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Besides, we define the concept of slow oscillation with respect to logarithmic summability
in IFNS, investigate its relation with the concept of g-boundedness and give Tauberian
theorems by means of g-boundedness and slow oscillation with respect to logarithmic
summability. A comparison theorem between Cesaro summability method and logarithmic
summability method in /F NS is also proved in the paper.

1. Introduction and preliminaries

Fuzzy sets are put forward by Zadeh [1] in 1965 as a generalization of classical sets and have been studied by many
mathematicians from varied branches. In classical sets, elements in the universal set are divided crisply into two groups
as members and nonmembers, and partial membership is not allowed. Unlike the classical sets, fuzzy sets allow partial
membership and take every elements in the universe into account by assigning degrees of membership between 1 and 0. Owing
to the power in handling unclassifiable data, fuzzy sets are utilized in many real-world scenarios to cope with problems of
uncertainty and indefiniteness. In 1983, inspired by fuzzy sets, Atanassov [2, 3] considered also partial non-membership and
extended fuzzy sets to intuitionistic fuzzy sets. Following Atanassov’s introduction, concepts of intuitionistic fuzzy metric [4]
and intuitionistic fuzzy norm (/F'-norm) [5,6] are defined and related topics are studied. In particular, convergence of sequences
in IF NS is investigated and different types of convergence(e.g., statistical convergence and ideal convergence) are applied to
sequences in IFNS to grasp the convergence [7-11].

Recently Talo and Yavuz [12] introduced Cesaro summability of sequences in /FFNS and gave Tauberian theorems for Cesaro
summability method in /FNS, by which they initiated summability theory and Tauberian theory in /FFNS. In their study,
they also defined the concept of slow oscillation in /FFNS and gave related theorems. Following their study, we now define
logarithmic summability of sequences in /FNS and prove a Tauberian theorem for logarithmic summability method. In the
sequel, we define the notion of slow oscillation with respect to logarithmic summability in /FFNS and give slowly oscillating
type Tauberian conditions for which logarithmic summability yields convergence in IFNS. Besides, we compare Cesaro
summability and logarithmic summability in /F'NS. Before continuing with main results we now give some preliminaries.

Definition 1.1. [6] The triplicate (N, L, V) is said to be an IFNS if N is a real vector space, and L,V are fuzzy sets on N X R
satisfying the following conditions for every u,w € N andt,s € R:

(a) u(u,t)=0fort <0,
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(b) w(u,t)=1forallt € R" if and only ifu= 0
(c) pulcu,t)=p (u, l’H)for allt e RY and c #0,

(d) p(u+wt+s)>min{p(ut), m(w,s)},

(e) lim;_o0 tt(u,t) = 1 and lim,_,o (u,t) =0,

(f) v(u,t)=1fort <0,

(g) v(u,t)=0forallt € R" ifand only if u= 6
(h) v(cu,t)=v (u, ﬁ) forallt e RT and ¢ # 0,
(i) max{v(u,t),v(w,s)} > v(u+wt+s),

(j) lim; e v(u,t) = 0 and lim;_o v(u,t) = 1.

We call (1,Vv) an IF —norm on N.
Example 1.2. Let (N, || - ||) be a normed space and Ly, Vo be fuzzy sets on N x R defined by

0, t<0, 1, t <0,
Holwr) =13 t>0 Yolt) =9 Jul t>0
t+ull? ’ :

Then (U, Vo) is IF —norm on N.

Throughout the paper (N, i, v) will denote an IFNS.

Definition 1.3. [6] A sequence (u,) in (N, L, V) is said to be convergent to a € N and denoted by u,, — a if for every € > 0
and t > 0 there exists ng € N such that iW(u, —a,t) > 1 — € and v(u, — a,t) < € for all n > ny.

Definition 1.4. [6] A sequence (uy) in (N, W, V) is said to be Cauchy if for every € > 0 and t > 0 there exists ny € N such
that W(ug — up,t) > 1 — € and v(uy — uy,t) < € for all k,n > ny.

Every convergent sequence is Cauchy in /FNS.

Definition 1.5. [13] A sequence (uy) in (N, V) is called g-bounded if lim; ;. inf, e U (1, 1) = 1 and limy oo SUP, ey V (U, 1) =
0.

2. Main results

Now we introduce logarithmic summability in /FNS and prove corresponding Tauberian theorems. For some other studies
concerning logarithmic summability and convergence methods in fuzzy setting see [14—26].

Definition 2.1. Let sequence (uy,) be in (N, L, V). Logarithmic mean t, of (uy) is defined by

1 n uk n
Tn:—z— where ﬂn:Z
fn k=1 k k=1

1 —

(uy) is said to be logarithmic summable to a € N if

lim 7, = a.
n—yo0

Following theorem shows that convergence yields logarithmic summability in /F'NS.

Theorem 2.2. Let sequence (uy,) be in (N, i, V). If (u,) is convergent to a € N, then (uy) is logarithmic summable to a.
Proof. Let sequence (u,) converge to a € N. Fix ¢t > 0. For e >0

* There exists ny € N such that pt (u, —a,5) > 1—€and v (u, —a, %) < & for n > ny.
¢ There exists n; € N such that

0y —a bt 0y —a Ot
”(kzlukk a,2>>1—8 and v(kzlukka,2><£

for n > ny, since we have

) & wp—a Lyt ) 5w —a byt
nlggy(ﬂ - ,2>1 and l}gr;v(}? 0 =0.
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Hence we get
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& k72 H ng+1 "2(ng+1))’ T
[0 (£ 52 o 02 )]
= PR I no+1 — & 5 )" n— 4,5
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> 11—
and
1 &ou & up—a Lyt t t
v<€nk1kka,t> < max{v(l;1 kk ,;),V(un0+la,2>7..-,v<una,2>}
< &
whenever n > max{ng, n; }, which completes the proof. O

Logarithmic summability does not imply convergence in /FNS by the next example.

Example 2.3. Take (u,) = ((—1)") in IF —normed space (R, ly, Vo) where iy and vy are as in Example 1.2. Sequence (uy,)
is logarithmic summable to O in view of Theorem 2.13 and [12, Example 3.3], but it is not convergent.

We now give some Tauberian conditions for which logarithmic summability yields convergence in /F'NS.

Theorem 2.4. Let sequence (u,) be in (N, i, V). If (uy) is logarithmic summable to a € N, then it converges to a if and only if
foreacht >0

2
.. 1 L Uy — Uy
sup liminf i ] =1 (2.1)
A>1 n*] — Cn k=n+1 k
and
A
1 ("] _
inf limsup v Ut i) =o. 2.2)
A>1 poeo |n* | — Ay k=n+1 k

Proof. Necessity. Let (u,) converge to a. For all A > 1 and large enough n, that is when [n | > n, we can write(see [27, Lemma

5.5

¢ ]
o )t
Al = (TW Tn) by =

Uy — Uy

k

(2.3)
n k=n+1

Since (7,) is Cauchy, for each t > 0 we have

lim u (TWJ —‘L'n,t) =1 and r}grolov (‘L’Ln” —‘L’n,t> =0.

n—soo

N

2}( . .
ZM - < g5is satisfied, we have

Hence, for sufficiently large n such that

%’#(r —r)t TS PR L (FS7H P LA (n— )
:u' ‘gnl _‘gn Lnlj n | —‘U, Lnlj ns ZLnM _‘U, L”AJ VHA
[n*] Ay A—1

[n*) "
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and

v 7%‘” (’C;L—’L')t =v|T.a—T L SH{ T T | =0 (n— )
e CLTROL) e Rk R s
l —Ln

n?]

0
revealing that ; ;"{J 7 (TW |~ Tn) — 0. So, by equation (2.3), we conclude
L” J n

LnZA.J Ug —u 1 ) U —u
lim p “t]=1 and limv Tt] =0,
n—yoo gt"kJ - gn k=n+1 k oo Z[I‘tlj - gn k=n+1 k

which means that (2.1) and (2.2) are satisfied.
Sufficiency. Let conditions (2.1) and (2.2) be satisfied. Let r > 0 be fixed. For € > 0 we have:
¢ There exist A > 1 and ny € N such that

1 Ll U —up t 1 )
L >1—¢ and
E[n” -4 H éLnAJ —/

l'L [y
n k=n+1 k 3 " k=n+1

for n > ny.

* There exists n; € N such that i (7, —a,%) > 1—gand v (7, —a,%) < &forn>n,.
¢ There exists ny € N such that

I A t 4 A t
e L —7). L _ s L —7). L
u (ELHQLJ _[n (TL”}'J Tn) ’ 3> >1—¢ and Vv <€Ln/’LJ _gn (Ttnlj Tn) ) 3> <€,

) L)
for n > ny, since ﬁ (‘L’WJ — r,,) — 0.

Hence, by equation (2.3), we get

Wy —at) = W(up— T+ T, —a,t)
0 5 1 L"H _
[n*] U — Up
= p| —"— (10 —™)— ) +1,—a,t
etnlJ _EVI ( |~ J ) anH —en k=n+1 k
0 3 1 L”” _
. [n*] t Up—uy t t
> min Hl 77— \Tp )~ )7 | oM 7 | oM\ T —a,
<£WJ—£,,(L ! ) 3) zln”—e,,k:%] k 3 ( 3)
> 1—¢
and
v( ) < max v( ) (1 r) t) v 1 % ot L V<T t)
Up —a, e PZ L R I I ) n—a,3
g{n’lj — Ly "] 3 g[nlj —4n k=n+1 k 3 3
< &
for n > max{ng,n;,n, }, which completes the proof. O

Theorem 2.5. Let sequence (u,) be in (N, 1, V). If (uy,) is logarithmic summable to a € N, then it converges to a if and only if
foreacht >0

1
sup liminfu

L, — oy
-— gt =1
o<A<l e En_g[nlj Z k

k=|n*]+1

and

inf limsupv | ——
0<A<1 n~>°<>p En*g\_nlj k=[n*]+1 k
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Proof. The proof is done similarly to that of Theorem 2.4 by using equation(see [27, Lemma 5.5(ii)])
¢ [n* | 1 L, —uy
v nT A =0t |41
instead of (2.3). O
Now we introduce the concept of slow oscillation with respect to logarithmic summability in /FNS.
Definition 2.6. (u,) in (N, 1, V) is said to be slowly oscillating with respect to logarithmic summability if
supliminf min  p(uy —uy,,t) =1 2.4)
A>1 % n<k<|nt|
and
inf limsup max  V(ux —u,,t) =0, (2.5)

A>1 p—oo n<k<|n’|

Sforeacht > 0. “sup, " in(2.4) and “inf; " in (2.5) can be replaced by “limy_,+".

A sequence (uy) in (N, i, V) is slowly oscillating with respect to logarithmic summability if for each # > 0 and for all € > 0

there exist A > 1 and ng € N such that
Ui —up,t) >1—€ and V(g —up,t) <€

whenever ng <n <k < Lnlj

The proof of next theorem is analogous to that of Theorem 4.2 in [12] and hence omitted.

Theorem 2.7. Let sequence (uy) be in (N, 11, V). Fort > 0, conditions (2.4) and (2.5) are equivalent to

sup liminf min p(u —up,t) =1
0<A<l "7 [n*]<k<n

and

inf limsup max V(ug —up,,t) =0,
0<A<l p—oeo |t |<k<n

respectively. “supy_; 1" in (2.6) and “infyy ;" in (2.7) can be replaced by “limy - .

(2.6)

2.7)

Example 2.8. Consider IF —normed space (R, Uy, Vo) where Uy and vy are as in Example 1.2. u, = Yo ﬁ is slowly

oscillating with respect to logarithmic summability by the calculations below:
Fixt> 0. For € > 0 take A = eT¢. Then for 1 <n <k < |n* | we have

t t

Up — Up,t) = > =1-¢
Ho(une =t 1) T ug—un] T 1
and
Vo (ug — uy,t) = 4 — tn] i =
0Nk = s lug —un| +1 1
since |uk7uﬂ|: j= n+1Jln]<fu1nu— ({:ﬁ)g]nlzltfi

Theorem 2.9. Let sequence (uy) be in (N, 1, V). If (u,) is slowly oscillating with respect to logarithmic summability then

(2.1) and (2.2) are satisfied.

Proof. Suppose that (u,) is slowly oscillating with respect to logarithmic summability. Fix # > 0. For € > 0 there exist A > 1

and ng € N such that

U(ug —up,t) >1—€ and V(g —up,t) <€
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whenever ng <n < k < Lnlj Hence, we have

1 | ||

U — Up U — Up
7[’ = ‘U, 7,(6 nl —E )t
gLnlJ_enk:;H k k:nZ+1 k S
. Upy1 —Up T Uppr) —Un ¢
> _— EEErre—
= mm{“( R ’n+1>’ ’“( ] ]
= min{u(unH—un,t),...,u(utn“—un,t)}
1—-¢
and
A
1 2w —u,
t] < —Up,t),..., —Up,t
Y gtnu—fnk:nzl] K ] = max{v(”"“ s 0)s e V(Ui =t )}
< &
for n > ng and this completes the proof. O

In view of Theorem 2.4 and Theorem 2.9 we give the following Tauberian theorem.

Theorem 2.10. Let sequence (uy,) be in (N, W, V). If (uy) is logarithmic summable to a € N and slowly oscillating with respect
to logarithmic summability, then (u,) converges to a.

Theorem 2.11. Let sequence (u,) be in (N,u,v). If {nlnn(u, —uy—1)} is g-bounded, then (uy) is slowly oscillating with
respect to logarithmic summability.

Proof. Let {nlnn(u, —u,_1)} be g-bounded. In view of Definition 1.5, for given € > 0 there exists M, > 0 so that

t > Mg = inf p(nlnn(u, —u,—1),t) >1—¢€ and supv(nlnn(u, —u,—1),t) <E€.
neN neN

For every t > 0 choose A < 1+ MLS Then for ng < n < k < |n*] we have
k
‘Ll.(uk—umt) = u Z (Mj—lzl];]),l
j=n+1

t
> min Uj—UuUj 1, 7~
- n+1<1<k'u JA ](&—&J)

. 1 ) tlnj
= min n
n+l§j<k jinj(uj = ujs b — 40,

> min ln ) tlnn
1 —uj
= (I ) g
> min jIn j( ) !
—uj
- n+1<1<k'u jn g = 1’%_
> il ) !
min n
= 1< <ku J .] MJ 1 7}{ ]
t
> f 1 —uy ), ——
2 ’:QN,U. (n nn(u, — uy 0’1—1)
> l—¢
and
t
V(U — up,t) < supv (nlnn(u,, —Uy—1), ) <e.
neN A—1
Hence, (u,) is slowly oscillating with respect to logarithmic summability. O

By Theorem 2.10 and Theorem 2.11, we conclude following Tauberian theorem.
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Theorem 2.12. Let sequence (u,) be in (N,u,v). If (u,) is logarithmic summable to a € N and {nlnn(u, —u,_1)} is
g-bounded, then (u,) converges to a.
Now we prove a comparison theorem.

Theorem 2.13. Let sequence (u,) be in (N, 1, V). If (u,) is Cesaro summable to a € N, then (u,) is logarithmic summable to
a.

Proof. Let (u,) be Cesaro summable to a € N. Then, Cesaro means o, = %ZZ:1 u, converges to a and é Yi, % — a by
Theorem 2.2 with the agreement oy = 0.

Fixt > 0. Fore >0

» There exists ny € N such that 1 (6, —a,%) > 1 —€and v (0, —a, 5) < € whenever n > ny.
¢ There exists n; € N such that

1 & Ok—1 t 1 & Ok—1 t
—) ——az|>1-¢ d vl—-) ——a,z|<e
“(znkzl k “2) o (ek; K2

whenever n > nj.

* There exists ny € N such that (a, ([”;1)[) >1l—€eandv (a, w) < € whenever n > ny, since lim,, o (a, ([";1)’) =

tand fim,e.v (a, 252 ) < 0.

Then, we have(see [28])

B o, 1 & o
p(t,—ar) = u<£n+€n2 ; —a,t>

%
2.
=]

> min
> 11—
and
t b, — 1)t 1 Oy_ t
v(rn—a,t) < max{v (o;,—a,i) ,V (a7(”2)> vV (&,Ig’lkl —a,2> } <€
whenever n > max {ng,ny,n, }, which completes the proof. O

Logarithmic summability does not imply Cesaro summability in /FFNS by the next example.

Example 2.14. Consider sequence (u,) = ((—1)"n) in IF —normed space (R, Uy, Vo) where o and Vg are as in Example 1.2.
Since

1 t
lim T t) = lim -t ) =1lm ——=1
’H“’uO( i) ”—>°°u0< bony1’ > m |-
£2n+1
1
. . 1 . b1
lim vy (Toy11,¢) = lim v [ ———,7 | = lim =0
n—oo n—oo £2n+1 n—eo | 1 4t
L

we have Tp,+1 — 0, and since

. . .t . . .0
im pio (2,) = lim 4o (0,7) = lim —5="1 Jim vo (720,7) —,}gng(O,t)—,}g;—OH =0

we have Ty, — 0 which yields that lim,_,. T, = 0. So, (u,) is logarithmic summable to 0. But, sequence (u,) is not Cesaro
summable.
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We note that converse of Theorem 2.13 is true under the condition Inn(z, — a) — 0, which can be seen by the following:

and

ln_l
u(o, —a,t) u En(r,z—a)—;ZKk(rk—a),t
k=1

. t 1] t
min u(ﬁn(r,,—a),i),,u ;Zﬁk(rk—a),f —1 as n—oo
k=1

v

2

t

1) t
v (0, —a,t) < max v(én(rn—a),§>,v 72&(“*‘1)’5 =0 as n—oo.
=1

By Theorem 2.13 and Example 2.14, we see that logarithmic summability method is stronger than Cesaro summability method
in summing up sequences in /FNS.
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