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Abstract
In the paper, we first define a degenerate Pochhammer symbol by using the degenerate
gamma function and investigate its properties. By using the degenerate Pochhammer
symbol, we introduce and investigate a degenerate hypergeometric function. We also de-
fine a degenerate Sumudu transform and investigate its properties by using degenerate
exponential function. Finally, we give certain the integral representations, derivative for-
mulas, integral transforms, factional calculus applications, and generating functions of the
degenerate hypergeometric function.
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1. Introduction
Throughout this paper, we use the notations

N0 = {0, 1, 2, . . . } and N = {1, 2, 3, . . . }.

The classical gamma function can be defined [1, 15,19] by

Γ(z) =
∫ ∞

0
tz−1 exp(−t)dt, ℜ(z) > 0.

For α ∈ C, the Pochhammer symbol (α)n is defined by

(α)n =


n−1∏
k=0

(α + k) = Γ(α + n)
Γ(α)

n ≥ 1;

1, n ≤ 0.

The Pochhammer symbol (α)n is also known as the rising factorial, see [10–14] and closely
related references therein.
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For λ ∈ (0, ∞) and t ∈ R, the degenerate exponential function eξ
λ was defined [8] as

eξ
λ = (1 + λξ)1/λ. (1.1)

Using the degenerate exponential function eξ
λ defined in (1.1), Kim and Kim defined in [8]

the degenerate gamma function Γλ(z) as

Γλ(z) =
∫ ∞

0
(1 + λξ)−1/λξz−1dξ, 0 < ℜ(z) <

1
λ

. (1.2)

In 1993, Watugala defined [24] the Sumudu transform by

S[f(ζ)](u) = 1
u

∫ ∞

0
exp(−uζ)f(ζ)dζ

or, equivalently,

G(u) = S[f(ζ)] =
∫ ∞

0
exp(−ζ)f(uζ)dζ,

provided that the integrals involved are convergent. For more details, please refer to [25,26]
and closely related references therein.

The main aim of this paper is to define a degenerate Pochhammer symbol by using
the degenerate gamma function defined in (1.2). A great number of extensions of the
Pochammer symbol are available in the literature [16,18,20,22,23]. The paper is organized
as follows: In Sec. 2, we introduce a degenerate hypergeometric function. In Sec. 3, a
degenerate hypergeometric function and its properties are given. In Sec. 4, a degenerate
Sumudu transform is presented. In Sec. (5), we give the integral transforms of the
degenerate hypergeometric function. In Sections 6 and 7, we derive certain fractional
calculus operators for the degenerate hypergeometric function. Section 8 is devoted to the
families of generating relations for the degenerate hypergeometric function.

2. Degenerate Pochhammer symbol
For λ ∈ (0, ∞) and α, n ∈ C, we define degenerate Pochhammer symbol (α)λ

n by

(α)λ
n = Γλ(α + n)

Γ(α)
. (2.1)

The degenerate Pochhammer symbol (α)λ
n has the integral representation

(α)λ
n = 1

Γ(α)

∫ ∞

0
ξα+n−1(1 + λξ)−1/λdξ, ℜ(α + n) > 0. (2.2)

Theorem 2.1. For λ ∈ (0, ∞) and α, δ, ρ ∈ C, we have

(α)λ
δ+ρ = (α)δ(α + δ)λ

ρ . (2.3)

Proof. This follows from

(α)λ
δ+ρ = Γλ(α + δ + ρ)

Γ(α)
= Γλ(α + δ + ρ)

Γ(α)
Γ(α + δ)
Γ(α + δ)

= (α)δ(α + δ)λ
ρ .

The proof of Theorem 2.1 is complete. �

Making use of the relation (2.3) and properties of the Pochhammer symbol (α)n, we
can derive the following features of the degenerate Pochhammer symbol (α)λ

n.
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Corollary 2.2. For λ ∈ (0, ∞), α, δ, ρ, µ, ν ∈ N0, and k ∈ N, we have

(α)λ
2δ+ρ = 22δ

(
α

2

)
δ

(
α + 1

2

)
δ

(α + 2δ)λ
ρ ,

(α)λ
kδ+ρ = kkδ

(
α

k

)
δ

(
α + 1

k

)
δ

· · ·
(

α + k − 1
k

)
δ

(α + kδ)λ
ρ ,

(α + µ)λ
ν+ρ = (α)ν(α + ν)µ

(α)µ
(α + µ + ν)λ

ρ ,

(α + δµ)λ
δν+ρ = (α)δµ+δν

(α)δµ
(α + δµ + δν)λ

ρ ,

(α − ν)λ
ν+ρ = (−1)n(1 − α)ν(α)λ

ρ ,

(α − µ)λ
ν+ρ = (1 − α)µ(α)ν

(1 − α − ν)µ
(α + ν − µ)λ

ρ ,

(α − δµ)λ
δν+ρ = (−1)δµ(α)δν−δµ(1 − α)δµ(α + δν − δµ)λ

ρ ,

(−α)λ
ν+ρ = (−1)ν(α − ν + 1)ν(1 − α)δµ(−α + ν)λ

ρ ,

(α)λ
ν+µ+ρ = (α)ν(α + ν)µ(α + ν + µ)λ

ρ ,

(α)λ
ν−µ+ρ = (−1)µ(α)ν

(1 − α − ν)µ
(α + ν − µ)λ

ρ ,

(α + µ)λ
ν−µ+ρ = (α)ν

(α)µ
(α + ν)λ

ρ ,

(α − µ)λ
ν−µ+ρ = (−1)µ(α)ν(1 − α)µ

(1 − α − ν)2µ
(α + ν − 2µ)λ

ρ ,

(α + ν)λ
ν+ρ = (α + ν)ν(α + 2ν)λ

ρ = (α)2ν

(α)ν
(α + 2ν)λ

ρ .

3. Degenerate hypergeometric function
For λ ∈ (0, ∞), ατ ∈ C for τ = 1, 2, . . . , p, and βκ ∈ C \Z0 for κ = 1, 2, . . . , q, we define

pF λ
q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; z

]
=

∞∑
n=0

(α1)λ
n(α2)n · · · (αp)n

(β1)n · · · (βq)n

zn

n!
(3.1)

on the condition that the series on the right hand side converges.
When taking p, q = 1 or taking p = 2 and q = 1 in (3.1), we have

1F λ
1

[
(α1)λ;

β1; z

]
=

∞∑
n=0

(α1)λ
n

(β1)n

zn

n!
,

2F λ
1

[
(α1)λ, α2;

β1; z

]
=

∞∑
n=0

(α1)λ
n(α2)n

(β1)n

zn

n!
,

which are respectively called a degenerate Kummer (confluent) hypergeometric function
and a degenerate Gauss hypergeometric function.

Theorem 3.1. The degenerate hypergeometric function pF λ
q has the integral representa-

tion

pF λ
q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; z

]
= 1

Γ(α1)

∫ ∞

0
ξα1−1(1 + λξ)−1/λ

p−1Fq

[
α2, . . . , αp;

β1, β2, . . . , βq;zξ

]
dξ (3.2)
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for λ ∈ (0, ∞) and ℜ(α1) > 0.

Proof. The desired result (3.2) follows from combining the equation (2.1) with the integral
representation (2.2). �
Theorem 3.2. The Euler–Beta type integral representation of the degenerate hypergeo-
metric function is

pF λ
q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; z

]
= 1

B(αp, βq − αp)

∫ 1

0
ξαp−1(1 − ξ)βq−αp−1

× p−1F λ
q−1

[
(α1)λ, α2, . . . , αp−1;

β1, . . . , βq−1; zξ

]
dξ (3.3)

for λ ∈ (0, ∞) and ℜ(βq) > ℜ(αp) > 0.

Proof. From the equation (3.1), it follows that

pF λ
q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; z

]
=

∞∑
n=0

(α1)λ
n(α2)n · · · (αp)n

(β1)n · · · (βq)n

zn

n!
.

Further making use of the definition of the beta function yields
(αp)n

(βq)n
= B(αp + n, βq − αp)

B(αp, βq − αp)
= 1

B(αp, βq − αp)

∫ 1

0
ξαp−1(1 − ξ)βq−αp−1dξ.

The desired result (3.3) is thus obtained. �

Corollary 3.3. The degenerate Kummer (confluent) hypergeometric function 1F λ
1 and

the degenerate Gauss hypergeometric function 2F λ
1 have the integral representations

1F λ
1

[
(α1)λ;

β1; z

]
= 1

Γ(α1)

∫ ∞

0
ξα1−1(1 + λξ)−1/λ

0F1

[
−;
β1;zξ

]
dξ,

2F λ
1

[
(α1)λ, α2;

β1; z

]
= 1

Γ(α1)

∫ ∞

0
ξα1−1(1 + λξ)−1/λ

1F λ
1

[
α2;
β1;zξ

]
dξ,

2F λ
1

[
(α1)λ, α2;

β1; z

]
= 1

B(α2, β1 − α2)

∫ 1

0
ξα2−1(1 − ξ)β1−α2−1

1F λ
0

[
(α1)λ;

−; zξ

]
dξ

on the condition that the integrals involved are convergent.

Theorem 3.4. Let N = N(ζ±i∞) for ζ ∈ R be a Mellin–Barnes contour starting at the
point ζ−i∞ and closing at the point ζ+i∞ with the ordinary indents in order to distinguish
one set of poles from the other set of poles of the integrand. Then

pF λ
q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; z

]
= 1

2πi

Γ(β1) · · · Γ(βq)
Γ(α1) · · · Γ(αp)

∫
N

Γλ(α1 + ξ) · · · Γ(αp + ξ)
Γ(β1 + ξ) · · · Γ(βq + ξ)

Γ(−ξ)(−z)ξdξ (3.4)

for | arg(−z)| < π.

Proof. Taking the sum of residues at the pole of Γ(ξ) at the point ξ = n (n ∈ N0) in the
equation (3.9), we readily get the following series expansion:

pF λ
q

[
(α1)λ, α2, · · · , αp;

β1, β2, · · · , βq; z

]
= Γ(β1)Γ(β2) · · · Γ(βq)

Γ(α1)Γ(α2) · · · Γ(αp)

∞∑
n=0

Γλ(α1 + n)Γ(α2 + n) · · · Γ(αp + n)
Γ(β1 + n)Γ(β2 + n) · · · Γ(βq + n)

zn

n!
,

which completes the proof. �
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Remark 3.5. Taking p − 1 = q = 1 in (3.4) leads to

2F λ
1

[
(α1)λ, α2;

β1; z

]
= 1

2πi

Γ(β1)
Γ(α1)Γ(α2)

∫
N

Γλ(α1 + ξ)Γ(α2 + ξ)
Γ(β1 + ξ)

Γ(−ξ)(−z)ξdξ

for | arg(−z)| < π.

Theorem 3.6. The derivative formula of the degenerate hypergeometric function pF λ
q is

dn

dzn pF λ
q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; z

]
= (α1)n(α2)n · · · (αp)n

(β1)n · · · (βq)n
pF λ

q

[
(α1 + n)λ, α2 + n, . . . , αp + n;

β1 + n, β2 + n, . . . , βq + n; z

]
. (3.5)

Proof. Differentiating on both sides of (3.1) gives

d
dz

pF λ
q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; z

]
=

∞∑
n=1

(α)λ
n(α2)n · · · (αp)n

(β1)n · · · (βq)n

zn−1

(n − 1)!

=
∞∑

n=0

(α)λ
n+1(α2)n+1 · · · (αp)n+1
(β1)n+1 · · · (βq)n+1

zn

n!
.

Further utilizing (2.3) yields
d
dz

pF λ
q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; z

]
= α1 · · · αp

β1 · · · βq
pF λ

q

[
(α1 + 1)λ, α2 + 1, . . . , αp + 1;

β1 + 1, . . . , βq + 1; z

]
.

By induction on n ∈ N0, the desired result (3.5) follows straightforwardly. �

Corollary 3.7. The degenerate Kummer (confluent) hypergeometric function 1F λ
1 and the

degenerate Gauss hypergeometric function 2F λ
1 satisfy

dn

dzn 1F λ
1

[
(α1)λ;

β1; z

]
= (α1)n

(β1)n
1F λ

1

[
(α1 + n)λ;

β1 + n; z

]
and

dn

dzn 2F λ
1

[
(α1)λ, α2;

β1; z

]
= (α1)n(α2)n

(β1)n
2F λ

1

[
(α1 + n)λ, α2 + n;

β1 + n; z

]
on the condition that the integrals included are convergent.

4. Degenerate Sumudu transforms
In this section, we define a degenerate Sumudu transform and calculate a degenerate

Sumudu transforms of certain degenerate functions, such as the degenerate trigonometric
functions and the degenerate hyperbolic functions, and the power function.

Definition 4.1 (A degenerate Sumudu transform). Let λ ∈ (0, ∞) and f(ζ) be a function
defined for ζ > 0. Then

Sλ[f(ζ)](u) = 1
u

∫ ∞

0
(1 + λζ)−1/uλf(ζ)dζ (4.1)

or, equivalently,
Gλ(u) = Sλ[f(ζ)] =

∫ ∞

0
(1 + λζ)−1/λf(uζ)dζ

on the condition that the integrals included are convergent.

It is clear that
Sλ[µf(ζ) + νg(ζ)](u) = µSλ[f(ζ)](u) + νSλ[g(ζ)](u),

where µ and ν are fixed real numbers.



Pochhammer symbol, Sumudu transform, and hypergeometric function 1453

Theorem 4.2. For λ ∈ (0, ∞) and κ ∈ C, we have

Sλ[1](u) = 1
1 − uλ

,
1
u

> λ, (4.2)

and
Sλ

[
(1 + λζ)−κ/λ](u) = 1

1 + (κ − λ)u
,

1
u

> λ − κ. (4.3)

Proof. Substituting f(ζ) = 1 into the equality (4.1) gives

Sλ[1](u) = 1
u

∫ ∞

0
(1 + λζ)−1/uζdζ = 1

u
lim

δ→∞

∫ δ

0
(1 + λζ)−1/uλdζ = 1

1 − uλ
.

The required result (4.2) is thus proved.
Similarly, we can obtain the desired result (4.3). �

Definition 4.3 (The degenerate trigonometric and hyperbolic functions [8]). For λ ∈
(0, ∞) and κ ∈ C, we define

cosλ(ζ) = 1
2
[
(1 + λζ)i/λ + (1 + λζ)−i/λ],

sinλ(ζ) = 1
2i

[
(1 + λζ)i/λ − (1 + λζ)−i/λ],

coshλ(κζ) = 1
2
[
(1 + λζ)κ/λ + (1 + λζ)−κ/λ],

(4.4)

and
sinhλ(κζ) = 1

2
[
(1 + λζ)κ/λ − (1 + λζ)−κ/λ].

Theorem 4.4. For λ ∈ (0, ∞) and κ ∈ C, the degenerate Sumudu transforms of the
degenerate trigonometric and the hyperbolic functions are

Sλ[cosλ(κζ)](u) = u(1 − uλ)
(1 − uλ)2 + u2κ2 ,

Sλ[sinλ(κζ)](u) = uκ

(1 − uλ)2 + u2κ2 ,

Sλ[coshλ(κζ)](u) = u(1 − uλ)
(1 − uλ)2 − u2κ2 ,

(4.5)

and
Sλ[sinhλ(κζ)](u) = uκ

(1 − uλ)2 − u2κ2 . (4.6)

Proof. Putting the first equality (4.4) into (4.1) results in

Sλ[cosλ(κζ)](u) = 1
u

∫ ∞

0
(1 + λζ)−1/uλ cosλ(κζ)dζ

= 1
2u

∫ ∞

0

[
(1 + λζ)−(1/u−κi)/λ + (1 + λζ)−(1/u+κi)/λ]dζ

= 1
2u

( 1
1/u − λ − κi

+ 1
1/u − λ + κi

)
= u(1 − uλ)

(1 − uλ)2 + u2κ2 .

The first required result in (4.5) is thus proved.
Similarly, we can obtain the desired results from the second one in (4.5) to (4.6) readily. �
Theorem 4.5. For λ ∈ (0, ∞), 1

u > (n + 1)λ, and n ∈ N, the degenerate Sumudu
transform of the power function ζn is

Sλ[ζn](u) = unΓuλ(n + 1). (4.7)
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Proof. Applying the degenerate Sumudu transform (4.1) to the power function ζn gives

Sλ[ζn](u) = 1
u

∫ ∞

0
(1 + λζ)−1/uλζndζ. (4.8)

Integrating by part consecutively in the equation (4.8) reveals

Sλ[ζn](u) = 1
u

∫ ∞

0
(1 + λζ)−1/uλζndζ

= n

(1 − uλ)

∫ ∞

0
(1 + λζ)−(1−uλ)/uλζn−1dζ

= un(n − 1)
(1 − uλ)(1 − 2uλ)

∫ ∞

0
(1 + λζ)−(1−2uλ)/uλζn−2dζ

= · · ·

= n!un

(1 − uλ)(1 − 2uλ) · · · (1 − (n + 1)uλ)
= unΓuλ(n + 1).

Thus, we obtain the desired result (4.7). �

5. Integral transforms
Theorem 5.1. The Euler–Beta transform of the degenerate hypergeometric function pF λ

q

in (3.1) is

B

{
pF λ

q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; wz

]
; µ, ν

}
= Γ(µ)Γ(ν)

Γ(µ + ν) p+1F λ
q+1

[
µ, (α1)λ, α2, . . . , αp;
µ + ν, β1, β2, . . . , βq;w

]
(5.1)

for ℜ(µ) > 0 and ℜ(ν) > 0.

Proof. Substituting the degenerate hypergeometric function pF λ
q in (3.1) into the Euler–

Beta transform in [3, 4, 9] gives

B

{
pF λ

q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; wz

]
; µ, ν

}
=
∫ 1

0
zµ−1(1 − z)ν−1

∞∑
n=0

(α1)λ
n(α2)n · · · (αp)n

(β1)n(β2)n · · · (βq)n

(wz)n

n!
dz. (5.2)

Interchanging the order of the sum (5.2) leads to the formula (5.1). �
Theorem 5.2. The Laplace transform of the degenerate hypergeometric function pF λ

q

in (3.1) is

L

{
zµ−1

pF λ
q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; wz

]
; δ

}
= Γ(µ)

δµ p+1Fq

[
µ, (α1)λ, α2, . . . , αp;

β1, β2, . . . , βq;
w

δ

]
(5.3)

for µ ∈ C, ℜ(µ) > 0, and
∣∣w

δ

∣∣ < 1.

Proof. Applying the Laplace transform in [1] to the degenerate hypergeometric function
pF λ

q in (3.1) gives

L

{
zµ−1

pF λ
q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; wz

]
; δ

}
=
∫ ∞

0
zµ−1 exp(−δz)

∞∑
n=0

(α1)λ
n(α2)n · · · (αp)n

(β1)n · · · (βq)n

(wz)n

n!
dz. (5.4)



Pochhammer symbol, Sumudu transform, and hypergeometric function 1455

Interchanging the order of sum and integral in (5.4) and making use of the Laplace equality

L
{
zµ+n−1; δ

}
= Γ(µ + n)

δµ+n

in [3, 4, 9], we can obtain the desired result (5.3) readily. �

Theorem 5.3. The degenerate Laplace transform of the degenerate hypergeometric func-
tion pF λ

q in (3.1) is

Lλ

{
zµ−1

pF λ
q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; wz

]
; δ

}

= Γ(µ)
δµ p+1Fq

[
(µ)λ/δ, (α1)λ, α2, . . . , αp;

β1, β2, . . . , βq;
w

δ

]
(5.5)

for µ, δ ∈ C.

Proof. Using the degenerate Laplace transform in [8] to the degenerate hypergeometric
function pF λ

q in (3.1) gives

Lλ

{
zµ−1

pF λ
q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; wz

]
; δ

}
=
∫ ∞

0
zµ−1(1 + λz)−δ/λ

∞∑
n=0

(α1)λ
n(α2)n · · · (αp)n

(β1)n · · · (βq)n

(wz)n

n!
dz. (5.6)

Shifting the order between sum and integral in (5.6) and utilizing the degenerate Laplace
equality

Lλ

{
zµ+n−1; δ

}
=

Γλ/δ(µ + n)
δµ+n

.

for the power function in [8] result in the desired result (5.5). �

Theorem 5.4. The Sumudu transform of the degenerate hypergeometric function pF λ
q

in (3.1) is

S

{
zµ−1

pF λ
q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; wz

]}
(u)

= Γ(µ)p+1Fq

[
µ, (α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; uw

]
(5.7)

for ℜ(µ) ∈ C.

Proof. Applying the Sumudu transform in [5,24] to the degenerate hypergeometric func-
tion pF λ

q in (3.1) yields

S

{
zµ−1

pF λ
q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; wz

]}
(u)

=
∫ ∞

0
zµ−1 exp(−z)

∞∑
n=0

(α1)λ
n(α2)n · · · (αp)n

(β1)n · · · (βq)n

(uwz)n

n!
dz. (5.8)

Interchanging the order of integral and sum in (5.8) and employing the well-known integral
formula

Γ(µ + n) =
∫ ∞

0
zµ+n−1 exp(−z)dz

in [1, 15] for the gamma function conclude the required result (5.7). �
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Theorem 5.5. The degenerate Sumudu transform of the degenerate hypergeometric func-
tion pF λ

q in (3.1) is

Sλ

{
zµ−1

pF λ
q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; wz

]}
(u)

= uµ−1Γ(µ)p+1Fq

[
(µ)uλ, (α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; uw

]
(5.9)

for µ, δ ∈ C.

Proof. Using the degenerate Sumudu transform in (4.1) to the degenerate hypergeometric
function pF λ

q in (3.1) gives

Sλ

{
zµ−1

pF λ
q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; wz

]}
(u)

=
∫ ∞

0
zµ−1(1 + λz)−1/uλ

∞∑
n=0

(α1)λ
n(α2)n · · · (αp)n

(β1)n · · · (βq)n

(uwz)n

n!
dz. (5.10)

Shifting the order of sum and integral in (5.10) and employing degenerate Sumudu equality
Sλ

{
zµ+n−1}(u) = uµ+n−1Γuλ(µ + n)

in (4.7) for the power function conclude the desired result (5.9) immediately. �
Theorem 5.6. The Stieltjes transform of the degenerate hypergeometric function pF λ

q

in (3.1) is

S

{
zµ−1

pF λ
q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; wz

]}
(t)

= tµ−1B(µ, 1 − µ)p+2Fq

[
µ, 1 − µ, (α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; wt

]
(5.11)

for ℜ(µ) ∈ C.

Proof. Using the Stieltjes transform in [4, 9] to the degenerate hypergeometric function
pF λ

q in (3.1) leads to

S

{
zµ−1

pF λ
q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; wz

]}
(t)

=
∫ ∞

0

zµ−1

z + t

∞∑
n=0

(α1)λ
n(α2)n · · · (αp)n

(β1)n · · · (βq)n

(wz)n

n!
dz. (5.12)

Setting z
t = ν and ν = δ

1−δ , interchanging the order of integration and summation in (5.12),
and using the integral representation

tµ+n−1
∫ 1

0
δµ+n−1(1 − δ)1−n+µ−1dδ = tµ+n−1B(µ + n, 1 − µ + n)

in [1, 15] conclude the desired result (5.11). �
Theorem 5.7. The Laguerre transform of the degenerate hypergeometric function pF λ

q

in (3.1) is

L(a)
{

zµ−1
pF λ

q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; wz

]}
= Γ(2 − µ)Γ(µ + a)

Γ(1 − µ) p+1Fq

[
µ + a, (α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; w

]
(5.13)

for ℜ(µ) ∈ C.
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Proof. Applying the Laguerre transform in [4,9] to the degenerate hypergeometric func-
tion pF λ

q in (3.1) gives

L(a)
{

zµ−1
pF λ

q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; wz

]}
=
∫ ∞

0
zµ+a−1 exp(−z)L(a)

m (z)
∞∑

n=0

(α1)λ
n(α2)n · · · (αp)n

(β1)n · · · (βq)n

(wz)n

n!
dz. (5.14)

Shifting the order of integration and summation in (5.14), utilizing the integral equation∫ ∞

0
zµ+n+a−1 exp(−z)L(a)

m (z)dz = Γ(µ + a + n)Γ(m − µ + 1)
m!Γ(1 − µ)

in [4, 9] conclude the required result (5.14). �

6. Fractional calculus approach
In this section, we infer several formulas for the Riemann–Liouville fractional integral

Iν
a+ and the fractional derivative operators Dν

a+ for the degenerate hypergeometric function
pF λ

q (z) in (3.1).
Let us recall from [6,7, 21] that

(Iν
a+φ)(y) = 1

Γ(ν)

∫ y

a

φ(t)
(y − t)1−ν

dt (6.1)

and

(Dν
a+φ)(y) =

( d
dy

)n 1
Γ(n − ν)

∫ y

a

φ(t)
(y − t)1−n+ν

dt =
( d

dy

)n

(In−ν
a+ φ)(y) (6.2)

for ν ∈ C, ℜ(ν) > 0, and n = [ℜ(ν)]+1, where [ν] means the greatest integer not exceeding
ℜ(υ).

An alternative generalization of the Riemann–Liouville fractional derivative operator
Dν

a+ in (6.2) by introducing a right-sided Riemann–Liouville fractional derivative operator
Dµ,ν

a+ of order 0 < µ < 1 and type 0 < ν < 1 with respect to y by Hilfer [6] is given by

(Dµ,ν
a+ φ)(y) =

(
I

ν(1−µ)
a+

d
dy

)(
I

(1−ν)(1−µ)
a+ φ

)
(y) (6.3)

for µ ∈ C, ℜ(µ) > 0, and n = [ℜ(µ)] + 1.

Remark 6.1. When µ = 0 in (6.3), we derive the classical Riemann–Liouville fractional
derivative operator Dν

a+ in [7].

Theorem 6.2. Let a ∈ [0, ∞), βq, υ, w, µ ∈ C, and ℜ(βq), ℜ(υ), ℜ(w), ℜ(µ) > 0. Then,
for κ > a, we have{

Iν
a+(w − a)βq−1

pF λ
q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; z(w − a)
]}

(κ)

= (κ − α)βq+ν−1Γ(βq)
Γ(βq + ν) pF λ

q

[
(α1)λ, α2, . . . , αp;
β1, β2, . . . , βq + ν;z(κ − a)

]
, (6.4)

(
Dν

a+(w − a)βq−1
pF λ

q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; w(z − a)
])

(κ)

= (κ − a)βq−ν−1Γ(c)
Γ(βq − ν) pF λ

q

[
(α1)λ, α2, . . . , αp;
β1, β2, . . . , βq − ν;z(κ − a)

]
, (6.5)
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and(
Dµ,ν

a+ (w − a)βq−1
pF λ

q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; z(w − a)
])

(κ)

= (κ − a)βq−µ−ν−1Γ(βq)
Γ(βq − µ − ν) pF λ

q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq − µ − ν;z(κ − a)
]

. (6.6)

Proof. Applying (6.1) to the degenerate hypergeometric function pF λ
q in (3.1) and making

use of

Iν
α+
{
(w − a)βq−1}(κ) = (κ − a)βq+ν−1Γ(βq)

Γ(βq + ν)
in [6, 7] to fractionally integrate term-by-term lead to(

Iν
a+(w − a)βq−1

pF λ
q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; z(w − a)
])

(κ)

=
∞∑

n=0

(α1)λ
n(α2)n · · · (αp)n

(β1)n · · · (βq)n

zn

n!
Iν

a+
{
(w − α)βq+n−1}

= (κ − a)βq+ν−1Γ(βq)
Γ(βq + ν) pF λ

q

[
(α1)λ, α2, . . . , αp;
β1, β2, . . . , βq + ν;z(κ − a)

]
.

Making use of (6.2) and (3.1) and taking into account (6.4) with ν replaced by n − υ yield(
Dν

a+{(w − a)c−1}pF λ
q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; z(w − a)
])

(κ)

=
( d

dκ

)n (
In−ν

a+ {(w − a)βq−1}pF λ
q

[
(α1)λ, α2, . . . , αp;
β1, β2, . . . , βq − ν;z(w − a)

])
(κ)

=
( d

dκ

)n
{

(κ − a)c+n−ν−1Γ(βq)
Γ(βq + n − ν) pF λ

q

[
(α1)λ, α2, . . . , αp;
β1, β2, . . . , βq − ν;z(κ − a)

]}
. (6.7)

Differentiating (6.7) term-by-term and using (3.1) again lead to the formula (6.5).
Finally, by (6.3) and (3.1), we have(

Dµ,ν
a+ {(w − a)βq−1}pF λ

q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; z(w − a)
])

(κ)

=
(

Dµ,ν
a+

[ ∞∑
n=0

(α1)λ
n(α2)n · · · (αp)n

(β1)n · · · (βq)n

zn

n!
(w − a)βq+n−1

])
(κ)

=
∞∑

n=0

(α1)λ
n(α2)n · · · (αp)n

(β1)n · · · (βq)n

zn

n!
(
Dµ,ν

a+ (w − a)βq+n−1)(κ). (6.8)

Substituting the relation

Dµ,ν
a+
{
(w − a)ρ−1}(κ) = Γ(ρ)

Γ(ρ − µ − ν)
(κ − α)ρ−µ−ν−1

for κ > a, 0 < µ < 1, 0 ≤ ν ≤ 1, and ℜ(ρ) > 0 in [6, 7] into (6.8) leads to the desired
result (6.6). �

7. Fractional calculus operators
In this section, we derive certain fractional derivative operators for the degenerate hy-

pergeometric function pF λ
q (z) defined by (3.1). For attaining this purpose, we evoke the

derivative operators
{
Dµ,δ,ξ

0+ f
}
(y) and

{
Dµ,δ,ξ

∞− f
}
(y) which are given in terms of integral
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operators
{
Iµ,δ,ξ

0+ f
}
(y) and

{
Iµ,−δ,ξ

∞− f
}
(y). In addition to these fractional derivative oper-

ators, we give the following definitions for the relations among the Riemann–Liouville,
Erdėlyi–Kober, and Weyl fractional operators in [6, 7, 21].

Definition 7.1. For y > 0, µ, δ, ξ ∈ C, and ℜ(µ) > 0, the left sided fractional integral
and derivative operators

{
Dµ,δ,ξ

0+ f
}
(y) and

{
Iµ,δ,ξ

0+ f
}
(y), the right sided fractional integral

and derivative operators
{
Dµ,δ,ξ

∞− f
}
(y) and

{
Iµ,−δ,ξ

∞− f
}
(y) are defined [21] respectively by

{
Iµ,δ,ξ

0+ f
}
(y) = y−µ−δ

Γ(µ)

∫ y

0
2F λ

1

(
µ + δ, −ξ; µ; 1 − t

y

)
f(t)dt,

{
Dµ,δ,ξ

0+ f
}
(y) =

{
I−µ,−δ,µ+ξ

0+ f
}
(y) =

( d
dy

)m{
I−µ+ξ,−δ−ξ,µ+ξ−m

0+ f
}
(y),

{
Iµ,δ,ξ

∞− f
}
(y) = 1

Γ(µ)

∫ y

0
(t − y)−µt−µ−ξ

2F λ
1

(
µ + δ, −ξ; µ; 1 − y

t

)
f(t)dt,

(7.1)

and {
Dµ,δ,ξ

∞− f
}
(y) =

{
I−µ,−δ,µ+ξ

∞− f
}
(y) =

(
− d

dy

)m{
I−µ+ξ,−δ−ξ,µ+ξ−m

0+ f
}
(y), (7.2)

where m = [ℜ(µ)] + 1.

Together with above fractional derivative operators, we have

RLµ
0+ = Dµ,−µ,ξ

0+ , EKµ,ξ
0+ = Dµ,0,ξ

0+ , W µ
∞− = Dµ,−µ,ξ

∞− , EKµ,ξ
∞− = Dµ,0,ξ

∞− ,

where RL, EK, and W denote the Riemann–Liouville, Erdėlyi–Kober, and Weyl fractional
calculus operators respectively. See [21] and closely related references therein.

Theorem 7.2. The fractional derivative operator of the degenerate hypergeometric func-
tion pF λ

q in (3.1) is

{
Dµ,δ,ξ

0+ wν−1
pF λ

q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; wz

]}
(η) = ην+δ−1 Γ(ν)Γ(ν + µ + δ + ξ)

Γ(ν + δ)Γ(ν + ξ)

× p+2Fq+2

[
ν, ν + µ + δ + ξ, (α1)λ, α2, . . . , αp;

ν + δ, ν + ξ, β1, β2, . . . , βq; ηz

]
(7.3)

for η > 0, ℜ(µ) ≥ 0, and ℜ(ν) > − min{0, ℜ(µ + δ + ξ)}.

Proof. Applying the left sided hypergeometric fractional transform (7.1) to the degener-
ate hypergeometric function pF λ

q in (3.1) and interchanging the order of integration and
summation reveal{

Dµ,δ,ξ
0+ wν−1

pF λ
q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; wz

]}
(η)

=
∞∑

n=0

(α1)λ
n(α2)n · · · (αp)n

(β1)n · · · (βq)n

zn

n!
{
Dµ,δ,ξ

0+ wν+n−1}(η). (7.4)

Further substituting the well-known fractional derivative operator equality

{
Dµ,δ,ξ

0+ wν+n−1}(η) = ην+n+δ−1 Γ(ν + n)Γ(ν + n + µ + δ + ξ)
Γ(ν + n + δ)Γ(ν + n + ξ)

for the power functions in [21] into the equation (7.4) results in (7.3). �
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Theorem 7.3. The fractional derivative operator of the degenerate hypergeometric func-
tion pF λ

q in (3.1) is{
Dµ,δ,ξ

∞− wν−1
pF λ

q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; wz

]}
(η)

= ην+δ−1 Γ(1 − ν − δ)Γ(1 − ν + µ + ξ)
Γ(1 − ν)Γ(1 − ν + ξ − δ)

× p+2Fq+2

[
1 − ν − δ, 1 − ν + µ + ξ, (α1)λ, α2, . . . , αp;

1 − ν + ξ − δ, 1 − ν, β1, β2, . . . , βq;
z
η

]
(7.5)

for η > 0, ℜ(µ) ≥ 0, and ℜ(ν) > − min{0, ℜ(µ + δ + ξ)}.

Proof. Applying the right sided hypergeometric fractional transform (7.2) to the degen-
erate hypergeometric function pF λ

q in (3.1) and interchanging the order of integration and
summation acquire{

Dµ,δ,ξ
∞− wν−1

pF λ
q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; wz

]}
(η)

=
∞∑

n=0

(α1)λ
n(α2)n · · · (αp)n

(β1)n · · · (βq)n

zn

n!
{Dµ,δ,ξ

∞− wλ−n−1}(η). (7.6)

Further substituting the well-known fractional derivative operator equality{
Dµ,δ,ξ

0+ wν−n−1}η = ην−n+δ−1 Γ(1 − ν + n − δ)Γ(1 − ν + n + µ + ξ)
Γ(1 − ν + n)Γ(1 − ν + n + ξ − δ)

for the power functions in [21] into the equation (7.6) yields (7.5). �

Corollary 7.4. The left sided Riemann–Liouville fractional derivative operator for pF λ
q (wz) (3.1)

is {
RLµ

0+wν−1
pF λ

q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; wz

]}
(η)

= ην−µ−1 Γ(ν)
Γ(ν − µ)p+1Fq+1

[
ν, (α1)λ, α2, . . . , αp;
ν − µ, β1, β2, . . . , βq;ηz

]
for η > 0, ℜ(µ) ≥ 0, and ℜ(ν) > − min{0, ℜ(µ)}.

The left sided Erdėlyi–Kober fractional derivative operator for pF λ
q (wz) (3.1) is{

EKµ,ξ
0+ wν−1

pF λ
q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; wz

]}
(η)

= ην−1 Γ(ν + µ + ξ)
Γ(ν + ξ) p+1Fq+1

[
ν + µ + ξ, (α1)λ, α2, . . . , αp;

ν + ξ, β1, β2, . . . , βq; ηz

]
for η > 0, ℜ(µ) ≥ 0, and ℜ(ν) > − min{0, ℜ(µ + ξ)}.

Proof. These follow from putting δ = −µ and δ = 0 in (7.3) respectively. �

Corollary 7.5. The right sided Weyl fractional derivative operator for pF λ
q (z) in (3.1) is{

W µ
∞−wν−1

pF λ
q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; wz

]}
(η)

= ην−µ−1 Γ(1 − ν + µ)
Γ(1 − ν) p+1Fq+1

[
1 − ν + µ + ξ, (α1)λ, α2, . . . , αp;

1 − ν, β1, β2, . . . , βq;
z

η

]
for η > 0, ℜ(µ) ≥ 0, and ℜ(ν) < 1 + min{−ℜ(−µ + ξ), ℜ(µ + ξ)}.
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The right sided Erdėlyi–Kober fractional derivative operator for pF λ
q (z) in (3.1) is{

EKµ,ξ
∞−wν−1

pF λ
q

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; wz

]}
(η)

= ην−1 Γ(1 − ν + µ + ξ)
Γ(1 − ν + ξ) p+1Fq+1

[
1 − ν + µ + ξ, (α1)λ, α2, . . . , αp;

1 − ν + ξ, β1, β2, . . . , βq;
z

η

]
for η > 0, ℜ(µ) ≥ 0, ℜ(ν) < 1 + min{−ℜ(ξ), ℜ(µ + ξ)}.

Proof. These follow from applying δ = −µ and δ = 0 in (7.5) respectively. �

8. Generating functions
In this section, we obtain from the generating functions for the generalized degenerate

hypergeometric function pF λ
q (z) in (3.1). We find it to be proper to choose the shortened

notation ∆(K; ξ) which represent the array of K-parameters
ξ

K
,

ξ + 1
K

,
ξ + 2

K
, . . . ,

ξ + K − 1
K

for ξ ∈ C and K ∈ N. The array ∆(K; ξ) is understood to be empty when K = 0.
We first establish the following generating function for the corresponding deduced results

mentioned in [2, 17,19].

Theorem 8.1. For |w| < 1, ξ ∈ C, and K ∈ N, we have
∞∑

n=0

(ξ)n

n! p+KFq

[
∆(K; ξ + n), (α1)λ, α2, · · · αp;

β1, β2, . . . , βq; wn

]

= 1
(1 − w)ξ r+KFs

[
∆(K; ξ), (α1)λ, α2, · · · αp;

β1, β2, . . . , βq;
z

(1 − w)K

]
(8.1)

on the condition such that each member of (8.1) exists.

Proof. By virtue of (3.1), the left-hand side of (8.1) can be reformulated as

∞∑
n=0

(ξ)n

n!

[ ∞∑
m=0

(ξ + n)Km(α1)λ
m(α2)m · · · (αp)m

(β1)m(β2)m · · · (βq)m

zm

m!

]
wn

=
∞∑

m=0

(ξ)Km(α1)λ
m(α2)m · · · (αp)m

(β1)m(β2)m · · · (βq)m

zm

m!

[ ∞∑
n=0

(ξ + Km)n
wn

n!

]
, (8.2)

where we have changed the order of summations and used the identity

(ξ + n)Km(ξ)n = (ξ)Km(ξ + Km)n

in [1, 15]. Making use of the binomial summation

(1 − w)−ξ−Km =
∞∑

n=0
(ξ + Km)n

wn

n!
, |w| < 1

from [19] in (8.2) and using (3.1) again arrive at the desired result (8.1). �

Theorem 8.2. If |w| < 1, ξ ∈ C, and K ∈ N, then
∞∑

n=0

(ξ)n

n! p+KFq

[
∆(K; −n), (α1)λ, α2, · · · αp;

β1, β2, . . . , βq; z

]
wn

= (1 − w)−ξ
p+KFq

[
∆(K; ξ), (α1)λ, α2, · · · αp;

β1, β2, . . . , βq; z(− w
1−w )K

]
, (8.3)
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∞∑
n=0

(ξ)n

n! p+2KFq

[
∆(K; −n), ∆(K; ξ + n), (α1)λ, α2, · · · αp;

β1, β2, . . . , βq; z

]
wn

= (1 − w)−ξ
p+2KFq

[
∆(2K; ξ), (α1)λ, α2, · · · αp;

β1, β2, . . . , βq; z(− 4w
(1−w)2 )K

]
, (8.4)

and
∞∑

n=0

(ξ)n

n! p+KFq+K

[
∆(K; −n), (α1)λ, α2, · · · αp;

∆(K; 1 − ξ − n), β1, β2, . . . , βq;z
]

wn

= (1 − w)−ξ
pF λ

q

[
(α1)λ, α2, · · · αp;
β1, β2, . . . , βq; zwK

]
(8.5)

for |w| < 1, ξ ∈ C, and K ∈ N on conditions such that each member of the arguments
in (8.3), (8.4), and (8.5) exists.

Proof. The generating functions (8.3) to (8.5) can be established by following the method
of derivation of the generating function (8.1). �

Corollary 8.3. Each of the following generating functions hold true:
∞∑

n=0

(ξ)n

n! p+1Fq

[
ξ + n, (α1)λ, α2, · · · αp;

β1, β2, . . . , βq; z

]
wn

= (1 − w)−ξ
p+1Fq

[
ξ, (α1)λ, α2, · · · αp;

β1, β2, . . . , βq;
z

1−w

]
,

∞∑
n=0

(ξ)n

n! p+2Fq

[
−n, ξ + n, (α1)λ, α2, · · · αp;

β1, β2, . . . , βq; z

]
wn

= (1 − w)−ξ
p+2Fq

[
∆(2; ξ), (α1)λ, α2, · · · αp;

β1, β2, . . . , βq; − 4zw
(1−w)2

]
,

and
∞∑

n=0

(ξ)n

n! p+1Fq+1

[
−n, (α1)λ, α2, · · · αp;

1 − ξ − n, β1, β2, . . . , βq;z
]

wn

= (1 − w)−ξ
pF λ

q

[
(α1)λ, α2, · · · αp;
β1, β2, . . . , βq; zw

]
.

Proof. These follow from taking K = 1 in (8.3), (8.4), and (8.5). �

Theorem 8.4. The generating function
∞∑

n=0

(
ζ + n − 1

n

)
pFq+1

[
(α1)λ, α2, . . . , αp;

1 − ζ − n, β1, β2, . . . , βq;z
]

wn

= (1 − w)−ζ
pFq+1

[
(α1)λ, α2, . . . , αp;

1 − ζ, β1, β2, . . . , βq;z(1 − w)
]

(8.6)

for pF λ
q (z) in (3.1) holds true.

Proof. This follows from applying the identity

(1 − ζ − n)m = (1 − ζ)m

(
ζ + n − 1

n

)(
ζ + m − n + 1

n

)−1

, m, n ∈ N0

in [1, 15,19] into the left hand side of (8.6) and simplifying. �
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Theorem 8.5. The generating function
∞∑

m=0

(
ξ + m − 1

m

)
pF λ

q

[
(α1)λ, ξ + m, . . . , αp;

β1, β2, . . . , βq; z

]
wm

= (1 − w)−ξ
pF λ

q

[
(α1)λ, ξ, . . . , αp;
β1, β2, . . . , βq;

z

(1 − w)

]
(8.7)

for pF λ
q (z) in (3.1) holds true.

Proof. When putting α2 = ξ + m and ζ = 1 − n in the equation (8.1), the left side of the
equality (8.7) becomes

∞∑
m=0

(α1)λ
n(ξ + m)n · · · (αp)n

(β1)n · · · (βq)n

[ ∞∑
m=0

(
ζ + m + n − 1

m

)
wm

]
zn

n!
. (8.8)

Applying
∞∑

m=0

(
ζ + n + m − 1

m

)
wm = (1 − w)−ζ−n

in [19] to (8.8) yields the required result (8.7). �

Theorem 8.6. Let

Φ(µ,ν),λ
m (z) = Φ(µ,ν)

m

[
(α1)λ, α2, . . . , αp;

β1, β2, . . . , βq; z

]
= pFq+ν

[
(α1)λ, α2, . . . , αp;

∆(ν; 1 − µ − m), β1, β2, . . . , βq;z
]

(8.9)

for ν ∈ N and µ ∈ C, where

∆(ν; µ) = µ

ν

µ + 1
ν

· · · µ + ν − 1
ν

.

Then
∞∑

n=0

(
µ + n − 1

n

)
Φ(µ,ν),λ

m+n (z)wn = Φ(µ,ν),λ
m ((1 − w)νz)

(1 − w)µ+m
(8.10)

for m ∈ N0, µ ∈ C, ν ∈ N, and |w| < 1.

Proof. The left side of the equality (8.10) can be arranged as
∞∑

m=0

∞∑
n=0

(
µ + m + n − 1

n

)
(α1)λ

m+n(α2)m+n · · · (αp)m+n

(1 − µ − m − n)νm+bνn(β1)m+n · · · (βq)m+n

zm+n

(m + n)!
wn.

(8.11)
Applying the identity

(1 − µ − m − n)νk = (1 − µ)νk

(
µ + m + n − 1

n

)(
µ + m − νk + n + 1

n

)−1

for m, n ∈ N0 and k ∈ N in [19] into (8.11) and employing (8.9) yield the required
result (8.10). �

Theorem 8.7. Let

Φ(δ,ν),λ
m (z) = Φ(δ,ν)

m

[
(α1)λ, δ, . . . , αp;
β1, β2, . . . , βq; z

]
= p+νFq

[
(α1)λ, ∆(ν; δ + m), . . . , αp;

β1, β2, . . . , βq; z

]
(8.12)
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for ν ∈ N and δ ∈ C, where

∆(ν; δ) = δ

ν

δ + 1
ν

· · · δ + ν − 1
ν

.

Then
∞∑

n=0

(
δ + m + n − 1

n

)
Φ(δ,ν),λ

m+n (z)wn = 1
(1 − w)δ+m

Φ(δ,ν),λ
m

(
z

(1 − w)ν

)
(8.13)

for m ∈ N0, δ ∈ C, ν ∈ N, and |w| < 1.

Proof. The left side of the equality (8.13) can be rewritten as
∞∑

m=0

∞∑
n=0

(
δ + m + n − 1

n

)
(α1)λ

m+n(1 − δ + m + n)νm+νn · · · (αp)m+n

(β1)m+n · · · (βq)m+n

zm+n

(m + n)!
wn. (8.14)

Applying the identity

(1 − δ + m + n)bk = (1 − δ)νk

(
δ + m + n − 1

n

)−1(
δ + m + νk + n + 1

n

)
for k, n ∈ N0 and k ∈ N in [19] to the equation (8.14) and utilizing (8.12) yield the required
result (8.13). �

9. Concluding remarks
In our present paper, we first demonstrated the degenerate Pochhammer symbol by con-

sidering the degenerate gamma function. Then by means of newly defined a Pochhammer
symbol, we demonstrated a degenerate hypergeometric function. Moreover, we introduced
a degenerate Sumudu transform by using the degenerate exponential function. Also, we
presented integral transforms, fractional calculus operators and generating function for the
degenerate hypergeometric function. We make an observation limitting λ → 0+, then the
result derived in this paper will be reduced to the classical Pochhammer symbol, hypergeo-
metric function and Sumudu transform. Using the (2.1) relation, a new degenerate-special
functions can be obtained.

Acknowledgment. The authors would like to thank Prof. Dr. Feng Qi for their help
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