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Bu calsmada, bir Frenetgeisinin W-yonll erisi dayanak grisi olarak kullanilip elde edilen bazi 6zel regle
yuzeyler tanimlanngtir. Bu regle yuzeylerin acilabilirlik ve minimatlikarakterizasyonlarini verdik. Esagrie
ve regle ylizeyin dayanalgrsi arasindaki ifkiyi, dayanak erisinin geodezik gri, asimptotik &ri ve earilik
¢izgisi olmasi agisindan inceledik. Ayrica baziedtar de verildi.

Anahtar Kelimeler Regle ylzey, W-yonlige, Asimptotik eri, Geodezik gri, Egrilik cizgisi

*Sorumlu yazar iletisim: iarslan@gantep.edu.tr (https://orcid.org/0000-0002-5302-6074)
Gaziantep Universitesi, Fen Edebiyat Fakiiltesi, Matematik Béliimii, Gaziantep, Tiirkiye




I BSEU Fen Bilimleri Dergisi BSEU Journal of Science
I. 7(1), 21-33, 2020 DOI: 10.35193/bseufbd.669840

BILECIK SEYH EDEBALI

ONIVERSITES] e-ISSN2458-7575 (http://dergipark.gov.tr/bseufbd)

Ruled Surfaces With W-direction Curves

ABSTRACT

In this study, some special ruled surfaces wererdehed which were constituted by using the baseecas the
W-direction curves of a Frenet curve. We gave tharacterizations of developability and minimalibf these
ruled surfaces. We investigated the relation betwmte primary curve and the base curve of rulethsas, we
also inquired the occurence geodesic curve, asytiopioe and principal line of the W-direction cernon the
ruled surface. Terminally, some examples were given

Keywords Ruled surface, W-direction curve, Asymptotic cur¥@eodesic curve, Line of curvature
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I. INTRODUCTION

The curve theory is a subsection of geometry whaltes notice of curves in Euclidean space or
different spaces by using calculus of differentiatiand integration. Curve pairs such as Bertrandest
involute-evolute curves, Mannheim partner curved &vdirection curves are associated curves whieh ar
researched in most subject matter in differentim/e theory. Since these remarkable curves couliddtered
by the properties and behavior of the primary csiwethem, operating with these associated cus/agieasant
outlook.

The most frequently utilised headings to qualifyvess are cylindrical or general helix and slantxhel
A general helixin E? is determined as; its tangent vector field perfoarconstant angle with a fixed direction.
In the event that, the principal normal vectordief a curve performs a constant angle with a fidedction,
that curve is entitled aslant helix Izumiya and Takeuchi acquired that a curve imatselix if and only if the

function
5(s)=| — (lj (1)
(s) [(K2+T2)3/z ” (s)

is a constant function which is the geodesic cumeabf the principal normal indicatrix curve [6].

Recently, Macit and Duldul described W-directiomway W-rectifying curve and V-direction curve of a
Frenet curve in Eand also principal direction curvej-Birection curve B-direction curve am-rectifying
curve in B. By integrating vector fields procured from theeiet frame or Darboux frame among a curve, the
associated curves mentioned above were imparteal rdlationship of the curvature and the torsion rgnine
associated curves and their primary curve and teedt vector fields is contributed [10].

The associated curves of a Frenet curve were exahimthree dimensional compact Lie group G, by
Kiziltug and Onder. The principal normal direction curvd grincipal normal donor curve were introduced, and
certain attributions of those curves were gaine@ {i7].

Also associated curves were studied by Kérpinal,ein [8]. They defined these curves by using the
Bishop frame and called the new curves asdiection curve, M-direction curve, M-donor curve and M
donor curve. They gave some characterizationsesgtimew curves.

In [12], Scofield gave a curve called constant psson which is defined by the property that theveu
is traversed with unit speed, its centrode (Darbeentor field) revolves about a fixed axis with stant angle
and constant speed. A curve of constant prece$siera characterization with curvature and torsibichvis

K(s)= wsin@ s), T (s w cog( sWwherew)yo andy are constants.

The theory about the ruled surfaces can be seliernature [3,4,5,6,13].

In this study, we investigated the normal surfand bhinormal surface which are ruled surfaces, by
acquiring the sole curve as W-direction curve. Wiparted beneficial results in the matter of beirgedopable
and minimal surface and being asymptotic curvedgsiz curve, line of curvature of the sole curi®e. also
illustrated these surfaces.

[I. PRELIMINARIES

Letacurve beg ;| _, ES3, {T, N, B} state the Frenet frame asds the arclength parameter gf.
T(s) = B'(s)is entitled theunit tangent vectoof g at s. Thecurvatureof g is designated ag (s) = |3 (s))|
and the torsion is calculated ast(s)= ||B'(s)|| N(s) is the unit principal normal vector and

B"(s) = k (s)N (s). Also the unit vectorB (s) = T (s)x N (s) is entitled theunit binormal vectorof g ats.
Then the renowned Frenet formula possess as;
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T'(s)=kK(s)N(s), @)
N'(s)= -k (s)T(s)+ 1 (s)B(s),
B'(s)=-1(s)N(s).

Forsarc-length parametered curge, the Frenet vectors are figured out by;

T(s)=B'(s), -
_ B"(s)

N (s) = :

)= 167

B(s)= T(s)x N(s).
For the curveg ; | _, E® with s parameter of arc-lengtthe vector
W (s)=T1(s)T(s)*+ K (s)B(s) (4)

is denominated thBarboux vectorof g .This W(s) vector is the rotation vector of trinadof g in the event
that a point goes along the curge by means of curvature # 0. Frenet curve  is unit speed curve if it
possess the curvature which is not zero gng) # 0.

Definition: Let a Frenet curve in®be 3 and the Darboux vector field which is unit be W-direction
curveof g is the integration curve ofv (s) . Nominately, demonstrating as the W-direction curve gf ,

[10].

W (s) =B (s) is written. Herein (s)=

1
W(TT‘F KB)

For a Frenet curvgg and its W-direction curve3 , the Frenet members al{er, N,B,K,‘l’} and
{?,W'EE,?} respectively. The relationship of Frenet memiaensng the W-direction curve and the primary

curve are contributed in [10] as;

T K

T= T+ B,
\/K2+T2 \/K2+T2

N=-—FX 714+ L (5)
JK?+ 12 2z

B=-N,

— |tk'=T1'K -

K_|K2+Tz|, 1=k’ + 17

Theorem: Let a curve be g which is not a general helix andg  be the W-direction curve of it.
Thereafterg is a slant helix necessary and sufficient condifio is a general helix [10].

Theorem: Let a curve bg3 which is not planar ang be the W-direction curve of it. Thereaftgris
a straight line necessary and sufficient condigoris a general helix [10].

Theorem: For a curve, 1 - constan 1 Necessary and sufficient condition that curve igeneral
K
helix [11].

A surface in Ris entitledruled surfacewhich could be depicted as the points set scasutface via a
straight line scanning among the surface. Hendb foholds a manner parametrization
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®(s,v)=a (s)+ W (s) (6)

Here o is entitledbase curvewhich is a curve lounging on the surface alictor curveis § . The straight
lines of the surface are denominated as rulingseMike are utilizing ruled surface equation, we plagt that
5 is on no account zero and is not likewise zero.

Thedistribution parameteof @ given above is dedicated as;

det(d—a I @)

_ ds ' 'ds (7)
H
ds
The vector n which is standard unit normal vecieidfof @ is identified by
n = q) S X q) V. 8
[EEH ®)
whereqp = dae andgp = dﬂ.
°  ds Y dv
The Gaussian curvature and the mean curvatureudéd surfaced are calculated as;
_ f2
K =9~ f 9
EG- F?
and
_Eg+ Ge- 2Ff (10)
2(EG- F?)

where g = (o _,®,), F=(d_,® ), G=(d,,0,), e=(d_,n, f=(d_,,n) and g=(o
[11].

For a ruled surface, asymptotic curves could ben se® rulings. Additionally, the ruled surface
possesses negative Gaussian curvature every pléaeedistribution parameter vanishes necessarysafiidient

condition the ruled surface is developable. Atsariean curvature vanishes necessary and suffiooewlition it
is minimal [4].

The general form of a ruled surface is imputedduoagion (6). The ruled surfaces that areribemal
andbinormal surfaceare identified by

®d(s,v)=a(s)+ vN(s),

®(s,v)=a (s)+ vB(s) (11)

whereq is a curve and Frenet vector fieldsa)fare{T, N, B} [5,6].

Lets now give the concept of the Darboux frame olieve on a surface. Let any curve ®e with s
arc-length parameter and its Frenet fram{ﬂi$|\1 ,B} amonga . For a curven lying on a surface, the frame

{T,V, n} among a curve is entitled the Darboux frame.

Hereby, T is the unit tangent vector @f , n is the unit normal vector of the surface ant the unit
vector imputed as/ = n x T . The relation among the derivatives and thesadraectors are
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T 0 Ky K || T 12
V= -K, 0 T, ||V (12)
n' -K, -1, Of[n

where the geodesic curvatureK%, the normal curvature i&, and the geodesic torsion T% [11]. These

quatities are contributed with respect to the s@rfas

Ky =(nxT,T),
K, =<a",ny, (13)
T, =(T,nxn).

Following expressions are provided for a cusvewhich is lying on a surface [3]:
e The curve’s geodesic curvature in regard to th&asarvanishes if and only i is a geodesic curve.

* The curve’s normal curvature in regard to the sigfaanishes if and only if is an asymtotic
curve.

e The curve's geodesic torsion in regard to the serfanishes if and only i is a line of curvature.

. RULED SURFACESWITH W-DIRECTIONCURVES

We will describe certain especial ruled surfaceshis part. These mentioned especial surfaces are
constituted by utilizing the W-direction curve stitited for the base curve. Let a curvepe sis its arc-length

parameter and the W-direction curve®fis g . The curve B ’s arc length parametey , can be acquired as
s = s [1]. From the equation (11) tm@rmalandbinormal surfacef g are given by

®,(s,v) =B (s)+ VN(s), (14)

®,(s,v)=B(s)+ VB(s) (15)

Remark: By the theorem given above; for a general helivew , the W-direction curves of g , is

a straight line. Since there is no Frenet 3-vectdrstraight lines, it can not be created normal Aimormal
surfaces of straight lines. So we will tagecurves which are not general helix, when we agatang the normal

and binormal surfaces.

Theorem 1:For a Frenet curvg and its W-direction curvg , the normal and binormal surface pf
are not developable.

Proof: Bearing in mind that of the equation (7), conttézlin (14) and (15) the normal and binormal
surfaces’ distribution parameters are

dp — dN dp — dB
det] — ,N,—— det — ,B;
e(ds ds} e( ds dsj (16)
Ao, = — and Ao, = —
dN dB
ds ds
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In deference to the equations conributed in (5) and

I

aN_ [k T-Jk?+12 N+| ——— | B,
K> +T1° K> +T1°

ds (17)
@:KT—TB

ds

we have
)\ _ (K2+.[2)5/2
(k- TR) (k2 TR (18)
Ao, = 21 =
K2+ 1

The surfaces are not developable since the paresraieve can not be zero.

Theorem 2: Let a Frenet curve bg , arc-length parameter @f bes, curvature and torsion g§ be

k,1 and W-direction curve of be g . If the equationsk? + 1> =¢c and ' - 54 bj'iz; where a, b and ¢
K K

are constants, are provided then the normal surdége is minimal and the binormal surface gf is not

minimal.

Proof: We’'ll acquire the normal and binormal surfaces’ mearvatures in (9) and (10) for being
minimal. For the normal surface imputed in (9),ihguwegard to the fact the equations (1), the segeguations

are acquired

E,=A?+C?+D?, 10
F,=-AX +DY =0, (19)
G,
and
e, :Zi( (A'+Ck)CY - (AY +DX)(Ak-C'-D1)-(D'-CT)CX),
20
f, =ZL(C(XY Y X) + K2 FTAAY +DX)) (20)
g,=0
where
X =K y=— %
B /K2+T2' B /K2+T2 (22)

=[(®.), < (@.).[
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n, :Zi((—vc)f—(YA +XD )N - (XC)B),

A=-XV+Y, (22)
C=vJk?+1? and D=Y v+X.
For the binormal surface imparted in (15);
E, =1+ v¥(k?+1?),
F, =0, (23)
G, =1,
and 8
o = 1|y KK'+ 1T +(l]' K21+ vi(k2+1?))
2 Z, VK2 + 12 K K2+17? '
‘= K2+ 12 (24)
2 22 '
9,=0
2 2 2 1 T D
where Z, = /1+ V2 (k> +1%) andn, :Z—((X—VI)T—(Y +VK)B). (25)
2
By using the equation (10), we acquire the meawatures as
=&
1 H
2
= (26)
e
H,=—2.
2E,
& was obtained above and if we elaboratene find that
, _ r 1 N_ (' ry 2 2 ! 1 1
el:i \IZIZ(TK ™K' )(KK +T2T) 2(13/5 K Y (K> +T )+v 1+V[lj 1 : KK +TT
Z (K" +1%) K (TJ VK2 +12
1+ —
« (27)

If kk'+11'=0 and t'k - 1k’ = constant, then =0. The first equation yieldx? + t> = ¢ and
solution of second equation which is a linear défgial equation ist = 4 + bj‘iz Sincep cannot be taken
K K

as general helixﬁlj £01 K? (1+ v? (K 2+ Tz))>0 and also ifkk’ + 11 = 0, thene, # 0.
K

Theorem 3: Let a Frenet curve bg , arc-length parameter ¢f bes, curvature and torsion g§ be

k,t and W-direction curve of be g . If the equation® - tan(cs+ d)Iis satisfied, then the base curgeof
K
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the normal surface of is geodesic curve, where ¢ and d are constarss. the base curvg of the binormal
surface ofg is geodesic curve.

Proof: Now firstly we acquire the normal and binormal seds’ geodesic curvatures. By using the
equation (13), the geodesic curvatures are

Kg, =(n;xT,T),

91 (28)
Ky, =(N,xT,T).
By utilizing the same procedure with the formergirandT = YT + X B we possess
— 1 _ _
T=—(YA +XD )(-XT +YB ),
n, x z, ( )( ) (29)
n 2 X ? = - LN
Z,
In the face of the equation = Y 'T + X 'B , we gain
Kglz—zi(YA +XD )(XY '"-YX ') (30)
1
Ky, = 0.
_ _ , ,_TK-TK' o
By using appropriate statements afdX —YX ' =———-, we obtain finally that
K" +T
1 ) K’ ) K2
Ko = |14V~ ==z |~ | 7202 (31)
' Z K) K +1° \K/ K +1

Since B cannot be taken as general helix, name{ylj 0 and also «k=zo0,
K

ifV(Lj K® __ _4 then K, =0 . If we elaborate the equatiqp(lj K

2
= -1 ,Wwe can see that

K) K>+ 1?2 K) K2+T1?2

( T j K° __1 which only can be satisfied in the condition thath sides of the equation should be

K) KZ+T2 v
constant. Because the right and left sides of émumidepend on the parameters v and s. Hence \eevtals

constant and finally we have the equatf)iJ K® = ¢ » Where c is constant. The solution of the last
K) K?+T1°?

equationis® = tan(cs+ d)-
K

Theorem 4: Let a Frenet curve bg , arc-length parameter @ be s and W-direction curve op be
B . The base curvg of the normal surface qf is asymptotic curve and the base cupveof the binormal
surface ofg is not asmptotic curve.

Proof: The normal and binormal surfaces’ normal curvatafeg are computed by the equation (13)
as
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Ky, = B ,ny), (32)
K., =(B .n,).
With an eye tqi” =T =vY'T +X'B and doing appropriate calculations we get
C
=—-—(XX"+YY'),
K, = =7 ) (33)
K, = —(XY'=YX")
2 Z2
_ . ,_ KT =K' o
By virtue of xx '+ YY '=0 and XY =YX =——— we facilely find out that
K*+T
K, = 0,
= (1] 59
"z, k) kP+T?

[

So the base curvg of the normal surface is asymptotic curve. SinE:é_J £0 and k # 0, then

K
K. #0-

ns

Theorem 5: Let a Frenet curve bg , arc-length parameter @f bes, curvature and torsion g§ be

k,t and W-direction curve of be g . If the equation * — tan(csr d)is satisfied , then the base curyeof
K

the normal surface of is line of curvature. Also the base curge of the binormal surface of is line of

_ [ 2 2 L .
curvature if and only if the equatio(mT K)VK* +1 = ¢ satisfies, where c is constant.
K+ T

Proof: By using the equation (13), the geodesic torsidrie@normal and binormal surfacespfare

T, =(T,n;xn;),

(35)
T, =(T.n,xn,).
Subsequent to some calculations and using the afiomg ~_ _ YC q __YA +XD
z, ' Z, ’
(= - XC andy (u] XY rv(k-T) o z[v +VK] we find
Z, 2 Z, Z,
1YC XC 1 (37)
t+ q)-==( t- N
)

YA +XD YC —
+(Z—l(r- @)~ S+ a- t)j B

and



I BSEU Fen Bilimleri Dergisi BSEU Journal of Science

I. 7(1), 21-33, 2020 DOI: 10.35193/bseufbd.669840
-B_TL_EQiK SEYH EDEBALI
ONIVERSITESI e-ISSN2458-7575 (http://dergipark.gov.tr/bseufbd)
n,xn, = [Y +VK]L.T’+((X _VT] M —(Y +VK)KJW+(X _VTJLE (38)
ZZ ZZ ZZ z 2
By taking into account thal = YT +XB ,we obtain lastly
’ 2 r
Tg = 12[1+ V(L) 2K zj[m"'(lJ Kz[ v - ZC ZJ] (39)
Lz, K) K2+1 K JkZ+12 KP+T
and
_KFATHV(K-T)VKEHT? (40)
91 ZZZ\/KZ +12
(1) K . .
Fort , fV|—| —5——=*= —1 which is equal ta® = tan(cs+ d) the resultis apparent.
& K) K +T1 K '

Also if K+T+V (K - r)\/KZ +12 =0, then T, =0 .This equation yields

[, 2 2
(T-Kk)VK?+T = l_ Since the right and left sides depend on s anaspactively, both sides should be
K+T1 v
constant to satisfy the equation. Therefore if aketv as constant, we have the result.

Corollary 1: Let a Frenet curve bg , arc-length parameter ¢ bes, curvature and torsion g§ be
k,t and W-direction curve o be g . If the curvep is constant precession curve, then the base cgrvef
the normal surface g is geodesic curve and line of curvature.

Proof. Let the curvep be constant precession curve. Thgnhas the curvature and torsion as
K(s)= wsin(cs), T (s w cos(cs,Wherew)0 and c are constants. Thus the ratio

= tan(cs) (41)

><|-—|

is obtained simply, which gives the condition inebhem 3 and 5 in the cage= 0.

Example: Let the slant helix be

=[-3cod S)-Lod38) -3 gh S LB (42)
B(s) ( Zcos(zj 5 co{ 2) , > S|6 2} 5 SIE\ Zj .x/_3c{s—2jj
The W-direction curve off is found as
= [ 9s . . (s) 3_ 1 1 V3 (43)
B(s)—[ 5 65'”(5] zsm(s)—l—6 sin(2s), > cos(s),—2 ]&( 1 €, Cy)

where g, ¢, ¢z are constants [11].

We calculated principal normal and binormal vectafrs/V-direction curve;
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and

N = (-sin(s), cos(s), ) ,

(44)
B = (ﬁcos(s), V3 sin(s), —EJ
2 2 2
The normal and binormal surfaces of W-directiarve g are imputed respectively by
9s . (s 3 . 1 . .
o (5.v)- Y 6sm[5) zsm(s) 1—65|n(23} vsin(s) ,c|, (45)
(s,v)=
—icos(s)+ vcos(sy ¢ ﬁ $ L
2 2
9s . S 3 . 1 . V3
o (51 ___GSm(Ej_ZSIn(S)_E sin(2s¥ v—2 cos(sh ,cf, (46)
,(s,v)= .
—%cos(s)+ v% sin(s} ¢ % s \%+ £

The following figures shows the surfacqssl(s, v) ando ,(s,v) -

Figure 2. Binormal surface oﬁ
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