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Abstract

In this paper, we establish new best proximity point theorems considering a classical global optimization problem of finding the minimum
distance between pairs of closed sets using the contractive conditions of integral type on a complete metric space. These results can be used
to find optimal approximate solutions by means of some contractive conditions of integral type. Also an illustrative example is given.
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1. Introduction

Fixed and proximity point problems are very famous since there exist some applications of these problems in various areas such as
engineering, physical theories, computer science etc. Mainly, the proximity point problem is used to find the minimum distance between two
sets with a function. Hence the proximity point problem can be studied on a metric space since a metric (or a distance function) is a function
which defines a distance between each pair of elements of any set.

Fixed point theory has been studied on various metric spaces using some contractive conditions. For example, Mustafa and Sims introduced
the notion of a G-metric space as a new approach to generalized metric spaces in [15]. Thereafter, some authors obtained new fixed-point
results on a G-metric space (see [6], [13] and [14] for more details). Recently, Sedghi et al. defined the concept of an S-metric space and
obtained some fixed-point theorems in [26]. Then using various contractive conditions, new existence and uniqueness fixed-point theorems
have been proved in some papers. For some examples, one can see [16], [17], [18], [26] and [27]. Also some mathematicians investigated
new contractive conditions of integral type to obtain interesting fixed-point results (see [19], [20] and [25] for more details).

There are several studies on the best proximity point problem in the literature. Some authors obtained new best proximity results using
certain types of contractive inequalities and also investigated optimal approximate solutions of some fixed-point equations (see [1], [2], [3],
[71, 8], [9], [10], [11], [12], [21], [22], [23] and [24] for more details).

Now we recall the following concepts:

Let (X, p) be a metric space and E,F C X.

A pair (u,v) € E x F is called a best proximity pair if

p(u,v)=p(E,F)=inf{p(e,f):ecEand f € F}.
IfE#0,F#0CXand T :E — F then
p(u,Tu) > p(E, F),

forallu e E.
A point e € E is called a best proximity point with respect to T if

ple,Te) = p(E.F).

that is, the function p (e, Te) attains its global minimum at the point e and this value is equal to p(E, F). Hence it is a problem of global
minimization.

In the next section, we use the following class of functions given in [4] and [5], respectively, to obtain new proximity point results:

Let . be the class of functions 6 : [0,e0) — [0, 1) satisfy the condition 6(#,) — 1 implies t, — 0.
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Let ¥ be the class of functions y : [0,00) — [0,00) such that ¥ is continuous, strictly increasing and y(0) = 0.

On the other hand, the existence of optimal approximate solutions which are called best proximity points is investigated by best proximity
point theorems to the fixed-point equation 7u = u when there is no exact solution. As the distance between any element u € E and its image
Tu € F is at least the distance between the sets E and F, a best proximity point theorem gets global minimum of p («, T«) by stipulating an
approximate solution u of the fixed point equation 7Tu = u to satisfy the condition

p(u,Tu) =p(E,F).

The aim of this article is to establish new best proximity point theorems considering a classical global optimization problem of finding
the minimum distance between pairs of closed sets using the contractive conditions of integral type on a complete metric space. Also an
illustrative example is given.

2. Main Results

Now, we prove some proximity point results on a complete metric space. Throughout the whole paper we assume that k : [0,00) — [0, 00) is a
Lebesgue integrable mapping which is summable (i.e. with finite integral) on each compact subset of [0, o), nonnegative and such that for
each e >0,

€
/K'(t)dt > 0. 2.1
0

Let (X,p) be a complete metric space and E # @, F # () any closed subsets of X in the next theorems, unless otherwise stated.

Theorem 2.1. Let the function x : [0,00) — [0,00) be defined as in (2.1) and T : EUF — EUF a self-mapping satisfying:

1. T(E)CF and T(F) CE,

2.
p(Tu,Tv) M, (u,v) M, () My (u,v) P(E,F)
J x@)dt<e J x@®dt) [ x@)di+|1-6| [ x(t)dt | x(r)dte, 2.2)

0 0 0 0
whereu € E,vEF, 0 € . and M (u,v) = max{p(u,v),p(u,Tu),p(v,Tv)}.

Let ug € E be any element and the sequence {u, } defined as u,+| = Tuy, for alln > 0. Then p (uy, Tuy) — p(E,F). If {uz,} has a convergent
subsequence in E, the subsequence converges to a proximity point.

Proof. Using the hypothesis, we have u,,_; € E, u, € F or u, € E, u,,_1 € F , for all n > 1 according to n is odd or even. Using the inequality
(2.2) and the definition of the sequence {u,} for all n > 1, we obtain

0ttt 1) p(Tup—1,Tuy) M (1) My (n—1,Un) M (tp—1,1n) p(EF)
| x@t)dt= J K(t)dt <6 [ x(r)de J  x()dt+[1-06 [ x(r)de | k@), (2.3)
0

0 0 0 0 0

where

Ml(unfhun) = maX{p(“nflyun)vp(un—lvT“nfl)vp(umT“n)}
= max{p(unfhuﬂ)vp(un:unJrl)}'

Let p(un,tnt1) > p(un—1,un). Then we get

My (uy—1,un) = P (Un,ttpy1)

and so
p(”/x-ﬂ/ﬁrl) p(E‘.,F) P(”nvf‘nﬂ) p(unv’.’inﬂ) p(EvF)
J x@)di— [ x(@)dt<6 | x(t)dr J x(@)dt— [ x(t)dt].
0 0 0 0 0
P (st 41)
Hence we get 6 /' x(t)dr | > 1, which is a contradiction since 6 € .. So we have
0
p(un7un+1) < p(un,l s un)
and

M, (unfhun) :P(unfluun)- 2.4)

Then there exists p with 0 < p(E,F) < p such that

lim M (w1, tn) :r}g{}op(unflvun) =p- (2.5)

n—peo
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Let p(E,F) < p. Using the conditions (2.3) and (2.4), we have

Pttt +1) P(EF)
[ x(@)dr— [ «x(t)dt P (n—1,1tn)
0 0
<
) SER) <6 / K(f)dt | <1,
[ x(@®dt— [ x(t)dt 0
0 0

forall n > 1 since 6 € .. If we take limit for n — o then using the equality (2.5), we get

P (n—1,ttn)
lim 6 / K(t)dr | =1.
n—soo .
0
This implies that
P (ttn—1,1n)
nh_r)l’olo K(t)dr =0,
0

which is a contradiction with p(E,F) < p. Hence p = p(E,F) and

P(umTun) _>p(E7F)9 (26)
as n — co. Let {uzy, } be a subsequence of {uy,} and
lim 13, = yo. 2.7)
k—roo
Since {ug,—1} is a sequence in F then we obtain
p(E,F) p (o uom—1) P (yosttam, )P (2ny 12n 1) P (vostton,) P (w2 U2y —1)
[ x(t)dt < [ x()dt < I k(t)dt < [ x(t)dt+ S K(¢)dt
0 0 0 0 0
P (osu2ny) P (tan—1, Ttz 1)
= [ x(@t)dt+ i Kk()dt,
0 0

for all £ > 0. If we take limit for k — o then using the condition (2.6), we have

P (yostt2m—1) p(E,F)
lim / K(t)dt = / K(t)dt. 2.8)
k—yoo
0 0
Now we get
p(v0,Tyo) P (yo,tom )+ (tt2n . Tyo) p(yo,t2m,) p(Tuzn, —1,Ty0)
K(t)dt < Ii k(t)dt< [ k(t)dt+ J K(r)dt
0 0 0 0
p(vo,uzm,) M (u2n—1,50) M (u2—1,0) M (2 —1,0) p(EF)
< [ x(t)dt+6 / K(t)dt Ik K(t)dt+(1-6 S K(t)dt | x(t)de (2.9)
0 0 0 0 0
M (u2n-1,y0) M (w2 —1,50) p(EF) p(E.F) p(vo,uzm,)
=0 S Kk(t)dt S k()dt— [ x@)dt |+ [ x@)di+ [ x(r)dr
0 0 0 0 0
Using the conditions (2.6) and (2.8), we obtain
M (X2 -1,0)
lim / K(¢)dr (2.10)
k—yo0
0
max{p (Xan,—1,50) P (X2, — 1 %2, )0 (0, Ty0) } 0 (y0,Ty0)
= lim / K(t)dt = / K(t)dr.
k—yo0
0 0

We assume that p(yo, Tyg) > p(E,F). If we take limit for kK — oo then using the conditions (2.9) and (2.10), we have

p(30,Ty0) P(EF) Mi(uze—1,50) (0, Ty0) P(EF) (0, Ty0) P(EF)
J x@dt— [ x(r)dt < lim6 S K(r)dt [ xk@dt— [ x@®dt) < [ x@®di— [ «(t)dr
0 0 k—veo 0 0 0 0 0
and so
M (2 -1,Y0)
lim 6 / K(t)dt | =1.
k—yoo

(=]
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Since 6 € .7, we get

Mi (uzn,—1,y0)
lim K(t)dt =0,

k—>oo

(=)

which implies that

lim M] (Manfl 7y0) = O’
k—>oo

that is, yo = Tyg, which is a contradiction with our assumption. Hence
P(v0,Tyo) = p(E,F).
Consequently, {u2,, } converges to a proximity point. O
Considering k(¢) = 1 in Theorem 2.1 then we get Theorem 2 given in [8] on page 100.
Theorem 2.2. Let the function k : [0,00) — [0,00) be defined as in (2.1) and T : EUF — EUF a self-mapping satisfying:

I. T(E)C Fand T(F) CE,

2.
p(Tu,Tv) <M2(u,v) > M;(u,v) ( <Mz(u,v) )) p(EF)
J x@)dr<6 J x@®dt) [ x@®)di+|1-06| [ x()de [ x(t)de,
0

0 0

whereuc E,veF, 0 € . and

Ma(u,v) = max { p(u,v), p(u, Tu), p (v, Tv), LUTORLAT pUTupGLL)

Let uy € E be any element and the sequence {u,} defined as u,| = Tuy, for alln > 0. Then p (uy, Tuy) — p(E,F). If {up,} has a convergent
subsequence in E, the subsequence converges to a proximity point.

Proof. The proof is similar to the proof of Theorem 2.1 since

Mz(”n—lyun) = max {p(unfhun)ap(un#»laun)} .

O
In the following theorem, we obtain a new best proximity result using the class ¥ and a function o : X x X — [1,0).
Theorem 2.3. Let the function k : [0,00) — [0,00) be defined as in (2.1) and T : EUF — EUF a self-mapping satisfying:
1. T(E)CFandT(F)CE,
2.
p(Tu,Tv) My (u,v) My (u,v) My (uv) P(EF)
o(u,v)y J x@dr|)<o6|wy| [ x@de||w| [ x@dt|+[1-0(yw| [ «@)dt [ K(r)dt,
0 0 0 0 0
(2.11)

whereu € E,veEF, 0€., a:XxX —[l,0)and y € P.

Let ug € E be any element and the sequence {uy} defined as u,+1 = Tuy, for alln > 0. Then p (un, Tuy) — p(E,F). If {uan} has a convergent
subsequence in E, the subsequence converges to a proximity point.

Proof. Using the hypothesis, we have
u,_1€E,upeForu,€E,u, | €F,
for all n > 1 according to n is odd or even. Using the inequality (2.11), for all n > 1, we obtain
Pt ttns1)

p(Tu,—y,Tuy,)
o (Up—1,un) Y ( ({ K‘(l‘)dl) =0 (Up—1,un) Y ( I K‘(t)dl)

0

M (up—1,un) My (up—1,uy) My (s ity p(E.F) (2.12)
<6 (1// ( J K(t)dt)) 74 ( J K(Z)dl> + <1 -0 (1// < J K‘(Z)dt> ) > | x(t)dt,
0 0 0 0

M] (un—] 7””) = max{p(un_l 7”1’!)7p(un7un+1)} .

where

Let p(un,upt1) > p(up—1,u). Then we get

Ml (ul’l—lvun) :p(unvun+l)
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and so

<p(“m“rul> ) p(E,F) ( (P(umunl) >) |: <p(“rn“rtl) ) p(EF) :|
o (up—1,un) ¥ [ x@dt |- [ x@)dt<6|w | x()de v | x@®dt)— [ «(t)dt|.

0 0 0 0 0

p(”»t-,u»ﬂrl)

Hence we get 6 <l/l K(t)dt > > 1. Therefore we have a contradiction with 6 € .¥ and

0
My (up—1,un) = p(up—1,ttn)- (2.13)
Then there exists p with 0 < p(E,F) < p such that

Jim My (- 1,un) = 10 p (1, tn) = p. (2.14)

Let p(E,F) < p. Using the conditions (2.12) and (2.13), we have

P (”n sUnt1 ) P (E',F)
o(u,v)y ({ x(t)dt | — g K (t)dt .
<o|w / k(nde | | <1,

P (tn—1,1tn) p(EF)
v | x@)dr |- [ x(t)dr 0
0

0

forall n > 1 since 6 € .. If we take limit for n — oo then using the equality (2.14), we get

P (tt—1,Un)
’1113306 (1{/ ( / K‘(I)dl)) =1
0

This implies that

and

lim k(t)dt =0,

n—oo

o3

which is a contradiction with p(E,F) < p. Hence p = p(E,F) and
p (un,Tup) = p(E,F), (2.15)
as n — oo. Let {uy,, } be a subsequence of {uy,} and

lim Uzp, = Y0- (216)
k—so0

Since {up,,—1} is a sequence in F' then we obtain

p(E,F) P (YosUan,—1) P (Yosuan, )P (tany 2m 1) P (Yo, ) P (w21, Tz —1)
| ox()de < J K(t)dt < J K(t)dt < [ x(t)dt+ J K(t)dt,
0 0 0 0 0
for all £ > 0. If we take limit for kK — oo then using the condition (2.15), we have
p (o u2n—1) p(E,F)
lim / K(t)dr = / K(t)dr. (2.17)

k—yoo

Now we get

P(Yo Tyo) p(vo,tan, ) p(Ttzn,—1,T0)
coar) <yl T xwar)vw( T ke
0 0

P (o, u2nk p(TManil,T)ro)
+a (uop—1,0) ¥ J K(r)dt
0

M ( Uam—1:Y0 M (u2ny-1,Y0) M (2 —1,Y0) p(E,F) P (Yo,u2n,)
v ( K'(t)dt)) 1V < Ik K‘(l)dt> + <1 -0 <1// ( Ik K(t)dt) >> | x@)dt+wy < / K‘(t)dt>
0 0

0 0

E (Ml MznA 1:0) )) < (MI(Man 1:0) ) p(EF) > p(EF) (p(,VUvu2nk) >
AR K(t)dt 74 Ik k(t)dt | — [ x@®)dt |+ [ x@)di+y J x(@)dt].
0 0

IN

0

0 0
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Using the conditions (2.15) and (2.18) we obtain

My (2 —1,50) max{ p (2, —1,50),0 (tam 1,420, )P (y0,T0) } p(0,T0)
lim f k(t)dt = lim / k(t)ydr= [ «(t)dt. (2.19)
k—yoo 0 k—so0 0 0

We assume that p(yo, Tyg) > p(E,F). If we take limit for k — o then using the conditions (2.18) and (2.19) we have

p(0,Tyo) p(E.F)
v | x@®dt)— [ x(t)de
0 0

Mi (2 —1:0) £ (30,Ty0) p(E.F) P (0.T30) p(E.F)
S,}L“;G (w( ({ K'(t)dt)) (w( ({ K'(t)dt> - g K'(t)dt) < w( ({ K(t)dt) - '({ K(t)dt

and so

M (u2n,-1,Y0)
lim 6
pmolv|
0
Since 6 € .7, we get
)

My (u2ny-1:y0

K(t)dt) =1
lim y / K‘(t)dt) =0
k—roc0 .

0
and

My (u2n,—1,y0)
lim K(t)dt =0,

k—roo

[=)

which implies that
lim M (up,—1,¥0) =0,
k—oo
that is, yo = Tyg, which is a contradiction with our assumption. Therefore we get
P(0,Tyo) = p(E, F).
Consequently, {uz,, } converges to a proximity point. O
Theorem 2.4. Let the function x : [0,00) — [0,0) be defined as in (2.1) and T : EUF — EUF a self-mapping satisfying:

I. T(E)C Fand T(F) CE,

2.
<p(Tu.TV) ) ( <M2(u,v) ) ) <M2(u,v) ) ( ( (Mz(u.v) ) ) ) p(E,F)
o(u,v)y J x@dr)<6(w| [ x@)dt||w| [ x@dt|+[1-0(y| [ «(t)dt | x(r)de,
0 0 0 0 0

whereu ¢ E,veF, 0€.Y, a: X xX — [l,) and y € V.

Let uy € E be any element and the sequence {u,} defined as u,| = Tuy, for alln > 0. Then p (uy, Tu,) — p(E,F). If {up,} has a convergent
subsequence in E, the subsequence converges to a proximity point.

Proof. The proof is similar to the proof of Theorem 2.3 since

MZ(unfl 7“7[) = max {p(unflvun)7p(un+17un)} .

In the following theorem, we obtain another best proximity result using the class ¥ and two functions o, : X X X — [1,e0).
Theorem 2.5. Let the function k : [0,00) — [0,00) be defined as in (2.1) and T : EUF — EUF a self-mapping satisfying:

1. T(E)CF and T(F) CE,
2.

(p(Tu,TV) ) ( <M1 (u,v) ) ) <M1 (u,v) ) ( ( <M1 (u,v) ) > ) p(E,F)
o(u, Tu)B(v,Tv)y [ x@dr)<o6|w| [ x@dt||w| [ x@dt|+[1-0(w| [ «@)dt [ x(t)dt,
0 0 0 0 0

whereu € E,veF, 0 €., o,f: X xX —[l,00) and y € V.

Let ug € E be any element and the sequence {uy} defined as u,+1 = Tuy, for alln > 0. Then p (un, Tuy) — p(E,F). If {uan} has a convergent
subsequence in E, the subsequence converges to a proximity point.
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Proof. The proof is obtained by the similar arguments used in the proof of Theorem 2.3. O

If we consider the function M, instead of the function M| in Theorem 2.5 then we get the following theorem.

Theorem 2.6. Let the function k : [0,00) — [0,00) be defined as in (2.1) and T : EUF — EUF a self-mapping satisfying:

1. T(E)CF and T(F) CE,
2.

<p(TLL,Tv) ) < <M2(u,v) ) ) <M2(u,v) ) < ( <M_(uﬁv) ) > ) p(E,F)
o(u,Tu)B(v,Tv)y J o x@dr )| <0yl [ x@)dt)|w| [ x@de|+|1-06(w| [ «(r)dt | x(r)dt,
0 0 0 0 0

whereuc E,veF, 0€.7, a,f: X xX —[l,00) and y € W.

Let ug € E be any element and the sequence {uy} defined as u,+1 = Tuy, for alln > 0. Then p (un, Tuy) — p(E,F). If {uan} has a convergent
subsequence in E, the subsequence converges to a proximity point.

Proof. The proof follows easily by the similar arguments used in the proof of Theorem 2.3. O

Finally, we give an example of our best proximity results.

Example 2.7. Let X = [0,1] X [0, 1] be a metric space with the metric

pluv) =) lui—vi

i=1

>

where u = (u1,up), v=(vi,v). Let E = {(0,0),(0,1)} and F = {(1,1),(1,0)}. Then we can see that E and F are closed subsets of X and
P(E,F)=1.Let 6 :[0,00) — [0,1) be defined as
0(t) = {

where k < 1. Let us define the self-mapping T : EUF — EUF as:

s i ift>0
ko ift=0"

7((0,0)) = T((0,1))=(1,0),
r((1,1)) = T7((1,0)) = (0,0).

Let x : [0,00) — [0,00) be defined as
k() =21,

forallt € [0,00). Then all the conditions of Theorem 2.1 are satisfied. Indeed, we have T(E) C F and T(F) C E by the definition of T. Now,
we show that the inequality (2.2) is satisfied for each u € E, v € F in the following cases:
Case 1: Letu=(0,0) and v = (1,1). Then we get

p(TM,TV) == p((lao)v(ovo))zl’
Mi(u,y) = 2
and
1 2 2 2 1
/ZIdt - 1<6 /2tdt /tht+ 1-0 /tht /2tdz=49(4)+1*9(4):2~
0 0 0 0 0

Case2: Let u=(0,0) and v = (1,0). Then we get

p(Tu,Tv) = p((1,0),(0,0)) =1,
Mi(u,y) = 2
and
1 1 1 1 1
/thz = 1<6 /2tdl /2tdl+ 1-6 /ZIdt /2tdt:9(1)+1—9(1):1.
0 0 0 0 0

Case 3 : Letu=(0,1) and v= (1,1). Then we get

p(Tu,Tv)
M (u,v)

p((170)7(0’0)) =1
2

and

1
/2tdt:1§2.
0
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Case 4 : Letu=(0,1) and v = (1,0). Then we get

and

p(Tu,Tv)
Ml (u,v)

p((l,O),(0,0)) =1,

Il
Y

1
/thtzlgz.
0

Consequently, (0,0) is a best proximity point of the self-mapping T.

In Example 2.7, we note that if we take the functions ¢ : X x X — [1,00) and y : [0,00) — [0,0) as

and

o(u,v)=1forall (u,v) € X xX

y(t) =t forall s € [0,00),

respectively, then all the conditions of Theorem 2.3 are satisfied. Similarly, if we take the functions @, 8 : X X X — [1,00) and y : [0,00) —
0,00) as

and

o(u,v) = B(u,v) =1forall (u,v) €X xX

y(t) =t forallt € [0,00),

respectively, then all the conditions of Theorem 2.5 are satisfied.
If we consider M, (u,v) instead of M; (u,v) in Example 2.7, then all the conditions of Theorem 2.2 (resp. Theorem 2.4 and Theorem 2.6) are
satisfied. Consequently, (0,0) is a best proximity point of the self-mapping T defined in Example 2.7.
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