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Abstract

We introduce various new type of recurrent sets for finitely generated semigroups on non-
compact metric spaces that are conjugacy invariant, and obtain some basic properties of
chain recurrent sets for semigroups via these new definitions. Moreover, we define the
notion of weak shadowing property for finitely generated group actions on compact metric
spaces, which is weaker than that of shadowing property, and prove the equivalence of the
shadowing and weak shadowing properties for the finitely generated group actions on a
generalized homogeneous space without isolated points.
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1. Introduction

The notion of shadowing was introduced in the 1970s independently by Anosov [3] and
Bowen [6]. A dynamical system has the shadowing property if every sufficiently precise
trajectory is closed to some exact trajectory. The shadowing property has been developed
intensively in recent years, and many authors obtained results about chaos and stability
by studying the various type of shadowing (see [1,11,17,19,20, 22,24, 25, 27-29]). Wu
et al. [25] introduced the notion of .#,-shadowing and proved that a dynamical system
has the average shadowing property if and only if it has the .#,-shadowing property for
any a € [0,1). Oprocha and Wu [17] proved that a dynamical system with the average
shadowing of periodic pseudo-orbits property is distributionally chaotic if and only if it has
a distal pair. Lewowicz [14] introduced the concept of persistence for dynamical systems
which is weaker than that of topological stability. Artigue [4] showed that if a bi-Lipschitz
homeomorphism on a compact manifold is persistent or has the weak shadowing property,
then it is Lipschitz structurally stable. Zhang and Wu [29] obtained that the C'-stably
AMy-shadowing property on a non-trivial transitive set implies the diffeomorphism has a
dominated splitting, extending main results in [20)].

*Corresponding Author.

Email addresses: zshabani@math.usb.ac.ir (Z. Shabani), A.barzanouni@hsu.ac.ir (A. Baranouni),
wuxinxing5201314@163.com (X. Wu)

Received: 22.08.2020; Accepted: 01.02.2021


https://orcid.org/0000-0002-7828-431X
https://orcid.org/0000-0002-3192-6864
https://orcid.org/0000-0002-2716-1416

Recurrent sets and shadowing for semigroup actions 935

Throughout this paper, let N = {1,2,3,...} and ZT = {0,1,2,...}. Let (X,d) be
a metric space, id be the identity map on X, and each g; : X — X (i = 1,...,m)
is a continuous self-maps on X. The finitely generated semigroup (G,o) generated by
G1=1{id,g1,...,9m} is defined by G = U,,cz+ Gn, where Gy = id and

Gn={9i, 0" 0gi, : 9;; € G1}, n> 1. (1.1)

Indeed, each element of G,, is a composition of at most n elements of G;. We mention
that the finitely generated semigroup action is also called iterated function system.

Recently, Osipov and Thikhomirov [18] introduced the notion of shadowing property for
finitely generated group action. Chung and Lee [9] studied the topological stability and
pseudo-orbit tracing property for group actions. Ahn et al. [2] introduced the notion of
persistent actions for finitely generated group action on compact metric spaces and studied
its relation to the topological stability. Bahabadi [5] discussed the shadowing and average
shadowing properties for iterated function systems. Wu et al. [26] further studied some
chain properties and average shadowing for iterated function systems and proved that an
iterated function system with (asymptotic) average shadowing is chain mixing. For more
recent results on finitely generated group or semigroup actions on compact metric spaces,
we refer the reader to [7,10,12,15,23,30] and references therein.

However, the definitions of chain recurrent sets and shadowing property for continuous
map f and also for the finitely generated semigroup actions on a compact metric space
depend on the metrics on non-compact metric spaces. In other words, a point in chain
recurrent set of f (or semigroup GG) with respect to one metric, may not be in chain recur-
rent set of f (or semigroup G) with respect to another metric inducing the same topology
(see [13, Example 2.2] and Example 3.1). Lee et al. [13] introduced the notions of e-chain
and shadowing property for homeomorphisms on non-compact metric spaces, which are
dynamical properties and equivalent to the classical definitions in case of compact metric
spaces, and extended Walters’s stability theorem to homeomorphisms on locally compact
metric spaces.

In the present paper, we extend the notion of e-chain defined in [13] to the case of
finitely generated semigroup actions on non-compact metric spaces and show that the
new notion of e-chain on a non-compact metric space X is independent of metrics on X.
Afterwards, we extend the notion of weak shadowing property from homeomorphisms to
finitely generated semigroup actions on compact metric spaces, and we show that while
the shadowing property implies the weak shadowing property, there exists a semigroup
on a compact metric space X that has the weak shadowing property but does not have
the shadowing property. Furthermore, we obtain the equivalence of shadowing and weak
shadowing properties on generalized homogeneous spaces without the isolated points.

This paper is organized as follows. In Section 2, we extend the notion of weakly periodic
points and weakly non-wandering points defined in [8] to the case of finitely generated
semigroup actions on compact metric spaces and obtain some basic properties on them,
and chain recurrent sets for finitely generated semigroup. In Section 3, we first introduce
various new type of recurrent sets for finitely generated semigroups on non-compact metric
spaces that are conjugacy invariant, and then study some properties of chain recurrent sets
for finitely generated semigroup via these new definitions. In Section 4, we introduce the
notion of weak shadowing property for finitely generated semigroups on compact metric
spaces and build an example showing that the shadowing property is strictly stronger than
the weak shadowing property on compact metric spaces. Moreover, we prove that they
are equivalent on generalized homogeneous spaces without isolated points.

2. Various type of recurrent sets on compact metric spaces

Let G be a semigroup generated by the finite family G; = {id, g1,...,9m}. Symbolic
dynamic is a way to display the elements of the semigroup G. Let ¥,, be the space of
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two sided infinite sequences of m symbols {1,...,m}, that is, ¥, = {1,...,m}%. For any
sequence w = - - ~w_2w_1 1wy -+ € By, take GO := id and, for any n € N,

Gﬁ(fv) =9wp_1 00 gwo(x)‘
In particular, if the elements of Gy are invertible, we take G := id and, for any n > 0,
GL(T) = Gup 1 0+ 0 Guo (1), GJ"(2) == g0 009, (2).
Let A,, be the set of all finite words of symbols {1,...,m}, that is,
A = U {1,...,m}"™
neN
We use the notation |w| for the length of w € A,,. For any w = w; - - - w, € A,,, we denote

GO =id, G = guw, 00 guy, and G, 1= g,. 0+ +-0gy, for 1 <i < n. Clearly, G, = Gl},"‘.
Let (X,d) be a compact metric space and G be a semigroup generated by the finite

family {id, g1, ..., gm} of continuous self-maps on X. For w = wg -+ - w,—1 € Ay, and e > 0,
an (g, w)-chain of semigroup G from z to y is a finite sequence {z¢g = x,z1,..., 2, = Yy}
satisfying

d(Guw,; (zi),xiy1) <efor 0 <i<n-—1.

An e-chain of semigroup G from x to y is an (e, w)-chain from x to y for some w € A,,.
We say that a subset A C X is invariant for the semigroup G if g;(A) C A for 1 <1i < m.
Let (X,d) be a compact metric space and C(X) be the collection of all continuous

self-maps on X with the following C%-metric do:

do(f, 9) = maxd(f(z), 9(x)).

Let Cp,(X) be the collection of all semigroups such as G on a metric space X which
has a finite set of generators {id,g1,...,gm}, where g; € C(X), i = 1,...,m. Given
two semigroups F,G € C,,(X) generated by the finite families Fy = {id, f1,..., fm} and
Gy = {id,g1,...,gm}, respectively, define the C%-metric Dy on C,,(X) by

Do(F,G) = max do(fi, g:).
Also, we say that F'is e-close to G if Do(F,G) < €.

Definition 2.1. Let (X, d) be a compact metric space and G € C),(X) be a semigroup
generated by G1 = {id, g1,...,9m}. A point z € X is

(i) a periodic point of the semigroup G if there exists some w € A,, such that Gﬁul(ac) =
x.

(ii) a weakly periodic point of the semigroup G if, for any € > 0, there exists a semigroup
F € Cp(X) such that Dg(F,G) < € and z is a periodic point of F'.

(iii) a chain recurrent point of semigroup G if, for any £ > 0, there exists an e-chain of
the semigroup G from x to itself.

(iv) a non-wandering point of the semigroup G if, for every open neighborhood U of z,
there exist n € N and w € ¥, such that GI,(U)NU # @.

(v) a weakly non-wandering point of the semigroup G if, for any € > 0, there exists a
semigroup F' € C),(X) such that Dy(F,G) < € and z is a non-wandering point of F.

The sets of periodic points, weakly periodic points, chain recurrent points, non-wandering
points, and weakly non-wandering points of the semigroup G are denoted by Per(G),
Pery(G), CR(G), Q(G), and Qy(G), respectively.

Remark 2.2. (1) From Definition 2.1, it is clear that Per(G) C Pery(G), Q(G) C
Qw(G), and Pery(G) C Qyw(G), Per(G) C Q(G).

(2) Note that every compact dynamical system contains a minimal point. This implies
that for every finitely generated semigroup G on a compact metric space, Q(G) # @.
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Let (X,d) be a compact metric space and G € Cy,(X) be a semigroup generated by
G1 = {id,g1,...,9m}. Fix z € Qw(G). Then, for any € > 0, there exists a semigroup
F € Cp(X) such that Do(F,G) < § and =z € Q(F). Without loss of generality, as-
sume that F' is generated by {id, fi,..., f;m}. The uniform continuity of g1, ..., gm
implies that there exists 0 < 0 < § such that for any x1,20 € X with d(x1,22) < 6,
maxi<j<m d(gi(21), gi(x2)) < 5. Applying x € Q(F') yields that there exist w € ¥,, and
n € N such that F(B(z,d)) N B(x,d) # &, where B(z,0) = {z € X : d(z,2z) < ¢§}. Take
y € B(z,0) with F'(y) € B(z,0). We have
(1) d(Gi(2), Fi(y) = d(gu(2), fun (1)) < d(gun (@), 9o (¥)) + d(guo (1), fu () < 5

DO(F> G) <¢g
(2) fOI‘ 1 S 1<n-— 17 d(ng(Fcﬁ(y))aF:;Jrl(y)) = d(ng(Fi(y)%fwz(Fi(y))) S DO(Fv G) < &5
(3) d(Gur (F2 1Y), %) < Aoy (FL W), fiowr (FTH(Y))) + d(fry (F (), 2) =
Gy (FLY)), s (FL 1Y) + d(FL(y), 2) < Do(F,G) +6 < e.
This implies that the sequence {z, F1(y), F2(y),..., F" " 1(y),z} is an e-chain of G from
x to itself. By this observation, the following result is obtained.

+

Proposition 2.3. Let G be a finitely generated semigroup on a compact metric space X .
Then Q(G) C CR(G).

Remark 2.4. Choi et al. [8, Example 8] showed that there exists a dynamical system
(X, f) such that Qy(f) & CR(f).

From Remark 2.2 and Proposition 2.3, it is clear that
Per(G) C Q(G) C Qw(G) C CR(G), (2.1)
and
Pery(G) C Qy(G) C CR(G). (2.2)
For e >0 and z € X, let
Ce(z,G) = {y € X : there exists an e-chain from z to y},
and C(z,G) = .o C:(z,G). Clearly, x € CR(G) if and only if x € C(z,G). We say
that the finitely generated semigroup G on X is

(1) chain transitive on a non-empty subset A of X if, for any x € A, C(z,G) = A;
(2) chain transitive if it is chain transitive on the whole space X.

Applying Remark 2.2, the proof of the following proposition is straightforward and is
similar to the classical case for the continuous map f : X — X, so we omit it.

Proposition 2.5. Let G be a finitely generated semigroup on a compact metric space X
and x € X. The following statements hold:

(1) The set Q(G) is a nonempty closed subset of X.
(2) The set CR(G) is a nonempty closed subset of X .
(3) The set C(x,Q) is closed and invariant for the semigroup G.

Example 2.6. Consider the space X = {a,b, c} with discrete metric d, where a,b, ¢ are
different points. Let g; : X — X is defined by g¢;(b) = ¢ and g;(c) = ¢ for i = 1,2 and
g1(a) = a and g2(a) = b. It can be verified that a € Per(G) but g2(a) = b ¢ CR(G). This,
together with (2.1), implies that Per(G), Q(G), Qw(G), and CR(G) may not be invariant.

Next, we show that, for a finitely generated semigroup G, the chain transitivity on the
non-wandering set {2(G) implies the chain transitivity on the whole space.

Proposition 2.7. Let G be a semigroup generated by the finite family {id, g1, ..., gm} of
homeomorphisms on a compact metric space (X,d) and xz € X. If Q(G) C C(z,G), then
C(z,G) = X, and therefore v € CR(G).
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Proof. Fix any y € X. For any fixed € > 0, let K = {z € X : dist(z,Q(G)) > §}, where
dist(z, Q(G)) = inf{d(z,z) : x € Q(G)}. For any § € X\K, i.e., dist(7,Q(G)) < §,
since (G) is a nonempty closed set, there exists some z € Q(G) C C(x,G) such that
d(g,z) = d(7,2G)) < 5. From z € C(z,G), it follows that there exists an -chain
{zg = z,21,...,2n_1,2, = 2z} from z to z, implying that {z¢ = x,21,...,2,-1,7} is an
e-chain from z to ¢, and thus X\ K C C.(z,G).

For any z € K C X\Q(G), it follows from Definition 2.1 that there exists an open
neighborhood U(z) of z such that G} (U(z)) NU(z) = @ for any n € N and any w € 3,,.

By the compactness of K, there exists a finite set {z1, 22, ..., 2m,} C K such that K C
Uit U(=).
To prove y € C:(z, G), consider the following two cases:
Case 1. If y € X\ K, it is clear that y € C:(z,G) as X\K C C.(z,G);
Case 2. If y € K, we claim that for any w € %,,, there exists 0 < 7 < mg such that

G,/ (y) ¢ K. Suppose on the contrary that there exists some w € X™ such that,
for any 0 < j < myg, G,/ (y) € K. This implies that {G.;7(y) : 0 < j <mp} C K.
mo

Noting that K C U U(z;), applying the pigeon-hole principle yields that there
i=1
exist two integers ji,j2 € {0,1,...,mo} with j1 < j» and ¢t € {1,...,mg} such
that G,7* (y), G,”%(y) € U(z). This, together with
G (W) = 9u', 0 0gu, 009, (1)

= Gty © 0 G ) (GR () € U(2),

.0 gii(jﬁl)(U(zt)) NU(z) 75 @, which is a contradiction.
Therefore, there exists 1 < j < mg such that G/ (y) ¢ K (as G\ (y) =y € K).

From Case 1, it follows that there is an e-chain {z¢ = z, z1, ..., 2, = G/ (y)} from

xto G7(y). This implies that {zq, z1, ..., 2, = G’ (v), G;(j_l)(y), Gt (Y), v}
is an e-chain from z to y, i.e., y € Ce(z, G).
Therefore, y € C(z,G) as ¢ is arbitrary. O

implies that g;}m o

Corollary 2.8. If the finitely generated semigroup G is chain transitive on Q(G), then it
is chain transitive.

Proof. 1t follows directly from Proposition 2.7. 0

The following example shows that the assumption that the generators g;,i = 1,...,m
are homemorphisms in Proposition 2.7 is necessary.

Example 2.9. Let X = {a,b,c} with the discrete metric. Define two continuous maps
gi,92 : X — X by g1 = a and g3 = b, respectively. Let G be the semigroup generated
by Gi1 = {id,g1,92}. Then it is easy to see that Q(G) = {a,b} and a,b € C(¢,G). But
¢ ¢ C(c,G), and thus C(c,G) # X.

Definition 2.10 ([16]). A metric space (X,d) is said to be generalized homogeneous if,
for any € > 0, there exists 0 > 0 such that if {(z1,y1),..., (Zn,yn)} is a finite set of points
in X x X satisfying:

(a) ax. d(zi,yi) <6,

(b) z; # xj and y; #y; for 1 <i#j <,

then there exists a homeomorphism h : X — X with dy(h,id) < € and h(x;) = y; for
1 <4 < n. Here, we will call such § an e-modulus of homogeneity of X.

From [16], a topological manifold without boundary (dim(X) > 2), a Cartesian product
of a countably infinite number of manifolds with nonempty boundary, and the Cantor set
are all generalized homogeneous.
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By Remark 2.4, Qy(G) # CR(G). In what follows, we shall show that Q(G) = CR(G)
for a finitely generated semigroup G on a generalized homogeneous space.

Proposition 2.11. Let G be a semigroup generated by the finite family {id,q1,...,9m}
of continuous self-maps on a generalized homogeneous space X. Then

Pery(G) = Qw(G) = CR(G).

Proof. Fix x € CR(G). For any ¢ > 0, choose § > 0 as an e-modulus of homogeneity of
X. Take a (§, w)-chain I = {xi}fzo from x to x for some w = wq - - - wi_1 € Ap. Without
loss of generality, we may assume that x; # z; and g, (7;) # gu,(z;) for 0 <i #j < k—1.
In fact, if there exists 0 <7 < j < k — 1 such that x; = z; or gu,(z;) = gu,(z;), we can
replace I by {zo,...,xi,xjt1,...,2}. This implies that the finite set

{(gwo ((IZ), 1'1), (gw1 (.%1), 372), EER) (gwk—l (1‘]{,1), x)}

satisfies the conditions (a) and (b) in Definition 2.10. Then, there exists a continuous
map h : X — X with do(h,id) < € such that h(gy,(x;)) = zi41 for 0 < i < k — 1. Take
fi=hog; (1 <i<m)and let F be the semigroup generated by {id, f1,..., fm}. It can
be verified that F,,(z) = = and Dy(G, F) < ¢, and hence x € Pery(G). This, together
with (2.2), implies that Pery(G) = Qw(G) = CR(G). O

3. Various type of recurrent sets on non-compact metric spaces

The aim of this section is to present new notions for recurrent sets introduced in Defi-
nition 2.1 on the non-compact metric spaces, which are dependent of metrics.

Given a semigroup G € Cp,(X) generated by G1 = {id,g1,...,9m}. Note that the
definition of non-wandering point of the semigroup G as in Definition 2.1 is independent
of the choices of metrics for the space X. As we can see in the following, the definitions
of weakly periodic points, weakly non-wandering points, and the set of chain recurrent
points depend on the choices of metrics for non-compact space X.

Example 3.1. Define T: R — S! by

2t t2-1
THt)=| ——,—— | forteR
®) <1+t2’t2+1> orvelk

and let X = T(Z). Also let d’ be the metric on X induced by the Riemannian metric on
S' and let d be a discrete metric on X. It is clear that d and d’ induce the same topology
on X. Define respectively g1,92 : X — X by gi1(a;) = ait2 and ga2(a;) = a;41, where
a; = T(i) (i € Z). Denote by G the semigroup generated by Gy = {id, g1,g2}. It is easy
to see that T'(0) € CR(G) with respect to the metric d’, while 7'(0) ¢ C R(G) with respect
to the metric d.

Now, fix € > 0 and choose k € N satisfying d’'(ag,a_x) < . Consider a homeomorphism
f2 1 X — X which is defined by

Ait+1, &€ {—k‘,...,k‘—l},
folai)) =S a_y, i=k,

a;, otherwise.

Take f1 := g1 and let F' be the semigroup generated by {id, fo, f1}. By construction,
Do(F,G) = max maxd(fi(z),gi(x)) <e.
It is easy to see that ap = T'(0) € Per(F'), and thus ag € Pery(G) C Qy(G) with respect

to the metric d’, but agp ¢ Q(G) with respect to the metric d. Clearly, ap ¢ Pery(G)
with respect to the metric d by applying Pery(G) C Qw(G).
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Definition 3.2. Let X and Y be two metric spaces. We say that two semigroups F
and G with generating sets Fy = {id, f1,..., fm} and G1 = {id,g1,...,9m} on X and Y,
respectively, are (topologically) conjugate if there exists a homeomorphism h : X — Y
such that ho f; = g; o h for all 1 < i < m. The homeomorphism A is called a conjugacy
between F' and G.

For a semigroup G € C),(X) and A(G) € {Per(G), Pery(G),Q2G), % (G),CR(G)},
we say that A(G) is preserved under conjugacy if, for every semigroup F' € Cp,(Y'), which
is conjugate to G under some conjugacy h: X — Y, we have h(A(G)) = A(F).

By Example 3.1, the definitions of CR(G), Pery(G), and Q(G) depend on the choices
of metrics, and thus they are not preserved under conjugacy. In what follows, we introduce
new notions of chain recurrent point, weakly periodic point, weakly non-wandering point
for the semigroups on non-compact metric spaces, which are preserved under conjugacy.
Also, they are all equivalent to the classical definitions in the case of compact metric
spaces.

Let C(X) be the collection of all continuous functions from X to (0, c0). For o, 8 € C(X),
we use the notation o < 3, whenever a(z) < f(z) for all x € X.

Definition 3.3. Let (X, d) be a metric space and G, F' € C,,,(X) be two semigroups gen-
erated by the finite families Gy = {id, g1,...,9m} and Fy = {id, f1,..., fm}, respectively.
(i) For w € Ay, z,y € X, and € € C(X), an (&, w)-chain of semigroup G from x to y
is a finite sequence {x¢g = x,x1,...,x, = y} such that d(fu, (x;),xir1) < e(fuw,(zi)),
forall1<i<n-—1.
(ii) For ¢ € C(X), the semigroup F' is e-close to G, denoted by Do(F,G) < e, if
d(gi(x), fi(x)) < min{e(gi(z)),e(fi(z))} forall 1 <i<m and z € X.
(iii) = € X is a chain recurrent point of semigroup G if, for any ¢ € C(X), there exists an
(e, w)-chain of the semigroup G from z to itself for some w € A,,.
(iv) = € X is weakly periodic point of the semigroup G if, for any € € C(X), there exists
a semigroup F’ € Cy,(x) such that Do(G, F') < e and = € Per(F").
(v) z € X is weakly non-wandering point of the semigroup G if, for any € € C(X), there
exists a semigroup F’ € Cp,(X) such that Do(G, F') < € and z € Q(F').
In what follows, the sets of chain recurrent points, weakly periodic points, and weakly
non-wandering points of the semigroup G in Definition 3.3 are also denoted by CR(G),
Pery(G), and Q4 (G), respectively.

Lemma 3.4 ([13, Lemmas 2.7 and 2.8]). Let (X,d) and (Y,d') be two metric spaces.

(i) A function f from X toY is continuous if and only if, for any e € C(Y'), there exists
d € C(X) such that if d(z,y) < 6(x) (z,y € X), then d'(f(x), f(y)) < e(f(z)).
(ii) For any « € C(X), there exists v € C(X) such that

v(z) <inf{a(z):z € B(z,y(z))}. (3.1)
Remark 3.5. Suppose inequality (3.1) holds. It can be verified that
(1) d(z,y) < ~y(x) implies that d(z,y) < inf {a(z) : z € B(z,y(z))} < min{a(z),a(y)};
(2) d(z,y) < v(y) implies that
d(z,y) = d(y,z) < inf{a(z) : z € B(y,7(y))} < min{a(z), a(y)}.
Thus, d(z,y) < max{y(x),v(y)} implies that d(z,y) < min{a(z), a(y)}.

Lemma 3.6. Let (X,d) be a metric space and let fi,...,fm : X — X be continuous
maps. Then, for every e € C(X), there exists 0 € C(X) such that if d(z,y) < d(x), then

d(fi(x), fily)) < e(fi(z)) for all 1 < i < m.

Proof. Since each f; is continuous, from Lemma 3.4, it follows that for ¢ € C(X), there
exists §; € C(X) such that d(z,y) < 6;(z) implies that d(fi(z), fi(y)) < e(fi(z)). Take
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d:X — (0,00) by
d(z) = min{d;(x) : 1 <i <m} for z € X.
It can be verified that § € C(X) satisfies the condition of the lemma. O

Proposition 3.7. Let F' and G be two semigroups generated by the finite family F1 =
{id, f1,..., fm} and G1 = {id, g1,...,9m} of continuous self-maps on the metric spaces
(X,d) and (Y, p), respectively. If F and G are topologically conjugate with the conjugacy h :
X =Y, then h(A(F)) = A(G), where A := CR, Q, Pery, are defined in Definition 3.3.

Proof. Since h is a homeomorphism, it suffices to check that h=1(A(G)) C A(F).

(1) Let € CR(G) and ¢ € C(X). Since h~! is continuous, by Lemma 3.4, there exists 6 €
C(Y) such that that if p(z,y) < 6(z) (z,y € Y), then d(h~1(z),h"1(y)) < e(h~1(x)).
From z € CR(G), it follows that there exists a (§, w)-chain {zg = z,z1,..., 2, = z}
of G from z to itself for some w € A,,, implying that, for any 0 <¢ <n —1,

d(h_l © Gu; (xz)u h_l(xi-i-l)) < g(h_l © Guw; (x2)>
This, together with h=1 o g,, = fu, o h™!, implies that d(fu, o = (2:), h H(wiy1)) <
e(fuw; © h™Hx;)). Thus, {h~(z),h Y (x1),...,h Y (2)} is an (g, w)-chain of F from
h~Y(z) to itself, and therefore h=!(z) € CR(F).

(2) Given any fixed ¢/ € €(X), by the continuity of h~! and Lemma 3.4, there exists
e € C(Y) such that

if p(z,y) < e(z) (xz,y €Y), then d(h = (z),h (y)) < ' (h 1 (z)). (3.2)

!

Fix p € Qw(G). From Definition 3.3, it follows that there exists a semigroup G’ €
Cr(Y) with the generators {id, g1,...,g),} such that Do(G,G’) < € and p € Q(G")
Put h=togloh = f/. For 1 <i < m, since G is e-close to G’, we have p(g;(y), gi(v)) <
e(gi(y)) for all y € Y. This, together with (3.2), implies that

d(fio h™H(y), fi o h™(y)) = d(h™" 0 gi(y), A" 0 gi(y))
< (Wt ogi(y) =< (fioh ().

This implies that the semigroup F’ generated by {id, f1,..., f,} is €’-close to F, as
h=1(Y) = X. Now, we show that h~!(p) € Q(F’). For any open neighborhood U of
h~Y(p), it is clear that h(U) is an open neighborhood of p, as h is a homeomorphism.
From p € Q(G’), it follows that there exist n € N and w € ¥,, such that G (h(U)) N
h(U) # @. This, together with G o h = h o F/, implies that

@ # G (MU)) Nh(U) = h(FJ(U)) N h(U) = h(FF(U)NU).
This means that h=1(p) € Q(F’). Thus, h=1(p) € Qu(F), as €’ is arbitrary. That is
h=HQw(G)) C Qw(F).

(3) Similar to the proof of (2), it can be verified that h~!(Pery(G)) C Pery(F).

(3.3)

0

In the following, we show that the set CR(G) with new notion of Definition 3.3 is also
closed.

Proposition 3.8. Let G be a semigroup generated by the finite family {id, g1, ..., gm} of
continuous self-maps on a metric space (X,d). Then CR(G) is a closed set.

Proof. Let {x,}neny € CR(G) and let z, — y for some y € X. For any § € C(X), since
d:X — (0,00) is continuous, there exists 9 > 0 such that
J 30
5(Bly,20)) C (P42, 242, (3.4)

and
3(B(gi(y),£0)) € (22, 2Gl) for 1 <i < m. (3.5)
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Take M € N such that g9 — 261&—%)1 > 0. By Lemma 3.4, there exists v € €(X) such that
v(z) < inf {2‘5\5—?2 1z € B(x,’y(a}))} for all x € X. (3.6)

For f € C(X) with 8 < min{eg,~}, by applying Lemma 3.6, there exists @ € C(X)
such that d(z1,z2) < a(zy) implies that d(g;(x1), gi(x2)) < B(gi(x1)) for 1 < i < m and
r1,T9 € X. From z,, — y, it follows that there exists N1 € N such that, for any n > Ny,

d(y, x) < min {60 — %, %, a(y)} . (3.7)
Applying gj(vfi% — 2%71)2 > ( yields that there exists N > N; such that
5(zn) _ 0(y)

for any n > N, (3.8)

QM +2 9M+1"

Since zy € CR(G), there exists a (v, w)-chain {yo = zn,y1,...,Yr+1 = n} C X from
xn to itself for some w € A, ie., for any 0 < i < ¢,

A(Guw; (¥i), yirr) < (9w (4i)- (3.9)
Since zn € B(guw,(Ye), (9w, (ye))), applying (3.6) yields
o(x
g () < 2. (3.10)
which, together with (3.8) and (3.9), implies that
S(xn oy
A (). 7)< (g, () < 2] < ) (3.11)

This, together with d(xn,y) < g9 — 2‘15@1, implies that d(gw,(ye),y) < €0, i.€., Guw,(yr) €
B(y,¢e0), and hence by (3.4)

‘5(29) < (g (32)) < S‘Séy) (3.12)

By applying (3.7) and (3.9), it follows

A9, (90).) < (g we)oan) + ) < Ao ) + 22 (313)

Meanwhile, by applying (3.6) and (3.12), it follows

g ) + 20 < Xl 50, ). (3.14)

2
This, together with (3.13), implies that

), 5) < LD 4504, () < 2600, (00)) (3.15)

On the other hand, d(y,zn) < a(y) implies that
d(gwo (y)a Gwo (:EN)) < B(gwo (y)) < €o-

Then, guw, () € B(guw,(y),€0), and thus 0(gw, (xn)) < M by applying (3.5). There-
fore,
d(gwo (y)a yl) < d(gwo (y)v Guwo (mN)) + d(gwo (l'N), yl)
< BGuo (y)) +7(guo (zn)) (a8 yo = zn)
6(gwo(y)) | 6(guo(zn)) 0
< 2MO+2 + 21?4+2 (as p<y= W)

(o 30 (Guw, 50 (g
Gn) | Blom)) _ Soun®) g, 1,

IN
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This, together with (3.15), implies that the sequence {yo = y,y1,-..,9e,y} is a (20, w)-
chain from y to y. Hence y € CR(G), as § € C(X) is arbitrary. O

In the following, we study the relation between some notions in Definition 3.3. It is
clear from the definition that Per(G) C Pery(G) C Qw(G) and Q(G) C Qw(G).

Proposition 3.9. Let G € C,,,(X) be a semigroup generated by the finite family
{id, g1,...,9m} of continuous self-maps on a metric space (X,d). Then Qyw(G) C CR(G).

Proof. Fix p € Qu(G). For any € € C(X), by Lemma 3.4, there exists 1 € C(X) such
that e1(z) < inf{%z) 1z € B(x,sl(a:))}. Let 0 € C(X) such that §(z) < inf{e1(z) :
z € B(z,d6(x))}. From p € Qw(G), it follows that there exists a semigroup F' € Cp,(X)

generated by {id, fi,..., fm} such that Dy(G, F) < § and p € Q(F). Applying Lemma 3.6
yields that there exists 6; € C(X) with §; < é such that

if d(z,y) < d1(x) (z,y € X), then d(fi(x), fi(y)) < o(fi(x)) for all 1 <i<m. (3.16)
This implies that there exist n € N and w € ¥, such that

Fy(B(p,d1(p))) N B(p, 01(p)) # 2.

Take y € B(p, 01(p)) such that F7(y) € B(p, 61(p)).

We claim that {p, fu,(y), F2(y),..., F" " (y),p} is an (e, w)-chain of G from p to it-
self for some w € A,,. Since d(gu,(P); fuo (P)) < (9w (p)) and d(z) < inf{ei(2) : z €
B(z,d(x))}, by Remark 3.5, it follows that

(e (P); Juro (P)) < min{er(gug (P)); €1(fuop (P))} < €1(furs (P));
i.e., Guo(P) € B(fuwo(P)),€1(fuwo(p)). This implies that

5 fanl)) < 21(fu(p) < ")) (317)

Then,

(G (P); fuoo () < d(Guo (D) fuoo (P)) + Al foo (P)s fuoo (y))
< 6(9uo (P) +0(fuo (p)) (by d(p,y) < 01(p) and (3.16)) (3.18)

- 6(%;(19)) n 6(%;(29)) — (g (p)).
From F"(y) € B(p,81(p)) C B(p,d(p)), it follows
6(p) < er(FJ(y))- (3.19)
From Do(F,G) < 8, it is easy to obtain that, for any 1 <i <n — 1,
A(fuos (F () 9 (FL (1)) < 0(fuo (F())) < ex(FS (), (3.20)
and
d(fuo (FL (), 9 (FL () < 8(9us (F(y)) < (g (FL(9))- (3.21)

In particular,

A(fs (F2NW))s G (FL () < e2(FJ (),
i.e., g, 1 (E""Y(y)) € B(fu,_(FE"Y(y)),e1(F*(y))), by the choice of 1, it follows

(G (F 1 (y)))
5 .

e1(FS () = e1(fun (FLH(y))) < (3.22)
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This implies that
1

Ao (FS(9)),0) < d(Gu s (FL' W), fon 1 (FS () + d(F (), D)
< (G 1 (FL () +01(p)  (as Do(F,G) < 9)
< (G (FL 7 () +0(p)  (as &1 < 0)
_ (Gen- 1(FZ} '(v)))

+e(F5 ()  (by (3.19)

= 8(9%71(1“" ') (by (3.22)).

Combining this with (3.18) and (3.21), it follows that {p, fu,(y), F2(y),- .., F2 " y),p} is
an e-chain of G from p to itself. Therefore, p € CR(G) as ¢ is arbitrary. O

4. Shadowing and weak shadowing on compact metric spaces

In this section, we introduce the notion of weak shadowing property for the finitely
generated semigroup actions on the compact metric spaces and investigate the relationship
between the shadowing and weak shadowing properties.

Let (X, d) be a compact metric space and H (X) be the collection of all homeomorphisms
on X with the following C°-metric dq:

do(f,9) = max d(f(x), g(x)) + max d(f(x), g~ (x)).

Let H,,(X) be the collection of all semigroups such as G on the space X which has
a finite set of generators {id,gi,...,gm}, where g; € H(X), i = 1,...,m. Given two
semigroups F,G € H,,(X) generated by the finite families Fy = {id, f1,..., fm} and
Gy ={id,g1,...,gm}, respectively. Defined the C%-metric Dy on H,,(X) by

Dy(F,G) = max. do(fi» 9i)-

Definition 4.1. We say that a semigroup G € H,,(X) has the weak shadowing property
if, for any € > 0, there exists d(g) > 0 such that, for any F' € H,,(X) with Do(G, F) < ¢,
x € X, and w € ¥,,, there exists y € X such that

d(GL(y), F(x)) < ¢ for all i € Z.

Clearly, the above definition of weak shadowing property for the semigroup action G
generated by {id, g1} coincides with the notion of weak shadowing property for homeo-
morphisms in [4, Definition 4.2].

Definition 4.2. Let G € H,,(X) be a semigroup generated by G = {id, g1,...,gm} on
a compact metric space (X, d) and § > 0.
(1) The sequence {x;}icz is a (0, w)-pseudo orbit of G for some w = (..., w_1,wp,w1,...) €
Y if, for any ¢ € Z,
d(gu; (i), Tit1) < 0.
(2) G has the shadowing property if, for any € > 0, there exists § > 0 such that every
(0,w)-pseudo orbit {z;};cz can be e-shadowed by some point z in X, that is,
d(G'(2),x;) < ¢ for all i € Z.
(3) G has the finite shadowing property if, for any £ > 0, there exists § > 0 such that, for
every (0, w)-chain {z;}7_, there exists a point z € X such that
d(GE (2),x;) < e forall 0 < i < n.

Remark 4.3. Note that, for a compact metric space X, we can define the shadowing and
weak shadowing properties for the semigroup G € C,,(X), by replacing Z with Z* and
using the Cp-metric on Cp,(X) defined in Section 2.
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It is well known that every mapping with the shadowing property has the weak shad-
owing property. In the following, we show that this is also true for the semigroup actions.

Lemma 4.4. Let G € Hp,(X) be a semigroup generated by G1 = {id,g1,...,9m} on
a compact metric space (X,d). If G has the shadowing property, then it has the weak
shadowing property.

Proof. Given any ¢ > 0, choose § > 0 as an e-modulus of the shadowing property. For
any w € X, x € X, and F € H,,(x) with Do(F,G) < ¢, we have

(g (i), Fi(2)) = (g, (F (@), fu (Fi(2)) < 6 for all i € Z,

This implies that {F!(x)}icz is a 6-pseudo orbit of G. Therefore, {F!(z)}icz can be
e-shadowed by some point in X. O

Lemma 4.5. Let G € H,,(X) be a semigroup generated by G1 = {id,g1,...,9m} on a
compact metric space (X,d). If G has the weak shadowing property, then each g; for
(1 <i<m) has the weak shadowing property.

Proof. For any € > 0, choose § > 0 as an e-modulus of the weak shadowing property. Fix
jeA{l,...,m}. Take f; = g; fori € {1,...,m}\{j}, and f; € H(X) with do(g;, fj) < 0.
Let F' be the finitely generated semigroup with generators {id, fi,..., fm}. It can be
verified that Dy(G, F) < §. Given x € X, since G has the weak shadowing property, for
w="(..,7,4,7],--.) € X, there exists y € X such that

d(GL,(y), Fi(@)) = d(gj(y), fj(x)) < e for all i € Z.
This means that g; has the weak shadowing property. O

The following example is related to [4, Remark 4.4].

Example 4.6. In this example, we present a finitely generated semigroup with the weak
shadowing property that does not have the shadowing property. Let g : [0,2] — [0, 2] be

defined by
(l‘) _ \/55 € [07 1]7
g = r—1+1, ze][l,2].

Fix 29 € (1,2) and define go on X = [0,1] U {¢"(x0) : n € Z} U{2} by go = g|x. Let
g1 : X — X be defined by

o) = Jxr, xel0,1],
91() {go(a:), x € X\[0,1].

Then gg, g1 are homeomorphisms on the compact metric space X, with fixed points 0, 1, 2.
Denote G the semigroup action with the finite set of generator {id, gg, g1}. Then G has the
weak shadowing property. Indeed, let F' be a finitely generated semigroup associated with
{id, fo, f1}, which is sufficiently closed to G. We have to note that the homeomorphisms
fo, f1 have to fix 0,1,2. Take any point = € [0,1]. Let by < by be another fixed points
of the mappings fp and fi, respectively, which are closed to 1 (or 0). It is easy to see
that the map F! has a fixed point b € [by,bs] for any w € ¥, and any i € Z. Indeed,
the homeomorphisms fy and f; move any points of interval [be, 1] to the right, while the
accumulation points 1 is fixed. Therefore, we can choose y € [0, 1] such that G (y) is
closed to F!(z). A similar argument is used for any z € [1,2]. Thus, G has the weak
shadowing property, but it does not have the shadowing property, since gy and g; does not
have the shadowing property. Indeed, there are pseudo-orbits starting at 0 and finishing
at 2 without real orbits tracing them.
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By Lemma 4.4 and Example 4.6, the shadowing property is strictly stronger than the
weak shadowing property finitely generated semigroups on compact metric spaces. Here,
we shall show that the converse also holds for finitely generated semigroups on generalized
homogeneous spaces.

Proposition 4.7. Let (X,d) be a generalized homogeneous space without isolated points.
Then G € H,,(X) has the shadowing property if and only if it has the weak shadowing

property.
Proof. Necessity: By Lemma 4.4, this holds trivially.

Sufficiency: By [21, Lemma 3.3], it suffices to show that G has the finite shadowing
property. Without loss of generality, assume that G is generated by {id, g1,...,gm}. For
any fixed € > 0, choose 0 < § < § such that, for any F e H,,(X) with DO(G,F) < 6,
z € X, and w € %,,, there exists y € X such that d(G% (y), Fi(z)) < 5 for all ¢ € Z. Take
n < & be a §-modulus of homogeneity of X. Since g1, ..., gn are uniformly continuous,
there exists 0 < /) < 7 such that for any x,y € X with d(z,y) <9, d(gi(x), g:(y)) < % for
all 1 <i <m. Let {x;}o<i<k be an (i), w)-pseudo orbit of G with w = wq - - wr_1 € Ap,
that is, d(gw, (i), zit+1) < 7 for 0 < ¢ < k — 1. Since X does not contain isolated points,
we can choose yo = 20, y1 € B(21,1)\{ga; © gue(y0)},

y2 € B2, N)\{¥1, Gy © Guor (1) Gy © Guwo (0) }
yi € B, M\{Y1, -, Yi-1, G © Gury (Yiz1)s - - -+ Gumy © Guo (0)}

Y1 € B(@r—1, M\{Y1, - - - Yb—2:Gior, © Gunes Wk—2)s -, G}, © Guo (40}
Yr € B(or, M\{y1, - Yr—1}-

It is easy to see that the set {(gwo (y0)7y1)7 (g’wl (y1)7y2)7 SRR (gwk—l (ykfl); yk)} CXxX
satisfies the followings:

a) d(guw,; (Yi); Yi+1) < d(Guw; (Yi)s Gu,; (%)) +d(Gu, (i), Tit1)+d(Tit1, yiy1) < F+0+H <1
for0 <1 <k —1;
b) Gu, (Yi) # guw; (y;) and yiy1 # yj1 for 0 <i#j <k — 1.
Since X is a generalized homogeneous space, there exists a homeomorphism A : X — X
with do(h,id) < 6 and h(gw,(vi)) = yit1 for 0 < i < k — 1. Take fy, := h o gu,.
It is easy to see that, for any 0 < i < k, fi(y0) = v and do(guw;, fuw;) < 0. For
e {1,...,m\{wo,...,wp_1}, take fy = g, and let F' be the semigroup generated by
{id, f1,..., fm}. Clearly, F is d-close to G. By the weak shadowing property of G, there
exists a point z € X such that, for any 0 <i <k, d(G.,(2), F},(y0)) < 5, implying that
A(Gly(=), 1) < d(Gly(2), Fiy(yo) + d(Fy (o). w1) < - +dlyi, i) < 5 +1 < <.
]
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