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Highlights

« This paper focuses on a generalization of Cauchy numbers of both kinds.
* Some properties of this generalization are examined.
« Several new identities for classical Cauchy numbers of both kinds are obtained.
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1. INTRODUCTION

The Cauchy numbers of the first kind (CNFK) c,, and the Cauchy numbers of the second kind (CNSK) ¢,

are given by the integral representations [1]

1 1
Cn =f (x)%dx and ¢&, =j (x)dx,
0 0

where (X)2 = x(x — 1) - (x —n + 1) with (x)2 =1 and (x)" = x(x + 1) - (x + n — 1) with (x)" =

1. The numbers c,,, also known as Bernoulli numbers of the second kind b,, with the relation c,
(see [2, 3]), have the generating function

[oe)
n

z "z
OC" n!  In(1+2)

n=

and satisfy the combinatorial formula

=nlb,
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Here [Z] are the (unsigned) Stirling numbers of the first kind, defined by
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The numbers ¢,, are generated by the function
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and have an explicit formula
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It is good to note that the numbers ¢,, are also called as Norlund numbers and denoted by B,(ln) [4].

Recently, many studies have been carried out on generalizations of Cauchy numbers, according to the
generating functions [5, 6], integral representations [7, 8, 9] and explicit formulas [10, 11, 12]. One of the
generalizations of c,, (resp. ¢,) is c,(ﬂ)(a), called shifted poly-CNFK, (resp. é,(lq)(a) shifted poly-CNSK)
and defined by [13]

11
cD(q) = f f(x1 )a 1( xCI) dxy -+ dxg, (5)
Oq times
0@~ [ [ on) oot g
Tetmes

These numbers have the generating functions

[oe]

@ N2 _
cn(a) =€ (In(1 + 2),a), (6)
n=0
and
z afﬂ)(a)il—rj = e (~In(1 + 2), a), 7
n=0

where e, (z, a) is the poly-exponential function defined by [14]

eq(2,0) = Z K (k + a)d
k=0

Moreover, these numbers can be written explicitly as [13]
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n

50+ 3 B w0 - oS, Pl
=0 k=0

If g=1 and a =q =1, we have shifted Cauchy and Cauchy numbers of the both kinds (CNBK),
respectively.

Another generalization of Cauchy numbers is the p-Cauchy numbers. The p-CNFK ¢, ,, and the p-CNSK
Cnp are defined by [15]

1
- j (1 - )P (), ®)
4]

1
= f (1 —x)P(x)"dx
0

and satisfy the explicit formulas

n

:z k]( 1)nk<k+i+1) and &, = (- 1)nz[k <k+z+1)

k=0
In particular, we have ¢, o = ¢, and ¢, o = .

This study is composed of two main parts. In the first part, we obtain a relation between p-CNSK and
shifted CNFK. This relation gives rise to some new results for the p-CNBK. In the second part, we introduce
a further generalization of CNBK, including both shifted poly-CNBK and p-CNBK. So, we call these
numbers shifted poly-p-Cauchy numbers of the both kinds. We then examine several properties of the
shifted poly-p-CNBK, such as recurrence relations, convolution identities and generating functions. In
particular, we reach new explicit formulas and recurrence relations for shifted poly-Cauchy, p-Cauchy and
Cauchy numbers of the both kinds.

2. p-CAUCHY NUMBERS

In this section, we express p-Cauchy numbers in terms of Cauchy numbers. Moreover, we relate p-CNSK
and shifted CNFK. Then, we obtain new explicit formulas for CNBK.

Komatsu [13] showed that
—_ —H,—

a—INN\(a—-i—1) .
o =3 (T e
u=0 i=0

where {Z} is the Stirling numbers of the second kind, a is a positive integer, n is a non-zero integer and
0 < u < a — 1. In the following theorem, we give a different relation for shifted poly-CNFK.

Theorem 1. For all integers n,p > 0, ¢ = 1 and positive real number a, we have
k
P a+p) = Z D)@ ©
k=0 0

1=
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Proof. Since
(0.0) Zn
Y=+, (10)
e~ n.
(5) can be rewritten as
(q)(a) f f (21 - (1 + z)Fadx, -+ dxg. (11)
q tlmes

P
Applying the Mellin derivative, defined by ((1 +z) %) = ZZ=0 {z} 1+ z)k:—;( to the both sides of
(11), we obtain

o) 1 1 )
z" +p-1 z"
Z Cr(ﬂ)(a"'p)ﬁzj f (xl...xq)“ P71+ o)™ Yadx, - dxg = ((1+z) ) Z (q)(a)H
n=0 0 0 n=0
q times
) k
— @ z"
= Z Z z ncik (@) L
n=0 | k=0 1=0
which give the desired equation.
Setting a = g = 1 in (9) and comparing with the following formula for p-CNSK [15]
s k
Cn-1p+1 Z Z l c
- n+k-1
p+2 k=0 1=0
give the following relation.
Corollary2. Forn>=1andp = 0,
1 "
c,(p+1) = mcn—l,p+1' (12)
It is good to note that taking p = 0 in (12) and using the relation [15]
R p+1, \
Cn+1p = mcn,zﬁl - (Tl + 1)Cn,pr
we have the well-known identity for the Cauchy numbers
Cn = Cp +1Cyq. (13)

Moreover, from (12), we reach new explicit formulas as given in the following corollary.

Corollary 3. Forn,p = 0,
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n

1, n+1y D"
p+1C”'p_kZO[k+1 k+p+1 (14)
and
1) k+p+2\"
na (0 + 1) = Z HiGa R (15)
When p = 0, we have
n
n+1 ( 1)k
Z k +1 k+1 (16)
k=0
and
- 1
n
wn =0 [ g 40

Now, we want to express p-CNFK in terms of CNFK. From (8), we have

1 p 1

%i cn,,,i—’; = j a-xra+zrde=> (}) (—1)'<f (1 + 2)%dx.
n=0

0 k=0 0

Setting ¢ = 1 in (11) and using it in the above equation, we obtain

%i oy oy Z[Z () -Dfentie+ D|%

which can be written

p

p%%p = 2 (i) (—=Dfcq(k + D). (18)
k=0

Then, for a = g = 1, using (9), we have the following theorem.

Theorem 4. Forn,p = 0,

O

Now, we want to recall the binomial transform which will be useful in the next theorem:

Z( 1) bk(n>0)lfand0nlylfb —Z( 1)" )

Using this and (18) give
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P
(=D¥cp
e+ 1=, () ™
k=0
From (12), the above equation can be written as
P
Z ( 1) Cn+1,k
p+2 Enp+y Ck+1
k=0

which is also a new recurrence relation between p-CNBK. For nonnegative integers n and p, utilizing [15,
Theorem 4.5]

Since

we obtain a relation between p-CNSK and CNSK.

Theorem 5. For n,p > 0, we have

14 i+1
p +1 i+1\/m+1\ |
st = 2 L () () e
i=0 1=0
It is known that [13]
n
ny,
DneP@= ) [n] e @, (19)

m=1

nij. . n -1 ! . .
where lmJ is the Lah numbers [16] defined by lmJ = (; _ 1) % Settingg=1anda=p+1in (19)
and using (12), we obtain a relation between p-CNSK and shifted CNSK.

Corollary 6. For n,p = 0, we have

[CEEN nt1)
p+2 np+1 Z lm+1 Cm+1(p+1)
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3. SHIFTED POLY-p-CAUCHY NUMBERS OF THE FIRST KIND

Letn>0,q =1, p =0 be integers. Let a be a positive real number. We define a sequence of rational
numbers c(‘” (a) by

1 1
@ et =
p+1 Cp (@) f f 1—x)P(x2%q) " (%1 %q) dxy -+ dxg. (20)
0

q tlmes
Since (x)2 =Y7_, [ ]( 1)k xk, we obtain the following explicit formula for c(q)(a)

Theorem 7. For all integersn > 0, q = 1, p > —1 and a positive real number a, we have
(@ o ke (D ot
p(@) = kz_o [k]( k ) k+ )T 1)

From (21), it is evident that

chp (@) = Cnp, i1 (@) = 17 (@), B (1) = i, c0(@) = ¢, (1) =,
where c(‘” is the n-th poly-CNFK [8]. Because of these relations we may call shifted poly-p-CNFK for
(Q)(a)

Using Stirling transform, one can obtain that

n -1
Z (q) (k +p+ 1) 1
k (k +a)av

k=0

We also note that such relations have been obtained for poly-Cauchy numbers in [8], for shifted poly-
Cauchy numbers in [13] and for p-Cauchy numbers in [15]. Now, we want to generalize these relations
with the use of generalized Stirling transform [17, Corollary 1]. We then obtain a relation between r-Stirling

"7} and shifted poly-p-CNFK.

numbers of the second kind {m +r
,

Corollary 8. For m = 0, we have

n+m (@ _i m <k+n+p+1)_1 (—1)m_k
o k+m Cmeip (@) — [k] k+n (k+n+a)a-1

n

Using (10) and (20), the generating function of the number c(q)(a) satisfy the following iterated integrals.

Theorem 9. For all integers g = 1, p > 0 and a real number a > 1, we have

1 < a
fp,q<z,a>=mz D@ f f (1= )P (3 xg) T (L4 2 oy g (22)

q tlmes

For integers p = —1 and g and a positive real number a, define the function e, ,(z, a) by
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oo

k

VA
Gay=y — 2
pa e ,ZO @k + 2

When p = 1, we have e 4(z,a) = e;(z,a). Using (21), we have

N @ N C s _ = k! In*(1 + 2)
nz:;, (a) Z (p + Z)k(k +a)q-1 nz:: =1 n! kZ:o (p + 2)k(k + a)a-1 kt

which can be stated as the following theorem.

Theorem 10. The number c(q)(a) have the following generating function

[oe]

S (D@2 = eprzges(nCd +2),a). (23)

n=0

The first few generating functions for c(q)(a) (forp = 0,1,2) are

[o0]

(@ -1 eq-1(In(1+2),a—1)

; (a)_ " (a— D9 n(1 + 2) In(1 + z) ’
i @ 7" -2 ~ 2 2e,_1(In(1 + 2),a — 2)
i T @ =2 n2(1+2)  (a— 1) 1n(1 + 2) n2(1 + 2) ’

> @ = o - ° - ;
Z 28l T (@—3)1"n3(1+2) (a—2)7"1n2(1+2) (a—1)9"tn(1+2)
6eq,-1(In(1+2),a —3)
In3(1 + 2)

In general, we state the following closed formula for the generating function of shifted poly-p-CNFK.

Theorem 11. For integers g = 1, p = 0 and a real number a > p + 2,

o)

p ,
@, 2 _ (+D! L (p + DL
Z (@ ) T InPt(1 4 2) SO 1(In(1+2z),a=p-1) ; (a—i—1)4nit1(1 +2) (24)

n=0

Proof. After an integration by parts, (22) can be written as

_ —1 p
foa®® = T v ) T+ 2 r @D (25)
Applying inductively, we obtain
(p)=2
foa(z @ = p(1 (1 17y 0 ® @ = P) = Z (@— 07 ni(1 +2) (26)

Settingp = 0and a = a — p in (22), we have
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1 1
foq(za—p) = f f ) f(1+z)x1 Tadx, | dx, -+ dxg
0
q- 1tlmes
1

n
@Dg_ i1
Z)C” (@=p 1)n! (a—p-—1)a1f
n=

Using (6) in the above equation yields the formula.

- In(1 + 2)

It is good to note that setting g = 1 in (24) gives [15]

o) p .
Z " (p+D!'(1+2) Z (p + 1)L
n! InP*i(1+2) L Ini*t1(1 + z)’
n=0 i=

Moreover, we have the following formula as an application of Theorem 11.

Theorem 12. For all integersp > 0,n > p + 1, ¢ = 2 and real numbers a > p + 2, we have

zn: (Z) [p _IIC_ 1] (—1)k+p+1 flq)kp(a)

k=p+1

) .
- n+ n 1
=0 Ya-p-1)+(-1) 1;[i](a+i—10_1)q_1.

For g = 1, we have

p

i Ccl) [p -IE 1] D P ey = (—1)”“2 [?] (-1, n=2

=p+1 i=0

(27)

(28)

(29)

We remark that for p = 0 in (29), using the relation c,, = n! b,, and the well-known identity [111] =mn-1),

we have

Z(1)’<+1 (k—D'cp,_, =0, n=2.

which was proved by Agoh and Dilcher [2] with a different method.

InP*1(1+2)
(p+1)!

and use (3) to have (29).

Proof of Theorem 12. Multiply both sides of (24) by
t1(142)

multiply both sides of (27) by D)

(30)

and use (3) to obtain (28). Moreover,

Now, we want to deal with some recurrence relations of shifted poly-p-CNFK. We first have the following:

Theorem 13. For all integers n > 0, ¢ = 1 and real numbers a > 1, we have

57 Carn(@ a+D)+cD@+1), p=-1

e (@ +nciD(a) =

(31)
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and

(@-p-Dc% (@) =cD(@) — @+ D@, p=o.

Proof. Differentiate both sides of (22) with respect to z and multiply it by (1 + z) to obtain

1

(1"'2) qu(Z a) —f f ¢! —xl)pxl(xz---xq)a(l+z)x1“'x61dx1---dxq

L.—/
q times
1 1

—f j (1 —x)P*(x, ---xq)a(l + z)" " Fadxy - dxg

0

%—/
q times
1 1

+ .[ ...f (1 — xl)p(xz .xq)a(l + Z)xl"'quxl oue dxq’

0_'“—/
q times

or, equivalently,
1+ @ 1N L@ 1N L@
T @ =5z ) e Um*mZ ety
n=0 n=0 n=0
After some rearrangement, we obtain (31).
One can obtain that

1 1,a,..,a
epq (X, @) = qa plat (p,a +1,..a+ l’x)’

., a
where ,F, (bi . bg P x) is the generalized hypergeometric function defined by

(i) = 5 X

k k!
=0 (by)* - (bq)
Forp =p+2and x = In(1 + z), we have

1,aq,..,a _
(a—p- 1)q+1Fq+1 (p, a+1,..a+1 In(1 + Z)>

l,a+1,a
—aq+1F+1<pa+1 a+1,11’1(1+Z))

1,a..,a _
—@—1MH&H(p_La+Lma+rma+zQ.

From (23) and (33), we obtain

(32)

(33)
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(a o 1) z (Q+1)(a) z (Q)(a) (P + 1) z 1(1qp+11)

n=0

which gives (32).
Secondly, we obtain the following recurrence relations which are generalizations of (30).

Theorem 14. For all integersn > 1, q > 1, p = 0 and real number a > 1 we have

Z e (7) (= DD (@) = @ + Dl (a 1),

In particular,
z DR (7) = D1eD(@) = @@= 1) - (a - DePa-1,q2 2

Z (=D (k) (k—Dleppp =@+ Depp-1,0 = 1.

k=1

Proof. Considering (23) and (25) yield

1n(1+Z) (@) - @ z"
B CE DI

n=0 n=1

Then, we have

= Z < k(@)
®+1) ; o (a- 1)— Z) ; ( (i)+ 1)71("1) Sk
DN RICEEUNCES
n=1 k=1

Comparing the coefficients of ﬁ in the both sides of the above equation gives (34).
n:

From (32), (34) can be written as

Z 0 () (k= D1, @ = %P (@~ 1) — (@~ p ~ 2)cD(a— 1.

Setting p = —1 in the above equation yields (35).

Komatsu [18] showed that

n

Z ckcnk—cn+ncn1 n
k=0

'M@

-
1l
[

( 6)) + (Tl 1)C(]) )

as a generalization of [19]

(34)

(35)

(36)

(37)
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z (Z) CxCnrx = —(—1)c, —nn—2)c,_1.

k=0
We give analogues of those results in the following theorem.

Theorem 15. For all integersn = 1, g = 1, p = 0 and real number a > 1, we have

n " . c nC(Q)l (@)
q _ n n-1,p
Z (k) Ckcn_k'p_l(a - 1) - (a — 1)(]-1 + p +1 . (38)

k=0

When q = 1, it becomes

n
n _ n
RZO (k) CkCn—kp-1 = Cn T mcn—l,p-

It is good to note that for a = 2 and p = 0 in (38), we have
n
n —
Z (k) Ckcr(lq—kl) = ncvgq—)l,o (2) + ¢y
Comparing (37) with the above equation, we conclude that

(c,(lj) +(n— 1)c,(Lj_)1) = cp1 — P, (). (39)
1

j

On the other hand, setting p = —1 and a = 1 in (31), we obtain ¢4 + nc@™® = {475 (2). Using this
and (39), we have another conclusion as

q-1
Z c,(l])(Z) =c, — cfl?g (2).
=1

Proof of Theorem 15. With use of (1), (23) and (25), we have

1 - Zn+1 1 2 > e ® (a-1)
T O e Y 2w
p+1 " n! (a—1)a1 . n! = k!n!
n= n= =0 n=
e} n
n z"
=212 (e 1<a—1)]ﬁ
n=0 Lk=0

Comparing the coefficients of Z—T in the both sides of the above equation completes the proof.
4. SHIFTED POLY-p-CAUCHY NUMBERS OF THE SECOND KIND

Let a be a positive real number. We define shifted poly-p-CNSK ér(fg (@(n=0,q=1,p=0)by
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1 1
1 -1
_— — r(lqg(a) _f f (1—x1)p(x2---xq)a (_xl...xq)ﬂdxl...dxq. (40)
qtimes

Then, similar to Theorem 7, C(Q)(a) have the following explicit formula.

Theorem 16. For all integersn > 0, g = 1, p > —1 and positive real number a,

(0@ = (- 1)nz "] (”p“) W

In particular, we have
A(l)(a) _ Cnp' A(CI) (a) _ é(q 1)((1) A(q)(l) — A(CI)’ A(l)(a) — A(Z) (1) — én'

where &7 is the n-th poly-CNSK.

The numbers c,ﬁqg (a) have the following generating functions. The proof is similar to that of Theorem 9

and Theorem 10 and omitted.

Theorem 17. For all integers g > 1, p = 0 and positive real number a,

1
fralz @) = — Z “(q)(a) f f (1 —x1)P(x, ---xq)a_l(l +2) M Fadyy e dxg,  (41)

0 o
q times
and
N @ 1 La, .
Z (a) =epi2g-1(—-In(1+2),a) = pr — oy p+2a+1 a+1,—ln(1+z) )
n=0
The first few generating function for c(q)(a) (forp =0,1) are
Z A(q)( )_ B 1 B eq-1(-In(1 + 2),a — 1)
s (a—1)41n(1 +2) In(1+ 2) ’
n=
Z (q)( )_ B -2 N 2 N 2e4_1(—In(1+2),a —2)
(a—2)1n?2(14+2z) (a—1)21n(1+2) In2(1+ z) '

n=0
In general, we have the following closed formula for the generating function of c(q)(a).

Theorem 18. For integers g = 2, p = 0 and a real number a > p + 2,
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[oe]

z"  (—=1)Pt? 1!
S @i = ST (i”:z)) eg-1(-In(1 +2),a—p—1)

p . .
D' p + 1)
+ ; (a i 1)q—11ni+1(1 n Z)' (42)

n=0

Proof. After an integration by parts, (41) can be written as

1 p A
@Dtz m@a+tg/ra®e-D: (43)

fp,q (z,a) =

Applying inductively, we obtain

2 (=1)Pp! (D™ ()=t
= : : 44
foa® @) =157 )f"q(z a=p) +Z (a— D)4 ni(1 + 2) (44)
Settingp = 0, a = a — p in (41) and using (7), we have
= ! In(1 + 1)+ !
Foa0=p) = s [ ~eq (Il 4 2, a —p = )+ |
Utilizing the above equation in (44) completes the proof.
We note that for g = 1 in (42), we have [15]
[e3) p . .
AL —_1\p+1 1 —1\i i+1
z _ =DPT(p+ 1) -D'(p+1) . (45)

Pnl - (1+ 2P 1 (1+2) < . Ini+1(1 + 2)
=

t1(142)

Multiplying both sides of (42) with 2 i)

12, we arrive at the following:

and then applying the method used in the proof of Theorem

Theorem 19. For integers g = 2,n > p + 1, p = 0 and a real number a > p + 2,

n p
D QS deveto@=dep-nrcrn Y ey @

k=p+1

For g = 1, we have

“ p
Z (Z [p + 1] ( 1)kcn kp — (_1)nn! + (_1)n+1z [:l] , n=1. (47)
k=p+1 =0

S 20 1 p>1, (48)

proved by Norlund [4]. Moreover, using (12) in (47)yield(n=>p +1,p = 1)
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n (_1)n I (_1)n+1 P
P 9] A [ N R N 1

o] (49)
k=p+1 i=0
Setting p = 1 in (49) and using the well-known identity
n
2] = (= Dty
where H, =1+ % + 4 % is the harmonic number, we deduce an analogue of
"Z (-1 1
L -1 % T w1y
recorded by Agoh and Dilcher [2].
Corollary 20. Forn = 2,
n-2
1k -1
g Hyy o iCrny = M (50)
k‘ (n—k) 2n
The following theorem relates both kinds of the shifted poly-p-Cauchy numbers.
Theorem 21. Let q be an integer and a be a positive real number. Forn > 1 and p > —1, we have
(-D"e(@) = 2 HEAO (51)
and
D" (@) = Z HEAS! (52)

Proof. With the use of (—x)® = (=1)™(x)" and (x)® = ¥7_, [Z] (x)k in (40), we have

(_ A(q)(a) = Z lk”. f (1 —x)P (2 - ) ( "xq)del'"dxq'

qtnnes

Then, from (20), we have the first identity. Moreover, let (a,)n=o and (b,)m=o be sequences of complex
numbers. Then b, = Y3—; lZJ ai ifand only if a,, = Y3_; lZJ (—1)™ *b,,. Using this relation in the first
identity yields the second formula.

These relations enable us to examine some properties of “(q)(a) from c(q)(a). For instance, the following
recurrence relations holds for shifted poly-p-CNSK.

Corollary 22. For all integers n > 0, ¢ > 1 and real numbers a > 1, we have
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R p+1), R
&P, (@) +nel(a) = gl eD @+ D+ED@+1), p=-1 (53)
and
@—p-1De8P (@) =¢D@ - @+ D@, p=0 (54)

Proof. Multiply both sides of (31) by lm and sum over n from 1 to m to obtain

Z l;n Cr(gi—)lp(a)-i'z l ne (Q) (P++21) l J 7(1qp)+1(a+ 1)+Z l JC(Q)(Q-F 1).
n=1

n=1

Using (51) and the recurrence relation of Lah numbers

+1 m m
" =l 2]+ e[
we obtain (53). Similarly, using (32) and (51) gives (54).

Using (41) and (43) and applying the same method used for the proof of Theorem 14, we obtain the
following recurrence relations which are the analogues of (48).

Theorem 23. For all integers n > 1, and real number a > 1, we have

z D (F) = D1E0, @ = P+ DED_@-1),  ¢=1p=0, (55)
In particular,
Z D<) = D1 @ = e V@ - D - @-DEP@-1,  q22 (56)
Z DX (7) =Dl eyosp = @ + Dénpor,  p2 1. (57)
=

On the other hand, using (12) and (57), we have

Z ( 1)k (k_ 1) Cn+1- k(p) - Cnp 1-

Setting p = 1 in the above equation gives a new relation between CNBK.

Corollary 24. For n = 1, we have

Z( OUWICESVENESS (58)

Note that Howard [20] gave the relation
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n
B™ =ni Z (—1)"kp,.
k=0

Using the relation c,, = n! b,,, one can easily see that (58) can be written in the following form

n —_K—-
) o (_1)n k 1f

B by,.
n n+l—-k *
k=1
Komatsu [18] gave
n q-1
™o (e . e i
Z (k) eV =¢, —n (c,(,]) +(n— 1)07(11_)1) (59)

k=0 j=1

to generalize [19]
n
n n A A
z (k) Ckln-r = —(m — 1)(E, + néy_q).
k=0

Now, we want to generalize these formulas. The proof is similar to that of Theorem 15 with the use of (41)
and (43), so it is omitted.

Theorem 25. For all integersn > 1,q > 1, p = 0 and real number a > 1, we have

- n @ C né(q)1 (a)
A(q T n _ n-1p
Z (3) et Dpp-s(a—1) = P (60)

k=0

When g = 1, we obtain

n

n R n
z (k) CkCn—kp-1 = Cn — mcn—l,p- (61)
k=0

It is good to note that for a = 2 and p = 0 in (60), we have
n
z (Z) Ckér(lq—_kl) =0 — "ér(Lq—)Lo(z)-
k=0
Comparing (59) with the above equation and using (13), we conclude that
q-1

(59) +(n - 1)5(91) = &P, 6(2) = Gyn. (62)

n
=

On the other hand, setting p = —1 and a = 1 in (53) and using it in the above equation, we arrive at

q-1
Y W@ =0 -
=1
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Moreover, utilizing (12), (61) can be written as

n
n cn  ncp(p)
kZ (k) CkCnr1—k(@— 1) = ?n - T;) :

o

From (9), we have c¢,,(2) = ¢,4+1 + nc,. Thus, we obtain a new convolution identity for CNFK.

Corollary 26. Forn = 0

n
n (1 B nz)cn — NCpi1
Z (k) Ckln+1-k = 2 .
k=0

5. CONCLUSUIONS

In this paper, a new generalization of Cauchy numbers is introduced, and some arithmetical properties are
discussed. In particular, new identities for Cauchy numbers are achieved. In the recent paper [21], Hurwitz-
Lerch type multi-poly-Cauchy numbers are studied. For the further research, considering this paper with
our results, one can introduce the concept of Hurwitz-Lerch type multi-poly-p-Cauchy numbers.
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