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Abstract

We define statistical logarithmic summability of strongly measurable fuzzy valued functions and we give slowly
decreasing type Tauberian conditions under which statistical limit at infinity and statistical logarithmic summability
of strongly measurable fuzzy valued functions imply ordinary limit at infinity in one dimensional fuzzy number
space E!. Besides, we give slowly oscillating type Tauberian conditions for statistical limit and statistical
logarithmic summability of strongly measurable fuzzy valued functions in n—dimensional fuzzy number space E".
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1. Preliminaries

Let .#;(R") denote the family of all nonempty compact convex subsets of R”. If A,B € J¢.(R") and k € R then the operations
of addition and scalar multiplication are defined as

A+B={a+b:acAbeB}and kA={ka:acA}.
The Hausdorff metric on .7, (IR") is defined by

d(A,B) = max {ilelglggg la bll,igg;gg [la bll} :
where ||| denotes the usual Euclidean norm in R”.
A fuzzy number is a mapping u : R” — [0, 1] which satisfies the following four conditions:
(i) u is normal, i.e. there exists an xy € R” such that u(xp) = 1.
(ii) u is fuzzy convex, i.e. u[Ax+ (1 —A)y] > min{u(x),u(y)}, for all x,y € R" and for all A € [0, 1].
(iii) u is upper semi-continuous.
(iv) The set [u]p := {x € R" : u(x) > 0} is compact.[1]

This work was presented partly in 4th International Conference on Pure and Applied Sciences(Renewable Energy), ICPAS2017, November 23-25, 2017,
Istanbul-Turkey with title ”On some statistical weighted mean summability methods of fuzzy-number-valued functions”.
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The set of all fuzzy numbers is denoted by E” and E" is called fuzzy number space. If u € E", then a-level set [u]q of u,
defined by

| xeRu(x) >at , (0O<a<l),
[M] - {xeRn;u(x)>0} , ((X:O),

is a nonempty compact convex subset of R”.
Let r € R". We say that 7 is a crisp fuzzy number if

Fx) = 1, ifx=r
"1 0 , otherwise.

The operations addition and scalar multiplication on fuzzy numbers are defined by
utv=w <= [wlg=[u|g+[V]a, forall o € [0,1]
and
[ku]oq = k[u]q, forall o € [0,1].
Lemma 1.1. /2]
(i) 0 € E" is neutral element with respect to +, i.e., u+0=0+u=u, for all u € E".

(ii) For any a,b € R with a,b >0 or a,b <0, and any u € E", we have (a+ b)u = au+ bu. For general a,b € R, the above
property does not hold.

(iii) For any a € R and any u,v € E", we have a(u+v) = au+ av.
(iv) For any a,b € R and any u € E", we have a(bu) = (ab)u.
The metric D on E" is defined as follows:

D(u,v) := sup d([u]qa,[V]a)-
oel0,1]

From [2], we have the following lemma.
Lemma 1.2. Let u,v,w,z € E" and k € R.
(i) (E",D) is a complete metric space.
(ii) D(ku,kv) = |k|D(u,v).
(iii) D(u+v,w+v) = D(u,w).
(iv) D(u+v,w+z) < D(u,w)+ D(v,z).
(v) |D(u,0) —D(v,0)| < D(u,v) < D(u,0) +D(»,0).
We recall the concepts of measurability and integrability for fuzzy valued function.

Definition 1.3. [3] Let T = [a,b] C R. A function s : T — E" is strongly measurable if for all o, € [0, 1] the set valued function
So : T — J:(R") defined by

sa(x) = [s(x)]a
is Lebesgue measurable, when J£.(R") is endowed with the topology generated by Hausdorff metric d.

Theorem 1.4. [3] If fuzzy valued function s is strongly measurable, then it is measurable with respect to the topology generated
by D.

Definition 1.5. [3] Let s : T — E". The integral of s over T is defined by the following:

[/ s(x)dx} = / [s(x)]adx = {/ F(X)dx| f: T —R" is a measurable selection of sa},
Jr o« JT T

for a € (0,1].
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A function s : T — E™ is called integrably bounded if there exists an integrable function 2 : T — R such that D(s(¢),0) <

h(t), forallt € T.
A strongly measurable and integrably bounded function s : T — E" is said to be integrable over T if

/ s(x)dx € E".
T
Theorem 1.6. [3] Ifs: T — E" is strongly measurable and integrably bounded, then s is integrable.

Definition 1.7. A fuzzy valued function s : T — E" is said to be continuous at xo € T if for each € > 0 there is a 6 > 0 such
that D(s(x),s(x0)) < €, whenever x € T with |x —xo| < 0. If s is continuous at each x € T, then we say s is continuous on T.

Theorem 1.8. [3]If f: T — E" is continuous then it is strongly measurable.
Strong measurability of fuzzy valued functions does not imply continuity by the following example.
Example 1.9. Let u,v € E" with u # v and define s : T — E" by

S(X)IZ{'LL ) ifxeQ

vV, otherwise.
Fuzzy valued function s is strongly measurable but it is not continuous.
Theorem 1.10. [3]Ifs: T — E" is continuous, then s is integrable.
Theorem 1.11. [3]Ifs: T — E" is continuous, g(x) = [ s(t)dt is Lipschitz continuous on T.

Theorem 1.12. [3] Let f,g: T — E" be integrable and A € R. Then,
(i) Jr(f(x)+8(x))dx = [7 f(x)dx+ [; g(x)dx;
(ii) Jp Af(x)dx =R [ f(x)dx;

(iii) fbf(x)dx = jf(x)dx—kf (x)dx, where a < ¢ < b.

(iv) The function F : T — R defined by F (x) = D(f(x),g(x)) is integrable on T and

p( [ ax. [ et) < [ Dir).etax

Lemma 1.13. [2] Suppose 1 € E" and define s : T — E" by s(x) = W, for all x € |a,b]. Then,

b

/s(x)dx =(b—a)u.

a

If u € E', then a-level set [u]y of u is closed, bounded and non-empty interval and we can write [u]q := [u™ (a),u” (@)].
The partial ordering relation on E' is defined as follows:

u=v<(ulg 2 Vo= u (a)<v (a) andu’ () <v(a), forall @ € [0,1].

Combining the results of Lemma 6 in [4], Lemma 5 in [5], Lemma 3.4, Theorem 4.9 in [6] and Lemma 14 in[7], following
lemma is obtained.

Lemma 1.14. Let u,v,w,e € E' and € > 0. The following statements hold:
(i) D(u,v) <eifandonly ifu—€ <v=<u+¢€

(ii) If u 2 v+ € for every € > 0, then u <X v.

(iii) Ifu <vandv <w, then u X w.

(iv) Ifu=wandv <e, thenu+vw+e.

(v) Ifu+w=<v+wthenu=<v.
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A fuzzy valued function s : T — E! has the parametric representation

[s(0)]oc = [5g(x), 56 (x)],
where s, s, : T — R, for all a € [0,1].

Theorem 1.15. [8] Fuzzy valued function s : T — E' is strongly measurable if and only if s{, and sy are measurable for all
o< [0,1].

Lemma 1.16. [9] Fuzzy valued function s : T — E' is integrable if and only if s§;, sq are integrable over T and

[/%S(X)dx}a = {/Tsa(x)dx,/ng(x)dx} : (1.1)

forall a €[0,1].
Lemma 1.17. [9] Let f,g: T — E! be integrable and f(x) < g(x), for all x € T. Then, [; f(x)dx < [ g(x)dx.

Talo et al.[9] and Belen[10] defined statistical limits of fuzzy valued functions at e independently. Talo et al.[9] took the
case of strongly measurable fuzzy valued functions while Belen[10] took the case of continuous fuzzy valued functions. In
view of Theorem 1.8 and Example 1.9, definition of Talo et al.[9] is more general and hence we prefer to use that definiton.

Definition 1.18. [9] A strongly measurable fuzzy valued function s : [a,o0) — E" has statistical limit at oo if there exists a fuzzy
number U such that for every € > 0,

. 1
lim
b—oo b —a

[{x € (a,b) : D(s(x), 1) > e}] =0, (1.2)
where by |{.}| we denote the Lebesgue measure of the set {.}. In this case, we write st-Lims(x) =pu.
X—o0

Remark 1.19. In (1.2), the set {x € (a,b) : D(s(x), 1) > €} is Lebesgue measurable by Theorem 1.4.
Theorem 1.20. [9] Let s be strongly measurable fuzzy valued function. Then,
xlgl;los(x) =u= st;l(}oms(x) =U. (1.3)

The converse of Theorem 1.20 does not hold in general. As a counter example, we can give Example 1.9.

Definition 1.21. [11] A fuzzy valued function s : [1,00) — E' is said to be slowly decreasing with respect to logarithmic
summability if for every € > 0 there exist xo > 1 and A > 1 such that

s(t) = s(x)—¢ (1.4)
whenever xo < x <t < x*.

Definition 1.22. A fuzzy valued function s : [1,00) — E™ is said to be slowly oscillating with respect to logarithmic summability
if for every € > 0 there exist xy > 1 and A > 1 such that

D(s(t),s(x)) <€ (1.5)

whenever xop < x <t < x*.

2. Main Results

By Lioc([a,),E™), we denote the set of fuzzy valued functions s : [a,e0) — E" such that s is integrable on every bounded
interval [a,x], x > a. We define statistical logarithmic summability of fuzzy valued functions as the following.

Definition 2.1. Let s € Ljyc([1,%0),E"). Logarithmic average t(x) of s is defined by

7(x) ! /:Mdu’ x € (1,00).

- logx u

We say that s is statistically logarithmic summable to a fuzzy number W if st-limT(x) = .
X—ro0
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By [11, Theorem 3.2] and Theorem 1.20, ordinary limit of fuzzy valued functions at infinity implies statistical logarithmic
summability. But the converse is not true in general which can be seen by the following example.

Example 2.2. Take fuzzy valued function s : [1,00) — E' such that

1—(t—sinx)2, if sinx—1<t<sinx+1,

0, otherwise.
Then, we have
Sg(x) =sinx—v1—a , si(x)=sinx++v1-a,
- L sy (u)
lim 7, (x):hm—/ du=—v1—-a,
1

x—yo0 x—e logx u

1 *sd
lim 7} (x) = lim —/ al) T a.
x—yeo x—elogx /1 u

Since limy_s0o D(T(x), 1) = 0 where [U]q = [—v/'1 — 0t,\/1 — ], by Theorem 1.20 fuzzy valued function s is statistical logarith-
mic summable to fuzzy number

1—1¢2 if —1<r<1,
u(t){ Joolses

0 otherwise.

But ordinary limit of s at infinity does not exist.

In the following two theorems, we give slowly decreasing and slowly oscillating type conditions under which statistical
limits of fuzzy valued functions implies ordinary limit at infinity.

Theorem 2.3. If a strongly measurable fuzzy valued function s : [1,00) — E' is slowly decreasing with respect to logarithmic
summability, then st-gms(x) = W implies lijn s(x) = W.
X—r0 X—ro0

Proof. Let strongly measurable fuzzy valued function s : [1,00) — E! be slowly decreasing with respect to logarithmic
summability and st-lims(x) = pt. Then for given an € > 0 there exist xo > 1 and A > 1 such that slow decrease condition (1.4)
X—r00

is satisfied. Also, as in [12, Proof of Theorem 1], since stx-ggls(x) = U there exists a sequence b,, T o of real numbers such that

D(s(b,),u) <e, n=1,2,.... 2.1
and for some ny we have

bup1 <br,  n=no+1,n9+2,... (2.2)
Now consider ¢ € (b, by1] for n > ny. In view of (2.2) and monotonicity of sequence (b,) we get

by <t <bpy <br <t
So by slow decrease condition (1.4) and by (2.1), for every n > ng and ¢ € (b, b, 1] we have

s(t) = s(by) — & = n —28. (2.3)
Again for every n > ng and t € (by,by11] we have

$(1) < $(bus1) +E < 428, 2.4)
Then combining (2.3) and (2.4) we get

D(st),p) <26 forevery 1€ | (bubuss] = (buyi1,).

n=ny+1

This proves xlgg s(x) = . O

Theorem 2.4. If a strongly measurable fuzzy valued function s : [1,00) — E" is slowly oscillating with respect to logarithmic
summability, then st-lims(x) = W implies lim s(x) = .
X—ro0 X—>o0
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Proof. Let SE('E?S(X) = 1 and s be slowly oscillating with respect to logarithmic summability. Then as in the proof of Theorem

2.3, for given € > 0 and A > 1 there exists a sequence b, 1 oo such that (2.1) and (2.2) are satisfied. By condition (2.2) and by
condition of slow oscillation we have

D(s(t),s(by)) < € whenever xo < b, <t < b, (2.5)
for large enough n, say n > ny. From (2.1) and (2.5) it follows that
D(s(t), 1) < D(s(t), (b)) +D(s(by), 1) < 2€

for every 1 € U, _, +1(bn,bnt1] = (bn;41,°0). This means that lim s(x) = p. O
X—yo0

Now we aim to replace logarithmic summability with statistical logarithmic summability in Theorem 2.8.

Lemma 2.5. If s : [1,00) — E' is a fuzzy valued function such that slow decrease condition with respect to logarithmic
summability (1.4) is satisfied for € :== 1 where xo > 1 and A > 1, then there exists a constant By > 0 such that

Int
s(t) = s(x) —B;In <lnnx> whenever — xo <x<it'/*. (2.6)

Proof. Lets:[l,00) — E'! be a fuzzy valued function such that slow decrease condition with respect to logarithmic summability
(1.4) is satisfied only for € := 1 where xo > 1 and A > 1, and let xo < x < ¢'/* be given. Then consider the sequence

to 1= t, tp =t p=12...,q+1,

where ¢ is defined by the condition 7,11 <x <1,. Since (1.4) is satisfied for € := 1, we get
s)=s(t1)—1=s(tr)—2>= - =s5(ty) —g = s(x)—g—1.

Then by the calculations regarding g in [12, Proof of Lemma 1], we get

1 Int
s(t) = s(x)—1— mln (lnnx) whenever  xg <x <t'/*, 2.7

Then in view of x < 1/*, we have InA < In ({2£) and as result we conclude
s(t) = s(x) —B;In <1> whenever — xo <x<t'/*
nx

with B; :=2/InA. O

Lemma 2.6. s € L;,.([1,0),E"). Under the assumptions of Lemma 2.5, there exists a constant By > 0 such that

1t 1
/ s(i)dx - 7/ @dx—Bz whenever t > x%. 2.8)

Exox T Int Jy x

Proof. Let the fuzzy valued function s satisfy slow decrease condition only for € := 1 where this time assume xo > e. Then by
(2.6), we get the following:

/t@dx - /Ms(t)dH 'S0 g

0 X 0 X /A x

i/ Ay Ine ' td
=/ 0 g b, ln(n>dx+ S(—x)dx—/ &
X0 X xo X Inx Jillh x Jil/A X
ot [l/ll 1 t
- / @dx—&/ ln(nt>dx—/ dx
x X xo X Inx A x
" s(x) InA  (Inlnxp) 1
= [ D Bs(ine) [ o2 4 0 )
= ./xox X 3(“)(A+ PR

where we took into account the calculations in [12, Proof of Lemma 3]. If we take

B
B, := Tl(lnl +1Inlnxy+ 1),

this proves (2.8). O
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Lemma 2.7. Ifs € L;,.([1,0),E") is slowly decreasing with respect to logarithmic summability, then logarithmic mean 7 is
slowly decreasing with respect to logarithmic summability.

Proof. Let s € Ljy.([1,00),E") and be s be slowly decreasing with respect to logarithmic summability. We aim to show that
logarithmic mean 7 of s is also slowly decreasing.
Let some 0 < € < 1 be given. Then consider xg <x <t < x* that in slow decrease condition (1.4), where

4

l<A<1l4—F——
SAs +max{l,Bz}

and B; is from (2.8).
By the following equality

X X
T(t)+ l—ln—x L/OMdu—&- 1—ln—x L/ MdM-F l—ln—x lnﬂs(x)
Int JInxJ1 u Int / Inx Jy, u Int / Inx
T(’)+<111E);> r(x)+<1h“‘) X0 ()

In7 ) Inx’
1 (" s(u) Inx Inxg
= — — 1_ — —
T+ Inz /X u dut ( 1nt> Inx s(x),

we have

1 1 [ 1 | 1 1
o)+ (1- 2 7/ $0) gy (1 10 7/ S0 gy (1= 1) Ino g
Int JInxJ1 u Int / Inx Jy, u Int / Inx

1 [ s(u) Inx\ Inxg 29)
=T — | —=d 1—— ) —s(x).
() + lnt/)C u ut ( lnt> Inx s(x)
Then by Lemma 2.6 and from slow decrease condition (1.4) we get
Inx\ 1 /% s(u) Inx 1 [<s(x) Inx Inx
T(t l—— ) — —d l-—)q— | —du+B l—— | —
()+< 1nt)1nx/1 u u+< lnt>{lnx/xo u A Int lnxs(x)
1 [7s(x)—1 Inx '\ Inxg
= — d l1-— | —
z T+ Int /x PR < lnt) Inx $(x),
which yields
Inx\ 1 /% s(u) Inx Inx Inx\ Inxg
() + (1 — E) m/1 = dut (1 - E) By = t(x) — (1 - E) + (1 - E) TS0 (2.10)
At this point there exists x; > x(}; such that
Inx\ Inxp -
l—— | —s(x) = —¢ whenever x> x; (2.11)
Int ) Inx
holds since by (2.7) we have
s(x) _ s(xo)—1 1 Inx
— = — In{ — 0 oo,
Inx = Inx InxlnA 1 Inxg Y
Besides there exists x» such that
1 1 [
1— X —/ Mdu < —£ whenever x> X, (2.12)
Int JInxJ1 u

since

1 1 X _
lim (1——% —/ 5 gy = 5,
xX—>00 Int / Inx J1 u

Also from the fact % < ll‘r‘l—f we have

1
(l_lnt) B, < <l—l>Bz<(l—l)Bz<87 (2.13)
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and again from the fact that 1 7 < lnx we get

Inx 1
—(1 1 t> (1—1) >—(A—1)>-—=¢. (2.14)

Then inserting the expressions (2.11)—(2.14) in equality (2.10) we get
T(t) = 1(x) —4¢€ whenever — x3<x<t<x",
where x3 = max{xg,x1,x2 }. This proves that 7 is slowly decreasing with respect to logarithmic summability. O
Analogous of Corollary 3.8 in [11] can be given as the following.

Theorem 2.8. Ifs € L;,.([1,0),E") is logarithmic summable to a fuzzy number [ and is slowly decreasing with respect to
logarithmic summability then lgn s(x) = .
X—>o0

In view of Theorem 2.8, Theorem 2.3 and Lemma 2.7 we give the following result.
Theorem 2.9. Ifs € Li,.([1,%0),E") is slowly decreasing with respect to logarithmic summability, then st-lim T(x) = y implies
X—ro0
)}grolo s(x) = u.
Replacing absolute value with metric D in Lemma 2 and Lemma 4 in [12] we obtain the following lemmas in fuzzy setting.

Lemma 2.10. [fs: [1,00) — E" is a fuzzy valued function such that slow oscillation condition with respect to logarithmic
summability (1.5) is satisfied for € :== 1 where xo > 1 and A > 1, then there exists a constant By > 0 such that

In?
D(s(t),s(x)) < BszIn (111n)c> whenever  xg <x <t'/*,

Lemma 2.11. Ler s € Ly, ([1,%0),E™). Under the assumptions of Lemma 2.10, there exists a constant B4 > 0 such that

1 (" D(s(t
7/ De):s0) 4 < g, whenever 1> xg.
Int X0 X

Lemma 2.12. Ifs € Lj,.([1,0),E") is slowly oscillating with respect to logarithmic summability, then logarithmic mean 7T is
also slowly oscillating.

Proof. As in the proof of Lemma 2.7, for given 0 < € < 1 consider xo <x <t < x* that in slow oscillation condition (1.5),
where
€

<A<+ —F——=
= max{1,B4}

and By is from Lemma 2.11. Adding 2 ( 1nx ( lnxo) ) to both sides of the equation (2.9) we get

Tnt Inx

Int —1 X Inz —1 1 /! Int —1
T(t)+u/ OMdu—k nt nx/ s(u)d +7/ @du—l— u(lnx—lnxo)s(x)
1 X0

Intlnx u IntInx u In u Intlnx
1 Int—1 Int —1
:’L'(x)—i——/ Mdu—i— n nxs(x)—i— n nx/ Lx)du.
Int Jx u In¢ Intlnx Jy, u

Then by the properties given in Lemma 1.2 and Theorem 1.12 we have

Inz —1 X Int —1 't Int —1
D(m nx/ OMdu—i—im nx/ s(u)d —&——/ @du—&—im nx(lnx—lnxo)s(x),
1 X0

D(z(1),7(x))

IntInx u Intlnx . u In u IntInx
L/’Mdlﬁ_lnt—lnxs(x)_i_lnt—lnx/ S(—x)du
Int Jx u Int Intlnx Jy, u
In7 —Inx ~ Int—Inx %D 0 Inf —Inx (%D
n X oD(s(x),0) + n nx/ (s(u), )du—f— n nx/ (s(u),s(x))du
IntInx Intlnx Ji u Intlnx Jy, u
1 D
Ly (5(),5)
Int Jx u

J1+h+J3+ 4.
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By Lemma 2.10, there exists x| > x(’} such that J; < € for x > xj in view of the fact that
D(s(x),0) < D(s(x),s(x0)) N D(s(x0),0) < B, In(Inx/Inxp) N D(s(x0),0) 0 (asxo ),
Inx Inx Inx Inx Inx
Besides, since
Int —1 X0 D 0
lim o / (s0:9) 4, —
x—e Intlnx Jy u
there exists x; such that J, < € for x > x».
Furthermore, from the fact that % < llrr‘l—“; and by Lemma 2.11 we have J3 < (A — 1)By < € for x > x%.
Again from the fact that % < 11?1—“; and by slow oscillation condition we have Jy < €.
Hence combining all findings we have
D(t(t),7(x)) <J1+h+J3+Js <4e whenever x3 <x<t< x’l7
where x3 = max{x;,x, }, and this completes the proof. O

Analogous of Corollary 2.1 in [13] may be given for s € Lj,.([1,0),E") as the following. The proof is similar and hence
omitted.

Theorem 2.13. Ifs € Lj,.([1,00),E") is logarithmic summable to a fuzzy number 1 and is slowly oscillating with respect to
logarithmic summability, then lim s(x) = .
X—>oo

In view of Theorem 2.4, Lemma 2.12 and Theorem 2.13 we give the following result.

Theorem 2.14. Ifs € L;,c([1,0),E") is slowly oscillating with respect to logarithmic summability, then st-lim T(x) = y implies
X—o0
lim s(x) = .

X—ro
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