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ABSTRACT

In this paper, we study Ricci solitons with the structure of multiply warped product manifolds. We
also study Ricci solitons equipped with the concurrent vector fields on multiply warped product
manifolds.
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1. Introduction

Einstein metrics have an important place in the frontier between mathematics and physics. In the last few
decades, many researchers focused to this special class of metrics as well as some similar structures that are
called Einstein type metrics [1]. One of the most famous among these which is introduced by Hamilton[9] is
the concept of Ricci solitons [3, 7, 12, 13, 14, 15] . A Ricci soliton is a Riemannian metric together with a vector
field X and a scalar λ which satisfies

Ric +
1

2
LXg = λg. (1.1)

(M, g,X, λ) is called shrinking, steady and expanding when λ > 0, λ = 0 and λ < 0, respectively. When X is
gradient of a function f , (M, g,∇f, λ) is called a gradient Ricci soliton and equation (1.1) becomes

Ric +∇2f = λg

where ∇2f stands for the Hessian of f .
Lately, there is a special interest on the relation between warped product manifolds (introduced in [2]) and

Ricci solitons. In [6, 8, 16] , the authors studied gradient Ricci solitons with the structure of warped products
and considered the potential function of the gradient Ricci soliton so that the lift of a function defined on base
or fiber. In [10], this idea is extended to gradient Ricci solitons with the structure of multiply warped product
manifolds.

In [11], the authors investigated the inheritance properties of Ricci soliton warped product manifolds by
their factor manifolds. Motivating from this, we consider Ricci solitons with the structure of multiply warped
product manifolds and reach some hereditary properties to its factors.

2. Preliminaries

In this section, we give a brief summary of multiply warped products defined in [17].

Definition 2.1 ([17]). Let (B, gB) and (Fi, gFi
) be r and si dimensional Riemannian manifolds where i ∈

{1, 2, · · · ,m} and also M = B × F1 × F2 × · · · × Fm be an n−dimensional Riemannian manifold,
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where n = r +
m∑
i=1

si. Let bi : B −→ R+ be smooth functions for i ∈ {1, 2, · · · ,m}. The multiply warped

product is the product manifold B ×b1 F1 ×b2 F2 ×b3 · · · ×bm Fm furnished with the metric tensor g = gB ⊕
b21gF1

⊕ · · · ⊕ b2mgFm
defined by

g = π∗(gB)⊕ (b1 ◦ π)2σ∗1(gF1
)⊕ · · · ⊕ (bm ◦ π)2σ∗m(gFm

)

where π and σi are the natural projections on B and Fi, respectively. The functions bi are called the warping
functions for i ∈ {1, 2, · · · ,m}. If m = 1, then we obtain a singly warped product. If all bi ≡ 1, then we have a
product manifold.

We denote ∇, B∇ and Fi∇; Ric, BRic and FiRic the Levi-Civita connections and Ricci curvatures of the M , B
and Fi, respectively.

The lift of X to M is the unique element of X(M) that is π-related to X and σi-related to zero vector field on
B. Similarly, Vi ∈ X(Fi) can be lifted to M and the set of all such lifts is denoted by L(Fi). We will use the same
notation for a vector field and its lift.
Now, we recall the following formulas for multiply warped products.

Lemma 2.1 ([5]). M = Br ×b1 F
s1
1 ×b2 F

s2
2 ×b3 · · · ×bm F smm be a multiply warped product manifold. ForX,Y ∈ L(B),

V ∈ L(Fi) and W ∈ L(Fj),

(i) ∇XY is the lift of B∇XY on B,

(ii) ∇XV = ∇VX = X(bi)
bi

V ,

(iii) ∇VW =

{
0 if i 6= j,
Fi∇VW −

(
g(V,W )
bi

)
gradB(bi) if i = j.

Lemma 2.2 ([5]). M = Br ×b1 F
s1
1 ×b2 F

s2
2 ×b3 · · · ×bm F smm be a multiply warped product manifold. ForX,Y ∈ L(B),

V ∈ L(Fi) and W ∈ L(Fj),

(i) Ric(X,Y ) = BRic(X,Y )−
m∑
i=1

si
bi

HessbiB(X,Y ),

(ii) Ric(X,V ) = 0,

(iii) For i 6= j, Ric(X,V ) = 0,

(iv) For i = j,

Ric(V,W ) = FiRic(V,W ) −

[
∆Bbi
bi

+ (si − 1)
|gradBbi|2

b2i

+

m∑
k=1
k 6=i

sk
gB(gradBbi, gradBbk)

bibk

]
g(V,W ).

Throughout this paper, we will consider multiply warped product manifold with same warping functions,
i.e., bi = b : B −→ R for i ∈ {1, 2, · · · ,m}. Emanating from this point, we conclude the following proposition.

Proposition 2.1. Let M = Br ×b F s11 ×b F
s2
2 ×b · · · ×b F smm be a multiply warped product manifold endowed with the

metric g = gB + b2
m∑
i=1

gFi
and X̄ = X + Vi be a vector field on M such that X ∈ L(B) and Vi ∈ L(Fi). Then,

LX̄g = LBXgB + b2
m∑
i=1

LFi

Vi
gFi + 2bX(b)

m∑
i=1

gFi . (2.1)
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Proof. Let X̄ = X + Vi, Ȳ = Y +Wi, Z̄ = Z + Ui be vector fields on M such that X,Y, Z ∈ L(B) and Vi,Wi, Ui ∈
L(Fi) for i ∈ {1, 2, · · · ,m}.

LX̄g(Ȳ , Z̄) = g(∇Ȳ X̄, Z̄) + g(Ȳ ,∇Z̄X̄)

= g(∇(Y+Wi)(X + Vi), Z + Ui) + g(Y +Wi,∇(Z+Ui)(X + Vi))

= g(∇YX,Z) + g(∇Wi
Vi, Z) + g(∇Y Vi, Ui) + g(∇Wi

X,Ui) + g(∇Wi
Vi, Ui)

+g(Y,∇ZX) + g(Y,∇Ui
Vi) + g(Wi,∇ZVi) + g(Wi,∇Ui

X) + g(Wi,∇Ui
Vi)

= gB(∇YX,Z) + g

(
−g(Wi, Vi)

b
∇b, Z

)
+ g

(
Y (b)

b
Vi, Ui

)
+ g

(
X(b)

b
Wi, Ui

)
+b2gFi

(∇Wi
Vi, Ui) + gB(Y,∇ZX) + g

(
Y,−g(Ui, Vi)

b
∇b
)

+ g

(
Wi,

Z(b)

b
Vi

)
+g

(
Wi,

X(b)

b
Ui

)
+ b2gFi

(Wi,∇Ui
Vi)

= gB(∇YX,Z) + gB(Y,∇ZX) + b2gFi
(∇Wi

Vi, Ui) + b2gFi
(Wi,∇Ui

Vi)

+2bX(b)gFi
(Wi, Ui)

which implies the equation (2.1).

3. Main Results

In this section, we examine the inheritance properties of Ricci solitons and gradient Ricci solitons on multiply
warped product manifolds in order to characterize their factor manifolds.

Theorem 3.1. Let M = Br ×b F s11 ×b F
s2
2 ×b · · · ×b F smm be a multiply warped product manifold endowed with the

metric g = gB + b2
m∑
i=1

gFi
. If (M, g, X̄, λ) is a Ricci soliton with X̄ = X + Vi where X ∈ L(B) and Vi ∈ L(Fi), then the

base manifold
(
B, gB , X −

(
m∑
i=1

si

)
∇(ln b), λ

)
is a Ricci soliton and all of the fiber manifolds

(
Fi, gFi

, b2Vi, λb
2
)

are

Ricci solitons when b is constant.

Proof. Let M = Br ×b F s11 ×b F
s2
2 ×b · · · ×b F smm be a Ricci soliton. Then for all Ȳ = Y +Wi, Z̄ = Z + Ui ∈ X(M),

the equation

Ric(Ȳ , Z̄) +
1

2
LX̄g(Ȳ , Z̄) = λg(Ȳ , Z̄) (3.1)

is satisfied. From Lemma 2.2, we have

Ric(Ȳ , Z̄) = BRic(Y,Z)−

m∑
i=1

si

b
HessbB(Y, Z) +

m∑
i=1

FiRic(Wi, Ui)

−

[
b∆b+

(
m∑
i=1

si − 1

)
|∇b|2

]
m∑
i=1

gFi
(Wi, Ui).

Using this equation and Proposition 2.1 in equation (3.1) we get

BRic(Y,Z)−

m∑
i=1

si

b
HessbB(Y, Z) +

m∑
i=1

FiRic(Wi, Ui)−

[
b∆b+

(
m∑
i=1

si − 1

)
|∇b|2

]
m∑
i=1

gFi
(Wi, Ui)

+
1

2
LBXgB(Y,Z) +

1

2
b2

m∑
i=1

LFi

Vi
gFi

(Wi, Ui) + bX(b)

m∑
i=1

gFi
(Wi, Ui)

= λgB(Y, Z) + λb2
m∑
i=1

gFi(Wi, Ui) (3.2)
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So, we may conclude

BRic(Y,Z)−

m∑
i=1

si

b
HessbB(Y, Z) +

1

2
LBXgB(Y,Z) = λgB(Y,Z) (3.3)

and

m∑
i=1

FiRic(Wi, Ui)−

[
b∆b+

(
m∑
i=1

si − 1

)
|∇b|2

]
m∑
i=1

gFi
(Wi, Ui) (3.4)

+
1

2
b2

m∑
i=1

LFi

Vi
gFi

(Wi, Ui) + bX(b)

m∑
i=1

gFi
(Wi, Ui) = λb2

m∑
i=1

gFi
(Wi, Ui)

The equation (3.4) implies that for each i ∈ {1, 2, · · · ,m}, the fiber Fi is a Ricci soliton with potential field b2Vi
and constant λb2 when b is constant.

1

2
LBXgB(Y, Z)−

m∑
i=1

si

b
HessbB(Y,Z) =

1

2
LB
X−

m∑
i=1

si∇(ln b)
gB(Y,Z),

in equation (3.3) gives us
BRic +

1

2
LB
X−

m∑
i=1

si∇(ln b)
gB = λgB .

which means the base B is also a Ricci soliton.

Using Theorem 3.1 we can state the following corollary.

Corollary 3.1. Let M = Br ×b F s11 ×b F
s2
2 ×b · · · ×b F smm be a multiply warped product manifold endowed with the

metric g = gB + b2
m∑
i=1

gFi
. If (M, g, X̄, λ) is a Ricci soliton and X is a Killing vector field on B, then the base(

B, gB ,−
(
m∑
i=1

si

)
∇(ln b), λ

)
is a gradient Ricci soliton.

Remark 3.1. Let M = Br ×b F s11 ×b F
s2
2 ×b · · · ×b F smm be a multiply warped product manifold endowed with

the metric g = gB + b2
m∑
i=1

gFi
. Assume that (M, g, X̄, λ) is a Ricci soliton. Then (M, g) is Einstein if one of the

following conditions holds:

(i) X̄ = X and X is a Killing vector field on B.

(ii) X̄ =
m∑
i=1

Vi and each Vi is a Killing vector field on Fi for i ∈ {1, · · · ,m}.

(iii) X and each Vi are Killing vector fields on B and Fi for i ∈ {1, · · · ,m}, respectively and X(b) = 0.

In the following theorem, we consider Riemannian manifolds with certain properties so that their multiply
warped product manifold has the structure of Ricci soliton.

Theorem 3.2. Let (B, gB , X, λ) be a Ricci soliton and (F sii , gFi
) be an Einstein manifold with factor µi for each

i ∈ {1, · · · ,m}. Then(
M = Br ×b F s11 ×b · · · ×b F smm , g = gB + b2

m∑
i=1

gFi
, X̄, λ

)
is a Ricci soliton if the following conditions hold

(i) For each i ∈ {1, · · · ,m}, Vi is conformal with factor 2ρi,

(ii) HessbB = 0,

(iii) (λ− ρi)b2 = bX(b) + µi −
((

m∑
i=1

si

)
− 1

)
|∇b|2 for each i ∈ {1, · · · ,m}.
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Proof. Let (B, gB , X, λ) be a Ricci soliton and (F sii , gFi) be an Einstein manifold with factor µi for each
i ∈ {1, · · · ,m}. Then we have

BRic +
1

2
LBXgB = λgB

and FiRic = µigFi
for each i ∈ {1, · · · ,m}. Using the equation (3.2) and the conditions in the hypothesis, we

arrive

Ric +
1

2
LX̄g = λgB +

m∑
i=1

µigFi
−

[((
m∑
i=1

si

)
− 1

)
|∇b|2

]
m∑
i=1

gFi

+b2
m∑
i=1

ρigFi
+ bX(b)

m∑
i=1

gFi

= λgB + b2
m∑
i=1

ρigFi +

m∑
i=1

[
µi −

((
m∑
j=1

sj

)
− 1

)
|∇b|2 + bX(b)

]
gFi

= λgB + b2
m∑
i=1

ρigFi
+

m∑
i=1

(λ− ρi) b2gFi

= λg

which implies (M, g, X̄, λ) is a Ricci soliton.

Now, we give the inheritance properties of gradient Ricci soliton multiply warped product.

Theorem 3.3. Let M = B ×b F1 ×b F2 ×b · · · ×b Fm be a multiply warped product such that (M, g, φ, λ) is a gradient
Ricci soliton. Then,

(i) (B, gB , u, λ) is a gradient Ricci soliton with u = φ1 −
∑
si ln b and φ1 = φ at some fixed point of

F1 × F2 × · · · × Fm,

(ii) (Fi, gFi
, ui, λb

2) is a gradient Ricci soliton with ui = φ at some fixed point of B if b is constant.

Proof. Assume that (M, g, φ, λ) is a gradient Ricci soliton. For Ȳ , Z̄ ∈ X(M),

Ric(Ȳ , Z̄) +∇2φ(Ȳ , Z̄) = λg(Ȳ , Z̄) (3.5)

is satisfied. Let Ȳ = Y, Z̄ = Z, then equation (3.5) becomes

BRic(Y,Z)−
m∑
i=1

si
b

HessbB(Y,Z) + Hessφ1

B (Y, Z) = λgB(Y,Z)

BRic(Y,Z) + HessuB(Y, Z) = λgB(Y,Z)

where u = φ1 −
∑
si ln b and φ1 = φ at some fixed point of F1 × F2 × · · · × Fm. Hence B is a gradient Ricci

soliton. Using the same pattern, (ii) can be verified.

4. Multiply Warped Product Ricci Solitons with Concurrent Vector Fields

In this section, we firstly recall the definition of a concurrent vector field on a Riemannian manifold, i.e.,
X ∈ X(M) is said to be concurrent if it satisfies

∇ZX = X

for any vector field Z ∈ X(M)[4].
The next result gives the necessary and sufficient conditions for components of concurrent vector fields on a

multiply warped product manifold.
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Proposition 4.1. Let X̄ = X + Vi be a vector field on Mn = Br ×b F s11 ×b F
s2
2 ×b · · · ×b F smm where X ∈ L(B) and

Vi ∈ L(Fi). X̄ is a concurrent vector field on M if and only if X is a concurrent vector field on B and one of the following
conditions holds

(i) Vi is a concurrent vector field on Fi and b is constant,

(ii) Vi = 0 and X(b) = b.

Proof. Suppose that X̄ is a concurrent vector field on M and {∂i}ni=1 be a basis for X(M). Then, for 1 ≤ j ≤ r,

∂j = ∇∂j X̄ = ∇∂j (X + Vi) = ∇B∂jX +

m∑
i=1

∂j(b)

b
Vi. (4.1)

By comparing the tangential and normal parts of the (4.1), we can conclude

∇B∂jX = ∂j

and

0 =
∂j(b)

b

m∑
i=1

Vi

so that X is a concurrent vector field on B and ∂j(b)
b = 0 or

m∑
i=1

Vi = 0.

Case 1: It is clear that ∂j(b)
b = 0 for 1 ≤ j ≤ r implies b is constant. When j ∈ {r + 1, r + 2, · · · , r + s1, r + s1 +

1, · · · , n}, we get

∂j = ∇∂j X̄ =
X(b)

b
∂j +

m∑
i=1

∇Fi

∂j
Vi − b

m∑
i=1

gFi(∂j , Vi)∇b.

Since b is constant, we have ∇Fi

∂j
Vi = ∂j , i.e., Vi is concurrent vector field on Fi for 1 ≤ i ≤ m.

Case 2: Assuming
m∑
i=1

Vi = 0 yields

∂j = ∇∂j X̄ =
X(b)

b
∂j .

Therefore, we have
X(b)

b
= 1, i.e., (ii) holds.

The converse can be shown by direct calculation.

Using the above proposition, we reach the following theorem.

Theorem 4.1. Let X̄ = X + Vi be a concurrent vector field on M = B ×b F1 ×b F2 ×b · · · ×b Fm where X ∈ L(B) and
Vi ∈ L(Fi) such that (M, g, X̄, λ) is a Ricci soliton. If Vi 6= 0, then M , B and Fi are Ricci flat, gradient Ricci soliton with
λ = 1.

Proof. Assume that (M, g, X̄, λ) is a Ricci soliton and X̄ = X + Vi be a concurrent vector field on M . For
Ȳ , Z̄ ∈ X(M), we have

LX̄g(Ȳ , Z̄) = g(∇Ȳ X̄, Z̄) + g(Ȳ ,∇Z̄X̄) = g(Ȳ , Z̄) + g(Ȳ , Z̄) = 2g(Ȳ , Z̄).

Thus, we get
Ric(Ȳ , Z̄) = (λ− 1)g(Ȳ , Z̄). (4.2)

In particular, for Ȳ =
m∑
i=1

Wi, Z̄ =
m∑
i=1

Ui we have

Ric(Ȳ , Z̄) =

m∑
i=1

Ric(Wi, Ui)

=

m∑
i=1

FiRic(Wi, Ui)−

[
b∆b+

(
m∑
i=1

si − 1

)
|∇b|2

]
m∑
i=1

gFi(Wi, Ui). (4.3)
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Combining equations (4.2) and (4.3), we have

(λ− 1)b2
m∑
i=1

gFi
(Wi, Ui) =

m∑
i=1

FiRic(Wi, Ui)−

[
b∆b+

(
m∑
i=1

si − 1

)
|∇b|2

]
m∑
i=1

gFi
(Wi, Ui).

From (i) of Proposition 4.1, we know that Vi is concurrent for each i ∈ {1, · · · ,m} and b = c for some constant
c. Hence, the above equation becomes

m∑
i=1

FiRic(Wi, Ui) =

m∑
i=1

(λ− 1)c2gFi
(Wi, Ui), (4.4)

i.e., Fi is Einstein with factor µ = (λ− 1)c2. Since this equation is valid for any vector field in X(Fi), we may
write

FiRic(Vi, Vi) = (λ− 1)c2|Vi|2Fi
. (4.5)

Let {Vi, e1, · · · , esi−1} be an orthogonal basis of X(Fi). Then, Riemann curvature tensor is

FiR(Vi, ej , Vi, ej) = gFi
(FiR(Vi, ej)Vi, ej)

= gFi
(∇Vi

∇ejVi −∇ej∇Vi
Vi −∇[Vi,ej ]Vi, ej)

= gFi
(∇Vi

ej −∇ejVi − [Vi, ej ], ej)

= 0,

which implies FiRic(Vi, Vi) = 0. From equation (4.5), we have λ = 1. Moreover, M and Fi are Ricci flat from
equations (4.2) and (4.4).
Now, suppose that Ȳ = Y, Z̄ = Z. Then

0 = Ric(Ȳ , Z̄) = Ric(Y, Z)

= BRic(Y,Z)−
m∑
i=1

si
b

HessbB(Y,Z)

= BRic(Y,Z)

since b is constant. Hence, B is Ricci flat. It is clear that M , B and Fi are Ricci soliton with λ = 1.
Since g(Ȳ ,∇φ) = Ȳ (φ) = g(∇Ȳ X̄, X̄) = g(Ȳ , X̄) for φ = 1

2g(X̄, X̄), M is a gradient Ricci soliton with potential
function φ. Similarly, one can show that B and Fi are gradient Ricci solitons with potential functions u =
1
2g(X,X) and ui = 1

2g(Vi, Vi).
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