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ABSTRACT. This paper deals with the existence and uniqueness of solutions
for a coupled system of fractional differential equations with coupled nonlo-
cal and integral boundary conditions. The existence results are obtained by
using Leray-Schauder nonlinear alternative and Banach contraction principle.
An illustrative example is presented at the end of the paper to illustrate the
validity of our results.

1. INTRODUCTION

In this paper, we are interested in the existence of solutions for the nonlinear
fractional differential equations

cDY () = f(tu(t),v(t), te[0,1],2<a<3,

DBy (t) =g (t,u(t),v(t)), tel0,1],2<B<3, (1.1)

subject to three-point coupled boundary conditions

Au(0) +ru (1) =v(n), M (0)+v(1)=u(n),

u(0) = [ v(s)ds, u(0) = [ v (s)ds, (12)
XDPu(0) +4¢DPu(1) =v(n), 1<p<2 :
NDPy(0) +~4°DPv (1) =u(n), 1<p<2

where v, A € RF, f, g € C ([0,1] x R%,R) and °D*, “D” denote the Caputo frac-
tional derivatives of order ov and 3 respectively.

The concept of fractional calculus has played an important role in improving
the work based on integer-order (classical) calculus in several diverse disciplines of
science and engineering and the details of its basic notions, results and methods
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can be found in the texts ([2, [I7]) and papers ([I, 21, 23]). The nonlocal na-
ture of a fractional order differential operator, which take into account hereditary
properties of various material and processes, has helped to improve the mathemat-
ical modeling of many natural phenomena and physical processes, see for example
([I°7) 22]). The increasing interest of fractional differential equations and inclusions
are motivated by their applications in various fields of science such as physics chem-
istry, biology, economics, fluid mechanics, control theory, etc, we refer the reader
to (31 41 5L 6] [7, 8 @, 11, 12 13} [19] 20, 27]) and the references therein.

Coupled systems of fractional-order differential equations constitute an inter-
esting and important field of research in view of their applications in many real
world problems such as anomalous diffusion [25], disease models [12], synchroniza-
tion of chaotic systems [24], etc. For some theoretical works on coupled systems
of fractional-order differential equations, we refer the reader to a series of papers
(101 (15, 16, 26} 28, [29]).

The goal of this paper is to establish the existence and uniqueness results for
the nonlocal boundary value problem — by using some well-known tools
of fixed point theory such as Banach contraction principle and Leray-Schauder
nonlinear alternative. The paper is organized as follows. In Section 2, we recall
some preliminary facts that we need in the sequel, for more details; see [I7]. Section
3, deals with main results and we give an example to illustrate our results.

2. PRELIMINARIES

In this section, we introduce some definitions and lemmas, see ([I7, [I§]).

Definition 2.1. Let o >0, n—1<a<n, n=[a]+1 and u € C([0,00),R).
The Caputo derivative of fractional order a for the function u is defined by

cD*u -t / — )" ™ (5) ds
Dt F(n_a)o/u ) (5)ds,

where I' (+) is the Euler Gamma function.

Definition 2.2. The Riemann-Liouville fractional integral of order o > 0 for a
function u : (0,00) = R is given by

I*u(t) = ﬁ/(t—s)ailu(s)d‘s, t>0,

where T (+) is the Euler Gamma function, provided that the right side is pointwise

defined on (0,00).

Lemma 2.1. [18]. Let a > 0, n — 1 < o < n and the function g : [0,T] — R be
continuous for each T > 0. Then, the general solution of the fractional differential
equation D¢ (t) = 0 is given by

g(t)=co+ert+---+cyat"

where cg, 1, ..., Cn—1 are real constants and n = [a] + 1.
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Also, in [§], authors have been proved that for each T' > 0 and u € C ([0,T]) we
have

I°Deu(t) = u(t) + co+ crt + -+ cp1t" 1,

where ¢, ¢y, ..., ¢,—1 are real constants and n = [a] + 1.

3. EXISTENCE RESULTS

Let X = {u(t) : u(t) € C([0,1],R)} endowed with the norm ||u|| = sup |u(t)]
te(0,1]

such that |Ju|| < oo. Then (X, ||.||) is a Banach space and the product space

(X x X, ||(u,v)]]) is also a Banach space equipped with the norm ||(u,v)|| = |Jul| +

[[o]l-
Throughout the paper, we let
@3-
- LGP Lo pry -1y 20,
[y — 77|

Ay=A )] =[A+v=1(n*+2(1-n)t),

-7 #0, Q=120 =n)(v=n)+ 0" A +y—1[| £0,

B(t)=[A2 ()] = (P N +y—U+3[y =11 =n) (" +2(1 = n)t)-Q (n* +3(1 —n)¢),
and

Q=2(0-n)(v—n)+n*A+y-1)#£0.
Lemma 3.1. Let y € C(]0,1],R). Then the solution of the linear differential

system

D (t)=y(t), ‘DPv(t)=h(t), t€[0,1],2<a, B<3
/\U(0)+W() v(n), v()+vv() u(n),
:fon v (0) fo
ACDPu()ﬂCDPu() CD%U, Gepss
A¢DPy (0) +~v°DPv (1) =° DPu(n), 1<p<2,

(3.1)
1s equivalent to the system of integral equations
t n S
(t—s) 1 (s — 7)1
d —————h(r)dr | d
/ Ty YT [/ TR
0 0 \o
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and
-9 0 feen
v(t)—/ @ y(s)ds—i—l_ (/ () h()dT)ds
0 0 0
om0
Q(ln)0/<0/ o) “)d)d
MM [ @yt raest
6(1—77)QL/ Ma—p ”0/ a7 y”d]
+ A (0) /n(n_s)alh(s)ds—v/l(l_s)ﬂ 1y(s)ds
QMA+v-1) ) I'(a) ) I'(a) ’
(3.3)
where
AMAt)=A+y=-1) W +201-n)t),
and

A@)=AN+7=D+3(v=7)1=n) @ +20-n)t)—Q (v’ +3(1—n)t>).

Proof. Tt is well known that the solution of equations ¢D%u (t) = y (t), *D%v (t) =
h(t) can be written as

u(t) = I (t) + co + c1t + cot?, (3.4)
v (t) = IPh (t) + do + dit + dat?, (3.5)

where cg, c1,c2 € R and dy,d;,d2 € R are arbitrary constants.

Then, from (3.4]) we have
u' (1) =171y (t) 4 1 + 2eat,

and
D (t) = 1977y (1) + e 1 2
‘DPu(t)=1"Py(t) + co=———, <p<2
r@-p)
By using the three-point boundary conditions, we obtain
M, 4 o
ca = (I°7Py (m) =1 7Py (1)),

B )\+’Y—1 F7 s—1)° 1 / 5(5—7)6 !
co=— N J (/ ()dT)d8+1_770/(0/F(5) h(T)dT)ds

PP O+v=1D)+3(—n)A—n] —n*Q) M | [ B”l (1-s)* 7!
_ 20-10 {/ (3 ds—’y/i_ y(s)ds

1 I 1 a 1
/(77;8 dsffy/ —5) ],
0

0

2
n
+—
Q
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and
. —2(A+7—1)/n j(s—T)ﬁlh()d i
= —————h(r)dr
' Q T (5)
0 \o
n 1
SA+y—1)+3(v—n*)(1-n)M _ )t 1_ g)@ Pt
(P A+ =1)+3(=7°) 1 —n) /(n 5) h(s)ds_v/( 5) ) (5) ds
3Q ) I'(B-p) ) I' (o —p)
n 1
2(1-1n) /(n—s)f“ /(1—s>°‘1
+ s)ds — — vy (s)ds
0 /T y(s) 70 T (o) y(s)
Substituting the values of constants cg,c; and c2 in (3.4), we get solution (3.2)).
Similarly, we obtain solution (3.3). The proof is complete. ([l

The following relations hold:

AW < B+ =1 (1 +2(1—n) = 4,

and

IBOI<|(0*1B+y=11+3[y=n*[(1=m) (1" +2(1-m) = Q (> +3(1—n)| = By,

For the sake of brevity, we set

A = nftt + APt MBin + Ain®

L= T=T(B+2) " QU—mT(B+2) ' (I— n)QF(A p+1> QIBFY—1[T(B+1)’
A, = MB~vy 4 1Y + 1

2 6(1— n)gr(a p+1) Q\A++»y 1T (a+1) F(a+1)’

_ n% Ain® MBin A
A3d— =T T AT T ot T A TG
an

MB1~y Ay

As = smart=—rn + oD T IR

In view of Lemma [[.2] we define the operator 7' : X x X — X x X by
_( Ti(uv) (1)
T (u, v) (t> = ( T, (u’ U) (t) s

(t _ S)a—l

t n s s — )81
T (u,v) (t)zo/F(a)f(s,u(s),v(s))ds—i-lin/ (/ (F(;)g(r,u(r),u(r))m) ds
0 0

n

1
__BHM (n—s)""" st
6(1—1)Q / T(3-p) g(s,u(s),v(s))ds 70/ (o —p) f(s,u(s),v(s))ds
AP 1 et
40 [/ n—s) g (s,u(s) v(s))ds—fy/(l ) f(s,u(s),v(s))ds}
0 0
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BOM | [(—s"" [0t
61— Q / T(a—p) f(s,u(s),v(s))ds—'yo/ TG ) g(s,u(s),v(s))ds
SION I RUE s
+Q|5+’Y—1| 0/ T (a) f(S,u(s),v(s))ds'yO/F(B)g(s,u(s),v(s))ds,
Q“‘”)o/o/ i () o) dr | ds.

Observe that the boundary value problem — has solutions if the operator
equation (u,v) =T (u,v) has fixed points.

Now we are in a position to present the first main results of this paper. The
existence results is based on Leray-Schauder nonlinear alternative.

Lemma 3.2. [I4] (Leray-Schauder alternative ). Let E be a Banach space and
T : E — FE be a completely continuous operator (i.e., a map restricted to any
bounded set in E is compact). Let

e(T) ={(u,v) € X x X : (u,v) = AT (u,v), forsomeO <\ <1}.
Then either the € (T) is unbounded or T has at least one fized point.

Theorem 3.3. Assume that f,g: [0,1] x R x R = R are a continuous function
and

(Hy) there exist constants k; > 0, m; >0, i =0,1,2 such that Vu € R, Yv € R, we
have

|f(t,u,v)| < ko + ki |u| + ko ‘vl ’
and
lg (£, u, v)| < mo +ma [ul +mz[v].

If (AQ + A3) ki + (Al + A4) my <1 and (AQ + Ag) ko + (Al + A4) m3 <1, where
Ay, 1 =1,2,3,4 are given above. Then the boundary value problem —
has at least one solution on [0, 1].

Proof. Tt is clear that T is a continuous operator where 7" : X x X — X x X is
defined above. Now, we show that T" is completely continuous. Let 2 C X x X be
bounded. Then there exist positive constants L; and Lo such that

[f (G u(t), o) <Ly, gtu(t),v®)] < La, V(u,v) €
Then for any (u,v) € €, we have

Ly [ [G=n""

|T1(u,v)(t)§1_n0/ O/F(ﬁ) dr | ds
AL [ Flamn? Ny =0T
+Q(1—77)0/0/ N d“lo/ T(a) °

Mol |, -’ et
Sa-ma LZO/ I'(8-p) ! +7L10/ g
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|A () [ i (1—s)*""
—S
+c2|A+v—1| {Lz/ o ”Ll/ T (a }

0 0

SL{ /(/H )/(/)

0

]\4,}/‘31 L a p— 1 a 1
+L / / ds
' Q] Tla=p) Q|A+7—1\

+Zr}

< L2A1 + LlAQ.

Hence

IT1 (u, )| < LaAq + L1 A (3.6)
In the same way, we can obtain that

T2 (u,v)|| < L1As + L2 Ay. (3.7)

Thus, it follows from (3.6)) and (3.7)) that the operator T is uniformly bounded, since
IT (u,v)|| < L1 (A1 + Ag)+ Lo (Ag + Ay). Now, we show that T is equicontinuous.
Let t1, ty € [0,1] with ¢; < t3. Then we have

a—1

Ty (u(t2),v (t2)) — T1 (u(t1),v / ty — 5) ()t1 —s)” is
0

t

=) A — AW L [ [(s—7)""
o Fla) % Qu_un 0/<0/ T (3) ‘”)ds

t1

N i ﬁpl I 7o¢p1
ot 1, PO o [

0 0
Alb)—Ah) |, [ -3 [ (1)
ST [L/ I (5) ds‘”Ll/ T'(a) ds]‘

Obviously, the right-hand side of the above inequality tends to zero as to — ;.
Similarly, we have

t1
G

_ )Pt
s (u(t2) v (t2)) = T <u<t1>vv<t1>>|§L2/ o ) -
0
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ta

e e
+L2/(t2 ) ds+|A(t2)(1_t1|L1/ /3 7) d7- ds

') Q
t1 0
(B (1) - Bt [ =" O
+ (1_77 Q Llo/ F d8+’}/L20/ F ds

QA+y—1] I'(a) B)

Again, it is seen that the right-hand side of the above inequality tends to zero as

to — t1. Thus, the operator T is equicontinuous.

Therefore, the operator T' is completely continuous.

Finally, it will be verified that the set e (T') = {(u,v) € X x X : (u,v) = AT (u,v), 0 <A <1}
is bounded. Let (u,v) € € (T), with (u,v) = AT (u,v) for any t € [0, 1], we have

w(t) = ATy (u,v) (t), v (t) = ATz (u,v) (¢).

Alt)— A |, [ s [ (1 5)"!
+—7" L1 ~——ds — ’YLQ — ds
/ [

Then

lu ()] < Az (ko + ki1 [u| + k2 [v]) + Ay (Mo + ma [u] +ma v]),

= Aok + A1mg + (Azky + Aymy) [u] + (Azks + Arme) v],
and

|’U (t)| S Ag (k’o + k’l \u| + kg |’U|) + A4 (m() + mi |’LL| + mo |UD s

= Aszkg + Aymg + (A3k’1 + A4m1) |’LL| + (Agkg + A4m2) |U| .
Hence we have

[ull = Acko + Armo + (Agks + Arma) [|ul| + (Azke + Arma) [Jv]]
and
H’U” = Agk‘o + A4m0 + (A3]€1 4+ A4m1) |’U,‘ + (Agk’g =+ A4m2) ‘Ul R
which imply that
||u|| + H’U” = (AQ + A3) k‘o + (Al + A4) mo + [(AQ + A3) k‘l + (Al + A4) ml] ||UH
+[(Az2 + Az) k2 + (A1 + Ag) ma] 0] -

Consequently,

As+ A A+ A
() = (52T 2R EEaE Bu)

where
Ay = min {1 — [(Az + Ag) ki + (Al + A4) ml] ;1 — [(AQ + A3) ko + (Al + A4) mg]},

which proves that € (T') is bounded. Thus, by Lemma the operator T has at
least one fixed point. Hence boundary value problem (|L.1| . has at least one
solution. The proof is complete.

Now, we are in a position to present the second main results of this paper
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Theorem 3.4. Assume that f, g : [0,1] x R? — R are continuous functions and

there exist positive constants Ly and Lo such that for all t € [0,1] and u; ,v; €

R, i =1, 2, we havre

(1) [f (t,ur,uz) = f(tv1,02)] < Ly (Jur — vi] + [uz — v2]),

(2) lg (t,u1,u2) — g (¢, v1,v2)| < La (Jur — vi| + [uz — v2).

Then the boundary value problem (1.1))—(1.2) has a unique solution on [0, 1] provided
(Ap+A3) Ly + (Ag+Ag) Ly < 1.

Proof. Let us set sup |f (¢,0,0)] = N3 < oo and sup |g(¢,0,0)] = Ny < co. For

t€[0,1] te[0,1]
u € X, we observe that

|f (tu(t) 0 (@) < [f @ u(t) = f(E0,0)[+]f(£0,0)],
< Ly (Ju @) + v (®)]) + Nu,

< Ly (|lull + [Jo]]) + Ny,
and

lg (¢, u(t), v ()] <lg(t,u(t) —g(0,0)]+|g(t0,0) < L |lul| + Na.
Then for u € X, we have

e
”“%”“”Sl_nz(! e [mn<wm+NﬂM)w

n s t
_A® (s—7)""
+Q(]__77)0/(/ F(B) [L2H(u U)H"'NQ dT) ds"'o/ F Ll H(U,U)H—FNl]dS

0

n s B—p—1 1 —S a p—1
L MIB()] [/ (”F( ) (Lo || (u, v)|| + No] ds+v/ 4 (L1 [[(, v)[| + N1 ds
0

6(1-n)Q B—p) T (o
AW | [ m=-9""
+Q‘/\+’Y—1| |:0/ T (5) [La [|[(u, )] + No] ds-i-Wb/ LlH(U v)|| + N1] ds,

S

S(Lzll(uvv)||+N2){1in/n(/Wdr> ds+ /’7(/ (s=7)" 1d7’) ds
0 0 0
1 Bpl Sﬂl
QO/ FB ) 6|/\+7—1|/ nF(/é)’) }
-y Q/ 5/3:1 6|)\+771|/ _Sﬂlds}

+@AWww+Nn{/“;i;@
0
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1 1
MVBl / ) s+ Ay /(l—s)a_lds
QO FOé p) Q|)\+W’—1|O I (a) 7

< (Lar 4+ Na) Ay + (Lyr 4+ N1) A

Hence
|71 (u,v)|] < (LaAy + L1Ag)r + NaAy + N1 Ao
In the same way, we can obtain that
|75 (u,v)|| < (L1As + LaAy)r + NoAy + N1 As.
Consequently,
T (u,v)|| < ((A2 + Ag) L1 + (A1 + Ag) La) 7+ Na (A1 + Ag)+ N1 (Az + Ag) <.

Now, for (u1,v1), (u2,v2) € X xX and for each t € [0, 1], it follows from assumption
(H3) that

S

h s— 7)1
T4 (w3, v2) () — Tt (w1, 01) ()] < Lo ([[uz — wa | + va — v1]) ﬁ/ /(F(;)dr ds
0

+Qéim! /@F&glw ds

n

B p— 1
QO/ Fﬁ p) 6|>\+’Y—1|/
t—s)" !
L (s =l + s = ) / (F(O{)ds
0
1 a 1 I a—1
M’)/Bl / P s+ Al’y /(1_8) ds
e QX+ —1[)  T(a)
< (B2 + Luda) iz — wall + ez — ).

Thus

1Ty (uz,v2) = T (ug, v1)|| < (LA + LiA2) (luz — ual[ + [loz —woaf]) . (3.8)
. Similarly,

172 (U2,U2) =T (u1,v1)[| < (L2Az + L1Ay) (Juz — wa|| + oz —va)) . (3.9)
It follows from and (| . ) that
T (uz,v2) =T (u17v1)|| < (L2 (A1 4 Ag) + Ly (Az + Ay)) (luz — ua]| + [[vz — val]).-

Since Lo (A1 + As)+ L1 (As + Ay) < 1, thus T is a contraction operator. Hence it
follows by Banach’s contraction principle that the boundary value problem (1.1)) —
(1.2) has a unique solution on [0, 1].

O

We construct an example to illustrate the applicability of the results presented.
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Example 3.1. Consider the following system fractional differential equation

1+t2 ’

D% () = gysin (2mu (b)) + sy + 5 telo,1],

—(u(t v(t 2
“Diu(t)=4% ((cost) sin (IU(t)I;\v(t)\)) oo te[0,1],

subject to the three-point coupled boundary conditions

T%Ou (0) +r%0u(1) =u (%) ,
u(0) = foo’° u (s) ds,
15°D3u(0) + £°D3u (1) =¢ D3u (3),

e~ (ute)?

where f(t,u,v) = %((cost) sin(‘ul';wl)) +Sgm .t € [0,1],7 = 0,5, =
0,01,7=0,1,p=1,5 and g (t,u,v) = z3=sin (27u (t)) + % +1.

It can be easily found that M = 2—30 and Q = &.
Furthermore, by simple computation, for every u;, v; € R, i = 1,2, we have

and

T+ 0 (?)

|f (t,ur,u2) — f(t,v1,v2)] < L(Jur —vi] + Jug —val),

lg (t,u1,u2) — g (t,v1,v2)| < L (Jur —vi| + Jug — v2]),

where L1 = Ly = L = % . It can be easily found that Ay = A, = 0,799562, Ay =
Ay = 1,182808.

Finally, since L1 (A1 + Ag) 4+ Lo (Ag + Ay) = 2L (A1 + Ay) 2£0,247796 < 1, thus
all assumptions and conditions of Theorem [3.4) are satisfied. Hence, Theorem im-
plies that the three-point boundary value problem —(1.2) has a unique solution
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