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ABSTRACT

In this paper, for a given curve in the Euclidean 3-space R? we introduce new invariants such as
arc-length, curvature and torsion with fractional-order and provide certain relations between these
and the standart invariants. We obtain the Frenet-Serret formulas in R? and then construct the ways
of determining a curve in R? and R? in terms of the new invariants. Several examples are also given
by figures.
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1. Introduction

Fractional Calculus has been investigated and developed since seventeenth century by a larger group of
mathematicians led by Leibniz, Bernoulli, L'Hopital, Euler, Laplace among others. See [2, 34] for details of the
process. This branch of Mathematics is an extension of the notion of ordinary differentiation and integration to
non-integer orders.

When it comes to a fractional derivative operator, owing to the fact that the ordinary derivative possesses
well-known physical and geometric responses, it is immediately questioned whether the fractional operator
also presents a physical or geometric interpretation. In fact, it is supposed to have larger physical and geometric
properties than that of the ordinary derivative, given that it generalizes operators of integer order. In order to
satisfy the expectation, from the physical point of view, there have recently been published a great number of
papers, see [1, 3,6,7,11,12, 14, 15, 18, 24, 31, 32, 40, 41]. Besides the physical capabilities, it is worth to mention
that Fractional Calculus acknowledges a wide range of applications in science [10, 19, 21, 30, 35, 36, 38, 44].

Most recently there has been an ascending attention to bring in a geometric approach to a fractional
derivative, mainly focusing on Differential Geometry, Fractal Geometry and Vector Calculus of which classic
geometry are subclasses. See [3, 4, 13, 16, 20, 27, 28, 29, 42, 43]. Despite diversity of fractional derivative
operators used in these approaches, they mostly fail to perform Leibniz rule and various composition rules
[37]. Nevertheless, these are indispensable tools to establish a theory in differential geometry of curves, which
is our main interest in the present study.

Before presenting how to tackle this obstruction, for a function f(t), let us first introduce the Riemann-
Liouville fractional integral and derivative and the Caputo fractional derivative of order « as ([5, 8, 34])
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respectively. We remark that f is supposed to be smooth in the case of Caputo derivative and I" («) denote the
Euler gamma function of the parameter « given by ([23])

F(a):/ t*~te~tdt.
0

As clearly seen in (1.1), the fractional derivative of the function f is defined by the ordinary integration of f,
presenting non-locality associated with the long range interactions in a space or a past history. Furthermore,
this kind of "fractional derivative’ is non-local; that is, at a point ¢, the fractional derivative of f (¢) is determined
by non-local values of f (t).

Among the fractional derivatives, because the Caputo fractional derivative of a constant function vanishes
([3, 4]), it is the most preferred to construct a theory in the context of Differential Geometry, for example see
[3, 4, 42, 43]. Besides, for a given curve in the Euclidean 3-space R* Gozutok et al. [16] introduced curvature,
torsion and Frenet-Serret formulas by using the conformable fractional derivative. In [27], local properties of
curves and surfaces in R? were considered via the Leibniz fractional derivative.

Aside from the mentioned advantage of the Caputo fractional derivative, it exhibits some difficulties as do
other fractional derivative operators. More clearly, for the Caputo fractional derivative, the Leibniz rule and
derivative of composite function appear in the form of infinite series given by respectively [6]

a = «Q de a—1 2
©D510) (=3 (4) G (D570) )~ =7 0100

7

1=0
and
o Cfl®) = fg0), o = te d'f(g(t)
(°D§.f) (9 (1) = T(i—a) t +§<i)1“(i—a+l) prra (1.2)

These infinite series make difficulties to introduce basic geometric objects of a curve as the tangent vector,
curvature and etc. For this reason the authors in [43] were forced to impose a certain simplification for (1.2) as
follows: for given smooth functions f (¢) and ¢t = g (s)

ast=® dfd
(“D§S) (9(5) = T3 d—{d—z, (1.3)
where and hereinafter we assume 0 < a < 1.

In this paper, based on the simplification (1.3) we generalize for a given curve x (s) in R?® the arguments
defined in R? by Yajima et al. [43], introducing the arc-length paramater s, curvature «, and torsion 7, with
fractional-order a. We provide some relations between «,, 7, and the standard curvatures of x (s). By showing
that x, and 7, are invariants under the Euclidean motions of R?, we prove the Fundamental Theorems of
curves in R? and R? in terms of the curvatures with fractional-order. Several examples are also provided by

figures.

2. Basics of differential geometry of curves

We briefly provide the differential geometric objects of curves in R” from [9, 17, 33]. )
Let (-,-) and ||-|| denote the scalar product and induced norm in R", respectively. Let y : I — R" be a regular

curve , i.e. ||[y|| #0, for each t € I and y = %. Remark that the derivative with respect to the parameter ¢
is denoted by a dot throughout the paper. Then there exist a unit speed reparameterization x of the curve y,
x =you~!:I—R"? such that
t
ut) = [
to
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and ||2%|| = 1. The parameter u is said to be arc-length. Point out that the arc-length parameter  is invariant
under the Euclidean motions of R". We seperate the formulas for local properties of the curves into two
subsections:

2.1. Plane curves

Let x : I — R? be a unit speed curve. Then the curvature r of x at u € I is defined by « (u) = HZ% . The
Frenet-Serret frame of x at u consists of t (u) = 9= ,andn(u) =J (& u) , where J is the complex structure of

R? given by (v,w) — J (v,w) = (—w,v) . For an arbitrary parameter ¢, x is calculated by

e = (0.7 Ge(0)

(OIS
Thus the Frenet-Serret formulas follow
dt
@ = KRN,
dn
qu —kt.

On the other hand, because j—x is a unit vector for each u € I, there exists a smooth function 6 (u) , called
turning angle of x, such that
Z—z = (cosf (u),siné (u)).
The value k (u) = |, is referred to as signed curvature of x at u. Note that k (u) is unchanged by the Euclidean
motions of R? and « = |k|. The Fundamental Theorem of plane curves states that for a given smooth function
k (u),u € I, there exist a unique plane curve x up to a Euclidean motion of R? such that k& and u are the signed
curvature and arc-length parameter of x, respectively.

2.2. Space curves

Let x : I — R® be a unit speed curve. Then the curvature r of x at u € I is defined by & ( H d—x The
Frenet-Serret frame of x at u consists of t (u) = 9| and n (u) = o) % i k(u) #0,and b (u) =t (u) x n(u),

where x is the cross product in R3. Thus the Frenet-Serret formulas follow

qu K1,

dn

% = —krt + ’7']1)7
Em = —T1n,

where the value 7 (u) = (42 . P (u)) is called the torsion of x at u. Note that x and |r| are invariant under the

Euclidean motions of R3. For an arbitrary parameter ¢, x and 7 are calculated by

ey = EOXEOI ) 50 x%0),% 1) 02
I% ()]* 1% (2) x % (1)]]

The curve x turns to a straight-line (resp. planar curve) when « (resp. 7) vanishes identically. A curve x is
called a general helix if there is a fixed unit vector u such that for each u € I the function (t (), u) is constant.
The Lancret Theorem [26] states that the ratio  is constant for each « € I if and only if x is a general helix.
Furthermore, x turns to a circular helix prov1ded both x and 7 are constant.

The Fundamental Theorem of space curves states that for given smooth functions « (v) > 0and 7 (u), u € I,
there exist a unique space curve x up to a Euclidean motion of R? such that «, 7 and u are the curvature, torsion
and arc-length parameter of x, respectively.

3. Curvatures of space curves with fractional-order

Let x : I — R3 be parameterized by the arc-length u. Consider another parameter s given by

uU—>8s= {Oﬁ)u] : , (3.1)
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where I is the Euler gamma function and 0 < o < 1. Due to (2.1), s is also a function of ¢. Let us put s = h (¢).
Then (3.1) gives

h(t) = T2—a) (3.2)
It follows from (3.2) that
. dh ah1 0‘( )

which implies that /» is positive for each t and so its inverse function t = h~! (s) exists.
Remark 3.1. Throughout the paper we use the notation

og,p) ()= L0,

Morever, the dash ' denotes the derivative with respect to s.

Following Yajima et al. [43], for the simplification of Caputo fractional derivative of composite function given

by (1.3) we can take the monomial
d*x(h(t))  ah'™*(t) , 1\,
ds*  T'(2-a) () %

After considering (3.2) and (3.3) into (3.4), we conclude H e | || =1 for each s, namely s is the arc-length
parameter of x by the virtue of (3.1) and (3.4). Hence we call the parameterlzed curve x by (3.1) with (3.4) unit
speed. In the meanwhile, this is the justification why the parameter s is chosen as in (3.1).

In order to obtain the Frenet-Serret formulas with fractional-order « we firstly point out that the Frenet-Serret
frame {t,n, b} is independent of the choice of parametrization, namely

span J &% (X (dex\T _ o [dx &x dx
PaRY s \ase ) "\ dse TP A ddd [

This means that t (s) = ‘f;;‘ , is the unit tangent vector of x at s. Because (t,t) = 1, we deduce that t' =

perpendicular to t. We take n (s) = 0 t’Es;H as unit principal normal vector of x at s. We call k, (s) = ||t/ (s)]|

curvature of x at s with fractional-order .. The vector b (s) = t (s) x n(s) is the binormal vector of x at s.
For the Frenet-Serret formulas of x we have

(3.4)

at g

Theorem 3.1. Let x be a parameterized curve in R3 by (3.1) with (3.4). Then we have

t' = Kkqn,
n’ = —k,t + 7,b, (3.5)
b’ = —7,n,

where 7, (s) = (0’ (s),b (s)) is called torsion of x at s with fractional-order c.

Proof. The first equality in (3.5) is obvious. The proof of other equalities can be done by a similar way in usual
case (i.e. the case o = 1), for instance see [33, p. 50]. O

Remark 3.2. For the standard curvature s and torsion 7 of the curve x, we have x; = x and 7, = 7. We also call
x and 7 the curvature and torsion of x with integer-order.

Theorem 3.2. Let x be a parameterized curve in R® by an arbitrary parameter t and let

Mﬂ=<r2_a>

ka(t) = ¢ (1) £(t), Ta(t) = ¢ () T(t), (3.6)

where K, T, and k, T are respectively the curvatures and torsions of x with fractional-order o and integer-order.

Then the following occurs
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Proof. Taking ordinary derivative of (3.4) with respect to s gives

as™® / " . ast—@ Z1NV/2 ..
t = {F(Q—a) ((1 —a) (k') +s(n7h) )} % + T2 o) (1) % (3.7)
Substituting (3.4) and (3.7) into (2.2) leads to
Kal(s) = %n (s). (3.8)

By considering (3.1) into (3.8) we obtain the first equality of (3.6). Next we write

!/
To = (0t x n) = <<1> t'+ it”,t X 1t’> = % {t",t x t') (3.9)
Ra a Ra Ka
Taking ordinary derivative of (3.7) with respect to s and substituting it into (3.9) yields
1 ast—® 3 NG e o
Ta = PRE (F(2—a)> ) (X, x x X). (3.10)
The proof is completed by considering (2.2) and (3.8) into (3.10). O

By (3.6) we have the following results.

Corollary 3.1. Let x be a parameterized curve in R3 with nonzero curvatures k, i, and torsions 7, 7,. Then the following
holds

Corollary 3.2. Let x be a parameterized curve in R with the curvature ., and torsion 7, of fractional-order «.. Then
x is a straight-line if ko, = 0, a planar curve if 7, = 0 and a general helix if "= = const. # 0. The converses are true as
well.

Corollary 3.3. Let x be a parameterized curve in R3 with constant curvature x2, of fractional-order . Then the following
ODE holds

In addition, if x has constant torsion 72 with fractional-order « then

d
d—z + 79— 1)T =0,

where x and T are the curvature and torsion of x with integer-order.

Proof. It can be easily proved by using (3.6). O

4. Fundamental Theorems of plane and space curves

We first concern the case that x is a plane curve: let x be parameterized curve in R? by the arc-length
parameter u and « the curvature of x with integer-order. Likewise 3—dimensional case, we have the arc-length
parameter s given by (3.1) with (3.4) and the relation

Ir'2-a)

Ka(s) = asl—a K(s),
called curvature of x in R? at s with fractional-order « (see [43, p. 1499]). For the Frenet-Serret formulas of x we

have

/
t' = Rqn,

!
n = —krut,

www.iejgeo.com 136


http://www.iej.geo.com

M. E. Aydin et al.

dse
is perpendicular to t (s) for each s, we conclude that (4= )I and n are linearly dependent and so there exists a
function k, (s), called signed curvature of x with fractional-order o, such that

(52) ) =katmo).

which implies [kq| = kq. Because 9X| is a unit vector at s we write

where t (s) = X ,and n(s) = J (t (s)) are unit tangent and principal normal vectors of x at s. Because t’ (s)

d¥x

d*x

. S = (cosf (s),sinf (s)),

for a smooth function 6 (s) yielding ¢’ (s) = kq (s) .

Theorem 4.1. (Fundamental Theorem of Plane Curves) Let ko, be a real-valued smooth function on an open interval I which
does not contain zero. Then there exists a unit speed curve x : I — R? parameterized by (3.1) with (3.4) such that k,,
is the signed curvature of x with fractional-order «. Further if y : I — R? is another curve admitting k., as the signed
curvature with fractional-order o then y (s) = M (x (s)), for a Euclidean motion M of R

Proof. The invariance of the derivative of the arc-length s and signed curvature k, under a Euclidean motion
can be easliy shown by a similar way in [17, p. 136]. This can be concluded by (3.1) and (3.6) as well. Let us
introduce 0 (s f ke (t) dt for a fix so € I, and

x(s) = re-q (/S t*1cos (t) dt7/S t*~1sin @ (t) dt> . (4.1)

@ S0 S0

If we differentiate (4.1) by using (3.4) then we easily achieve that %, is the signed curvature of x with fractional-
order «, implying the first part of the proof. For the second part, let

y(s)= [2-o </8 t* L cos (0 (t) + 0o) dt, /8 t*Lsin (6 (t) + 6o) dt) + Yo, (4.2)

@ S0 S0

where y( and 6, are a constant vector and scalar. By using the addition formulas for Sine and Cosine into (4.2),

we conclude
y (S) = Ty0R90 (X (S)) 3

where Ry, denotes the anticlockwise rotation by the angle 6, about the origin and 7y, the translation by the
vector y(. This completes the proof. O

Theorem 4.2. (Fundamental Theorem of Space Curves) Let ko > 0 and 7, be real-valued smooth functions on an open interval I
which does not contain zero. Then there exists a unit speed curve x : I — R3 parameterized by (3.1) with (3.4) such that
Ko and T, are the curvature and torsion of x with fractional-order «.. Further if y : I — R? is another curve admitting
Ko and 7o, as the curvature and torsion with fractional-order o, then'y (s) = M (x (s)) , for a Euclidean motion M of R3.

Remark 4.1. The proof performs similar techniques used in the usual case, namely the case o = 1, for instance
see [17, p. 219-222].

Proof. We divide the proof into two parts:

The uniqueness part. The invariance of the derivative of the arc-length s, the curvature x, and absolute value
of the torsion 7, under a Euclidean motion can be easliy shown by a similar way in [17, p. 218]. Furthermore,
this can be concluded by (3.1) and (3.6). Let {t, nx, by} and {t,,ny, by} denote the Frenet frames of x and y,
respectively, and fix sy € I. By applying a translation and a rotation R of R? we may assume that the following
quadruples coincide

{x(s0), tx (50) s 1x (50) , b (s0)} and {y (s0) , ty (s0) ;ny (s0) , by (s0)} -

This means that there exists a Euclidean motion M of R? such that M (x (so)) = y (s0) and R (tx (s0)) = ty (s0),
R (ng (s9)) = ny (s0) , R (bx (s0)) = by (s0) , where R is the so-called linear part of M. For s € I, let us introduce
the following

fls) = %KR(tx(S))* ty (s), B (tx (s)) — ty (s)) +
+ (R (nx (s)) —ny (s), R (nx (s)) — ny (s))
+ (R (bx (s)) = by (s), R (bx (s)) = by (s))]-
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By using (3.5) and the assumption that x and y have the same curvature and torsion with fractional-order «
we obtain % = 0. This follows that f is a zero function because f (s¢) = 0. Thereby we obtain

d*M (x(s))
ds®

= Rlte () =ty (5) = T2, @3)

After considering (3.4) into (4.3) we get M (x (s))’ =y’ (s), yielding
M (x(s)) =y (s) + 2,

for each s and a constant vector z. Notice also that z = 0 because M (x (sg)) =y (s0)-
The existence part. We use the techniques from the theory of systems of ordinary differential equations. For
Jj =1,2,3, let us consider the following system

3, el 44
n/;.:—liatj—l-Tabj, ( ' )
bj = —Taly
with the initial conditions
zj (s0) = Ajs tj (s0) = pj, mj (s0) = &5, bj (S0) = tp()€pi+1) — Bo(i+1)Ep() (4.5)

where ¢ (s) = 22=%) and p (j) = j + 1 (mod3). In addition let

asl—a
3 3 3
=Y = tand Yt =0
j=1 j=1 j=1

It is known that the system (4.4) with (4.5) admits a unique solution. Putting

X = (:El; x2, $3) ) t= (t17t2;t3) , = (7’L177’L27’I’L3) 3 b= (b17 b2a b3) )
then the system (4.4) can be associated to into the equations

d*x

ds* t
t' = kan,
n = —kuot+7.b,
b = —7,n.

This implies from (3.5) that x is a unit speed curve parameterized by (3.1) with (3.4) admitting s, and 7, as the
curvature and torsion with fractional-order a. O

5. Examples

Example 5.1. Let x be a parameterized curve in R? given by (3.1) with (3.4) and let s, = 1 identically. By (4.1)

we can get
I'(2 -
x(s) = % </ s Leos sds,/s“il sin sds> .

For the different values of a, x can be plotted as in Figure 1.

Example 5.1 puts forward a construction method of a plane curve x from its curvature x, with fractional-
order a. In addition, Figure 1 shows the change of the curve x with x, = 1 about the value of a. As a goes
to 1, x closes to a standard circle with radius 1, conforming to the fact that every plane curve having consant
curvature with integer-order is a standard circle.
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a=0.1

X
4| :
-1.0 /
| /
a=1
a=0.9 y
y
1.0+
0.5} 051
1 1 1 1 X 1 . L . L * t— X
-1.0 -0.5 0.5 1.0 -1.0 -0.5 0.5 1.0
\ / / \ /
-0.5 -0.5
Figure 1. Plane curves with ko, = 1 for @ € {0.1,0.5,0.9,1}.
Example 5.2. Let k., = 1 = 7, identically. (4.4) follows
o) = =y,
t =mn;
J I (5.1)
;- = —tj + bj
bj = —ny, ] = 1,2,3.
Put t = (¢1,¢2,t3), n = (n1,n2,n3), b = (b1, b, b3) with the intial conditions
T T T
t{—)=(1,0,0),n{—=)=(0,1,0), bl — | =(0,1,0). 5.2
()-n00.0(3) 00014 (3) oo o
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After we solve (5.1) with (5.2) by considering (3.4) we derive
1 .
t(s) = 3 (—COS (\@s) +1,—v2sin (\/55) , COS (\/53) + 1) ,

n(s) = % (sin (\/53) . —V2cos (\/55) ,—sin (\/is)) ,
b(s) = % (cos (\/53) +1,v2sin (\/53) , — COS <\/§s> + 1) ,

and

x(s) = [2-9) </ st [— cos (ﬂs) + 1} ds,

2c

/s“*l [~v2sin (v2s)] ds,/sﬂ*1 [cos (V2s) +1] ds) .

For different values of «, x can be plotted as in Figure 2.

a=0.1 a=0.5

\ 2
1
0

Figure 2. Space curves with ko = 7o = 1fora € {0.1,0.5,0.9,1} .

Example 5.2 puts forward a construction method of a space curve x from its curvature «, and torsion 7, with
fractional-order «. In addition, Figure 2 shows the change of the curve x with x, = 7, = 1 about the value of
a. As a goes to 1, x closes to a standard circular helix, conforming to the fact that every space curve having
consant curvature and torsion with integer-order is a standard circular helix.

Example 5.3. Let x be a curve in R? parameterized by

x (s) = (3cosv (s),3sint (s),4¢ (s)), (5.3)
where ¢ (s) = % By the virtue of (3.4) we conclude from (5.3) that s is the arc-length parameter and

b0 = X2 L gnw (), Beosts (5).4),
n(s) = (=cosy(s),—sine(s),0),
b(s) = g (sing(s), ~dcosts(5),3),

3T (2 —a)s*! AT (2 —a) s>

) = 252)8 ) =2 252)8 ’

3 4

k(s) = % T(s) = =

For different values of « the graphs of the curvature «, and torsion 7, with fractional-order and the curve x
can be drawn as in Figures 3,4.

www.iejgeo.com 140


http://www.iej.geo.com

M. E. Aydin et al.

0.05

a—1 a—1
Figure 3. Graphs of ko (s) = % (left-hand side) and 74, (s) = % (right-hand side) for o € {0.1,0.5,0.9,0.99, 1} .

As can be seen in Example 5.3, the part s*~! of the curvature and torsion with fractional-order points to
the effect of fractional derivative, intrinsically given by (3.4). The curvature and torsion takes a large value
around an initial time and converges to zero for a long period of time, reflecting the memory effect of fractional

derivative which is progressively declined for a long period of time.

Furthermore, Figure 4 shows the change of the curve x with 7, (s) = 25a(s) — AL@-a)s" ahout the value of

3 2o
a. As o goes to 1, x closes to a standard circular helix.

6. Remarks and Discussions

By Figures 1,2,4 we can figure out that the curves given in Examples 1,2,3 close to the standard objects as «
goes to 1, which implies that our approach conforms to the well-known geometric aspects. Figure 3 indicates
the change of the curvature , and torsion 7, with fractional-order « about the value of a and these converge
to zero for s — oo. It means that this intention of . and 7, points the memory effect of fractional derivative
decreasing for a long period of time. In other words, our results and examples suggest that the property of
fractional derivative associates with the differential geometry of plane and space curves based on the equation
(3.4)

Furthermore, the approach carrying out in the present study puts forward a novelty from physical point of
view, a geodesic with fractional-order o parameterized by

N «
x(s)=p+ %v,p,v e R™. (6.1)

The following can be immediately checked by (3.1) and (3.4)

d [d*x
t = — _— =
Vi ds <dsa > 0,
d*x

which conforms with the usual geodesic equation in R™. Here t (s) = 4-*| and V is the Levi-Civita connection

in R™ [39]. Notice that (6.1) is geometrically nothing but a straight line.

7. Conclusions

The main goal of this paper was to make a conribution to the intersecting of two different disciplines such
as Differential Geometry and Fractional Calculus. We remark that this contribution was mostly realized to the
differential geometric parts of the intersecting. What we presented in our study can be summarized as follows:

We firstly introduced new invariants for a parameterized curve x (s) in R?, i.e. the curvature x, and torsion
7, with fractional-order «, 0 < o < 1. Meanwhile, new geometric objects could be defined by using these
invariants, for example
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a=0.1 a=0.5
80 ‘ 0
5
90
10
Z 100 z
15
110
20
W 2 0_2 2 0 _2
x Y X y
a=0.9 a=1
0
of ( (
10(
20
220 z
30 40
W
X y ' y

4k (s) _ 4T (2—a)s®~
3 = 25a
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Figure 4. Space curves with 74 (s) = fora € {0.1,0.5,0.9,1}.

e a circle with fractional-order «, i.e. a curve with s, = const. and 7, = 0,
e a circular helix with fractional-order «;, i.e. a curve with s, = const. and 7, = const.,
¢ aslant helix (see [22, 25]) with fractional-order «, i.e. a curve with

((%)Q(ia:af)?»m (,1(2)/ = const.

Investigating these objects could be an interesting problem.

We then provided the relations between the invariants with fractional-order a and standard invariants of
x (s) . We finally gave several examples illustrating the curves in both R? and R® with constant curvature and
torsion with fractional-order «. Point out that we benefited from the Fundamental Theorems for plane and
space curves stated in terms of the new invariants in order to illustrate these.
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