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Abstract

In this paper, we first determine the relationships between the first Wilker’s inequality, the
second Wilker’s inequality, the first Huygens inequality, and the second Huygens inequality
for circular functions and for hyperbolic functions, respectively. Then, we establish new
Wilker-type inequalities and Huygens-type inequalities for two function pairs, z/sin~! x
and z/tan"'z, z/sinh~! z and x/tanh~! 2. Finally, we obtain some more general con-
clusions than the first work of this paper, which reveal the absolute monotonicity of four

functions involving the four inequalities mentioned above.
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1. Introduction

Let 0 < z < 7/2. Then
(1.1)

sinz < x < tanx,

which can be rewrited as

i t
sm:c<1< anx, (1'2)
x T
or
= (1.3)
tan sin

When the functions involved in (1.2) are taken into account in two forms of size relations,
two famous inequalities called the first Wilker’s inequality (see [7, 21,29, 30,37, 39]), the
first Huygens inequality (see [3-5,8,9,11,28,32,43]), it comes to the conclusions (1.4) and
(1.5). The comparison of these two inequalities (see [6]) is shown as follows in (1.6).

1 sinz\? tanzx

—= > 1, 14

2 (( x ) + T > (14)
1 /2sinx tanx
= > 1, 1.5
3 ( T + T ) (1.5)
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1 i 2t 1 [ 2si t
1 <smx) n anzx o 1 ( sin x n anx) 51 (1.6)
2 x T 3 T x

Similar to (1.4) — (1.6), there are some conclusions (1.7) and (1.8) about the second
Wilker’s inequality (see [23,24,32,43]), the second Huygens inequality (see [23,24]), and
the comparison of the two inequalities as follows.

1 T 2 x
— > 1 1.7
2 <<sinx) + tan:c) ’ (L1.7)
1( 2z n T ) - 1
3 \sinz tanz
1 x \? x 1 2x x
- > - > 1. 1.9
2 <<sinx> + tan:r) 3 (sinx + tanx) (1.9)
The last inequality chain is true due to
1 < x )2+ x 1< 21 LT >
2 sinx tanzx 3 \sinz tanzx
= 1(2(; >2+(.x >2+ =gt )
6 sin x sin x tan z sinx
1 2 1 2
> 2(,x)+2—4_x :(1—,”:) >0
6 sin x sin x 3 sin x

and (1.8). At the same time, we find that the inequality (1.7) plays a key role in the
above derivation. Furthermore, the relationships between the first and second Wilker’s
inequality (see [3,42]), the first and second Huygens inequality (see [23,24]) are given

below.
1 sinz\? tanzx 1 r \?2 x
- > = > 1, 1.10
2 (( T ) + T ) 2 ((sinx) + tan:r:) ( )

1 /2sinx tancx 1 2x x
= > - > 1. 1.11
3 < x + T > 3 <sinx + tanm) ( )

The same case occurs in the hyperbolic functions (see [23,24,36,39,41-44]).
Now let’s turn to the discussion of similar inequalities for inverse circular functions. Let
0 <z < 1. Then

(1.8)

tan 'z <z <sinluz, (1.12)
which can be rewritten as
tan~1 z sin~!x
<1l< , (1.13)
T T
or
<l< 1.14
sin~lz tan~ !z ( )

Chen and Cheung [6] obtained an important conclusion about the inverse circular functions
as follows.

( ° >2+ <2 0<z<1 (1.15)
T . .
sin~! tan~lz ’

Then, they used the arithmetic—geometric-harmonic mean inequality to prove the follow-
ing inequality chain for z € (0,1):

1 sin~lz 2 n tan~ ! S 1 2sin~ 1z n tan~ !z (1.16)
2 T T 3 T T
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1/3
((sin1 a:) 2 tan—1 a:)
>
T T

1/3
( ¢ ; >>1.
1/ ((sinx) /2)” + 1/ ((tan~" ) /)

They established the inverse hyperbolic version of above results for = € (0, 1):

2
x x
+ < 2, 1.17
(sinh_1 x) tanh™! ( )
and
2
1 sinh~ 'z . tanh™ !z S 1 2sinh~ ! i tanh™ !z (1.18)
2 T T 3 T x
1/3
sinh™' z 2 tanh™! z
T T
1/3
2
> 1.

1/ <(sinh_1 x) /x>2 +1/ ((tanh_l x) /x)
The first task of this paper is to determine the relationship between the first Wilker’s
inequality, the second Wilker’s inequality, the first Huygens inequality and the second
Huygens inequality. The second one is to consider the results according to the form of the
inequality (1.6) or (1.9) for two function pairs, 2/sin"' 2 and z/tan~! z, #/sinh~! z and
x/tanh™! z. Finally, we obtain some more general conclusions than the first work of this
paper, which reveal the absolute monotonicity of four functions involving the above four
inequalities.

2. Main results
This paper obtains the following main results.

Theorem 2.1. Let x € (0,7/2). Then the inequality chain
1 ((sinx>2 tanx) 1 <2sin3: tanaz)
= - > +
2 x T 3 T T
1 z \? T 1/ 2x T
— - 2.1
= 2 <(Sin$> + tanx) = 3 <sinx + tanx) (2.1)

> 1.

holds.
Theorem 2.2. Let x € (0,00). Then the inequality chain

1 (sinh x) 2 tanhzx 1 <2 sinhx  tanh x)
= + > = +
2 T x 3 T x

(et )l (B )y
2 sinh x tanh z 3 \sinhz tanhz '

> 1.

holds.
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Theorem 2.3. Let x € (0,1). Then the inequality chain

1 T 2 x 1 2z z
2 ((sin_la}) * tan_1x> < 3 (sin_lx + tan_1m> <1 (2:3)
holds.
Theorem 2.4. Let x € (0,1). Then the inequality chain
1 2 1 2
2 <<Sinh$1 ZL‘> * tanlflx> < 3 (sinhac1 T * tanlglt;1 :E) <1 (24)
holds.

Then we can obtain the following corollaries.

Corollary 2.5. Let x € (0,1). Then

2
1 in~! tan~! 1 (2sin™! tan—!
1 sin~tz N an" z ) 1 (2sin a:+ an" z) (2.5)
2 T T 3 x x
- 1 ( 2r L ) - 1 ( x >2+ x
3\sin" !z tanlz 2 sin~ !z tan~lz |~

Corollary 2.6. Let x € (0,1). Then

1 sinh~ 'z 2 tanh™! z 1 (2sinh~ 'z tanh 'z
= + > = + > 1 (2.6)
2 x x 3 T T

SN (= -
3 \sinh 'z tanh 'z 2 sinh~1 z tanh ' )’
3. Proofs

3.1. Proof of Theorem 2.1

We shall complete the proof of Theorem 2.1 when proving second inequality of (2.1).
Computing directly gives

1 /2sinx tancx 1 r \?2 x sin?
L _ - = F(z), 3.1
3< T + T ) 2 ((sinx) +tanx> 6x cosx () (3.1)
where
r _ 4coszsin® x4 2sind x — 323 cosz — 3x2 cos? xsinx
(x) a sin? z
1 1 1
= 4cotx + 3x°—— — 3z%— 37— +2— + 23 <—3 C,Oix). (3.2)
sin x sin® x sin x sin* x
Since
< 1 >’ B cos T
sin - sin? z’
( 1 )” B ( cosx)’_ 2 1
sin - sin2z/)  sindx  sinz’
< ‘13 >/ _ 4 C.Oix,
sin® x sin* x
f
Tom 22n

|B A0 < x| <, (see [12)) (3.3)

+Z

sinx
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we have

1(
sin® x 2 i
1/(2 220 _9) (2n — 1) (2n — 2 _

(2n)!

11 &220-2
e Z___°IB 2n—1
+2 <$+nz:1 (2n)! | Bonl )

N (22 -2)(2n—1)(2n—2

) -
2(2n)! [Bana* ™

and

cos T 1 6 (27 —-2)(2n—1)(2n—2)(2n—3 e
e 2<‘ e ) R 4)

1 1 & (22"—-2)(2n—1 n—
+§ (_2+Z( )( )|B2n’$2 2)

22" —2)(2n—1)(2n —2) (2n — 3 n_
(2 —2)( 2(;75)! )@n=3) p 1 o

(227 —2) (2n

~1) .
S Bl

n=1

We substitute the power series expansions of these functions into (3.2), and obtain

F(z) =4cotx + 32°—— + 2—— — 32°—— +2° <_3c‘ozx)
sin x sin x sin® sin*
1 00 2271 om 1 227L B -
=4 7 Z (2n)! ‘B2n’1' + 322 _|- E ‘an]l‘
n=1

( N Z 22n _ 2|B%|x2n 1)
<1 i 22n - 2) (2n B 1) (277’ _ 2) |B2n‘x2n3>

a3 2 (2n)!

1 n on—1
- B n—
2x — ) ‘ o7

n=1

g ( 3 Z (22n - 2) (2’/L — 1) (27’L — 2) (2n — 3) |Bgn|l‘2n4>

= 2 (2n)!
1 > (27 —2) (2n -1 e

X2 —2)(2n—-1)2n—2)(2n—3
:;2( ) ( 2(;75)! )@n=3) p 1o

2n __ n — n —

(3.4)
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22n 00 22n

+2 Z ]Bgn|x2” 14 Z szn|x2”*1
22n 22n _
_|_3Z |B n|x2n+1 32 n| 2n+1
22” - 2) 2n—1) . |
B n+1
+ Z 2 (2n)! [Benle
n—
2, (8n3 — 36n% + 40n — 16) 22" — 160> + 72n% + 16 — 80n .
== Z |Bgn‘.’L‘
2 (2n)!
> 2 1) (22" — 2
Z (n + ) ( ; ) |Bgn‘ﬂj2n+1
= 2 (2n)!
_ i 422”*1 (2n% +10n — 9n? — 4) — (2n3 + 100 — In? — 2) By 21
= (2n)!
o0 2n—2 -9
Z )‘an 2’1,271—1

= Z anz®
n=2

where
220~ (203 — 9n? 4+ 10n — 4) — (2n® — 9n? + 10n — 2)
a, = 4 | Ban|
(2n)!
n (22772 —2)
— | Boy,
T 2n—2) [Bzn—|
for n > 2.
Since ) 1 .
By|=-=, |B B Bs| = —
|Beo| = &5 |Bal = 55, |Bsl = 5, 1Bs| = 55,
we first compute to obtain that
1 17 2509
az = =, a3 = 5.7, a4 = .
6 315 151200

Then using mathematical induction we can prove
2271 (20° — 9n% 4+ 10n — 4) — (20* — 9n? + 100~ 2) >0

or
2n3 —9n? + 10n — 2

—9n?+10n — (3:5)
for n > 4. In fact, when n = 4, the mequahty (3.5) holds. Now we assume that the (3.5)
holds for » = m. Then, in order to complete the proof of (3.5) is also true for n = m + 1
it suffices to show that

om3 —9m?2+10m—2  2(m+1° -9 (m+1)*+10(m+1) —2
m3 —9m? + 10m —4 2(m+1)° =9 (m+1)> +10(m+1) — 4’
which is true due to
4 (2m® = 9m? +10m — 2) (2(m+1)° = 9 (m +1)° + 10 (m + 1) — 4)
— (2m® = 9m? + 10m — 4) (2(m +1)* = 9 (m +1)* +10 (m + 1) — 2)
= 12m% — 72m® 4+ 129m* — 54m> — 3m? — 42m + 12

2271—1

4
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= 12(m —4)% + 216 (m — 4)° + 1569 (m — 4)* + 5850 (m — 4)*
+11733 (m — 4)* 411934 (m — 4) + 4788
> 0.

So a, > 0 for n > 2. This leads to F(x) > 0 for all z € (0,7/2). The proof of (2.1) is
complete via (3.1).
3.2. Proof of Theorem 2.2

Similarly, if we can prove second inequality of (2.2), we then complete the proof of
Theorem 2.2.
Computing gives

1 /2sinhx  tanhz 1 x 2 x 1
3( T * x )_2 ((sinhx) +tanhx> o 24xcosh:1:sinh3:z:G(x), (3.6)

where

G(r) = cosh4z — 3cosh3x — 4 cosh2x + coshbx + 2 cosh z (3.7)
3 3
—§:U2 cosh 4z — 623 sinh 2z + §x2 +3.

Using the power series expansions of these hyperbolic functions, we have

oo 32n o 22n o0 52n

2n 2n 2n
— E " —4 g "+ E T
(2n —= (2n)! = (2n)! = (2n)!
- 22 3 9 — 4°" 2 3 — 2t 2n+1
n _ n _6 - n
Z 2" v nZ:O @n+ )"

32

- 3
+ 527 +
oo42n_3.32n_4'22n+52n+2x2n

(2n)!

oo 22n+1

4
300 471 2+2 2n+4
- — n —6 Y
2Z on) Z(2n—|—1)!x

o~ AT 3.3 42542,

= (2n)!
> 3. 42n—2 > 6. 22n—3

B Sy
x x
= 2(2n —2)! = (2n —3)!

> 1
= Z —— b,
= 32(2n)!

where
by, = 32-5%— (6n2 ~3n— 16) 9intl _ 39 . 32n+l
- (6n3 —on?+3n+ 4) 2215 4 64
for n > 4. We compute
Cn = bpy1 — 250, (3.8)
= 1536-3% + (108n2 — 4380 — 384) 9in

+ (126n3 —261n° + 63n + 84) 22n+5 _ 1536
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and obtain that
108n2 — 4380 — 384 > 0,
(126n3 —261n2 + 63n + 84) 2245 _ 1536 > 0

hold for all n > 5. So ¢, > 0 for n > 5. This together with ¢4 = 17940480 > 0 gives that
¢n > 0 for n > 4. Then via (3.8) we have b, 1 > 25b, holds for n > 4. This together with
by = 860160 > 0 gives that b, > 0 for n > 4. Then G(x) > 0 for all € (0,7/2). The
proof of (2.2) is complete via (3.6).

3.3. Proof of Theorem 2.3

In order to prove Theorem 2.3 as simple as possible, we need a tool which offers a simple
but efficient criterion to determine the sign of a kind of special power series, which we call
as "sign rule of a kind of special power series”.

Lemma 3.1 ([34], [33]). Let {ar}32, be a nonnegative real sequence with an, > 0 and
Ziimﬂ ar > 0 and let

Z aktk + Z aktk
k=m+1
be a convergent power series on the mterval (0,7) (r>0). (i) IfS(r~) <0 then S(t) <0
for allt € (0,r). (i) If S(r~) > 0 then there is the unique ty € (0,r) such that S (t) <0
fort € (0,tg) and S (t) >0 fort € (to,r).

(1) We first prove the left hand side of (2.3).
Let arcsinz = t. Then the desired inequality is equivalent to

1 (sint>2 2sint 1 sint sint( 1 4t—SSint> “0

2\t 3t * 6arctan (sint) 6 \arctan (sint) t2
which is in turn equivalent to
2
H (t) = m — arctan (Sin t) <0
for t € (0,7/2). Differentiation yields
sin® ¢
H (t) = h(t),
®) (1+sin2t) (4t — 3sint)” Q
where
t2 t t2 Cos cost
h(t)=4—— —6——5 —9cott — 6t +4 24t 3t cot t — 13t* :
(®) sint sin? ¢ 0 + sin ¢ + sin? + 0 sin ¢
From
oo 22n
cotr = — — Z |B az? 0 < 2] <, (see [10]) (3.9)
and (3.3) we have
! (cot ) f: 22n|B 122 (3.10)

—5— = —(co .

sin? ¢ - n

cost 1Y 1 & (2n—1)(22—2 _

e i <) i Z ) )Ian\tZ” ?

sin” ¢ sint — (2n)!

n=1

cost 1 1\ 1 & n —1)22" _

A S e .

sin® ¢ 2 \sin“t t : (2n)!

n
The above power series expansions and (3.4) give
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22n

4t+4z
1 & 22" 1 22" 2

_9 - B t2n 1 4t2 73 t2n—1
(t Z(%)' 20l )* %3 Z onyr | Ponl

1
o ( 1, % i (2n -1 (n-2) (2> ~2) B%‘ﬂm)

= (2n — 1 22”
’B n‘t2n+l — 6t ( Z 2n ‘BQn‘th 2)

t3 = (2n)!
1 — (2n—1) (2" - 2) 2n—2
24t | - — Boy, [t°"
* <t2 Zl 2n)! Bl

t
1 & 2n—1)(n—1)2%"
_13¢2 7_2(” )(n—1) ]Bgn]t2"_3>—6t

= (2n)'
_4t 4 = 2277/_2 B t2n+1 6 )22n B tQTL 1
=4t + Zw| 2n| T Z ' ’2n|
n=1
9 = 27 11 22" — 2
-+ Z_:()|n| + 2t+t3+z )Izn\
n=1
[e%e) 2n
(2n — 1) (2n — 2) (22" - 2) on_1 . 24
2 B n el
+ Z (2n)! Bl 4 5
n=2
(e’ 2 oo 2
(2”_1)(2n_2) 2n—1 27" on+1
24 Ba,, |t 3t—3 Bo,, |t
a (Qn)! [ Banl ™77 + Z(Qn)!’ 2|
n=1 n=1
-1 22n
= + 13 Z ) ) | Ba,, [t 1 — 6t
> 3 22n—4
_Z ) |B n|t2n+1
(34n? —111n+56) 220 —8(2n—1)(n—17) on_1
Bo,,| t2"
+Z (2n)! | Banl
Ky, | Bop— l,|B s
:Z n| on 22‘+'n| 2n‘t2n71 ::ant%zfl,
n=2 ( n) n=2
where
kn = 24n(2n—1) (227 - 1),
l, = (34n2—111n—|—56)22"—8(2n—1)(n—7).

A simple computation shows that py = —1/2. We claim that p, > 0 for n > 3. In fact,
kn > 0 for n > 3. Also, since (34n? — 111n + 56) > 0, so for n > 3,

> (3402 = 11104 56) 8 — 8 (2n — 1) (n — 7)) = 8 (32n(n — 3) + 49) > 0.

These indicate that p, > 0 for n > 3.
On the other hand, we see that

h(n/2) =2n(m—3) > 0.
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By Lemma 3.1, there is a tg € (0,7/2) so that h(t) < 0 for ¢t € (0,¢9) and h(t) > 0 for
t € (to,m/2), which in turn implies that H(¢) is decreasing on (0,%p) and increasing on
(to,m/2). Consequently, we obtain

H(t) < lim H(t)=0forte (0,to),
t—0+

17 (m—3)
H(t) < lm H({)=—-—-—-—=
Q t—(m/2)” ®) 4 27 —3
that is, H (t) < 0 for ¢t € (0,7/2). This completes the proof of the left hand side of (2.3).
(2) We then prove the right hand side of (2.3).
The desired inequality is equivalent to

< 0 for t € (to,7/2),

2 3
sin~!x + tan~!x <
Since
24+ V1 — a2
T ZEVITT (e [15,16,21,38))
sin™ x 3
T 1,
S 1+ 3% (see [6])
we have
p - 22 1_962)+1+12
—x°.
sin~'z  tan"lx 3 3
We can complete the proof of the right hand side of (2.3) as long as we can prove that
2(2+Vi-2?) 1
3 +1+ gzcz <3,

which is equivalent to (1 — /1 — 22)% > 0.

3.4. Proof of Theorem 2.4
(1) We first prove the left hand side of (2.4).

Since
1 2x T 1 T 2 x
s\l t —1 ) 1 —1 + -1
3 \sinh ™z tanh ™'z 2 sinh™ x tanh™"

4 1 _3 T
(sinh*1 :U)Z ’

sinh 'z tanh~ !z

o8

the desired inequality is equivalent to

(Simhf1 x) ?

4sinh 'z — 3z’

Let sinh 'z = ¢. Then x = sinh ¢, the above inequality is equivalent to

tanh™' 2 >

2
1/ .
tanh™ " (sinht) > % _3simht
Let
1 h t2

t) = tanh™ “(sinht) - ——M——.

Q(t) = tanh™" (sinh ¢) 4t — 3sinht
Then

q(t)
1 —sinh?¢) (4t — 3sinht)*’

Ql(t) = (
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q(t) = (cosht) (4t — 3sinht)? — (1 — sinh? t) <3t2 cosht — 6tsinht + 4t2)

9 9 3 21
= 1 cosh 3t — 1 cosh t + 2t% cosh 2t + itz cosh 3t + ?t sinh ¢

3 49
—12tsinh 2t — 5tsmh 3t + ZtQ cosht — 6t2.

Expanding in power series of the hyperbolic functions leads to

9 ) (3t)2n 9 o0 th ) o0 (2t)2n 3 ) o0 (St)QTL
qlt) = ~ - = + 2t + St
42::0 (2n)! 4;::0 (2n)! nz::o (2n)! 4 nZ:O (2n)!
21 0 t2n+1 [e’s) 2% 2n—+1 3 00 3t 2n+1
+7t2 '—12752( ) '—*tz( : !
2 —= (2n+1)! —=(2n+1)! 2 = (2n+1)!
49 o Nt )
+—t — 6t
4 nz:% (2n)!
o
_ ZT’ntan,
n=2
where
. wg%ﬂ L2l oy 196n% + 378n + 173
" 4(2n + 2)! (2n + 1)! 4(2n + 2)!
We find that
1 11 411 403
To —= —,. T'q = —. T4 = Tre —
27 2 7307 T 56007 0 50400’

and 7, > 0 for n > 6 due to 4n> —6n+17 > 0 and 2n— 11 > 0. So r, > 0 for n > 2. This

leads to that ¢(t) > 0. Then Q'(t) > 0. So Q(t) > Q(0™) = 0, which completes the proof
of the left hand side of (2.4).

(2) Then we prove the right hand side of (2.4).
The desired inequality is equivalent to

T T
2 + < 3.
sinh™'z  tanh~ 'z
Since
24+ Vx2+1
. $,1 Ve , (see [40])
sinh™ x 3
x < 1+2vV1 —z2 ( [6])
, (see
tanh™! 3
we have
@ x 224 Va7 +1) 14212
2———+ — < + .
sinh™x tanh™ "z 3 3

In order to complete the proof of the right hand side of (2.4) it suffices to show

2(2+ Va7 +1) Llhevioa?
3 3

2(2+\/:c2+1)+1+2\/1—x2<9
— Val+1<2-—+V1—22

— ’+1<4—4V1—-22+1-27

— 12 <2-2V1-—22

3,
or
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The last inequality is equivalent to (1 — /1 — 22)% > 0.

4. Further discussions

Let us consider a real function f:(a,b) — R in case when exist finite limits f*) (a+) =
lim f®)(z) (for k=0,1,...,n and n€Ng) and f(b—) = lim f(z). We define
T—a T—b—

a & W)
i) = Y g @)t (4.1)
RI“H(z) = f(z)—T) "M (2), (4.2)

and

TS 5" () = (4.3)

{ TI @) + G2 RS 0-) @ — )", n>1

Then the following statement is found to be true in [20, Theorem 3] and [18, Theorem 3].

Theorem 4.1. Let f: (a,b) — R be real analytic function with the power series:

[e.9]

f(z) = Z cr(z —a)F, (4.4)

k=0
where ¢, € R and ¢ > 0 for every k € Ng. Then,

Ty (@) ST (@) < TL (@) <

fl@) <... (4.5)
TR (@) S TR (@) < < TP (@),

INIAIA

for every x € (a,b). If ¢, € R and ¢, <0 for every k € Ny, then the reversed inequality is
true.

Let us emphasize that previous theorem improves result of Theorem 2 from [31]. In-
spired by [2,13,14,17,19, 22, 27], and [31], we obtain a conclusion more general than
Theorem 2.1. The details are as follows.

Theorem 4.2. Let us form the functions

1 sinz\? tanz 1 /2sinx tanx us
pr(@) = 2<<x)+ x ) 3( x + x ):(0’2>—>R’
p2(@) = ;(281596 tanx ;< sm:c tafwc) : (0’ 72r> — R
pslz) = % ((siix)Q + tai:c) 3 (smx + tai:c) : (0’ 72T) — i
pale) = é (siznx:): * taix) -l <0’ 72r) — It

Then functions v1(x), p2(x), p3(x), pa(x) are real analytic with power series

Z Sk ) 902 Zsk , Z S (3) 2k, 3(33) = ZS,&S)JJ%.
k=2

with positive coeﬁﬁczents
8(1) _ 1(71)712271-&—1 }(2271-&-2 o 1)22n+1| ) 2‘ B 2 (71)n
2 2n+2)! 6  (2n+2)! T3 2n+ 1)

> 0,
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92 (_1)” (22n+2 _ 1) 22n+2 (7’L _ 1) 22n

@ - Bonsa| — 2= | Byy| > 0,

*n 32n+ 1) 3(@2n+2) [Banto (2n)! [Bznl
2n
o Seay (Pl >
22n — 4

“ - 2 7B

o 321 | Penl > 0

form = 2.3,.... Let it be that j € {1,2,3,4} and c € (0,7/2) fized. Then the double

inequality

0<T9 (@) < Tg’j’o+(x)...§T,fj’0+() <1 (@) <.
< )< (4.6)
< TRYTT @) ST @) < TP (@) < 1P (@)

holds for all x € (0,c).

Proof. For example, let us consider only case j = 2. Since

1 /2sinz tanz 1 r \?
90(55)—902(:13)—3( T + T >_2<<sinx> tanx> ZSkx

where

n—1)2%"
| Bont2| — <(2n§|32”| n > 2.

. — 8(2) _ 2) (_1)” N (22n+2 _ 1) 22n+2
" 3(2n+1)! 3(2n+2)!

We can prove s, > 0 holds for all n > 2. In [10, 1.3.1.4] or [46, 1.3.10], we can find the
following power series expansion:

ta i 2"~ 1 gon By a2 ] < (4.7)
nr = x T —. .
(2n)! n ’ 2
Based on (3.9), (3.10), and (4.7) follows
2 sinx ltanx 1 2 1 =z
ola) =3 5 -3
3 x 3 r 2 \sinx 2tanx
2 )" o2 I &2 —1
“ - 22n1 B 2n—2
3223 2n+1 3Z Gy 2 1Banl
1 22" 1 > 22
T2 +Z | 2l ] 2 [ ;(Qn)!’ ol ]
2 & )" 1 & 2202
72 < - 2n+2’B2n 2‘.%,
3 o 2n + 1)! 3 (2n +2)!
1 22n ) 2 1 o0 22n
1 B n| _ - _ ~ _IB 2n
o) 2(—1 n 22n+2 -1 22n+2
_ Z ( ) 2n ( ) ‘ ’B2n+2‘m2n
o 23(2114—1) o 3(2n+2)!
22n 1 m 22n 1
_Z(())‘B n’xQTl_’_Z |32n|x2n
n=2
22n+2 _ 1) 22n+2 x (7’L _ 1) 22n
2n ( 2n 2n
= B — -—~—|B
Z 2n+1 +n§ SEnr2) Pl ;2 Gny Pl
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o
= Z S,
n=2

Next, we shall prove that s, > 0 for all n > 2.
(i) When n is even,

9 22n+2 -1 22n+2 n—1 22n
Sy = - ( ) ‘B2n+2’_¥‘32n‘7
3(2n + 1) 3(2n +2)! (2n)!

we complete the proof of s, > 0 as long as

22n+2 -1 22n+2 (n _ 1) 22n
( 3 (Zn +>2)| |BQTL+2| - W|B2n| > 07
or )
—1)2°™
| Bopso| o (-1)2  3(2n+2)!
(22n+2_1)22n+2 - ' n+2 _ 2n+2°
Since

|Bonio| 22771 —1(2n+2)(2n+1)
‘32n| 22n+1 _ 1 T2

we complete the proof when proving

22l 1 (@2n+2)2n+1)  (n—1)2"  3(2n+2)!
22n+1 _ | T2 > (2n)! (22n+2 _ 1) 22n+2’

, (see [1,25,26,35,45])

that is,
6 [7%(n—1)+3]
8

It is not difficult to prove the above formula by mathematical induction.
(ii) When n is odd,

92n for n > 2.

2 92n+2 _ 1) 92n+2 n—1)92n
Sn:_3(2n+1)! + ( 3(2n+)2)! |BQ”+2‘_((2H;!|BQ7L|’
By
! I
o T < Bl < Gy g = 120+ Gsee 1)
we have
2 (2272 — 1) 22742 2(2 + 2)! 1
oz 3 (2n+1)! + 3(2n +2)! (2m)2n+2 1 — 2-2n-2
(n —1)2% 2(2n)! 1
(2”)‘ (27r)2n 1—91-2n
_ 2 (22742 — 1) 22042 2(2n 4 2)1 22n+2
-3 (2n +1)! + 3(2n +2)! (2m)2n+2 22042
(n—1)227 2(2n)! 22771
T (2n)! (2m)2n21_1
2.2%+2 22 (n — 1) 2
T 3tz T (221 Qg2 3(2p+ 1)1
Since

2 (4-2%" — 37%n + 372 — 8) 2% - 2
3 g2 (22n — 2) 3(2n+1)!

Sp > 0=
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— (4-2% — 3w%n + 372 — 8) 2 L1
m2n+2 (220 — 9) (2n + 1)!

= (422" = 3an 4377 — 8) 2" (2n + 1)l > 72 (22— 2)

and "
n! > (g) , n €N,
we have _—
o2n + 1\ 2"
(2n+1)!>< nt ) > 22t e Ny,

and

(422" = 3n%n + 377 — 8) 22" (2n 4 1)! > (422" — 3x%n + 3x2 — §) 2222+,
Then we complete the proof when proving
(4 921 _ 372 4 372 - 8) 92n92ntl o n2n+2 (22" - 2) ,
that is,

t, = <4 920 _gy2, 4 802 8) 92ng2n+1 _ 2n+2 (22n . 2)
= 88— (2m)" 7 = 242" [37% (n — 1) + 8| + 227"
> 0
for all n > 2. We find
ty = 28672 — 147% — 153672 = 52.839... > 0,

and
bopr — 648, = [4n2 (4= 7) (x +4) 22" — (12877 - 271) | 2"
196 - 427 (37r2n 4?4 8)
> 0.
Then ¢, > 0 for all n > 2. O

Remark 4.3. Obviously, Theorem 2.1 is a simple corollary of Theorem 4.2.
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