1) entry of the matrix given in (3.10) with the (3,1) entry of
(3.9) which is obtained by the help of (2.2) if n is even (or (2.3) if n is odd), we obtain
the desired results. O

4. Conclusion

In this paper, two different closed forms of the matrix functions f(R,) = R are in-
troduced for the generalized Fibonacci and Lucas sequences. Several new identities are
obtained for the generalized Fibonacci and Lucas numbers from these closed forms. The
generalized Lucas matrix is also described by the matrix (R, + ¢AI)". From odd and
even cases of n, many combinatorial identities are obtained.
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