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1. Introduction and preliminaries

Recently, some complex model partial differential equations, which have important applications in some areas of applied
sciences, were investigated in detail, especially for Robin problem see [1]-[7]. Also, the solvability and solutions of complex
partial differential equations with boundary conditions were considered by many mathematicians. [8]-[11].

The Robin problem, called as third boundary problem, is a mixed form of the Dirichlet and the Neumann problems, which are
basic boundary value problems in complex analysis.

The main aim of this paper is to give solvability conditions and solutions of Robin problem with real parameters for Cauchy-
Riemann operators in an annular domain R = {z € C: 0 < r < |z| < 1}. The results in this paper are obtained by using some
integral representations in the annular domain [12]-[14], which are similar to ones in the unit disc. [15, 16].

For the convenience of the reader, we recall some relevant theorems without proofs:

Theorem 1.1 (The Complex Form of Gauss Theorem). [15] Let D C C be a bounded domain with smooth boundary dD,
and the closure D = DU dD. Assume that w € C'(D;C) NC(D;C). Then

1 1
[wet@dxay= 5. [w(@dz, [w@dxdy= -5 [ w2z,
D aD D oD

where

1/9 9 1/d o\ .
8222<ax—18y>7a%—2(ax+lay),2—x+ly7 X,y eR.
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Theorem 1.2 (Cauchy Integral Formula). Let y be a simply closed smooth curve and D be the inner domain, bounded by .
If w is an analytic function in D, continuous in D and 7 € D, then

1 dg
=— -—. 1.1
W) = 5 [ (1)
Y
Theorem 1.3 (Cauchy-Pompeiu representation). [/7] Under the assumptions of Theorem 1.1, we have for z € D that
1 d¢ 1 r dédn
() = 2mi ./W(C)C—z o ./WC(C) {—z
aD D
where { = & +in.
The Dirichlet boundary value problem for analytic functions in R is
w;=0,w=Yon JdR, (1.2)

for a given function y € C(JR,C).
The following theorem is proved in [14]:
Theorem 1.4. The Dirichlet problem (1.2) is solvable if and only if for z € R
1 zd¢ 1 zd¢
_ = — = O
i / YT = ami / U

JR JR

in the class of analytic functions. Then the unique solution is given by the Cauchy type integral

wie) = 2;8/ o7

The normal derivative on the boundary of R is defined by

9 — { 20470, |7 =1,

_% Z_%&m |Z|:r'

The Robin boundary value problem for analytic functions in R is

wz=0,w+Alzldpw=y on IR, A= Lo k=1,
- 17 |Z| =1
for a given function y € C(dR,C).
2. The Robin boundary value problem depending on parameters for analytic functions

In this section, in R we investigate for @, 8 € R, and y € C(dR, C), the Robin boundary problem
wz;=0,z€R, (2.1
(aw+B Alzldyw) =7, z€ IR. (2.2)
As a consequence of analyticity of w, the boundary condition (2.2) can be rewritten in the form
(0w +Bzwz)|or = V-

Introducing a new function

¢ = ow+Bzw,,
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the boundary problem (2.1)-(2.2) turns out as the Dirichlet problem

¢.=0inR, ¢ =yondR. (2.3)

On account of Theorem 1.4, boundary problem (2.3) can be uniquely solved if and only if for z € R, the function Y satisfies that

o 1O = o [ o e
JdR JdR

Then the unique solution of the problem (2.3) is obtained as

1 dg
= — -—. 2.5
T L 25)
JR
We note that as an analytic function in R, w(z) has a unique representation by a Laurent series
= Z ann
N——o0

which converges in R.

Then, we have

¢(z) = aw(z)+Paw:(z)
o Z cnd'+ B Z ncp?"

N—=—o0 n—=-—oo

oo

Z (a+nP)cyz".

n=—oo

Considering (2.5), it yields

=

Y (atnplod = - / y(@)@

n—=—oo
(=<} n dC
Lo [ roghe s Lo [ n0gh <
|=1 |Cl=r
Comparing coefficients of both sides of (2.6), we have as long as & +nf3 # 0,
1 1 d¢
= — =0,1,2,...;
“n o+np Znig/ 1é) grtr T S
=1
1 1 d¢
= — — n=..-2,—1.
Cn a+np 2wi / Y(OC"“’ e Ts
|=r
Therefore, we can assert that
- 1 1 d¢ 1 d¢ n
_ _ — ) 2.7
w(2) n;)ownﬁ omi / 1) Vo |7 +n_2_:w a+nﬁ omi / 7(¢) gnet | @7
I¢l=1 |Cl=r

Theorem 2.1. For a,3 € R, and v € C(dR,C), Robin boundary value problem (2.1)-(2.2) in R is solvable if and only if
condition (2.4) is satisfied. In this case, solution of the problem if oo +nf3 # 0 for all n € Z is given by (2.7).
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3. The Robin boundary value problem depending on parameters for inhomogeneous Cauchy-
Riemann equation

In this section, we deal for &, € R, y € C(dR,C) and f € C*(R;C), 0 < a < 1, with the Robin boundary problem

wz=f, ZER, (3.1
(aw+p Alzldyw) =7, z€ IR. (3.2)
Solutions of equation w; = f have the form
VRN W i(9
w(z) = 9(2) — / Fo2dgdn,

where @(z) is any analytic function in R, see [17].

By differentiating with respect to z implies

O Y A(9)
Wz =@ ﬂ!(Cz)zdédn'

We note that the latter derivative is taken in distributional sense, see [15].

By introducing the new function

1
(p:w—i—g /?;(Cldédn, (3.3)
R
and using wz = f, the problem (3.1)-(3.2) is reduced to
¢: = 0,inR, (3.4)
1 Bz o _ ~
(@p+Bze) = |r+ 7/ =3 — 7| f(§)dsdn —Bzf | :=7, on dR, (3.5)
m) [(E-2)* z=¢
the Robin problem in the previous section. By Theorem 2.1, (3.4)-(3.5) is solvable if and only if
1 ~ dg 1 ~ df
3 | O = 0 [ 10 g =0 (3.6)
JR IR

In this case, solution of the problem if o 4+ nf # 0 for all n € Z is given by

> 1 1 ~ 1 n
(P(Z):;m 2771?1/ Y(&) C"H Z+,,;m06+n[3 27/ C"H 7" (3.7)

n=0 ¢i=1 =

It is clear that (3.5) for z € dR is equal to

=)
—~
o

1 ] Bz a _
Iz o | fazan - psa) 68)

So, by (3.8), the first boundary integral in (3.6) for t = | + it, can be written as

o [ 1602 = [ [ 10+ 1 [ o= 525 ranan - 200 | 225
oR oR R

By applying Fubini’s theorem when changing the order of integrations, we obtain
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e [FO2E = o [0 [0 [ [ ] s
27r1/ﬁ€f 1Zil§C'

By aid of the Cauchy integral formula (1.1),

L/Bc dc:L/ B¢ dr:_i/ BS 4t B
2m‘aR(§—t)21—zcj 2mi I(C—t)zl—ZC 2mi ) (§—1)21-28 (1—12)?

I¢]= [C]=r
and
/ a df  «
2m g t1— zé; 27: zg 2m g—zl—zé;_l—zt’
hence it can be shown that
1 . ¢ 1 de l3 OH—OtzC
ma/Y(C)l—zg_zma/ & -BLAO)] 15 X /f Oy dedn=0.
R R

With similar calculations, for the second boundary integral in (3.6), we obtain

1ol de 2B - oc+oczC B
Mg{v@)rz_zg—zma{[@ BT /f g e =0

If the value of (3.8) is substituted in (3.7), we can get for % ¢ 7,

] 1 ac | .,
°k) = r;)a+nﬁ (Zm / ( +7TR/[ ] ft)dndty = BCf(C)) C"H)Z

or equivalently

o) = Ooc+n[3 (21/ ,,H | (;/ﬂt)[(f_i)zC"‘_t}dndn)gfi

L s

e /ﬁCf
+ Z a+1n/3 (2;, / Y(C)gfiﬂm / (;/f(r) {(Cﬁ_i)z—;_t}dtldtg);i

n=-—oo
ISl=r |Sl=r

2mi / BCf C"“)

E1=r

Because of

} F(0)dtydts BCf(C)) C‘ﬁi)zn.
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and

1 1 BC o d¢
o / (”'R/f(t) {(Ct)z_ét] dtldtg) W:O, forn=...,-2,—1,

|C1=r

we get

_ z dg
o) = = Oa+nﬁ (277:1 / ”“)Z

fY - P (Zjn | (n&)-BZr(0) C‘,’i)

n=—oo
E1=r

By using (3.3), solution of the problem (3.1)-(3.2) can be found as

we) = ¥ o (2; | (no-BLr©) C‘“l) z

0

o 1 1 dC ;
YL (2 Z cnﬂ)z

o [ r(@agan,

nR ¢

Finally, we have just proved the following:

Theorem 3.1. For a, € R, f € C*(R;C),0 <a < 1,y € C(dR;C), the Robin problem

wz=finR, aw+ BA|z|dyw =7y on IR

is solvable if and only if for all z € R

217&8{ [16)-6250) 257 + / 702 ‘”“Zcé
and
o= | [0 -8Tr0) 2255 /f L azan =0
JdR

Then, the solution of the problem if & +nf # 0 for all n € Z is represented by

W) = iﬁ(zjr / (y<<:>ﬁ5f<c>)§§1)zn

0

I€1=1
+n_z_wa o (Zjnc |/ (1) -BEr0) g’cl) o
LT ez,

TJ) Z—
J C
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4. Conclusion

In this paper, a special kind of Robin problem for analytic functions (Theorem 2.1) and more generally for the inhomogeneous
Cauchy—-Riemann equation (Theorem 3.1) are investigated in a concentric ring domain. The representations of the solutions
and solvability conditions are aimed for in explicit form.

Let us reconsider the Robin boundary condition

(aw+ BA|z|dyw) = yonR. 4.1
Under above boundary condition (4.1), with some special cases of o and f3, the following results can be obtained:

i.) By choosing a = 8 = 1, we have (w+ A|z|dyw) = y on R. In this case, in (2.7), the coefficient of z~!, c_| may take

arbitrary values from C. Hence, for solvability of the problem, the condition 5 [ ¥({)d{ = 0 is needed. Furthermore,
ISl=r

with an additional condition zgw(zo) = ¢, for some fixed point zg € R, ¢ € C, the problem is uniquely solvable. This

problem is another special kind of Robin problem and appears as Theorem 2.2.14 (for analytic functions) in [14]. Asis the

analytic case, by applying similar arguments, in the inhomogeneous case, the conditions %m i (}/(C ) —Cf(¢ )) df=0
I€l=r

(for solvability) and zow(zo) = ¢, for some fixed point zo € R,c € C (for uniqueness of the solution) are needed. [14,
Theorem 2.3.18 ]

ii.) By choosing & = 1 and 8 = 0, we have w = ¥ on dR. Hence, these problems are reduced to the Dirichlet problems for
analytic functions and the inhomogeneous Cauchy-Riemann equation, respectively, in [14, Theorem 2.2.12 and Theorem
2.3.16].

iii.) By choosing @ =0, and 8 = 1, we have (4|z|dyw) = y on R. Hence, these problems are reduced to the Neumann
problems for analytic functions and the inhomogeneous Cauchy-Riemann equation, respectively in [14, Theorem 2.2.13
and Theorem 2.3.17], with additional conditions.
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