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ABSTRACT. In this article, we deal with the soft separation axioms using soft
points on soft topological space and discuss the characterizations and proper-
ties of them. We extend these separation axioms to the soft product of soft
topological spaces. Also we provide correct examples for the wrong examples
example:1, example:2 and example:3 given in article [§].

For the vagueness and uncertinity of real life problems, there are several math-
ematical tools such as fuzzy sets, intuitionistic fuzzy sets, rough sets, vague sets
etc. There is one more mathematical tool named soft sets which was introduced
by Molodsov[12] in 1999. After that it was developed and used in decision mak-
ing problems by Maji et. al in [I0] and [II]. Aktas and Cagman [I] introduced
the applications of soft set theory in algebraic structures in 2007. Kharral and
Ahmad [9] introduced and discussed several properties of soft mappings. Shabir
and Naz [16] investigated soft seperation axioms defined for crisp points in 2011.
Hussain and Ahmad [7] investigate the properties of soft interior, soft closure and
soft boundary in 2011. Aygunoglu and Aygun [2] in 2012 generalize Alexander
subbase theorem and Tychonoff theorem to the soft topological spaces by defining
and using the product of soft topological spaces. Nazmul and Samanta [I3] studied
the neighbourhood properties of soft topological spaces in 2013. There are several
articles related to the properties of soft topological spaces and soft mappings on soft
topological spaces. Some of them are [], [6], [14], [17], [T9] [20], [2I]. Four differ-
ent types of sepereation axioms were defined and discussed in [5], [§], [L6] and [I8].
Singh and Noorie [I7] derives the relation among these four types of T;, i = 1,2, 3,4
spaces in 2017.

In the second section of this article, we give some basic definitions and prelimi-
naries of soft topological spaces.

In the third section of this article, we deal with the soft separation axioms using
soft points and discuss about the characterizations and properties of them. In fact
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these separation axioms are stronger than other separation axioms. We extend
these separation axioms to the product of soft topological spaces. Also we provide
correct examples for the wrong examples Example:1, Example:2 and Example:3
given in article [§]

Throughout this paper, X is the universe set, E is a set of parameters and P(X)
is the set of all subsets of X.

1. PRELIMINARIES

Definition 1.1. [I2] A mapping F': E — P(X) is called a soft set and is denoted
by (F, E). The family of all soft sets over X is denoted as SS(X, FE)

Definition 1.2. [12] Let (F, E) and (G, E) be two soft sets over X. Then (F, E)
is a soft subset of (G, E) written as (F, E) C(G, E),if F(e) C G(e), foralle € E.
Also the soft sets (F, E) and (G, E) are equal written as (F, E)=(G, E), if
(F, E)YC(G, E) and (G, E)C(F, E).

Definition 1.3. [12] Let {(F;, E) : i € I}CSS(X, E), where I is an arbitrary
index set. Then
(1) the soft union of {(F;, E) : i € I} is the soft set (F, E), where F' is the
mapping defined as F(e) = U{F;(e) : i € I}, for every e € F and is denoted
as (F, E) =U{(F;, E):ie1I}.
(2) the soft intersection of {(F;, E) : i € I} is the soft set (F, E), where F
is the mapping defined as F'(e) = N{F;(e) : ¢ € I}, for every e € E and is
denoted as (F, E) =N{(F;, E):i€ I}

Definition 1.4. [2I] Let (F, E) be a soft set over X. Then the soft relative
complement F¢ of (F, E) is the mapping from E to P(X) defined by F¢(e) =
X — F(e) for every e € E and is denoted as (F, E)¢ or (F°, E).

Definition 1.5. [I2] Let (F, E) be a soft set over X. Then

(1) (F, E) is called as null soft set, if F'(e) = ¢, for every e € E. We simply
write it as q~5

(2) (F, E) is called as absolute soft set, if Fi(e) = X, for every e € E. We
simply write it as X.

Definition 1.6. ([16], [21]) Let 7 C SS(X, E). Then 7 is a soft topology on X if
it satifies the following three conditions

(1) ¢, X e .

(2) The soft union of any number of soft sets in 7 is in 7.

(3) The soft intersection of finite number of soft sets in 7 is in 7.

This soft topological space over X is written as (X, 7, E) and the members of 7
are called as soft open sets in X. Also the soft complement of soft open sets are
called soft closed sets.

Definition 1.7. [2I] The soft set (F, E) over X is called as a soft point in X,

af / —
denoted by z., if F(¢/) = {igx} ?f e’ € ; {e}
if e —€
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Definition 1.8. [2] Let (X, 7, E) be a soft topological space. A subcollection B
of 7 is said to be a base for 7 if every member of 7 can be expressed as a union of
members of 7.

Definition 1.9. [2] Let (X, 7, E) be a soft topological space. A subcollection S
of 7 is said to be a subbase for 7 if the family of all finite intersetions of members
of § forms a base for 7.

Definition 1.10. [2I] A soft set (G, E) in a soft topological space (X, 7, E) is
known as a soft neighbourhood of a soft set (F, E) if there exists a soft open set
(H, E) such that (F, E)C(H, E)C(G, E).

Definition 1.11. [16]

Let (F, E) be a soft set in a soft topological space (X, 7, E). Then the soft
closure of (F, F) is denoted as CI(F, E) and defined as CI(F, E) = N{(G, FE) :
(G, E)érc and (G, E)D(F, E)}.

Definition 1.12. [I6] Let Y be a nonempty soft subset of a soft topological space
(X, 7, E). Then 7v = {(F, E)NEy : (F, E)Er} is called a soft relative topology
onY and (Y, 7y, E) is called a soft subspace of (X, 7, E), where Ey : E — P(Y)
such that Ey(e) =Y, for every e € E.

Proposition 1.1. [I6] Let (Y, v, E) be a soft subspace of a soft topological space
(X, 7, E) and (F,A) be a soft set over Y. Then (F,A) is a soft open set in'Y if
and only if (F, E) = (G, E)NEy, for some (G, E)ET.

Theorem 1.2. [21] A soft set (F, E) is soft open set if and only if (G, E) is a soft
neighbourhood of a soft set (F, E), for each soft set (F, E) contained in (G, E).

Proposition 1.3. [16] Let (X, 7, E) be a soft topological space over X. Then the
collection 1. = {F(e) : (F, E)Et} defines a topology on X.

Proposition 1.4. [16] Let (X, 7, E) be a soft topological space over X andY C X.
Then (Y, 7v,) is a subspace of (X, 7).

Definition 1.13. [3] Let (F, E1)€ SS(X1, E1) and (G, E3) €5SS(Xa, Ez). Then
the cartesian product (F, Ei) x (G, Ej) is defined by (F' X G)(g, xg,), where
(F X G)(EleQ)(eli, €2j) = F(eli) X G(egj), V(€1i762j) S E1 X EQ.

Definition 1.14. [2] The soft mappings (p,):, ¢ € {1, 2} is called soft projection
mappings from X; x Xy to X; defined by (pq):((F, E)1 x (F, E)2) = (pq)i((F1 X
) (B xBy)) = pilF1 X F2)q,(Byxmy) = (F,E);, where (F, E) € SS(X1, E1),
(F, E)Q S SS(XQ, Eg) and pi - X1 X X2 — X,L', q; : E1 X E2 — Ei are pI‘OjCCtiOIl
mappings in classical meaning.

Definition 1.15. [2] Let {(¢y): : S(X, E) = (Y, 7i)}iea be a family of soft
mappings where {(Y;, 7;)}ica be a family of soft topological spaces. Then the
topology T generated from the subbase {(¢y); '((F,E)) : (F,E) € 7, i € A} is
called the initial soft topology induced by the family of soft mappings {(¢y):}ica.

Definition 1.16. [2] Let {(X;, 7;) }iea be a family of soft topological spaces. Then

the initial soft topology on X (= [] X;) generated by the family {(pq); }ica is called
i€A

soft product topology on X, where (p,); are the soft projection mapping from X

to Xl
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Theorem 1.5. [9] Let X and Y be crisp sets, Fa, (Fa); € SS(X, E) and
Gp, (Gp)i € SS(Y, K), wherei € A, an index set. Then

If (Fa)1S(Fa)2, then @y ((Fa)1)S®y((Fa)2).

If (G (G2, then D ((Gp)1)CP, (GB)2)-

(FA)§®;1(¢¢(FA)), the equality holds if @ is injective.
@w(@;(FA))é( 'a), the equality holds if ®y is surjective.
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2. SOFT SEPARATION AXIOMS AND PRODUCT SOFT TOPOLOGICAL SPACES

Definition 2.1. [§] A soft topological space (X, 7, F) is said to be a soft T -space
if for every pair of soft points z,, Y., such that x., # y.,, there exists (F, E) € 7

such that z, €(F, E), Ye, &(F, E) or there exists (G, E) € 7 such that y.,&(G, E),
e, (G, E).

Definition 2.2. [§] A soft topological space (X, 7, E) is said to be a soft T} -space
if every pair of soft points x.,, Ye,, such that z., # y., there exist (F, E),(G,E) € T
such that z., €(F, E), ye,¢(F, E) and z.,¢(G, E), ye,€(G, E) .

Example 2.1. FEzample for Ty-space.
Let X = {x7y}7 E = {61,62} and T {¢7 (F17 ) (F27E)a(F37E)7 (F4aE)}

where

{z} ife=e o) = {z} ife=¢e
file) = {y} ife:eg’FQ() {{x} ife=ey’
F3<e>:{§gf} ;§§=2,F4<e>:{j;} e

For the soft points xe,, ye, , there is a soft open set (Fy, E) € T with x., €(Fy, E)
and ye, &(Fy, E). For the soft points e, , Ye,, there is a (Fy, E) € T with x.,¢(Fy, E)
and ye,€ (F1,E). For the soft points Te,, Ye,, there is a (F3, E) € T with z., €
(Fy, E) and yezé(Fg,E). For the soft points xe,, Ye,, there is a (Fo, E) € T with
Le,E(Fy, E) and ye,¢(Fy, E). For the soft points e, , .,, there is a (Fy,E) € 7
with ., E(F1, E) and a:ezé(Fl, E). For the soft points Ye, , Ye,, there is a (F1,E) € T
with ye, & (F1, E) and ye,E(Fy, E). Thus (X, 7, E) is a soft Ty-space.

Example 2.2. Let X = Z, the set of all integers and E = N, the set of all
natural numbers. Define a soft topology on X as T = {(F,E)° : F(e;) is finite
for each e; € E}U{¢}.

(1) Clearly ¢ € T and X € 7.
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(2) If (Fa, E) € T for some a € A, where A is some index set, then FS(e;) is
finite for each e; € E. Now NFS(e;) = (UF,(e;)) is finite for each e; € E.
So that U(Fy, E) € T.
(3) If (F1,E),(F3, E) € 7, Ff(e;) and F5(e;) are finite for each e; € E. Now
Ff(ei)UFs(ei) = (Fi(ei) NFa(e;)) = (F1NFy)(e)® = (F1NF2)°(ei) is
finite for each e; € E. So that (F1, E)N(Fs, E) € 7.
Thus (X, T, E) is a soft topological space. For any two distinct soft points ., and
Ye;» xe, and yc  are soft open sets such that xe, € y¢ , Ye, ¢ Ye, and xe, ¢ xg,
Ye; € x¢,. Thus (X, 7, E) is a soft T1 space.

Theorem 2.1. Every soft T1-space is a soft Ty-space.
Proof. Proof is straight forward O

Theorem 2.2. Let (X, 7, E) be a soft topological space. Then (X, 7, E) is a
soft Ty space if and only if for any two distinct soft points x., and ye,, there is soft

closed set (H, E) such that x.,€(H, E), ye,¢(H, E) or there is soft closed set

(K, E) such that z.,¢(K, E), y,€(K, E).

Proof. Let us consider two distinct soft points x., and y.,. Since (X, 7, E) is a

soft Ty space, there is soft open set (F, E) such that z., € (F, E), y.,& (F, E) or

there is soft open set (G, E) such that z.,¢ (G, E), y.,€ (G, E). Let (H, E)
(G°, E) and (K, E) = (F°¢, E). Then (H, E) is a soft closed set such that z.,
(H, E), yejgé (H, E) or (K, E) is a soft closed set such that z.,¢ (K, E), Ye,
(K, E).

Conversely, for any two distinct soft points z., and y.,, there is a soft closed set
(H, E) such that z.,€ (H, E), yejé (H, E) or there is soft closed set (K, E) such
that z.,¢ (K, E), Ye,€ (K, E). Then (H®, E) is a soft open set such that T &
(H®, E), y,€ (H®, E) or (K¢, E) is a soft open set such that z., € (K¢, E), yejé
(K€, E). This proves that (X, 7, E) is a soft Ty space. O

me me ||

Example:1 given in the artice []] for soft T space which is not a soft T space is
wrong. Because it is not a soft Ty space too.

Example 2.3. [8] X = {21,252}, A = {e1,e2} and 7 = {¢, X, (F, A)} where

F(e) = {an} z.fe T This (X, 7, A) is verified as soft Ty space in [§].
{z2} ife=ey

¢ if e = e {z1} ife=ey
then there is no soft open set (F, A) in (X, 7, A) such that epE(F, A) and eg¢(F, A).
Thus (X, 7, A) is not a soft Ty space.

consider two soft points ep = {{b} e=e and eqg = {¢ ife=e

The following example will be a correct example for example:1 of [8]. It also
shows that the converse of above theorem is not true in general.

Example 2.4. Ezample for a soft To-space which is not a soft Ty -space.
Let X = {$7y}; E = {61762} and T = {(ba X7 (F17E)u (F27E)7 (F37E)7 (F47E)7
(F5, E)} where

e) = {z} ife=e ¢) = {z} ife=¢e o) — ¢ ife=el
Fl()_{{y} ife:eQ;Fz() {¢ if€:62}F3() {{x} ife=-ey’
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Fife) = {{x} Teme po= {{x} e

{z} ife=ey X ife=es
For the soft points Te,, Ye,, there is a (Fo, E) € T with z., € (Fy, E) and y., ¢
(Fy, E). For the soft points Te,, Ye,, there is a (F3,E) € 7 with z.,€ (F3, F) and
Ye, & (Fs, E). For the soft points e, , Ye,, there is a (Fy, E) € T with £, & (Fy, E)
and ye,¢ (Fs, E). For the soft points e,, ye,, there is a (F3, E) € T with x,&

(F5,E) and ye, ¢ (Fs, E). For the soft points x.,, T.,, there is a (F», E) € T with
Te, € (F3, E) and x62§~é (Fy, E). For the soft points ye,, Ye,, there is a (F1,E) €
T with ye,& (F1, E) and ye,¢ (Fy,E). Thus (X,7,E) is a soft Ty-space. But for
the pair of soft points Ye,, Ye,, we dont have (K, E) € T such that y., € (K, E) and

Ye,@ (K,E). Thus (X, 7, E) is not a soft Ty -space.

Theorem 2.3. (1) A subspace of a soft Ty-space is a soft Ty-space.
(2) A subspace of a soft Ty-space is a soft Ty-space

Proof. (1) Let (X, 7, E) be a soft Ty-space and (Y, 7y, E) be a soft subspace.
Let ., ye, be two soft points in SS(Y, E). Then z.,, y.,€ SS(X, E).
Since (X, 7, F) is a soft Ty space, there is a soft open set (F, E) in (X, 7, F)

such that z.,€ (F, E), y.,¢ (F, E) or there is a soft open set (G, E) in
(X, 7, E) such that y.,& (G, E), z.,¢ (G, E). Then (F, E) AEy is a
soft open set in (Y, 7y, E) such that z.,€ (F, F)NEy yejé (F, EYNEy
or (G, E)NEy is a soft open set in (Y, 7y, E) such that y, € (G, E)NEy,
ze.d (G, E)ABEy. Thus (Y, 7, E) is a soft Ty-space
(2) Proof is similar to (1)
(I

Theorem 2.4. Let (X, 7, E) be a soft topological space. Then (X, 1, E) is a soft
Ty space if and only if for any soft points xe, and y.;, there exist two soft closed

sets (H, E) and (K, E) such that x.,€ (H, E), ye,;¢ (H, E), ye,€ (K, E) and
ze, ¢ (K, E).

Proof. Proof is similar to the theorem O

The following example shows that the product of soft Ty-spaces need not be a
soft Tp-space

Definition 2.3. Let {(X;, 7;, E;) : i € I} be a family of soft topological spaces
and ([[X;, [[7, [ E:) be their product soft toplogical space. Then a soft point
in ([ Xs, 17, []E:) is denoted as xo, where x =< @; >icr, ; € X; and e =<
€; >icl, € € E;.

Example 2.5. Let Xl = {ﬂfhyl}, El = {611,612} and T = {QE,Xl, (Fl,El),
(F2, En), (F3, Bv), (Fu, Er), (Fs, B1), (Fe, Er), (F7,EB1)}. Xo = {x2,y2}, B2 =
{6217622} and T2 = {d)a X27 (GlyEZ)a (G27E2)7 (G33E2)a (G4,E2), (G57E2)7 (G67E2)a
(G7, E2)} where

Fi(e) = {1} ife=en Gi(e) = {z2} ife=ey Fa(e) = 10} Z:fezeu,
{z1}  dife=en

G2(6)2{¢ Z'f€=€21;F3(e):{{$1} ife =e1 Gg(e):{{xQ} ife=ea

{IQ} zfe = €929

¢ Z‘f€:€12, 0] if6:€22’

{1‘1} if€:6127

{IQ} zfe = €929

)
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{1101} Z‘]062612; B {yz} Z'f€=€227 @ Z‘f€=€127

_ )¢ if e = ea ) Xh dfe=en ]9 if e =ea
Gale) = {{92} ife=ez’ Fole) = {¢ ife=e1p’ Cole) = {Xz if e =egn’

Frle) = {Xl if e = e Grle) = {{332} if e = e

{,Il} ife: 612’ X2 ife:ezg'

For the soft points x1,, , 11

(1, E1) and y1, |
(F1,Eq) € 11 with :z:lmé (F1, Ev) and y1, & (F1, Er). F?r the soft points x1, _,

Yi.,,, there is (Fp, Ey) € 7y with x1, (€ (F, E1) and y1, & (Fa, E1). For the soft
points r1, , y1,,,, there is (Fy, E1) € 11 with xlmé (F», E1) and ylemé_f (F», Ey).
For the soft points 1 T, there is a soft open set (Fy, E1) € 11 with xlmé
(F1,Ey) and xlmé (F1, E1). For the soft points y1, , y1,,,, there is a soft open
set (F5, Ey) € 7 with y1, € (F5,E1) and y1, ¢ (F5, Ev). Thus (X1,71,E1) is a
soft Ty-space.

For the soft points x2_, , ya.,
(G, E3) and ygezlé (G1, E2). For the soft points xa,, , ya,,,, there is a soft open
set (G1,Ea) € 12 with xo,, € (G1,E2) and ys,, & (G1, Ez). For the soft points
T2, s Ya.,, s there is a soft open set (G, Ea) € T with xo, € (G2, E2) and ya,, ¢
(Ga, Es). For the soft points T2, Y2.,,, there is a soft open set (Ga, E3) € 19 with
x2e22é (G2, E3) and ygmé (Ga, Es). For the soft points T2, s T2,,,;
soft open set (G, Es) € 19 with T2, € (G1, Es) and xzmé (G1, E3). For the soft
points ya,, , Y2, , there is a soft open set (G4, E2) € T2 with ya,, ¢ (Ga, F2) and
ygmé (G4, E3). Thus (X2, 72, Es) is a soft Ty-space.

Now Ey x Ey = {(e11, e21), (€11, €22), (e12, €21), (€12 €22)} and 71 X 75 = {¢~5,
X1 X Xo, (F1 XG1, By X Ey), (F1 XxGa, E1 X Ey), (F1 X Gs, E1 x Eg), (F1 x G4, Ey X
Es), (F1 XG5, E1 X Ey), (F1 xGg, E1 X E3), (F1 X G7, E1 X E3), (Fo X G1, Eq1 x Es),

Fye) = {{yl} ife=en Gale) {{m} if e = e Fy(e) = {{m} if e =en

., » there is a soft open set (Fy, Ev) € 11 with xy, €

¢ (I, E1). For the soft points x1, , Y1, ,, there is a soft open set

e11’?

there is a soft open set (G1, Ea) € T3 with xo,_ €

€21

there is a

(F2 X GQ,El X EQ), (F2 X Gg,El X E2)7 (FQ X G4,E1 X Eg), (FQ X G57E1 X Eg),
(F2 X GGaEl X Eg), (FQ X G77E1 X Eg), (Fg X G17E1 X EQ), (F3 X GQ,El X EQ),
(F3 X Gg,El X EQ), (F3 X G4,E1 X Eg), (Fg X G5,E1 X Eg), (F3 X G6,E1 X EQ),
(Fg X G7,E1 X Eg), (F4 X G17E1 X EQ), (F4 X GQ,El X Eg), (F4 X G37E1 X EQ),
(F4 X G4,E1 X EQ), (F4 X G5,E1 X EQ), (F4 X Gﬁ,El X EQ), (F4 X G7,E1 X EQ),
(F5 X Gl,El X EQ), (F5 X GQ,El X EQ), (F5 X G3,E1 X EQ), (F5 X G47E1 X _EQ)7
(F5 X Gs,El X Eg), (F5 X G67E1 X Eg), (Fs X G7,E1 X EQ), (FG X G17E1 X Eg),
(F6 X GQ,El X EQ), (F6 X G3,E1 X Eg), (F6 X G4,E1 X Eg), (FG X G5,E1 X EQ),
(F6 X Gﬁ,El X Eg), (FG X G77E1 X EQ), (F7 X Gl,El X Eg), (F7 X G27E1 X EQ),
(F7 X G3,E1 X EQ), (F7 X G4,E1 X EQ), (F7 X G5,E1 X EQ), (F7 X GG,El X EQ),
(F7 X G7,E1 X EQ)}
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Suppose if the soft product of (X1, 71, E1) and (X2, 12, E2) is a soft Ty space, then
{(z1, y2)}  ife= (e, ean)

for any two distinct soft points (1, Y2)(ey,, ear) = ¢ z.fe = (e11, e2)
¢ if e = (6127 621)
¢ if e = (612, 622)
{ty1, y2)}  ife=(en1, ex
and (Y1, Y2)(enr, 1) = ¢ z'fe = (eu, 622), there is a soft open set
o if e = (612, 621)
¢ if e = (612, 622)

(Frn X G, By X E3) in 71 X T such that (21, ¥2)(e,y, esr) € (Fin X Gn, E1 X E3)
and (Y1, Y2)(e11, es1) é (Fry X Gy, By X Es), for some m,n € {1,2,3...,7}. Now
(pq)Q((xl’ 92)(811, 621)) € (pq)Q((FmXG7HE1 XE2))' That is p2(x1’ y?)q2(611, €21) €
P2(Fin X Gn) gy (B, x B5)- This implies ya, €(Gp, Es), for somem,n € {1,2,3...,7}.
Since (pq)2 is a soft projection mapping and (Fy, X Gy, E1 x E3) is a soft open set
in X1 X X, (Gn, Es) is a soft open set in (Xa, T2, Eo) containing Y., - But there is
no soft open set (G, Ea) in (Xa, T2, E2) containing y2,, , for anyn € {1,2,3...,7}
and hence (X1 X Xo, 71 X 19, E1 X E3) is not a soft Ty space.
Definition 2.4. Let (X, 7, E) be a soft topological space and A = {z,, : x., is a
soft points of (X, 7, E)}.
(1) If the number of elements of the set A is finite, then (X, 7, E) is called a
finite soft topological space.
(2) If the number of elements of the set A is countable, then (X, 7, E) is called
a countable soft topological space.
Theorem 2.5. If (X, 7, E) is a finite soft Ty space, then (X, 7, E) is a soft
discrete space.
Proof. Let z., be a soft point, z € X and e; € E. (X, 7, E) is a soft T} space,
for any soft point y., # w.,, there is a soft open set (F,,, E) such that x. €

(Fy;, E) and ye, & (Fy,, E). Since (X, 7, E) is a finite soft topological space,

- . if e = e;

N (Fy,, E)is a soft open set such that N (Fy,, E) = {z} 1 cTa
Ye; #Te; Ye; #Te; 10) ife#e;
Thus ., is soft open and hence (X, 7, E) is a soft discrete space. O

Definition 2.5. Let (X, 7, E) be a soft topological space. Then the soft set
(F, E) is called a soft Gy set if it is a countable intersection of soft open sets.

Theorem 2.6. If (X, 7, E) is a countable soft Ty space and if every soft Gs set
is soft open in (X, 7, E), then (X, 7, E) is a soft discrete space.

Proof. Let x., be a soft point. Since (X, 7, E) is a soft T} space, for any soft
point y., # x,, there is a soft open set (Fy,, E) such that z. € (F,,, E) and
Ye, é(ij, E). Since every soft Gy set is soft open and (X, 7, F) is a countable soft
topological space, N (F,,, E) is a soft open set such that 0 (F,,, E) =

ve, #ae, ve, #ae,
{{x} ife=e;

o ife#e;
space. (I

i

Thus z., is soft open and hence (X, 7, E) is a soft discrete
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Theorem 2.7. Product of soft T1-spaces is a soft Ty -space

Proof. Let {(X;, 7, E;) : i € I} be a family of soft topological spaces and
(IT X:, 17, [ E:) be their product soft toplogical space. Suppose xe and y¢ be
two distinct soft points, where x =< x; >ic;, ¥ =< y; >ier T3,y € X; and
e =< e; >ier, £ =< fi >ic1,€i, fi € E;. Then there exists atleast one 8 € I such
that g # ys or there exist e;,, e;,, € E; such that e;, # e;,,.

Case: 1

Ifzg # yg, (Pg)s(xe) = (Pg,, ) (Xe) = Ps(X)gs(e) = 5., and (pg)s (yve) = (pg,, ) (¥e)
Ps(¥)gs(r) = Yp;,- Since Xp is a soft Ty space, there exist soft open sets (Fs,Ep)

and (Gg, Ep) such that g, €(F, Ep), yﬂfﬁé(Fg,EB) and yg, €(Gp, Ep), g,
¢(Gg, Eg). Then the soft subbasm members (pg) 5 Y(Fj, Eg) and (Pg)s (Gg, Eg) are
the soft open sets containing x. and yy respectively. Suppose if y¢& (pq) 5 YF, 5, Eg),
then pg(¥)gs(r) = (Pq)s(ye)€ (pg)s((p )_I(F,&Eﬂ)) That is ys, € (Fg, E) which
is a contradiction. Similarly we can prove xegé(pq) (Gg, E). Thus (pq)g1 (Fp,Eg)
and (p‘J)b’ (Gg, Eg) are the soft open sets such that xe €(p )ﬁ (Fs,Eg), y¢ é(pq)gl
(Fp, Ep) and y €(py);" (G, Ep), Xe #(pa)5" (G, Bp)-

Case: 2
If e;, # e, there are soft open sets (Fy,, E;) and (£5,,, E;) in (X;, 7, E;) such

(27%} Tm )

that @, E(Fi,, Ei), @e,,, (= ye,, )¢ (Fi,, Ei) and z,, E(F;,, Ey), ve, &(F,,, Ey).

tm Tm )

Then (pq) Y (F,,E;) and (py);* (Fi,,FE;) are soft open sets such that Xe €

(27%} Tm )

(Pq); (sz,E) and y¢€ (pg); *(Fy, , E;). We can prove yg ¢(pq) Y(F;,, E;) and

tm>

Xe ¢(pq) (F;, , E;) as we proved in case:1. This completes the proof. O

Tm )

Theorem 2.8. Let (X, T, F) be a soft topological space. Then the following are
equivalent.

(1) (X, 7, E) is a soft T1-space

(2) z., =N{(G,FE): (G,E) € T and z.,€(G,E)}

(3) ze, =N{(F,E): (F,E) € 7° and x.,€(F, F)}

Proof. (i) = (). Clearly z.,C ﬂ{(G E): (G,E) € 7 and z.,€(G, E)}. Suppose if
Ye,EN{(G,E) : (G,E) € 7 and z.,€(G, E)} such that z., # y.,. Then z # y or
e; # e;. In either cases, by our assumption, there is a soft open set (G, E) such
that z.,€(G, E) and yejé(G,E).So yejéﬁ{(G,E) : (G,E)ér and x.,€(G, E)}.
Thus z., = {(G,E): (G,E) € 7 and z.,€(G,E)}.

(i1) = (iéi). Clearly z.,C N{(F,E) : (F,E) € 7° and z.,E(F, E)}. Let y.,EN{(F, E)
:(F,E) € 7¢ and x.,€(F, E)} such that ., # ye,. By (ii), there exists (G, E) € T
such that y., €(G, E) and 2.,¢(G, E). Now (G,E)° € 7° and ;z/ej;if(G’,E)c and
T, €(G, F)¢ and hence yejé N{(F,E): (F,E) € 7° and x.,€(F, E)}. Thus z., =N
{(F,E): (F,E) € 7¢ and z.,€ (F, E)}.

(iii) = (i). Let x., and y., be two distinct soft points. Then by (iii), z., #
Ye, = {(F.E) : (F,E) € 7° and y.,€(F,E)}. There is some soft closed set
(F1, E) such that y. €(Fy, E) and Ze,@(Fy, E). Then (Fy, E)° is a soft open set
such that z.,€(Fy, E)¢ and yejé(Fl,E)c. Similarly, from ye, # z., = N{(F,E) :
(F,E) € 7¢ and y.,€(F, E)}, we can find another soft open set (F5, E)° such that
T, &(Fy, E)¢ and Ye, €(Fo, E)¢. This proves that (X, 7, E) is a soft 7 -space. O
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Remark. (1) From (i) of theorem it is clear that each soft point x., is
a soft closed set in a soft Ty space.

(2) Let T;= Number of elements in F(e;),i € I an indexed set of E. If T =
> i1 Ti is finite, then the soft set (F,E) can be written as a finite union
of soft points. Each soft point is a soft closed set, we have (F, E) is a soft
closed set.

(3) If T =3 ,c; Ti is infinite, (F, E) need not be a closed set. Following exam-
ple shows this.

Example 2.6. Let X be an infinite set and E = N. Let 7 = {(F,E)¢ : {e; :
Fle;) # ¢} is finite} U {@}.
(1) Clearly ¢ € T and X € 7.
(2) If (Fu,, E) € 7,04 € I, for some index set I, then {e; : F5 (e;) # ¢} is
a finite set. Now {e; : (UFy,)(ej) # ¢} = {e; : NFS (e5) # ¢} C {ej -
F§ (ej) # &}, for all ap € I. Since {e; : Fg, (e;) # ¢} is a finite set,
{ej : (UF,,)%(ej) # ¢} is a finite set and hence U(F,,,E) € 7.
(3) If (Fu,,E) and (Fu,,E) € 7, then {e; : FS (e;) # ¢} and {e; : FS, (e5) #
@} are finite sets. Now {e; : (FS, L:JF(§2)(ej) # ¢} ={ej: (Fo, NFyn,) (e5) #
@} is a finite set. Thus (Fy,, E)N (Fa,,FE) €T
Thus (X, T, E) is a soft topological space. Let us take two distinct soft points x.,
and ye,. Then either x # y or e; # e;. In either cases xg, and Ye, are two soft open
sets such that x.,€ ygj,yejgé ye, and xeiéx;, Ye,€ x5, This proves that (X, 7, E)
is a soft Ty space.
{z} ife; iseven

: ) . Define
10) if e; is odd

Let us consider a soft set (G, E) such that G(e;) = {

1  ife;is even
0 ife; is odd
Since {e; : G(e;) # ¢} is not a finite set, (G, E) is not a soft closed set.

Definition 2.6. [§] A soft topological space (X, 7, E) is said to be a soft T -space
if for every pair of soft points x., and y.; such that z., # y., there exist soft open
sets (F, E) and (G, E) such that z.,&(F, E), y.,&(G, E) and (F, E)\(G, E) = ¢.

Example:2 given in the artice [8] for soft T7 and soft T5 space is wrong. Because
it is neither soft 717 nor soft T3 space.

Example 2.7. [8] X = {z1,22}, A = {e1,e2} and 7 = {957
(F5,A),(Fu,A)} where

X
_ f{z} ife=e FQ(B)_{{xl} ife=e Fg(e)_{{xl} ife=e

T(e;) = T = > T(e;) = o0, because 2N is an infinite set.

 (F1, A), (Fy, A),

Fi(e) = (21} fe—es {22} ife=es é if e = eq
)X ife=e;
F4(6) - {-731} if€:€2

This (X, 1, A) is verified as soft Ty and soft Ty spaces in [§].

{z1} Z:f€:€1 and e = ¢ Z:f€:€1’
¢ if e = ez {z2} ife=e
then there is no soft open set (F;, A), i € {1,2,3,4} in (X, 7, A) such that egE(F;, A)
and ep¢(F;, A). Thus (X, T,A) is not a soft Ty space.

consider two soft points ep =
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Similarly, there is no two soft open sets (F;, A) (F;,A), i,j € {1,2,3,4}, i # j in
(X, 7, A) such that ep€(F;, A), eg€(F;, A) and (F;, A)N(Fj, A) = ¢ Thus (X, T, A)
is mot a soft Ty space too.

Next the example:3 given in article [§] is wrong.

Example 2.8. [8] X = {z1,22}, A = {e1,e2} and 1 = {(ZS,X, (F1,A), (F2, A), (F3,A)}

where

Fl(e)—{{a?l} ife=e1 Fg(e)—{¢ ife=e F3(6)_{{x1} ife=e;

) ife=ey’ {z2} ife=e {z2} ife=e

This (X, 1, A) is verified as soft Ty and soft Ty spaces in [g].
consider two soft points ep = {2} z.fe A and eq = 4 z.fe - 61,
1) if e = e {1} ife=eo

then there is no soft open set (F;, A), i€ {1,2,3} in (X, T, A) such that ep€(F;, A)
and eg¢(Fi, A). Thus (X, 7, A) is not a soft Ty space. Also there is no soft open
set (Fy, A), i € {1,2,3} in (X, 7, A) such that ep¢(F;, A) and egE(F;, A). Hence
(X, 7,A) is not a soft Ty space too.

Correct example for soft T spae which is not a soft T, space is given below.

Example 2.9. Consider a soft topological space (X, 7, E) discussed in Example:
[2:6. It is a soft Ty space.

Let ze, and y., be two distinct soft points. Then either x # y or e; # ej.
Assume that there exists two soft open sets (F, E) and (G, E) such that z.,E(F, E)
and y.,€(G, E). Since (F,E) and (G, E) are soft open sets, {e; : F°(e;) # ¢} and
{e; : G°(ej) # ¢} are finite sets. Now E — {e; : (F(e;) N G(e;))¢ # ¢} # ¢. For
any e, € E—{ej : (F(e;) NG(ej))® # ¢}, F(ex) = ¢ and G°(ex) = ¢. That is
F(ex)NG(ex) = X and hence (F, E)N(G, E) # ¢. This proves that (X, T, E) is not
a soft Ty space.

Theorem 2.9. Fvery soft Ty space is a soft Ty space
Proof. Proof is straight forward. [
Theorem 2.10. Soft subspace of soft To-space is a soft Ts-space.

Proof. Let (X, 7,FE) be a soft Ty-space and (Y, 7y, E) be a soft subspace. Let
Te,, Ye; be two soft points in (Y, 7, E). Then x.,, y.,€55(X, E). Since (X, 7, E)
is a soft T, space, there exist two soft open sets (F, E) and (G, E) in (X, 7, E)
such that z.,E(F, E), y,€ (G, E) and (F, E)\(G, E) = ¢. Now (F, E)AEy and
(G, E)NEy are soft open sets in (Y, 7y, E) such that z.,€(F, E)NEy, y.,€(G, E)
AEy and ((F, E)NEy)N((G, E)A\Ey)C (F, E)A(G, E) = ¢. Thus (Y, 7y, E) is a
soft Ty space. O
Lemma 2.11. Let (X, 7, E) be a finite soft T space. Then (X, 7, E) is a soft
discrete space.

Proof. Proof follows from theorem{2.9] and theorem{2.5] O

Lemma 2.12. If (X, 7, E) is a countable soft Ta space and if every soft Gy set is
soft open in (X, 7, E), then (X, 7, E) is a soft discrete space.

Proof. Proof follows from theorem{2.9] and theorem{2.6] O
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Theorem 2.13. Let (X, 7, E) be a soft topological space. Then (X, 7, E) is a
soft Tz space if and only if for any soft points x., and ye,, there exist two soft closed
neighbourhoods (H, E) and (K, E) containing disjoint soft open sets containing
Te, and ye, respectively such that (H, E)J(K, E) = X.

Proof. Since (X, 7, E) is a soft Ty space, for any two distinct soft points z,
and y.,, there exist two soft open sets (F, E) and (G, E) such that z.,€(F, E)
and y., €(G, E) such that (F, E)N(G, E) = ¢. Now z.,E(G¢, E), Ye,€(F°, E)
and (F°¢, E)J(G°, E) = X. Note that (F, E)C(G¢, E) and (G, E)C(F¢, E).
Let (F°¢, E) = (K, E) and (G°, E) = (H, E). Then we have two soft closed
neighbourhoods (H, E) and (K, F) containing disjoint soft open sets (F, E) and
(G, E) respectively, such that z.,&(F, E), y,&(G,E) (H, E)J(K, E) = X.
Conversely let z., and y., be two distinct soft points. Then there exist two
soft closed neighbourhoods (H, E) and (K, E) and two soft open sets (L, E)
containing z., and (M, E) containing y., such that (L, E)C(H, E), (M, E)C(K, E),
(L, EYA(M,E) = ¢ and (H, E)J(K, E) = X. This proves that (X, 7, E) is a soft
T5 space O

Theorem 2.14. Product of soft Tx-spaces is a soft To-space

Proof. Let {(X;, 75, E;) :i € I} be the collection of soft topoloogical spaces and
(IT X:, I17i, I1F:) be their product soft toplogical space. Suppose xe and y¢ be
two distinct soft points, where x =< x; >icr, ¥ =< ¥; >icr Ti,yi € X; and
e =< e >icr, £ =< fi >icr,€i, fi € F;. Then there exists atleast one 8 € I such
that g # ys or there exist e;,, e;, € E; such that e;, #e;,,.
Case: 1
£ 25 # ys, (Pe)s (Xe) = (b3y,) (%e) = Pp(X)as(ey = 75, and (pg)s (v2) = (b3,
(ye) = ps(¥)ase) = Yay, - Since Xg is a soft 15 space, there are disjoint soft open
sets (F, Eg) and (Gg, Eg) such that g, , c (Fﬁ,Eg) and Yss, €(Gp, Eg). Then
the subbasic members (Pg)s Y(Fs, Ej) and (pq) (Gg, Eg) are the soft open sets
such that xe € (pg)5' (Fi, Ep) and yr € (pg)5"' (Gg, Ep). Let zg € (pg)5" (Fj,
Eg)N (pq)g (Gg, Eg), where z =< z; >ier,2; € X; and g =< ¢; >ier1,9; € E;.
Then zg€ (pq)El(Fﬂv Epg) and zg€ (pq)/gl (Gp, Ep). (pg)p (2zg) € (pq)/a((pq)§1
(Fs,Ep)) and (pg)p (zg) € (pa)p((pg)5" (G, Ep)). That is 25, € (Fp, Ep) and
28,, € (Gp, E) which is a contradiction to our assumption of soft T space.
Case: 2
If ei, # €;,., there are disjoint soft open sets (Fj, , E;) and (F;,,, E;) such that Te;,
(FlkvE) and xeim(: yeim) (F17n7E) Then (pq) (Flk’E) and (pQ)i_l (Fim’
E;) are disjoint soft open sets containing x. and yf respectively. Let zg € (py);
(F;,., E)N ( ) (Fzm,E) where z =< z; >1€1,zz € X;and g =< g; >ic1,9; € F;.
Then zg € (pg); (FucaE) and zg€ (pq) (Fi.. Ei)- (pqg)i ( g) € (pq)’((pq);l
(Fy 5) 00 () () € (o)(on):* (s B Thot s 3, (5, ) ond

€ (F;,,, E;) which is a contradiction to our assumption of Soft T, space. O

Definition 2.7. Let (X, 7, E) be a soft topological space. Then (X, 7, E) is a
soft Urysohn space or soft T, 1 space if for any two soft points z., and y.,, there
exist two soft open sets (F, E) and (G, E) such that z.,€(F, E), y,€(G, E) and
CI(F, E)ACI(G, E) = ¢.
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Theorem 2.15. FEvery soft TQ%—space is a soft Th-space.

Proof. Proof is straight forward O

Theorem 2.16. Soft subspace of soft TQ%—space s a soft T2%—space.

Proof. Proof is similar to theorem [2.10 d

Theorem 2.17. Let (X, 7, E) be a soft topological space. Then (X, 7, E) is a
soft TQ% space if and only if for any two soft points x., and y.,, there exist two soft
open sets (H, E) and (K, E) such that x.,€(H, E), y,€(K, E) and (H, E) and
(K, E) containing the disjoint closed soft neighbourhoods of x., and y., respectively
with (H, E)J(K, E) = X.

Proof. Since (X, 7, E) be a soft TQ% space, for any soft points z., and y.,, there
exist two soft open sets (F, E) and (G, E) such that z., €(F, E) and y.,€(G, E)
such that CI(F, E)ACI(G, E) = ¢. Now z.,E€[CI(G, E)]¢ and y.,E[CI(F, E)]° and
[CI(F, E)]°U[CI(G, E)]°= X. Note that CI(F, E)C[CI(G, E)]¢ and CI(G, E)C
[CI(F, E)]c. Let [CU(F, E)]° = (K, E) and [CI(G, E)]¢ = (H, E). Then we
have two soft open sets (H, E) and (K, E) containing x., and y., respectively,
such that z.,E(F, E)CCUF, E) C(H, E), y.,€(G, E)C Cl(G, E) C(K, E) and
(H, E)J(K, E) = X. Thus (H, E) and (K, E) are soft open sets containing
the disjoint closed neighbourhoods CI(F, E) and Cl(G, E), respectively such that
2., ECU(F, E), y.,€CI(G, E) and (H, E)J(K,E) = X.

Conversely, let z., and y., be two distinct soft points. By our assumption, there
exist two soft open sets (H, F) and (K, E) containing disjoint closed neighbourhoods
(L,E) and (M, E) of z., and y., respectively such that (H, E)J(K, E) = X. Note
that there are soft open sets (F, E) and (G, E) such that (F, E)CCI(F, E)C(L, E)C
(H,E), (G, E)CCI(G, E)C(M, E) C(K, E) and (L, EYA\(M, E) = ¢. So that C1(F, E)
Cl(G,E) = ¢. That is (F, E) and (G, E) are soft open sets containing z.. and Ye,
such that CI(F, E)ACI(G, E) = ¢. Thus (X, 7, E) is a soft Ty, space. O

Soft single point space discussed in [5] is not a soft Ty or 17 or Ty or Ty 1 space.
Because for the soft points x., and x.,, there is no soft open set containing z., not
containing z; .

Theorem 2.18. Product of soft TQ%—spaces is a soft TQ%—space

Proof. Proof is similar to theorem [2.14] O

Lemma 2.19. Let (X, 7,E) be a finite soft T,1 space. Then (X, 7,E) is a soft
discrete space.

Proof. Proof follows from theorem{2.15] theorem{2.9] and theorem{2.5 O

Lemma 2.20. If (X, 7, E) is a countable soft TQ% space and if every soft Gs set is
soft open in (X, T, E), then (X, 1, E) is a soft discrete space.

Proof. Proof follows from theorem{2.15] theorem{2.9] and theorem{2.6] O



74

RAMKUMAR SOLAI, AND VINOTH SUBBIAH

3. CONCLUSION

For the soft separation axioms of soft points defined on soft topological space, we
discuss the characterizations and properties of soft 1y, 11, 15 and soft T, 1 spaces.

Also it is verified that the product of soft T; spaces, i = 1,2, 2% is a soft T; space.
But there is an example given here for the product of soft Tj spaces need not be a
soft Ty space. Also we provide correct examples for the wrong examples example:1,
example:2 and example:3 given in article [§].
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