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Abstract

In this paper, Riemann-Liouville fractional quantum Hermite-Hadamard type inequalities are proved. Also, two identities for continuous
functions in the form of Riemann-Liouville fractional quantum integral type are obtained. By using these identities, some Riemann-Liouville
fractional quantum trapezoid and midpoint type inequalities for convex functions are given. The results of this paper generalize the results
given in earlier works.
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1. Introduction

Let f: I C R — R be a convex function on the interval / of real numbers and a,b € I with a < b. Then the inequality

is well known in the literature as Hermite-Hadamard’s inequality for convex functions. This double inequalities have been widely studied in
recent years and so many generalizations have been given so far.
Dragomir and Agarwal gave the following identity to obtain trapezoid type inequalities for convex functions:

Lemma 1.1. [3] Let f : I° C R — R be a differentiable mapping on I°, a,b € I° with a < b. If f' € L|a,b)|, then the following equality
holds:

b |
HO T [rwae= b;“O/(1—2z>f’<m+<1—r>b>dz. (12)

Kirmaci gave the following identity to obtain midpoint type inequalities for convex functions.
Lemma 1.2. [4] Let f : I° C R — R be a differentiable mapping on I°, a,b € I° with a < b. If f' € L|a,b|, then the following equality
holds:

1
2

b 1
ﬁ/f(x)dx—f(a+b) = (b—a) /tf’(ta+(1—t)b)dt+/(t— 1) f (ta+(1—1)b)dt| . (1.3)
a 0 f

2

The following properties of convex functions will be used in further proofs.

Theorem 1.3. [12]If f : I — R is convex, then f satisfies a Lipschitz condition on any closed interval |a,b] contained in the interior I° of 1.
Consequently, f is absolutely continuous on [a,b] and continuous on I°.

Definition 1.4. [12] A function f defined on I has a support at xy € I if there exists an affine function A (x) = f (xo) +m (x — xq) such that
A(x) < f(x) for all x € I. The graph of the support function A is called a line of support for f at xo.

Theorem 1.5. [12] f: (a,b) — R is a convex function if and only if there is at least one line of support for f at each xo € (a,b).
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2. Riemann-Liouville Fractional Hermite-Hadamard Type Inequalities

Definition 2.1. [9] Let f € La,b]. Then the left and right Riemann-Liouville fractional integrals J, f and J'_f of order o > 0 are defined
by

1

x b
/(x—l)a_l F)dt, x>a and JE f(x) = —— / (t— 0% f(1)dt, x < b

o _ 1
Jag f(x) = e )

respectively, where () is the Gamma function defined by T'(ct) = [e~'t% Lds.
0

The following Riemann-Liouville fractional Hermite-Hadamard type inequalities given by Sarikaya et al.

Theorem 2.2. [13] Let f : [a,b] — R be a positive function with 0 < a < b and f € L|a,b]. If f is a convex function on [a,b], then the
following inequalities for fractional integrals hold

7(%57) < s g r @ +ag s) < LI D
with o > 0.

Sarikaya et al. gave the following identity to obtain Riemann-Liouville fractional trapezoid type inequalities for convex functions.
Lemma 2.3. [13] Let f: [a,b] — R be a differentiable mapping on (a,b) with a < b. If f' € L[a,b], then the following equality for

fractional integrals holds:

b—a
2

ﬂ@;ﬂmiiglgpﬁﬂm+mj@ﬂ:

1
/[(1 —0)% =1%] f (ta+ (1 —1)b)dr. (2.2)
0

The following left Riemann-Liouville fractional Hermite-Hadamard type inequalities given by Kunt et al.

Theorem 2.4. [8] Let a,b € R witha < b and f : [a,b] — R be a convex function. If f € L|a,b], then the following inequalities for the left
Riemann-Liouville fractional integrals holds:

aa+b\ _T(a+1) , af(a)+f(b)
f( o+1 ) S g e O =T

(2.3)

with oo > 0.

Kunt et al. gave the following identities to obtain the left Riemann-Liouville fractional trapezoid and midpoint type inequalities for convex
functions.

Lemma 2.5. [8] Let f : I° C R — R be a differentiable mapping on I°, a,b € I° with a < b. If f € L[a,b), then the following equality for
the left Riemann-Liouville fractional integrals holds:

1
e (1= (o)1) (ta (1= )b dr @4

_ b—a
T o+l
0

with o > 0.
Lemma 2.6. [8] Let f : I° — R be a differentiable mapping on I°, a,b € I° with a < b. If f' € L|a,b], then the following equality for the
left Riemann-Liouville fractional integrals holds:

o
a+l

1
):(bfa) /taf’(ta+(17t)b)dt+/(zo‘fl)f’(m+(17t)b)dz (2.5)
0 _a

o+l

I'(a+1)
(b—a)®

aa+b
a+1

.10 -1 (

with o > 0.

3. Quantum Hermite-Hadamard Type Inequalities

Throughout this paper, let a,b € R with a < b and 0 < g < 1 be a constant. The following definitions and theorems for g- derivative (quantum
derivative) and g- integral (quantum integral) of a function f on [a,b] are given in [2, 16, 17].

Definition 3.1. [16, 17] For a continuous function f : [a,b] — R the g- derivative of f at x € [a,b] is characterized by the expression

fx) = flgx+(1-q)a)

A (T R

x#a. 3.1
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Since f : [a,b] — R is a continuous function, thus we have Dy f (a) = lln aDgf (x) . The function f is said to be ¢- differentiable on
X—a
[a,b]if 4Dyf (t) exists forall x € [a,b]. fa=0in (3.1), then ¢D,f(x) =D,f(x) ,where D,f(x) isfamiliar ¢- derivative of f at
X € |a,b] defined by the expression (see [5])
S () — f(gx)
(I—g)x

Definition 3.2. [2, 16, 17] Let f : [a,b] — R be a continuous function. Then the q- definite integral on |a,b) is delineated as

D,f(x) = ,x#£0. (3.2)

X

[1@) it =(1-9)c-a) L d'f (¢x+(1-¢)a) (33)
p i=0

forx € a,b].

Ifa=0in (3.3), then jf(l) odgt = ff(l) dgt , where ff(l) dgt  is familiar q- definite integral on [0,x] defined by the expression
(see [5]) ’ ’ ’

[0 odet = [1@0) dg =(1-a)x L d'r (). G4
0 0 i=0

If ¢ € (a,x), then the g- definite integral on [c,x] is expressed as

X

[£@) wdi = / £ adyt — / £ adgt - (35)

¢

The following quantum Hermite-Hadamard type inequality was first seen in [2].In [19], Zhang et al. gave a shorter and more useful proof
and alleviated the assumptions for f.

Theorem 3.3. [2, 19] Let f : [a,b] — R be a convex function on [a,b] and 0 < g < 1. Then we have
b
a+b 1 a)+ f(b
() < fr0 g < TEEIE) (3.6

14+¢q b—a. 1+gq

a

Alp et al., also, gave the following identity to obtain quantum midpoint type inequalities for convex functions.

Lemma 3.4. [2] Let f : [a,b] — R be a g- differentiable function on (a,b). If 4Dyf is continuous and integrable on |a,b), then the
following identity holds:

1
m

[t Daf (th+(1-1)a) odgt
0

(3.7)

r(452) (b_la)/bf(m g =q(b—a

1
+lf (z—é) aDgf (tb+(1—1)a) odgt

T+q
The authors gave the following identity to obtain quantum trapezoid type inequalities for convex functions.
Lemma 3.5. [10, 14] Let f : [a,b] — R be a continuous function. If 4Dyf is an integrable function on (a,b), then the following equality
holds:

1
b—a

b 1
/f(x) adgx _af @) fB) Q(b;q“)/(lf(uq)z) WDyf (th+(1—1)a) odgt . (3.8)
0

1+¢q 1

a
4. Riemann-Liouville Type Fractional Quantum Integrals

The concepts given here could be found in, for example [1, 5, 15, 18].

[m]q:%q, meR. 4.1

The g- analog of the power function is defined by

k
(nfm)(o) =1, (nfm)(k) = (nfqim> , herekeN, n,mecR. 4.2)
0

i

More generally, if ¥ € R, then

< n—gm
(n,m)m:nvgwﬁ, n#0. 4.3)
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If m = 0, then n(Y) = n¥. Also 0Y) =0 for y > 0. The g- gamma function is defined by
(1-g)""
(1—g) "~

Itis clear that Iy (# + 1) = [1], I'q (t). Furthermore,  lim L,)=T() .
q— 1"

Iy(t) = teR\{0,-1,-2,...}. 44

For any s, > 0, the g- beta function is defined by

1
By (s,1) = / Wb~ (1 qu)(t_l)dqu7 4.5)
0
and
_ Lo (5)Tq (1)
Bl =T rn) -

Itis clear  lim By (s,t) = B(s,t) where B(s,t) is classical beta function.
qg— 1~
The g- analog of the Pochhammer symbol is defined by
k=1 '
mg)o=1, (ma)=]] (1—q’m), here k € NU {co} . 4.6)
i=0

Theorem 4.1. [, Theorem 1.8] Suppose A, € R, then

Ax; _
1im1 EZHX;ZQ: = (1-x)"*, .7
q—1"

uniformlyon {x € C: |x| <1}, ifu > A, u+A > 1, and uniformly on compact subset of {x € C : |x| <1, x # 1} for other choices of i
and M.

The authors gave the following definitions and theorems for Riemann-Liouville type fractional quantum integral of a function f on [a,b] (see
[15, 18]).
In [15, 18], the authors defined g- shifting operator as

a®y(m) =gm+(1—q)a. (4.3)
For any positive integer k, one has

a®f(m) = (@ (;Pg(m)) and  ,PY(m) =m. 4.9)
The following properties for g- shifting operator could be hold by computing directly.

Properties 1. [15, 18] For any n,m € R and for all positive integer k, j, one has:

(i) oPk(m) = oD@y (m) ;

(i) @ ( ok ) = (@) ) = 2 m)
(ii) o®y(a) =

(iv)  o®f(m) —a=q"(m—a);

0 m— aBhin) = (1) n-a);
(vi) aq’g(m) =m %q)g(l) form #0;
(vii) aq)q(m) — ad)];(n) :q(m_aq)zfl(n)).

In [15, 18], the authors defined the power of g- shifting operator as

k—1
a(n—m)(go) =1, a(n—m)‘(]k) :H(nf acbfl(m) ), herek€N. (4.10)
i=0
More generally, if ¥ € R, then
= e o) (m)
(/NSNS & S At A
n—m =(n—a - 4.11)
o=l =n=aP L

Properties 2. [15, 18] For any y,n,m € R withn # a and k € N, one has:

(D) aln—m)® :("—@"(’Z‘z;q)k:

(i) a(n=m)) = =)' [T fEtt = (o) (s

— n—a
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k.
(iii) 4 (n— 4Pk (n) )5,7) :(”*“)y%'

Definition 4.2. [15, 18] Let a > 0 and f be a continuous function on [a,b]. Then the Riemann-Liouville type fractional quantum integral is
given by (algf) (t)=f(t) and

X

(alg f) (x) = (IS f (1)) (x) = I, (@) / a(x= a®q (1) )fj"‘” ft) adgt (4.12)

a

SO 3 gm0 0 ) (0 )

Lyle) 5 !
where a > 0 and x € [a,b].
Sudsutad et al. gave the following Riemann-Liouville type fractional quantum Hermite-Hadamard inequalities.

Theorem 4.3. [15] Let f : [a,b] — R be a convex continuous function, 0 < g < 1 and o > 0. Then we have

(le+ 1, 1) f (@) + £ ()
Iy (a+2) '

1
(b—a)*

If f: [a,b] — R is a convex function, then it is already continuous on [a, b], it means that in Theorem 4.3, it is not need to assume that f is
continuous. In this paper, we will give more appropriate Riemann-Liouville fractional quantum Hermite-Hadamard type inequalities for
convex functions than Theorem 4.3. Also, we will give the Riemann-Liouville fractional quantum trapezoid and midpoint type inequalities
which generalize the results given in papers [2, 3, 4, 8, 10, 11, 14].

2 a+b 1 .
f( er )_(b_a)oc (alg f(a+b—1)) (b) <

T,(a+1) (alg f (1)) (b) <

(4.13)

5. Main Results

The following Riemann-Liouville fractional quantum Hermite-Hadamard type inequalities for convex functions are more appropriate than
Theorem 4.3.

Theorem 5.1. Let f : [a,b] — R be a convex function and o > 0. Then we have

(loc+ 1), 1) atb RVICED) (le+1,= 1) f (@) + £ ()

o

CIEp < - (uIZf) (B) < CESp 5.1

Proof. Since f is convex function on [a,b], using Theorem 1.5, there is at least one line of support
([(x+1]q71>a+b ([a+1]q71)a+b
Ax)=f @t 1, +m|x— CEa < f(x) (5.2)
for all x € [a,b] and m € {f (W) S (W)} From (5.2), we have
([a+1}q—1>a+b ([a+1}q—1>a+b

A((1=t)a+tb)=f +m| (1—t)a+th— (5.3)

a+1], a+1],

< f((1—t)a+1tb)

forallr € [0,1].

Multiplying both sides of (5.3) by F‘{_(Dg;)l) o(1= 0Py (1) );‘)‘7” and g- integration of order o > 0 with respect to ¢ over [0, 1], we have
q

Fq(a+1)/A((lft)a+tb) 0(1— o®g(r) )\ % odgt

<[a+1]q—1>a+b
[a+1],

0(1— 0Py (1) )EIWU

+m| (1—t)a+tb—

aH H ([ (w1, ~1)a+b
/ odqt
0

[+ 1],

1

1] a+b _
1",1&(4(@)1)]0((cx+m+1 + )/ o (1= o, (1) )Eia D dyt
0

+0,(ax+1)m :
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T, 1 la+1],—1)a+b
#;V(<WLR )e01.a)

1 ([e+1],—1
) a+2)>+ bttty ~ (@ e,

)a+b

Bq(l,(x)>

a 1 1
[oc+ . )—i—l"q (@+1)m ( (Fq(a+1)_1"q(a+2

))+bl"q(oc+2)_ [a+1], L, (a+1)

| (la+1),~1)a+b )

1
SWO/ 0 (1= o®(1) )\ F((1=1)a+1b) odyt

a+b ([a+1]q—1)a+b ([a+1]q—1)a+b
:f< [oH—l]q )JFF"(OHI)'"( T, (0+2) T,(a+2)

*T Zq o (1= 0@ (1) )\ F((1= 0@} (1) Ja+ 0@} (1) b)

(By using Properties 2-(iii), we have)

_Ty(a+1) N i)

T, (o) (I*Q)Z()qlmf((lf Oq)i,(l) Ja+ Oq:'i,(l) b)

i=!

(b—a)*

_Tyla+1) ((IQ)(ba)iqi(ba)a—IM (ol (b) ))
- a®y

i) 5 (q(afl)ﬂ’“);fl)mf

(b—a)®

_Ty(a+1) ((l—rq)(b—a) S (e 0 () D (0

(@) 5

b
:F(qb(f:)‘l) (rq](a)/ a(b— a®q (1) )f]a_') f(t) adgt )

T (a+1) o
7(qb—7a)°‘ (alq ) (b) .

which gives the left hand side of (5.1).
On the other hand, using convexity of the function f, we have

f((A=t)a+1b) < (1—1)f(a)+1f(b)

for all € [0,1]. Similarly, multiplying both sides of (5.4) by F‘fr("(‘;)‘)
q

respect to ¢ on [0, 1], we have

Iy(oe+1) ( o Iy(oe+1) 1
(b—a)® /

ol f) (b) Zw/ 0(1— o0®q(1) )Ela_]) F((M=1)a+1tb) odgt <

(5.4)

0 (1 — 0@, (1) )éa_l) and g¢- integration of order o > 0 with

(la+11,~1) £ @)+ £ ()

[a+1],

which gives the right hand side of (5.1). Thus the proof is accomplished. O
Corollary 1. In Theorem 5.1, one has the following:
(i) If one takes & = 1, then one has Theorem 3.3;
(ii) If one takes ¢ — 17, then one has Theorem 2.4;
(iii) If one takes o = 1 and ¢ — 17, then one has (1.1) the Hermite-Hadamard’s inequality.
Proof. (i) Let e = 1in (5.1), then [0t + l}q =g+1,T;(a+1)=1and (alt}f) b)= fabf(t) adgt
(i) Itisclear [@+1], — oa+landly(a+1) — I'(a+1). Thus we have the following limit
qg— 1" qg— 1"
(la+1l,-1) 1@+ @) of (@)+f(b) 55)
— —_ . .
la+1], g—1- oa+1
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Since f is convex on [a, ], using Theorem 1.3, we have

<[a+1]q71)a+b

aa+b
f( ) . (5.6)
[a+1], g—1- a+1
On the other hand, from Properties 2-ii
u‘bq(r)_a t—a
(a—1) a—1 ( b—a ’q>oo o—1 (mq;q)oo
a(b— a®q(1) ) =(b—a) - =b-a)"
! (“H=ge1q) (5-49%:9)..
Using the Theorem 4.1, if we take limit g — 17, then we have
t—a . o—1
—1 _ p—a°49). _ t—a _
a(b— a®y (1) )Ej"‘ ) = (b—a)*! ((r”a)) —  (b—a)*! (1 - m) =b-0*".
—aq°4) q— 1~
Hence, we have the following limit
: b b
~1
(W9 0= gy [ «lo= @0 ) £ wlt — / dt = I (0). )
q v q— 1"
If we take limit ¢ — 1~ in (5.1), using (5.5),(5.6) and (5.7), we have (2.3).
(iii) We clearly see that part (iii) can be derived from parts (i) and (ii) immediately
The proof is completed.
O

Now we will prove the following identity to obtain the Riemann-Liouville fractional quantum trapezoid type inequalities.

Lemma 5.2. Let f : [a,b] — R be a continuous function and o > 0. If oDgf is q- integrable on (a,b), then the following equality holds,

(la+11,-1) f(@)+ £ ()

Iy(oe+1) ( o
[a+1],

W alq )(b) -

(5.8)

1
= [O’Z;f] /([a+1]q 0(1= 0@ (1) ) ~1) WDef (1=1)at1b) odyt .
79

Proof. Let we calculate the following integrals by using Definition 3.1, 3.2 and 4.2, we have

1
/ 0 (1= o®g() )\ uDef (1=1)a+1b) odyt
0

1
(@ f((L—t)a+1b)—f((1—gt)a+qth)
0/ 0 0 s (1-gq)(b—ajt odat
1
q/ 0 (1 o®(1) ) w odyt
0
1
[ o= oy ) LU g
0
N o et @ L= 0@ (1) Jat+ 0P (1) b)
l;,)q 0(1 0Py ())q 0‘1’2(1)
i i @ f((1=q o®,(1) Ya+q o®,(1) b)
Bt M
) (qH-l’q) ; ; ) (q”'l,q) : i
:E)Mf«l*q)awb)*;)Mf«l*q“)aw“b)
-y ari) (4734)., i i S i (¢"*:9)., i i
=X (=0 g (1=0)axa) = X (10" gz s (1= ) aed o)

-5 (1) e (1)) - (1) (L (1)

i=0 (**":9). =0 (¢*+*liq).,
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oo i+1 ) ) i+2; : ;
Bamt () dt) - Bt (oo

& rildhia)., i i o (4"%:9)., i i
_ L;)q - (qaﬂ;q)mf((pq)qub)7l§)q+lmf((lfq+l>a+q+1b>

1. © (gt o0 i+, _
00~ | B e (1))~ B Gty (1o )
B T PO I Y ) I S S At (") i (dha).
a (q“;q)mf(b) f(a) ;‘)q (61"‘“;q)o<,f(<1 q)a+qb) ,;)q (@*1:q)w <(1 q)a+qb>+(q°‘;q)mf(b)
_ ayv (@ a), N
A );’)q (q"‘“;q)wf((l_q)“Jrqb)

I i+1.
=~/ @)+, (1-0) L. ((;’M;;q)):f ((1-4')a+q)
_ @] Tq (@) [(1—q)(b—a) & ; a1 (@71:9),,
__f(a)+ (bq_a)(x ( rq(a) ,;Oq (b_a) ! (qa+z q)wf((l Q)a+qb)>
Ly(a+1) [((1—q)(b—a) & ; - (¢ha).,

fla)+ (qb—a)“ < If](a) l;)q (b—a) ](q(a D+ g) f<<1 4>a+qb>>

=—/(a) F("b(::olc) ((1 r?((S) ) iq’ (b= @ 1) ) £ (o (b) ))
b
——fla)+ D (tha) [ alo— a2y0) " 50 mr)
=/ % (alg £) () (5.9)
and
b 1
oc+1]q0/ Dof (1=t)a+tb) odgt

/f ((1— ta+tb ((lfqt)aqtqtb)

— ) p Odql‘

[a+1

f((1—=t)a+1b)

()dqt

F((1—qt)a+qtb)

()dqt

(5.10)

On the other hand, if we use (5.9) and (5.10) in the following integral, we have

1
[O[Z;f}qb/([a—i-l]q 0 (1= 0@ (1) )19 1) WDef (1=1)a+1b) odyt
1 b 1
:(bfa)/ 0 (1= 0®g(1) )™ aDef(1-1)atib) odyt 7[064:1&] / Dof (1—t)atib) odgt
0 790

=K K>
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Lilatl) g f(b)—f(a)
—f(a)+ (‘Ib_T)a (alq ) (b) — W
L@t e (@) F@+ @)
*W(aq)()— o1, .
This completes the proof. O

Corollary 2. In Lemma 5.2, one has the following:

(i) If one takes @ = 1, then one has Lemma 3.5;
(ii) If one takes ¢ — 17, then one has Lemma 2.5;
(iii) If one takes @ = 1 and ¢ — 17, then one has Lemma 1.1.

Theorem 5.3. Let f : [a,b] — R be a continuous function, & >0 and 4Dyf be g- integrable on (a,b). If| aDgf | is convex on [a,b],
then the following Riemann-Liouville fractional quantum trapezoid type inequality holds,

(a+1) , (le+ =) f@+r®)] 5oy
Tomae N0 | e (2@ 9] a0 [ae) s
where

M= [l 1)y o (1= 024(0) ) —1|(1=1) odet .
0

1

MZ:/)[aH]q o(1= 0@ (1) )f{"” 71)1 odgt -
0

Proof. Using Lemma 5.2 and the convexity of ‘ oD

(la+1),=1) F(@+£ )
[+ 1],

Iy(a+1)
(b—a)®

(ol7'f) (B) =

< [olj+1 /’[owl]q o(1= oy (1) )Eloo 71“ aDgf (1 =1)a+1b) | odgt

<[£T/’[a+l]q 0 (1= o®g(1) )\ ~1|[| Dgf (@) [(1=0)+] Duf (B) |1] odyt

| uDyf (a |f‘oc+lq 0 (1= 0®g(1) )!™ ~1](1=1) odyt

b—a
= [or+1]
q ’aqu ‘f‘(x+1q0(1— OCD())E;X) 71‘1‘ Odql
This completes the proof. O

Corollary 3. In Theorem 5.3, one has the following:

(1) If one takes o = 1, then one has [14, Theorem 4.1];
(ii) If one takes ¢ — 17, then one has [8, Theorem 4];
(iii) If one takes @ =1 and ¢ — 17, then one has [3, Theorem 2.2].

Theorem 5.4. Let f : [a,b] — R be a continuous function, o0 >0 and ,Dyf be g- integrable on (a,b). If’ aDyf ‘r is convex on [a,b]
for r > 1, then the following Riemann-Liouville fractional quantum trapezoid type inequality holds,

(a1 =) r@+7®)| _ poa

Fq(ochl) 7% %
To—ar [ +1], - [a+1]qM3 (M1 | aDgf (@) | +Ma| aDyf (b) |) (5.12)

(b—a)®* alg ) (b) —

where M,M5 are the same as in the Theorem 5.3 and

1
M3=/’[a+1]q 0(1— OCDq(l‘) )E]OO *1) ()dqt .
0
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Proof. Using Lemma 5.2,the convexity of | aDyf }r and power mean inequality, we have

(la+11,~1) f @)+ (b)

Iy(a+1) o
W (alf f) (B) — CEXI
1
b—a o
S[a+1]qo/’[a+1]q 0(1— 0@, (1) );) _1’| Daf (1—=1)a+1b) | odgt

1-1

r

1
b—a o
e i

1

r

1
x /‘[oﬁrl}q 0 (1= 0®g(1) )\ ~1|| aDuf (1=t)a+1b) | odyt
0

1 ]_%
b—a .
Sm (/‘[a+1]q 0 (1= o®y(1) )" _1‘ odgt )

x /‘[a—i—l}q 0 (1= 0@ () )\¥ <1|[| Dy (@) |"(1=1)+] Duf B) 1] odgt

0
b 1 -1
—a
< @i /‘[aJrl]q 0 (1= 0®y(1) )\ 1] odyt
7 \o

| aDuf (@) [l 1]y o (1= 0240 ) ~1](1-0) oyt
+| aDgf (b) ]r({l“[a—l— 1, o(1— o4 (1) )EI"” —1‘z odgt
This completes the proof.
Corollary 4. In Theorem 5.4, one has the following:
(i) If one takes @ = 1, then one has [14, Theorem 4.2] and [10, Theorem 3.2];

(ii) If one takes ¢ — 17 ,then one has [8, Theorem 5];
(iii) If one takes @ =1 and ¢ — 17, then one has [11, Theorem 1].

S

Theorem 5.5. Let f : [a,b] — R be a continuous function, o >0 and ,Dyf be g- integrable on (a,b). If| aDyf |r is convex on [a,b]

1 1 . . , . . , , ,
forr>1land 3 + 5= 1, then the following Riemann-Liouville fractional quantum trapezoid type inequality holds,

Ty(a+1) |, 4 ([a+1},,—1)f(a)+f(b) b—a 1 (q| aDef(a) |"+| aDgf (b) |
a7 W0 - o+ 1, = a1, 1+q
where

1

Mi= [ a1l o (1= 0,0 ) ~1]" odyt .
0

Proof. Using Lemma 5.2,the convexity of | aDyf }r and Holder’s inequality, we have

Ca+l) |, (la+1l,=1) F(@+r )
g O - at,
1
b—a (OC)
< [a+1]qo/’[a+l]q 0 (1= o®y@) )\ ~1|| D (1 =1)a+1b) | odyt

q

1 P
< [Oi’;f] (0/‘[(”1](1 o (1= 0% (1) )\ ~1|" odye ) (0/\ oDyf (1—1)a+ib) |" odgt )

1

r

):

(5.13)



132 Konuralp Journal of Mathematics

I 1
;

1
/‘[a+lq o (1= 0% (1) )\ ~1|" odyt ./H Def (@) |"(1=1)+| aDef (b) |'t] odyt
0

=|

b—a
~ [a+1],

b—a @ P " (q] WDaf(@) '] aDaf®) '\’
< [a+1 /‘[(X-qu 0(1— ()q) () )q —l‘ Odq[ ( q 1+q q

This completes the proof. O
Corollary 5. In Theorem 5.4, one has the following:

(i) If one takes & = 1, then one has the following quantum trapezoid type inequality;

1

1 ? , 'l
L /f e @O _glb-a) [ o ( q| Dyf (@) | +| aDof (b) y)
0

14+¢q 14+¢q 14+¢

(ii) If one takes ¢ — 17, then one has [8, Theorem 6];
(iii) If one takes @ =1 and ¢ — 17, then one has [3, Theorem 2.3].

Now we will prove the following identity to obtain the Riemann-Liouville fractional quantum midpoint type inequalities.

Lemma 5.6. Let f : [a,b] — R be a continuous function and o > 0. If 4Dyf be q- integrable on (a,b), then the following equality holds,

([OH—I]q—l)a—Fb T, (a+1)

f at ], “p_a W)®) (5.14)
0} (1 (1= 0@ (1) );‘” ) aDgf (1—t)a+1b) odgt

=(b—a)
+ fl = 01— 0@ (1) )\* WDef (1=1)a+1b) odyr

Proof. Let we calculate the following integrals by using Definition 3.1 and 3.2, we have

1
[a+1],

K3:/ Dof (1—1)at1b) odgt (5.15)
0

. 7”"f<<1r)a+zb>f<(1qz>a+qrb) »
N (1—q)(b—a)r ot

0

[al]]q [a+ll]q

_ 1 F((1—t)a+1b) B 1 F((1—gt)a+qth)
‘<1—q><b—a>0/ r ot )(b—a)o/ z ot
N B J((-ghy)erefny) i J (- ) o+ &)

b-a)fa+1], &7 ra T o-aat1], A .

i qi oo qi+l
{Zf« oc—i—l} >a+[a+l}qb)_I.Z()f<<1_[a+l]q> [a+1] )]
| ([a+1]q—l)a+b

~0-a f [t ], —f(a)

On the other hand, in (5.9)the following integral was calculated as

1
/0 1— o, ( ))E}“) WDyf (1=1)a+1b) odyt (5.16)
0

- f<a>+%a“) (IEF) b) -
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At the end, if we use (5.15) and (5.16) in the following integral, we have

P (1 o (1= 0@, )\ ) aDyf (1=t)a+1b)  odyt
0

+ = o(l= 0@ (0) )\ uDef (1=t)a+ib) odyt

1
fo+l,

1
= (b—a) / Dof (1—t)a+1b) odgt 7/ 0 (1= o@g(1) )\" uDef (1=1)a+1b) odyt
0 0

B o <[a+1]q—1)a+b 1 T,(a+1) ,
=(b-a) b—a) [f( a1, )—f(a)] " h-a {_f(a)“‘w (a1 f) (b) }

_f(([a+l}q—l>a+b) Ty(a+1) (I%F) ()

la+1], (b—a)® 1
This completes the proof. O
Corollary 6. In Lemma 5.6, one has the following:

(i) If one takes @ = 1, then one has Lemma 3.4;
(ii) If one takes ¢ — 17, then one has Lemma 2.6;
(iii) If one takes @ = 1 and ¢ — 17, then one has Lemma 1.2.

Theorem 5.7. Let f : [a,b] — R be a continuous function, o« >0 and ,Dyf be g- integrable on (a,b). If‘ aDqgf ’ is convex on [a,b),
then the following Riemann-Liouville fractional quantum midpoint type inequality holds,

([a‘l'ﬂq_l)a'i-b T ((X+1) o MS} «D f(a) |+M6| D f(b) |
f( [a+1]q )_ (qb_a)(x (alq )(b) <(b—a) +M7| aquf(a) |+M8| aquf(b) ’ 5.17)

where

atlly
Ms=| [ 1= 0= 0@ )\ [(1-1) 0dyt |,
0

Ms = / ‘1* o (1= o®q(r) );a) ’l odgt |,
0

M7 = / ‘— 0(1— @y (1) ),(Ia) ‘(1—f) odgt

[a+1]4

1
Mg = / ‘— 01— 0@ () )fla) ‘t odgt .

1
lo+1],

Proof. Using Lemma 5.6 and the convexity of ‘

f(([a+1]ql>a+b) _Fq(a—i—l) (IOC )(b)

[a+1], (b—a)® 1

J
[a+1]

f‘i
<(b-a)| °

1= (1= 0% (0) )\ || Daf (1=0)at1b) | odyt

|- oli- 02,0 );"” | aDyf (1=0)at1b) | odyt

1
[o+1]4
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=0 (= o) )y |[1 Daf @ [(1=0)+] aDaf () [1] ods
<(b—a) 1
0 =0t 020 ) [ s (@) =0+ ] Daf 0) [1] ods
@iy
=00 om0 )\ (1=1) odgt | Daf () |
@
L= 0 o) D |t odyt | Dot (B) |
<(b—a) 1 7
|- o= 0@y ) [(1=0) odgt | aDyf (a) |
fe+1ly
1
|- o= o) )Y |t odyt | aDyf 0) |
This completes the proof. O

Corollary 7. In Theorem 5.7, one has the following:

(i) If one takes @ = 1, then one has [2, Theorem 13];
(ii) If one takes ¢ — 17, then one has [8, Theorem 7];
(iii) If one takes @ = 1 and ¢ — 17, then one has [4, Theorem 2.2].

Theorem 5.8. Let f : [a,b] — R be a continuous function, o« >0 and ,Dyf be g- integrable on (a,b). If ’ aDyf ‘r is convex on [a, D]
for r > 1, then the following Riemann-Liouville fractional quantum midpoint type inequality holds,

[c+1],—1)a+b
f (1a+1,-1) CLal@t D) ey ) |<6-a)

A/Igl_ll (M5| aqu(a) |r+M6‘ aqu(b) ’r)%
la+1], (b—a)® ;

1 . ~ (5.18)
+Myg " (M7] Dgf (a) |"+Ms| aDgf (b) |')"

where Ms — Mg are the same in the Theorem 5.7 and

1

[a+.1]q
My = / ‘1— 0(1— 0Py (1) );a) ‘ odgt
0

1
My = / ‘— o (1= 0@ (t) )[(]00 ) odgt

1

lo+1],

,
, we have

Proof. Using Lemma 5.6, power mean inequality and the convexity of ‘ aDyf

([a—i—l]q—l)a—l—b T, (a+1)

f [a+1], - (b—a)® (el 1) (®)
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<-a)| 7,
|- ot 0@ 0) )N || D (1 =r)atab) | odye
[o+1]y
; N :
[a(;f]q 1= o (1= o®q(r) )E,a) ‘ 0dgt
o ;
x (j)"q 1= o(1= 0% (0) )\ || Dof (1=1)at1b) | odyt
< (b—a) -1
+ lfl ‘— 0 (1= o®q(1) ),(Ia) ‘ 0dgt
o,

1
| S| 0= 0@ )Y || aDaf (=)t b) | odyt

L lo+1]y J
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e ()
S 1= o(1= o) ), ‘ odqt
0
1 %
[a+1]q ; ,
| L ol 02 SO NI abaf @) (=0 ] Dof (B) |'1] odyt
S(b_a) 1—1L
1 ,
+( |- o= 0@y )} | odq’)
1 T
x ( / = 0 (1= 0@y @) )\ |[] Daf (@) "1 =1)+] Daf B) 1] odgt )
L = i
[ o -3 T
[a+l]q (O!)
[ 1= 0 (1= o) ) | odat
0
, 1
&, '
[ oDaf @ 7] [1= 0 (1= o) )7 [(1-0) odyt
X
let1ly
[ WDof®) [ ] |1= (1= 0@ (0) )\ |1 odyt
<(b7(l) 0 1-1
1 ,
+( J ‘— 0 (1= 0®q (1) ),(]a) ‘ odqt)
1
1 r
| aDaf(@) [ ]|~ o (1= o0 )5 [(1-1) odyt
X ey
P (a)
| Dt ®) "] |~ 0 (1= 0®g () )\ |1 odyr
I @, ]
This completes the proof. O

Corollary 8. In Theorem 5.8, one has the following:

(i) If one takes @ = 1, then one has [2, Theorem 16];
(ii) If one takes ¢ — 17, then one has [8, Theorem 8§];
(iii) If one takes @ = 1 and ¢ — 17, then one has [8, Remark 9].

Theorem 5.9. Let f : [a,b] — R be a continuous function, o« >0 and ,Dyf be g- integrable on (a,b). If | aDyf ‘r is convex on [a, D]
forr>1and % + % =1, then the following Riemann-Liouville fractional quantum midpoint type inequality holds,

[a+1),—1)a+b
f<( ) )—r“”“)gﬁﬁw) (5.19)

[OH—I]q (b—a)*
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[

< (b—a) ] ]
watfy (1 obus @) (st~ LY 4| o) [ (kg o))
where
@
My = / ’1* 0(1— 0%y (1) );a) )p odgt
0

1
My = / ’7 0(1— oy (r) )\ )" odyt -

1

fo+1],

,
, we have

Proof. Using Lemma 5.6, Holder inequality and the convexity of ‘ aDyf

f(([aJrl]ql)aer) IYICISI NP

[a+1], (b—a)® 1
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[ 1= 0 (1= o) ) || abaf (1=r)a+1b) | odye
<(b—a) 0 1 (@)
+ ]j ‘— o(1— oy (1) )q ’| aDof (1=1)a+1b) | odgt
le+1ly
@ » " (@ ) ’
g 1= (1= o®, (1) )éa> ‘ odgt ({ | aDgf (1—t)a+1b) | qut)
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1 p : 1 r
+| )f 0(1— 0@ (1) );00 ‘ odt ( J | aDaf (1 =1)a+1h) | odqt>
L fa+1], a+1],
[a+11] » [a+11] r %
o, (@ |P [ | aDgf(a) |"(1—1)
<(b—a) 1 1
1 p ! ! oD "(1—1¢ '
o= 020 ) [ ode ( / { ‘+}qafz§?f<|b)( |’z)] Odqt)
L la+1]y lo+1]g
[a+]1]q P ’
=0 (= o) )7 |7 odat
r( (1+g)a+1],—1 r 1 g
<(b-a) X<| «Daf (@) | ((1+q)([a+l]q)z)+| «Daf () | ((1+q)l([a+1]q)2))
1 » r
) ‘— o (1= o%q(1) );a) ‘ 0dqt
foa+1],
r( g (+gla+l]—1 R R N
| X (| aqu(a) { (1+q (1+q>([a+1]q)2)+| aqu(b) ’ <1+q (1+q)([05+1]q)2)> |

This completes the proof.

Corollary 9. In Theorem 5.8, one has the following:

(i) If one takes @ = 1, then one has [2, Theorem 25];
(ii) If one takes ¢ — 17, then one has [8, Theorem 9];
(iii) If one takes @ = 1 and ¢ — 17, then one has [4, Theorem 2.3].
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