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Abstract

In the paper, we first define a degenerate Pochhammer symbol by using the degenerate
gamma function and investigate its properties. By using the degenerate Pochhammer
symbol, we introduce and investigate a degenerate hypergeometric function. We also de-
fine a degenerate Sumudu transform and investigate its properties by using degenerate
exponential function. Finally, we give certain the integral representations, derivative for-
mulas, integral transforms, factional calculus applications, and generating functions of the
degenerate hypergeometric function.
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1. Introduction
Throughout this paper, we use the notations
No={0,1,2,...} and N={1,2,3,...}.
The classical gamma function can be defined [1,15,19] by
o
I'(z) = / t*“Lexp(—t)dt, R(z) > 0.
0

For a € C, the Pochhammer symbol («),, is defined by

n—1

N ~ Ila+n) 0> 1
@)y = { 1Ll TP =Ty =t
1, n < 0.

The Pochhammer symbol (), is also known as the rising factorial, see [10-14] and closely
related references therein.
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For A € (0,00) and t € R, the degenerate exponential function ef\ was defined [8] as
e = (14 AV, (1.1)

Using the degenerate exponential function e§ defined in (1.1), Kim and Kim defined in [8]
the degenerate gamma function I'y(z) as

Ty(2) = /000(1 FA)TAGTIE, 0 < R(2) < (1.2)

>| =

In 1993, Watugala defined [24] the Sumudu transform by

SO = [ expl=u0)£()c

U

or, equivalently,
G(u) = SIF(O] = [~ exp(-Of(ue)d.

provided that the integrals involved are convergent. For more details, please refer to [25,26]
and closely related references therein.

The main aim of this paper is to define a degenerate Pochhammer symbol by using
the degenerate gamma function defined in (1.2). A great number of extensions of the
Pochammer symbol are available in the literature [16,18,20,22,23]. The paper is organized
as follows: In Sec. 2, we introduce a degenerate hypergeometric function. In Sec. 3, a
degenerate hypergeometric function and its properties are given. In Sec. 4, a degenerate
Sumudu transform is presented. In Sec. (5), we give the integral transforms of the
degenerate hypergeometric function. In Sections 6 and 7, we derive certain fractional
calculus operators for the degenerate hypergeometric function. Section 8 is devoted to the
families of generating relations for the degenerate hypergeometric function.

2. Degenerate Pochhammer symbol

For A € (0,00) and a, n € C, we define degenerate Pochhammer symbol (a)) by

x_ IDa(a+n)

= 2.1
@)= (21)
The degenerate Pochhammer symbol (a)) has the integral representation
1 [ee]
(@)} = —— / €11 LA AE, R(a+n) > 0. (2.2)
I'(«a) Jo
Theorem 2.1. For A € (0,00) and a, 8, p € C, we have
(@)34, = (@)s(a +0)y. (2.3)
Proof. This follows from
Th(a+d+p) Tala+d6+p)T(a+9)
A A P A P A
(a)5+p F(a) F(Oé) F(a+6) (oz)(;(a—i— )p
The proof of Theorem 2.1 is complete. O

Making use of the relation (2.3) and properties of the Pochhammer symbol («),, we

can derive the following features of the degenerate Pochhammer symbol (c)?.
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Corollary 2.2. For A € (0,00), «, 6, p, u,v € Ny, and k € N, we have

A 265 & a+1 A
@ =22(5) (“57) (a+ 20

a a+1 a+k-1
= (). (522) (22 v
) ) )

yo_ (a)latr),

(a+/j’)u+p: T(a+ﬂ+y)2a
a v
<a+5maﬂf:(£§f<a+5ﬂ+5m;

(@ =)y, = (=1)"(1 = a)u(a),

A (1 —)u(a)y
(

(O‘_H)V+p: 1—0&—U)H(a+y_'u);\’

(@ =614 = (—1)"(@)sy—5(1 — @)au(cv + v — Sp),
(—a)ps, = (=1)"(@ = v+ 1)u(1 - a)su(~a+v)y,
(

(@syup = (@@ +V)ula+ v+ ),
o o EDM@)y s
(@0 utp = g e,
(0 ey = (a0
—D*(a), (1 —
(Oé - M)i—p,-l—p = ( (i _( 03 _( V)QH )H (Oé + v — 2/1);\,
(a4 1/)1’>+p =(a+v)(a+ 21/)2 = ((i))2: (a+ 21/)2.

3. Degenerate hypergeometric function

For A\ € (0,00), a € Cfor 7=1,2,...,p,and B, € C\ Zg for k = 1,2,...,q, we define

M@ an, s | s (a)p(@2)n - (ap)n 2"
qu [ Bluﬁ?y-'wﬁq; Z:| _HZ::O (Bl)n(/Bq)n n!

on the condition that the series on the right hand side converges.
When taking p,q = 1 or taking p =2 and ¢ =1 in (3.1), we have

e [(m)%% _ i (a1)p 2"

(3.1)

Bi; n—0 (Bl)n m’
A () az; ] _ = (@)n(az)n 2"
M { B Z] _nz::() (B)n  nl’

which are respectively called a degenerate Kummer (confluent) hypergeometric function
and a degenerate Gauss hypergeometric function.

Theorem 3.1. The degenerate hypergeometric function qu’\ has the integral representa-
tion

F)\ (O[]_))\,OZQ,...,OZP;Z:|
PTa /617B23"'7/6q;
1

= - a1—1 -1/ a9, ...,00p;
_F(al)/o 1+ M)A, Fy 51’627_”71’5(1;25 ¢ (3.2)
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for A € (0,00) and R(aq) > 0.

Proof. The desired result (3.2) follows from combining the equation (2.1) with the integral
representation (2.2). O

Theorem 3.2. The Euler—Beta type integral representation of the degenerate hypergeo-
metric function is

A ( ))\ ag,...,0p; _ 1 ! ap—1 _ \Bg—ap—1
N S ‘B(ap,ﬂq—ap>/o§ (1=9)

A
o [ e

for XA € (0,00) and R(B4) > R(ayp) > 0.
Proof. From the equation (3.1), it follows that

n

FA (a )A 0‘27--'70419;2] _ i (al)i\z(aﬂn"'(ap)nz

Bi, B2y By Tl T = (Bn (Bn  nl

Further making use of the definition of the beta function yields

(ap)n _ Blop +n,8q — ap) 1 /1 p—1 Bg—ap—1
= = 1 =&)L
(Bq)n B(Ocp, /Bq - ap) B(ap7 /Bq - ap) 0 § ( 5) ¢
The desired result (3.3) is thus obtained. O

Corollary 3.3. The degenerate Kummer (confluent) hypergeometric function 1F} and
the degenerate Gauss hypergeometric function o F} have the integral representations

| Bl)fz:: = [Tetaeag AR [ ac

F(al) 0
A . .
o [0 0] = (] ac

B1;
A (CVI)A’OéQ; | _ 1 ! 042—1 B1—az—1 A ( )
2 { T B(ag, /1 — az) /0 &= 15 [ —; 5] d

on the condition that the integrals involved are convergent.

Theorem 3.4. Let M = MN(¢1io0) for ¢ € R be a Mellin-Barnes contour starting at the
point (—ioco and closing at the point (+ico with the ordinary indents in order to distinguish
one set of poles from the other set of poles of the integrand. Then

[0 o, ., o
vl B, 52,---,5q;pz
_ 1 TB)--T(By) [ Talea +8)---T(ap+8)
2miT(on) - D(ap) Jot T(Br+ &) - T'(Bg + )
for |arg(—z)| < 7.

D(=€)(—2)*d¢  (3.4)

Proof. Taking the sum of residues at the pole of I'(£) at the point £ =n (n € Np) in the
equation (3.9), we readily get the following series expansion:

A () ag, - s

o [ g
(ﬁl)f‘(ﬁ > F oq+n )T(az +n)---T(ap+mn)2"
I‘(al)F( ) = DB+ n)0(Ba+n)---T(By+n) nl’

which completes the proof. ]
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Remark 3.5. Taking p — 1 =¢ =1 in (3.4) leads to

A (041)>\7a2;z 1 () Ta(a1 + &2 +8) ., I
2 { B ]_ 27TiF(oq)F(a2)[n T(B1 +€) [(=¢)(—2)d¢

for |arg(—z)| < 7.

Theorem 3.6. The derivative formula of the degenerate hypergeometric function qu’\ is

d" (), g, ..y s
- F)\ |: 1) G2, s &py :|
dzn?" 9 | B, Bas- . By ‘

~(@)n(@2)n (p)n o [(ar +n)Y ag +n,. .. ap +n;
(B (Bn a [ B +n, 52+n ooy By 1 |- (3:5)

Proof. Differentiating on both sides of (3.1) gives

i A (al)/\va2a'-->ap;z — - (O‘)%(O‘Z)n"'(ap)n Zn_l
deFq [ Blvﬁ%"'?ﬁq; :|_nzl (51) (/Bq)n (TL—].)'

Z 1(@2)ny1 - (op)ntr 2"
n=0

n+1 (/Bq)n-i-l n!’
Further utilizing (2.3) yields

d A {(al)’\,az,...,ap;z} oy F)‘ [(041+1)’\,a2+1,...,ap+1;z}'
Blaﬁ??"wﬁq; ,8 B P /81+1776q+17

By induction on n € Ny, the desired result (3.5) follows straightforwardly. O
Corollary 3.7. The degenerate Kummer (confluent) hypergeometric function 1 F}* and the

degenerate Gauss hypergeometric function o Fy satisfy
d® s [(041)/\' } (1)n {(041 +n); }
_ F 72’ — F ,Z
Az By Bt L B+

and
d" (a1 a2 ] _ (a1)n(az)n (a1 +n)*, ag +n;
dznzFl[ B Z}‘ B Fl{ By + n: }

on the condition that the integrals included are convergent.

4. Degenerate Sumudu transforms

In this section, we define a degenerate Sumudu transform and calculate a degenerate
Sumudu transforms of certain degenerate functions, such as the degenerate trigonometric
functions and the degenerate hyperbolic functions, and the power function.

Definition 4.1 (A degenerate Sumudu transform). Let A € (0,00) and f(¢) be a function
defined for ¢ > 0. Then

SN = 3 [ 04+20 7 (0 (1.1

u.Jo

or, equivalently,
Galw) = Sy = [ (14207 f(ue)dg
on the condition that the integrals included are convergent.
It is clear that
Saluf(€) +vg(Q(u) = pSALf (O] (u) + vSilg(¢)](u),

where p and v are fixed real numbers.
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Theorem 4.2. For A € (0,00) and k € C, we have

1 1
1 =—FQ —>A 4.2
Sl ==, 1> (42)
and 1 ]
14 X)7F/A =——— —>)\—K. 4.
S0+30™)w = e ¢ A (4.3)
Proof. Substituting f(¢{) = 1 into the equality (4.1) gives
S@) =5 [T (1A= - i "1 420 =
u Jo u §—o0 Jo 1—u\
The required result (4.2) is thus proved.
Similarly, we can obtain the desired result (4.3). O

Definition 4.3 (The degenerate trigonometric and hyperbolic functions [§]). For A €
(0,00) and k € C, we define

cosa () = 5 [(14+ A7+ (1420,
iy (€) = - (14 A0 — (14207, (4.4
coshi (£¢) = %[(1 + A+ (14 A,

and )
sinhy (5¢) = 5 [(1+ 20"/ = (1+ )™/,

Theorem 4.4. For A € (0,00) and k € C, the degenerate Sumudu transforms of the
degenerate trigonometric and the hyperbolic functions are

Silcos(n))0) = o
S\ (O = e (45)
Sifeosta (w0 (0) =
and
Sy [sinhy (£0)](u) = o (4.6)

(1 —uN)? —u2k?’

Proof. Putting the first equality (4.4) into (4.1) results in

Salcosa (ROl w) = [~ (14 2¢)7/ cos (m0)c
1

=5 [(1+ AC)~Wumrd/A 4 (1 4 a¢)~(/utrd/A] q¢
0

1 1 1
B 2u<1/u—)\—/<cz' + 1/u—/\+m'>
u(l —ul)
(1 —u))? 4+ u2k?’
The first required result in (4.5) is thus proved.
Similarly, we can obtain the desired results from the second one in (4.5) to (4.6) readily. O

Theorem 4.5. For A € (0,00), 1 > (n+ 1))\, and n € N, the degenerate Sumudu
transform of the power function (" is

SA[C"](u) = u"Tyn(n + 1). (4.7)
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Proof. Applying the degenerate Sumudu transform (4.1) to the power function (™ gives
1 o - u n
SHCIw) = 5 [T ag) e, (49)

Integrating by part consecutively in the equation (4.8) reveals
1 Oo - u n
Sal¢w) = 5 [T+ A) TG
n
_ 14\ (1—uX)/uAX Jn— 14
Ay a0 e

un(n — 1)

T (1= uN)(1 - 2u

)/Ooo( +)\<) (1—2uA) /U/\Cn QdC

nlu™

T @ —uN(@—2uN) - (I— (n+ Du)
=u"Tyra(n+1).
Thus, we obtain the desired result (4.7). U

5. Integral transforms

Theorem 5.1. The FEuler—Beta transform of the degenerate hypergeometric function qu>‘
n (3.1) is

by ( )A a9, ...,0p;
B{ F |: 617/827"'7ﬁq7pwz:|’lujy}
_F(H)F(V) (al)A Qag, ..., 0p;
N F(u+v)p+1F+1 H+V751 52,---751;;71} (5-1)
for R(p) >0 and R(v) >0

Proof. Substituting the degenerate hypergeometric function qu/\ in (3.1) into the Euler—
Beta transform in [3,4,9] gives

b { FA [( BEA 53,2’.'.','15?;“] ;’“"”}

_ ! pn—1 V 1 (a )'n, (’U)Z) P
_/0 41— Z 62 (ﬁp)n “dz (5.2)

Interchanging the order of the sum (5.2) leads to the formula (5.1). O

Theorem 5.2. The Laplace transform of the degenerate hypergeometric function qu>‘
n (3.1) is

A e Qs IN(7) (a)M ag, ..., opw
L pn—1 F)\ |:( ) y (2, y Op; ] 5} — F |:Mv 1) &2, s Gpy 27 5.3
{Z Blvﬁ?? "aﬁq; e 6'“’ pHita Blaﬁ?)"'?ﬁq; 5 ( )

for peC, R(p) >0, and | %] < 1.

Proof. Applying the Laplace transform in [1] to the degenerate hypergeometric function
qu/\ in (3.1) gives

L{z“ 1 F)‘ {( 1% OQ""’ap;wz} ;6}

/817627 s 7ﬁq;
= /Oo 2H =L exp(— i : (ap)n (wz)”dz' (5.4)
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Interchanging the order of sum and integral in (5.4) and making use of the Laplace equality
_ L(p+n)
+n—1. —
L {z“ " ’ 5} T Sutn

in [3,4,9], we can obtain the desired result (5.3) readily. O

Theorem 5.3. The degenerate Laplace transform of the degenerate hypergeometric func-
tion pF in (3.1) is

e (G e )

I'(u) [(MW‘S’ (1), a2, ..., apw (5.5)

oM pritq 517/625"'75q; g
for u, 6 € C.

Proof. Using the degenerate Laplace transform in [8] to the degenerate hypergeometric
function pFé\ in (3.1) gives

Ly {z“ L) {( ﬂfiﬁj’%a‘-‘-"égl’;wz} ;5}

_ Oozu—l 2) 0/ = (041)2(0‘2)71'“(04 Jn (w2)" 5
—/0 (1+X2) n; (Bl)n._'(ﬁth dz (5.6)

Shifting the order between sum and integral in (5.6) and utilizing the degenerate Laplace
equality

_ Lys(p+mn)
Iafarentigy = SAALEN,
for the power function in [8] result in the desired result (5.5). O

Theorem 5.4. The Sumudu transform of the degenerate hypergeometric function qu)‘
n (3.1) is

S {z“ 1 FA [( 51),)\532.7_...,.5,;:])%4 } (u)

(o) ag, .
= TG0y |1 G0 ) (57

for ®(n) € C.

Proof. Applying the Sumudu transform in [5,24] to the degenerate hypergeometric func-
tion Fq>‘ in (3.1) yields

A [(« )>‘ g, Qpi "
S{ZM Wl [ Bi, By By }}()
ety < (@)Mas)a () ()"
_/0 2L exp( )nZ::O (Bl)n---(ﬁq)np d= (58)

Interchanging the order of integral and sum in (5.8) and employing the well-known integral
formula

I(p+n) = / 2Pl exp(—2z)dz
0

in [1,15] for the gamma function conclude the required result (5.7). O
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Theorem 5.5. The degenerate Sumudu transform of the degenerate hypergeometric func-
tion qu’\ in (3.1) is

SA{ SR i {( Bl)Aﬂjzﬁjpwz”(U)

u A .
= u" T ()p1 Fy 2 él(aﬁli ."sz’éq',"ap’uw (5.9)

for n, 6 € C.

Proof. Using the degenerate Sumudu transform in (4.1) to the degenerate hypergeometric
function qu/\ in (3.1) gives

S {z“ LA [( Bl)Aﬁ;wﬂ;lpwzH(u)

_ / U1+ A2) UMnZO (o) ) (5q() pln (“:‘;f) dz. (5.10)

Shifting the order of sum and integral in (5.10) and employing degenerate Sumudu equality
Sa{ZF Y (w) = w T (e + )

in (4.7) for the power function conclude the desired result (5.9) immediately. O

Theorem 5.6. The Stieltjes transform of the degenerate hypergeometric function qu>‘
n (3.1) is

sfem [ e o

_ 1—u(a1)’\ a2, ...,0p;
=t 1B(u,1— F [“’ ’ A2 Mgl (511
(Iu /Jl)p+2 1 Blaﬁ?a"‘)ﬁq; ( )

for ®(p) € C.

Proof. Using the Stieltjes transform in [4,9] to the degenerate hypergeometric function
qu/\ in (3.1) leads to

& {z“ L [( ,Bfkﬂgzﬂ;pwz} } (t)

S (@) () (w2)"
_/0 e D Ty - dz. (5.12)

Setting 7 = vandv = %, interchanging the order of integration and summation in (5.12),
and using the integral representation

1
et [l ) g = 0 B, L k)
0

n [1,15] conclude the desired result (5.11). O

Theorem 5.7. The Laguerre transform of the degenerate hypergeometric function quA
n (3.1) is
A .
£(a) {Z,U, 1 F/\ |:( ) a27"'7ap7wz:|}
515527 s ,ﬂqQ
_PC—pl(p+a)
(1 —p)

+a, (o A,a ey Qs
P+1Fq {M ﬁl( 612) '_.2@]. Plw (5'13)

for ®(p) € C.
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Proof. Applying the Laguerre transform in [4,9] to the degenerate hypergeometric func-
tion qu’\ in (3.1) gives

A .
E(a){ n—1 F)\ |:( ) y A2, ..., Op; :|}
- ﬁlvﬁ%"wﬂq; e

_ Sta—1 oo (L@ (4 = (O‘l)i\z(oﬂ)n”'(al))n (wz) -
/0 s tep(-a) L) Y S ET R e e (514

Shifting the order of integration and summation in (5.14), utilizing the integral equation

o _ Mp+a+n)T(m—p+1)
p+nta—1 _ (a)
/0 z exp(—z)L, (z)dz = D= 1)

in [4,9] conclude the required result (5.14). O

6. Fractional calculus approach

In this section, we infer several formulas for the Riemann—Liouville fractional integral
17, and the fractional derivative operators Dy, for the degenerate hypergeometric function
pF7(2) in (3.1).

Let us recall from [6,7,21] that

(I o) (y) = F(ly) /ay o f(;)l_ydt (6.1)

and

d\" 1 y o(t) ( d >” _
DV = _— dt = e ITZ v 6.2
o0 = (1)t | ot = () @row 02
forv e C, R(v) > 0, and n = [R(v)]+1, where [v] means the greatest integer not exceeding
R(v).
An alternative generalization of the Riemann—Liouville fractional derivative operator

D} in (6.2) by introducing a right-sided Riemann-Liouville fractional derivative operator
D!l of order 0 < p < 1 and type 0 < v < 1 with respect to y by Hilfer [6] is given by

et = (182 ) (1) (63)
for p € C, R(p) > 0, and n = [R(p)] + 1.

Remark 6.1. When p = 0 in (6.3), we derive the classical Riemann-Liouville fractional
derivative operator D}, in [7].

Theorem 6.2. Let a € [0,00), Bq,v,w,pu € C, and R(By), R(v), R(w), R(p) > 0. Then,
for k > a, we have

{I§+( —a)’ !, F) [( Bl):\ﬁz?"'.’;ﬁ’gp?(w — a)} } (k)
_ (5= )t IT(8,)
L'(Bq+v)

A .
o {é?lgzoeﬁq = a)} , (6.4)

(DZJr(w —a)’ !, F) [( BB’ABZQ."'."'B’S:I’;M(Z — a)D (k)

_ (li—a)ﬁqfuflr() NICHL T s i )
- LBy —v) vt {51;&, vy By — V;Z(H a)} , (6.5)
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and
12214 _ ﬁq_l A ( ))\ aQ"‘ « 7 —
(oot [T 50 et — ) ) )
_ (n—a)ﬁq p—v= lf(ﬁq) FA[ (al)’\ag,...,ap;
LBy —p—v) B1, B2, By — . — v

Proof. Applying (6.1) to the degenerate hypergeometric function , F, q)‘ in (3.1) and making
use of

z(k—a)|. (6.6)

Kk — a)Patr—l
O R

in [6,7] to fractionally integrate term-by-term lead to

(et =, F ﬁﬁf o =] )

— "(ap)ni v _ \Bg+n—1

nz::o (Bq)n n!Ia-‘r (’U} Oé) }

K — )5q+,, IF(ﬁq) A [ ()N as, . ap; _
LB, +v) [ﬁhﬂz,-..,ﬁﬁ““ “)}‘

Making use of (6.2) and (3.1) and taking into account (6.4) with v replaced by n — v yield
v c— A « 9 7a ;
(D2t - a1y, | ) ﬁ; : ,ﬂq;p “w-a)]) (9

() (s [ o)

- (i)n { - _r?g)j:::l;(ﬁq)pﬂ* [gf”g; G a)} } . (67)

Differentiating (6.7) term-by-term and using (3.1) again lead to the formula (6.5).
Finally, by (6.3) and (3.1), we have

(i —ar=tneg [5500 rsto—a]) 0

. (a1)M o n(op)n 2" e
- (Dgf [Z( By il = " 1D .

n=0
= (@)n(a2)n - (ap)n 2" 1
= - Z (DM (w — a)P T (k). (6.8)
2 B Gae )
Substituting the relation
- I'(p) v
DiY a)P (k) = Kk — )P R vl
(0= 1) = s =)
fork >a,0< pu<1,0<v <1, and R(p) > 0 in [6,7] into (6.8) leads to the desired
result (6.6). O

7. Fractional calculus operators

In this section, we derive certain fractional derivative operators for the degenerate hy-
pergeometric function qu)‘(z) defined by (3.1). For attaining this purpose, we evoke the

derivative operators {Dé"f’£ f}(y) and {fof_’g f}(y) which are given in terms of integral
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operators {Igf’s FHy) and {I*~°*f}(y). In addition to these fractional derivative oper-
ators, we give the following definitions for the relations among the Riemann—Liouville,
Erdeélyi-Kober, and Weyl fractional operators in [6,7,21].

Definition 7.1. For y > 0, u,d,§ € C, and R(u) > 0, the left sided fractional integral
and derivative operators {Dg’f’é f}(y) and {Igf’f f}(y), the right sided fractional integral
and derivative operators {Dﬁjﬁg f}(y) and {Iéﬁ;:é’g f}(y) are defined [21] respectively by

Ry _yf‘H; Yo P
(s =4 1o (u+6, el y)f(t)dt,

I'(pe)
[DEE FH(y) = (It ) (y) = (jy) [eTEnEm ey ) (71
(1w = o [ =R (b~ = Y ror

and

{DEXS FHy) = {4 () = (‘cf;)m{f@’“‘“"‘s‘f’“*f‘mf}<y>, (7.2)

where m = [R(u)] + 1.
Together with above fractional derivative operators, we have
y T My ) 707 T My ) 707
RLY, = DWPE BEMS = DROS wh_ =Dl BRI = DROS,

where RL, EK, and W denote the Riemann—Liouville, Erdélyi-Kober, and Weyl fractional
calculus operators respectively. See [21] and closely related references therein.

Theorem 7.2. The fractional derivative operator of the degenerate hypergeometric func-
tion pF, in (3.1) is

pag -1 pa[(@)t s, ap; _ s PO+ p+0+¢)
(oo [ gy o = v+ 60 (v+¢)

V7V+:u’+5+§7(041))\70@7'"7ap;
V+57V+§7517/827"'76q;

forn >0, R(pn) >0, and R(v) > —min{0, R(u+ 5+ &)}.

X proFyio nz| (7.3)

Proof. Applying the left sided hypergeometric fractional transform (7.1) to the degener-
ate hypergeometric function qu/\ in (3.1) and interchanging the order of integration and
summation reveal

A .
Du,é,fwufl F/\ (Oél) y X2y 0 e vy ap,wz:| }
{ o* Prq ﬁlaﬁ?w“)ﬁq; (n)

OOOC)‘Otn"'Oénzn B
= Z ( 1()51()n2) . (Bq()np) H{Dgf,gwl/-%n 1}(77) (74)

Further substituting the well-known fractional derivative operator equality

n=0

vints—1 LW +n)(v+n+p+6+¢)
Fv+n+d)T(v+n+¢)

(DR w 1Y) =

for the power functions in [21] into the equation (7.4) results in (7.3). O
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Theorem 7.3. The fractional derivative operator of the degenerate hypergeometric func-
tion qu’\ in (3.1) is

e S RS (O

pis 1 Tl =—v =01l —-v+pu+¢
Nl—-v)IN(1—v+£&—9)
l—v—61—v+p+& () ag,. .. ap,
1_V+£_571_V7/617527"‘7/8q; g
forn >0, R(p) >0, and R(v) > —min{0, R(x+d + &) }.

X praFyr2 (7.5)

Proof. Applying the right sided hypergeometric fractional transform (7.2) to the degen-
erate hypergeometric function pF(;‘ in (3.1) and interchanging the order of integration and
summation acquire

{Du,cSE v—1 F/\ (a1 ,Bl)j\ﬁjf?.'..,./;’zp’wz] } (n)

-y Lol 0w 2 sty r
n=0 Jn - a)n :

Further substituting the well-known fractional derivative operator equality

{D“’(Sf v—n— 1}n:nu—n+6—1r(1—V+n—5)F(1—V+n+u+£)
'l—v+n)I'(l—-v+n+E&—90)

for the power functions in [21] into the equation (7.6) yields (7.5). O

Corollary 7.4. The left sided Riemann-Liouville fractional derivative operator for ,F*(wz) (3.1)
18
{RL w’™ 1 F)\ ( ))\ a2;""ap;w2:|}(n)
o+ ﬁl ﬁZ?“’?qu;

a1 T(v) v, (o), g, ...«
v—p—1_~\V), F ) 1) 5,2, 2 2
F(Z/—/.L)erl o+l V_M>Bla/827"'>5q7n

forn >0, R(u) >0, and R(v) > —min{0, R(x)}.
The left sided Erdélyi-Kober fractional derivative operator for qu)‘(wz) (3.1) is

(et [0 e

— Vflr(y"i':u"i'g)
n 7F(u+£) p+14g+1

forn >0, R(pu) >0, and R(v) > —min{0, R(u + &) }.

V—i_u—i—g’ (al))\aa%"'?ap;nz
1/+§7617627"'7ﬁq;

Proof. These follow from putting 6 = —p and 6 = 0 in (7.3) respectively. O
Corollary 7.5. The right sided Weyl fractional derivative operator for qu’\(z) in (3.1) is

e o

_ nu—,u—lr(l —v+ /j’)

3 1—V+u+§(a1)’\ Qg,...,0p %
) ) ) Y ’
I(l_l/) prizatt

1_V7/817527"'7/8q; n
forn >0, R(p) >0, and R(v) < 1 +min{—R(—p+ &), R(p+ )}
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The right sided Erdélyi—-Kober fractional derivative operator for quA(z) in (3.1) is

{EK!;‘f_ v-1,pr [(21 &)Aﬁ;)‘? égp;wz”(ﬁ)

_ I/*lF(]‘_V_{_IU’_{_é) F
=" T(l—v+¢) p+14g+1

forn >0, R(p) >0, R(r) <1+min{—R(&),R(n+&)}.

1—V“‘M"_&.a(al))\aoaa""ap;i
1—v+&061,8,...,8; 1

Proof. These follow from applying 6 = —p and § = 0 in (7.5) respectively. 0

8. Generating functions

In this section, we obtain from the generating functions for the generalized degenerate
hypergeometric function ,F;'(z) in (3.1). We find it to be proper to choose the shortened
notation A(K’;¢) which represent the array of K-parameters

& &£+1  £+2 E+K -1
K K’ K 7 K
for ¢ € C and K € N. The array A(K;¢) is understood to be empty when K = 0.

We first establish the following generating function for the corresponding deduced results

mentioned in [2,17,19].
Theorem 8.1. For |w| <1, £ € C, and K € N, we have

= (©n {A(K;Hm,(al)%az---ap; /]

K w
"0 n! Pt 1 Bl?ﬁ??"‘)ﬁq;

_ L [AE )N as ey 2
B (1 — w){T‘—‘,-KFs [ ﬁl,ﬁQ, A ,5(1; g (1 _ w)K (81)

on the condition such that each member of (8.1) exists.
Proof. By virtue of (3.1), the left-hand side of (8.1) can be reformulated as
- (ap)m Zm} w”

) m!

i (i)!n [i (€+H)Km(a1)k( 2)
=0 (B1)m(B2)m

n=0
(©) () m(@2)m - (@p)m 2™ | & w"
- + Km),—|, (8.2
- e T e kmu | 82
where we have changed the order of summations and used the identity

€+ 1) rkm(En = (§) km(§ + Km)y,

in [1,15]. Making use of the binomial summation

m=0

(l—w)_g_Km:Z(f—i—Km) nor lw| <1
n=0
from [19] in (8.2) and using (3.1) again arrive at the desired result (8.1). O

Theorem 8.2. If |lw| <1, £ € C, and K € N, then

i n o {A(K; —n), (a1)*, o, ---Oép;z] o

— pt+K .
n! b 1 617/827-"75117

n=0
. A e
= ()G SR B o] )



1462 0. Yager, R. Sahin

i (5)” F [A(Ka —’I’L), A(Ka f + n)? (al))\7 Qg - aP;Z:| w™”

n:OWerQK 1 Blaﬁ??"'aﬁq;
_ AQK;€), (a)?, ag, - -+
_ o 13 3G )s 5 X2 Dy (4w K
=(1-w) p+2KFq{ B1, B2, s Ba; 2( (1_w)2) , (8.4)
and
— (©)n A(K;—n), (1)), ag, - a ]
77 F ) ’ I p7 n
nz:%) n! prRTetK A(K;l—f—n),617ﬁ27...,5q,

- G

761];

sz] (8.5)

for |lw| < 1, £ € C, and K € N on conditions such that each member of the arguments

n (8.3), (8.4), and (8.5) exists.

Proof. The generating functions (8.3) to (8.5) can be established by following the method

of derivation of the generating function (8.1).

Corollary 8.3. Each of the following generating functions hold true:

i (g)n +1Fq |:f +n, (041))\7 Qg - .Ozp;z} w"

n—0 n! P /817ﬂ27"‘7/6q;
A .
—_ 1—’11}75 F |:£,(C¥]_) , Q- Qpy :|,
( ) p+1te ﬁlvﬁQw"aﬁq; I=w

= (S)n —n,£+n, (041))\7062,"'04 ; n
Z n! p+2Fq |: /817527" . 7/3q; ’ Z:| v

n=0

_ A(2;6), (), g, - - - aup;
_ _ 13 'S )s s X2, Py dzw
= (1 —w) 2k [ B, B2, ..., By (1-w)? | >

and

Z (i)!anrlFtHl

—-n, (al))\aOéQ * Qlp; ] n
n=0

1_5_77'7517627"'75(1,

€ [ az,
={1-w)y F[ﬁlaﬂ%'--yﬁq? ]

Proof. These follow from taking K =1 in (8.3), (8.4), and (8.5).

Theorem 8.4. The generating function

C+n— (a1), a2, ..., }
F 9 Y (e 2 n
Z( a+1 1—§—n,51a527---75q52 b
A .
C (1 —w) SR | (@) e ey
( 'U)) ptig+l 1_C’ﬁ1’62’...,6q;2(

Jor pyF2(2) in (3.1) holds true.

Proof. This follows from applying the identity
(—i—n—l) (C—i—m—n—i—l -

n n

(1—C—n)m=(1—C)m<

in [1,15,19] into the left hand side of (8.6) and simplifying.

1
) , m,n € Ny

w)

O

(8.6)
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Theorem 8.5. The generating function
©© —1 A .
Z E+m qu/\ [(al) ,§+m,...,ap,4wm
m=0 m ﬁl?ﬁ?u"'uﬁq;

_ _ —£ A (Oél)A,g,...,Oé; z
=(-w) qu{51,527-~-,5q? (1—w)] (8.7)

Jor pyF(2) in (3.1) holds true.

Proof. When putting ay = £ +m and ( = 1 —n in the equation (8.1), the left side of the
equality (8.7) becomes

- (al)i\z(g"i_m)n"'(ap)n > C+m+n—1 m i
mZ::O B o L%( - >w ] - (8.8)
Applying
00 (+n+m-—1 m__ B —(-n
mz::O ( " )w =(1—-w)
in [19] to (8.8) yields the required result (8.7). O

Theorem 8.6. Let
A .
@(va)v)‘(z) = cI)(/%V) I:(al) » 25 - - 7ap7Z:|

m m 517ﬁ27"'7/8q;
o (al))‘,ag,...,ap;
_qu—Hj A(V;l_)u_m)’ﬁlwﬁ%"'?ﬁq;z (89)
forveN and p € C, where
pop+ 1 p+rv—1
Aip) =B .
v v v
Then )
00 V),
pAtn =1\ cumna, g o P (1—w)"z)
2 ( , ><I>m+n (2)w" = = wym (8.10)
n=0
form eNy, peC,veN, and |w| < 1.
Proof. The left side of the equality (8.10) can be arranged as
i i p+m+n—1 (al)i\rurn(a?)m-i-n () metn Zmn w"
m=0n=0 n (1 —p—m—= n)uerbun(ﬁl)m—i-n T (5q>m+n (m + TL)'
(8.11)

Applying the identity

p+m4+n—1\{p+m—-vk+n+1 -
n n

(1_ﬂ_m_n)uk:(1_ﬂ)uk<

for m,n € Ny and £ € N in [19] into (8.11) and employing (8.9) yield the required
result (8.10). O

Theorem 8.7. Let

>\5 .
BONN () — o) [() 0, ap; ]
G =2 g1 B, By
a)M AW S +m), ...
( )7 3 ’ ) p7z

:p+qu |: 51’527 o 75(1; (812)
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forv e N and § € C, where
3d+1 d4+v-—-1

A 0) = - — »
Then
X (S+m+n—1 (6,v),A nﬁ; (5,1/),)\(2)
(e = et () 9

form eNy, 6 € C, v €N, and |w| < 1.
Proof. The left side of the equality (8.13) can be rewritten as

Z Z <5 +m—+n— 1) (041)2””(1 —d+m+ n)um—l—un t (ap)m—‘rn Zmtn w”. (8.14)

(51)m+n T (5q)m+n (m + n)'

m=0n=0

Applying the identity

n n

1
(1_5+m+n)bk:(1_5)yk<5+m+n—1> <5+m+uk+n+1>

for k,n € Ny and k£ € N in [19] to the equation (8.14) and utilizing (8.12) yield the required
result (8.13). O

9. Concluding remarks

In our present paper, we first demonstrated the degenerate Pochhammer symbol by con-
sidering the degenerate gamma function. Then by means of newly defined a Pochhammer
symbol, we demonstrated a degenerate hypergeometric function. Moreover, we introduced
a degenerate Sumudu transform by using the degenerate exponential function. Also, we
presented integral transforms, fractional calculus operators and generating function for the
degenerate hypergeometric function. We make an observation limitting A\ — 07, then the
result derived in this paper will be reduced to the classical Pochhammer symbol, hypergeo-
metric function and Sumudu transform. Using the (2.1) relation, a new degenerate-special
functions can be obtained.

Acknowledgment. The authors would like to thank Prof. Dr. Feng Qi for their help
and positive criticism in this study.
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