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Abstract

In this paper we introduce the idea of generalized relative order (@, 3) and generalized relative type (c, 3) of a meromorphic function with
respect to an analytic function in the unit disc D where o and 3 are continuous non-negative on (—eo, +o0) functions. Hence we study
some basic properties relating to the sum and product theorems of generalized relative order (o, ) and generalized relative type (c, ) of a
meromorphic function with respect to an analytic function in the unit disc D.

Keywords: Generalized relative order (a, ) ; generalized relative type (o, ); generalized relative weak type (o, 3); meromorphic function; Prop-
erty (D); unit disc.
2010 Mathematics Subject Classification: 30B10; 30J99.

Let us consider the functions which are meromorphic or analytic in the unit disc D = {z € C: |z| < 1} and have unbounded growth
according to some specific growth indicator. Also we consider that the reader is familiar with the fundamental results and the standard
notations of the Nevanlinna theory in the unit disc D which are available in [6, 9, 12, 13]. Before starting the paper we just summarized the
Nevanlinna theory for the reader’s convenience. we denote by n¢(r) the number of poles of f in |z| < r < 1 where each pole is counted
according to its multiplicity. Similarly 7i¢(r) stands for the number of distinct poles of f in |z| < r < 1 disregarding the multiplicity. The
Nevanlinna’s Characteristic function of f is define as Ty (r) = Ny(r) 4 my(r) where the function Ny (r) and m(r) are respectively known as
counting function and proximity function which are as follows:
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N¢(r)= dt+ns(0)logr

Ny(r) = /77]“(’) 1) by 0 togr
0
and

2
1 r .
mp(r) = E/logJr |f(re’9)|d6, where
0

log™* x = max(logx,0) forall x > 0.
If f is an entire function, then the Nevanlinna’s Characteristic function Ty (r) of f is defined as
Ty(r) =my(r) .

An entire function f is said to have Property (D), if for any § > 1, ¥ > 0 and for all r, 0 < r < 1, sufficiently close to 1
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where M (r) = max|f(z)|.We define expl¥ x = exp(exp 1 x) and logh! x = log(logl*~ ! x) for x € [0,0) and k € N where N be the set of

|z|=r
all positive integers. We also denote log[o] X=X, log[*l] X = expx, exp[o] x =x and exp[_]] x =logx.
In this connection we state the following definition which will be needed in the sequel:

Definition 0.1. Let f be a meromorphic function in D. Then, the order p(f) and lower order A(f) of f [12] are defined by

p(f) . sup logTy(r)
200 T inf log( )’

Further, if f is of order p(f) (0 < p(f) < o), one may introduced the definitions of type o(f) and lower type G(f) of f which are as
follows:

o(f) _ . sup  Ty(r)
S(f) ~ MM e (L)

However during the last several years many authors have investigated different properties of meromorphic or analytic function in the
unit disc D and derived so many great results e.g. [4, 5, 7, 8, 10, 11]. The notion of relative order was first introduced by Bernal [1, 2].
Considering this idea, one may give the definition of relative order and relative lower order of a meromorphic function f in the unit disc D
with respect to an entire function in the following way:

Definition 0.2. If f a meromorphic function f in the unit disc D and g be an entire function, then the relative order and relative lower order
of f with respect to g, denoted by pg(f) and Ag(f) respectively are defined by

pe(f) _ . sup logTy 'Ty(r)
Ag(f) r—1 inf log(ﬁ) '

Now let L be a class of continuous non-negative on (—oo, +o0) function & such that o (x) = ot (x9) > 0 for x < xo with @ (x) 1 +-oo
as x — +oo. Forany a € L, we say that o € LY, if ot ((1+0(1))x) = (1+0(1)) & (x) as x — +eo and & € LY, if o (exp ((1+0(1))x)) =
(1+0(1)) o (exp(x)) as x — +oo. Finally for any o € L, we also say that a € Ly, if o (cx) = (14 0(1)) ot (x) as xg < x — oo for each
¢ € (0,+o) and o € Ly, if o (exp(cx)) = (1+0(1)) & (exp(x)) as xg < x — +oo for each ¢ € (0,+o0). Clearly, L; C LY, L, C L and
L, CLy.

Now considering this, one may introduce the definition of the generalized order (o, ) and generalized lower order (¢, 3) of a
meromorphic function in the unit disc U which are as follows:

Definition 0.3. Let o € Ly and B € Ly. The generalized order (e, B) denoted by p(q p)[f] and generalized lower order (., B) denoted by
l(aﬁ) [f] of a meromorphic function f in the unit disc U are defined as:

Paplfl _ . sup alexp(Ty(r)))
)L(a.ﬁ)m _}1—13} inf ﬁ(ﬁ)

Clearly if o(r) = log(logr) and B(r) = logr, then Definition 0.3 reduces to Definition0.1.
In the case of relative order, it therefore seems reasonable to define suitably the generalized relative order (¢, ) and generalized relative
lower order (a, 8) of a meromorphic function f in the unit disc D with respect to an entire function g respectively in the following way:

Definition 0.4. Ler a, B € Ly. Let f be any meromorphic function in the unit disc D and g be any entire function. Then generalized relative
order (a,3) denoted as pq g)[fls and generalized relative lower order (., ) denoted as Ao g)[flg of a meromorphic function f with
respect to an entire function g are define by

Pap)lfle _ i sup a1 (1))
l(a.[i)[ﬂg r—>1inf  B((1—r)~1)

The previous definitions are easily generated as particular cases, e.g. if o(r) = B(r) = logr, then Definition 0.4 reduces Definition 0.2,
and if a(r) = B(r) = logr and g(z) = expz, then Definition 0.4 reduces to first part of Definition 0.1.A meromorphic function f in the unit
disc D for which generalized relative order (c, ) and generalized relative lower order (o, ) with respect to an entire function g are the
same is called a function of regular generalized relative growth (¢, ) with respect to g. Otherwise, f is said to be irregular generalized
relative growth (o, B) with respect to g.

Now in order to refine the above growth scale, one may give the definitions of an another growth indicators, such as generalized relative
type (@, ) and generalized relative lower type (a, B) of meromorphic function in the unit disc D with respect to another entire function
which are as follows:

Definition 0.5. Let a, B € Ly. Let f be meromorphic in the unit disc D and g be an entire function with 0 < p(q p)[flg < o, then the
generalized relative type (@, B) and generalized relative lower type (o, B) denoted respectively by 6(q g)[flg and G 4 p)[f]g of f in the unit
disc D with respect to g are respectively defined as follows:

Saplfle _ i SUP exp(a(T, ' (T4(r))))

Ftaplfle =1 il fexp(B((1—r)~1)Penlle

Analogously, to determine the relative growth of two meromorphic functions having same non-zero finite generalized relative lower
order (¢, B) in the unit disc D with respect to another entire function, one can introduced the definition of generalized relative weak type
(a,B) of a meromorphic f in the unit disc D with respect to an entire g of finite positive generalized relative lower order (a, ), A(q.p)[f]¢
in the following way:
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Definition 0.6. Let o, B € Ly. Let f be meromorphic in the unit disc D and g be an entire function having finite positive relative (¢, ) the
lower order A p)[f]g (0 < A(qp)[f]g < ). Then the generalized relative weak type (e, B), T(q.p)[f]g and the growth indicator T (g g)[f]g
of f with respect to g are defined as :

Taplfle _p, SUP exp(a(T, ' (T4(r))))
Yaplle =1 fexp(B((1—r)~t)Henlfl

Here, in this paper, we aim at investigating some basic properties of generalized relative order @, ), generalized relative type (o, 3)
and generalized relative weak type (c, 8) of a meromorphic function in the unit disc D with respect to an entire function under somewhat
different conditions which extend some earlier result (see, e.g., [3]). Henceforth throughout this paper,we assume that @, € L; and all the
growth indicators are non-zero finite.

1. Lemmas

In this section we present some lemmas which will be needed in the sequel.

Lemma 1.1. Ler f be an entire function which satisfies the Property (D) then for any positive integer n and for all § > 1,

(L) (1))

holds for all r, 0 < r < 1, sufficiently close to 1.

Lemma 1.1 follows from a result of Bernal [2].

Lemma 1.2. Let f be an entire function. Then

1 1 2
T (T) < logMy (T) §3Tf(1_r)-

forallr, 0 < r < 1, sufficiently close to 1.

Lemma 1.2 follows from Theorem 1.6 of [6].

2. Main Results

In this section we present the main results of the paper.

Theorem 2.1. Let fi, fr be meromorphic functions in the unit disc D and g be any entire function such that at least f1 or f; is of regular
generalized relative growth (o, B) with respect to g1. Also let gy has the Property (D). Then

Aap)lfi £ falgr < max{A(q pg)[filers Aap)lf2]er }-

The sign of equality holds when A(q g)[filg, > Aa.p)file with at least fj is of regular generalized relative growth (., ) with respect to g
wherei=j=1,2andi# j.

Proof. The result is obvious when 44 g)[f1 & f2lg, = 0. So we suppose that 44 gy [f1 & f2lg, > 0. We can clearly assume that 44 g)[fi]e,
is finite for k = 1,2. Now let us consider that max{A (4 g)[f1]g, A(a,p)[f2]e: } = A and f; is of regular generalized relative growth (a, )
with respect to g1.

Now for any arbitrary € > 0 from the definition of Z(a’ B) [f1]g,» we have for a sequence of r tending to 1 that

Ty, (r) < Tg, [0 (A fi)gn +E){B((1=7) ")}

ie., Ty (r) < Ty, [0 [(A+e){B((1 =)} ()

Also for any arbitrary € > 0 from the definition of p(¢ g)[f2]¢| (= A(q,p)[f2]¢, ), We obtain for all r, 0 < r < 1, sufficiently close to 1 that

Ty, (r) < Ty, [0 (A ) [foles + BT =) )}] (22)

ie., Ty (r) < Tp [ [(A+€){B((1—r) ")} 2.3)

Since Ty, (r) < Ty, (r) +Tp, (r) + O(1), therefore there exists a sequence values of r tending to 1 for which we obtain in view of (2.1)
, (2.3) and Lemma 1.2 that

Tfap,(r) < 2logMg [ [(A+e){B((1—r)~)}]]+O(1)

ie., T p, (r) < 3logMy, (e [(A+e){B((1-r)~ "} 2.4)
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Therefore in view of Lemma 1.1 and Lemma 1.2, we obtain from (2.4) for a sequence values of r tending to 1 and ¢ > 1 that
1 _ _
Trisp,(r) < 3 logMy [a™ ' [(A+&){B((1-r) "I

e Ty () < logMy [ [(A+2)(B(1 =) ™)}
b Ty () < Ty 2 [(A+€) (B((1—1)7))1%)

Now we get from above by letting 0 — 1T
T, (T,
ie., llma( g1 ( f1ile(r)))
r—1 {B((1=r)"1)}
Since € > 0 is arbitrary,
Map) L1 £ folgy < A=max{Aq p)lfi]es Aap) [ f2ler } -

Similarly, if we consider that f is of regular generalized relative growth (a, ) with respect to g; or both f; and f, are of regular
generalized relative growth (¢, ) with respect to g1, then one can easily verify that

AMap)lfi £ faley < A=max{A p)[file  Aap)[f2ler } - (25)

Further without loss of any generality, let A4 ) [f1]g; < A(qp)[f2]g; and f = fi & f>. Then in view of (2.5) we get that A4 g) [,
g AMap)lfalg- As, fo ==£(f — f1) and in this case we obtain that (4 g)[f2]e; < max{} aﬁ e Ma,pylfile} - As we assume that

a .B) [f]]g] < l (a,B) [fz]gl,therefore we have/l (a,B) [fz]gl < l (a,B) [f]g] and hence A((x ﬁ)[f] = a B) [fZ]gl —max{l (a,B) [f]]g], (a,B) [fz]gl}
Therefore, g, ﬁ)[fl ifg}gl = Ma,p)lfile: | i =1,2 provided A(q g)[filg, # A p) [ f2]g1- Thus the theorem is established.

<(A+eg).

Theorem 2.2. Let fi and f, be any two meromorphic functions in the unit disc D and g| be an entire function such that such that Pla.p) file
and p(q )| f1lg, exists and let g\ has the Property (D). Then

Pap)lf1 £ ol < max{pep)lfilei:P(ap)fo)er } -
The sign of equality holds when p(q p) [filg # P(a.p) [fler-

We omit the proof of Theorem 2.2 as it can easily be carried out in the line of Theorem 2.1.

Theorem 2.3. Let f| be a meromorphic function in the unit disc D and gy, g» be any two entire functions such that l(g_p)[ filg, and
A p)lfilg, exists and let gy + g5 has the Property (D). Then

Aap)lfilgite, = min{A(q g)[filers Aap)[file } -
The sign of equality holds when l(oc,ﬁ) [file # l(a,B) [file-

Proof. The result is obvious when A4 gy [filg+¢, = o. So we suppose that A (¢ g)[f1]g,+g, < °°. We can clearly assume that A g [f1]g, is
finite for k = 1,2. Further let ¥ = min{A g)[f1]g,, A(ap)[f1]¢, }- Now for any arbitrary € > 0 from the definition of A4 g)[f1ls, Where
k=1,2, we have for all , 0 < r < 1, sufficiently close to 1 that

To [0 (A p)filec —€)B((L—r) )M < T3, (1) 2.6)
ie, To o (¥ —e){B((1—r) )N < T5, (1)

Now we obtain from above and Lemma 1.2 for all r, 0 < r < 1, sufficiently close to 1 that
Totg [0 (¥ —){B((1—r) ")} < 2Ty, (r) + O(1)

ie., Torg [0 [(W—e){B((1—r)" )} <3Tp(r) .
Therefore in view of Lemma 1.1 and Lemma 1.2, we obtain from above for all , 0 < r < 1, sufficiently close to 1 and any ¢ > 1 that

élogMgligz[a_l [(‘Pig){f((l - r)_l )}]} < Tf] (r)
-1 _ —r —1 |
ie., logMgligz[a (¥ 8)2[[3(1 ) H]g < Ty (7)
e TogMy (I E =BT 3y i
ie., Tgl:tgz[( - - 8){5((1 - r)_l 2 )é] <Tj, (r)
As € > 0 is arbitrary, we get from above by letting r — 1,
Aoyl > ¥ =min{Aq.p)file) Aap) il } - @7

Now without loss of any generality, we may consider that l(aﬁ)[ﬁ]gl < A(aﬁﬁ)[fl}gz and g = g| £ g». Then in view of (2.7) we
get that A g)[f1]g > A(ap)[f1]e, - Further, g1 = (¢ g2) and in this case we obtain that Ay g)[f1]e, > min{Ay g)[filg: A(ap) [ f1]e: } -
As we assume that l(a‘ﬁ)[fl]g, < l(aﬁ)[fl]gz, therefore we have l(aﬁ)[fl]gl > l(a_ﬁ)[fﬂg and hence l(a,ﬁ)[fl]g = l(aﬁ)[fl]gl =
min{Ay g)[f1lg,: A(a,p) [ f1]g, }- Therefore, Aq g)[f1le1+g, = A(a,p)[f1lg; | i = 1,2 provided A g)[f1le, # A(a,p)[f1lg,- Thus the theorem
follows. -
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Theorem 2.4. Let fi be a meromorphic function in the unit disc D and g1, g» be any two entire functions such that f| is of regular
generalized relative growth (o, B) with respect to at least any one of gy or g .If g1 = g» has the Property (D), then

Pap)f1]ei+e, = min{p(q g)[filer:P(a,p)[file} -

The sign of equality holds when p 4 g) filg < P(apB) [f1lg, with at least fy is of regular generalized relative growth (., B) with respect to g
wherei=j=1,2andi# j.

‘We omit the proof of Theorem 2.4 as it can easily be carried out in the line of Theorem 2.3.

Theorem 2.5. Let fi, f> be any two meromorphic functions in the unit disc D and g\, g be any two entire functions. Also let g| £ g, has
the Property (D). Then

P(a.B)[fl + folgite
< max[min{p(q g)[f1lg: P(a,p) [f1]e: }- min{p(a. g) [ 2] 1 P(a,p) [ f2]g: }]
when the following two conditions holds:
(@) P(a.B) [filg: < P(a.B) [f1lg; with at least fi is of regular generalized relative growth (a, ) with respect to g fori=1,2, j = 1,2 and
i# j;and
(i) peéia'ﬁ)(fg) < pg(,;x’ﬁ)(fz) with at least f5 is of regular generalized relative growth (o, 3) with respect to g fori = 1,2, j = 1,2 and
i ]
The sign of equality holds when p(q p) file) < P(ap)[filer and pia.p)lfile, < P(ap)file, holds simultaneously for i=1,2; j=1,2 and
i#].
Proof. Let the conditions (i) and (ii) of the theorem hold. Therefore in view of Theorem 2.2 and Theorem 2.4 we get that
max[min{p(q g) [file1, P(a.p) [f1]e: b min{p(a p) [ 21 P(ar.p) [ f2) e }]
= max|[p(qp)[f1]e10s P(ar.p) [2]g1 4]
> Plap)lfi £ falgi=e - (2.8)
Since pg.p)lfiler < Prap)lfiler and P pylfile: < P p)lfile, hold simultaneously for i =1,2; j = 1,2 and i # j, we obtain that
either min{pq g)[f1le,: P(ap) [file. } > min{p( p)[f2ler Prap) [ f2len } OF
min{p(q ) [f2]g1:P(a.p)[f2)e. } > min{p(q p)[f1]gr: P(a.p) [fi]g, } holds.
Now in view of the conditions (i) and (i) of the theorem, it follows from above that
either Py g [f1lg1+e, > P(a,p)[f2le1+e: OF Pra ) f2)eiter > Pap)lf1]eiter

which is the condition for holding equality in (2.8).
Hence the theorem follows. O

Theorem 2.6. Let f1, f> be any two meromorphic functions in the unit disc D and g, gy be any two entire functions. Also let g1,g> and
g1 £ g2 satisfy the Property (D). Then we have

Aap) L1 £ 2lg 4g,
> min[max{Ay g) [filg, » A(a,p) [f2lg, - {maxA(q g [filg, - A(a ) [f2g, }]

when the following two conditions holds:

(i) Any one of Ma.p) [fi}g] > Map) [fj]gl hold and at least any one of fj is of regular generalized relative growth (o, B) with respect to g
fori=1,2, j=1,2andi# j; and

(ii) Any one of A(q p) [fi]g2 > Map) Uf]gz hold and at least any one of f; is of regular generalized relative growth (., B) with respect to g,
fori=1,2, j=12andi+#j.

The equality holds when A (g ) [fil,, < A(a.p) [fl]gl_ and A gy [f2lg; < Map) [fZ]gj hold simultaneously fori =1,2; j=1,2 and i # j.

Proof. Suppose that the conditions (i) and (ii) of the theorem holds. Therefore in view of Theorem 2.1 and Theorem 2.3, we obtain that

min[max{A(q g) [fil,, s A(a.p) [f2]g, } max{A(q p) [f1]g,  A(ap) [f2] g, ]

=min[A(q ) [f1 £ folg,  Ajap) 1 £ f2,,]

> Map) U1 £ fal gy ter - (2.9)
Since A(qp) [f1lg, < A(ap) [f1lg, and A p) [f2], < A(ap) [fﬂg, holds simultaneously for i = 1,2; j = 1,2 and i # j, we get that

either max{Ay p) [filg,  A(ap) [f2lg, } < max{A(qp) [f1]g, s A(ap) [f2]g, } OF
max{A(a,p) [/1]g, +Aa.p) /2], } < max{A(q.p) [filg, s Aap) [f2]g, } holds.

Since condition (i) and (if) of the theorem holds, it follows from above that
either A g) [f1 £ f2lg, < Aap) 1 £12lg, 08 Ao p) L1 £ f2lg, < Aap) 1 £ 120,

which is the condition for holding equality in (2.9).
Hence the theorem follows. O
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Theorem 2.7. Let fi, f» be any two meromorphic functions in the unit disc D and g1 be any entire function such that at least f| or f> is of
regular generalized relative growth (o, B) with respect to g1. Also let gy satisfy the Property (D). Then we have

Aap) [fi - folg, < max{A(q p) [filg, s Aap) [f2]g, }

The equality holds when any one of Aq.p) [filg, > A(ap) [fj]gl hold and at least any one of f; is of regular generalized relative growth
(o, B) with respect to gy where i, j = 1,2 and i # j.

Proof. Since Ty,.p, (r) < Ty, (r) + Ty, (r) therefore applying the same procedure as adopted in Theorem 2.1 we get that
Map) [fi- folg, < max{Aia ) [filg, s Aap) [f2]g, }-

Now without loss of any generality, let A4 g) [fil,, < A(ap) [f2l,, and f = fi - f2. Then A(q p) [f]y, < A(a,p) [f2]g, - Further, f> = % and

Ty, (r)= T% (r)+O(1). Therefore Ty, (r) < Ty (r)+ Ty, (r)+O(1) and in this case we obtain that 4 g) [f2],, < max{A4 p) [fl,, s A(a.p) [f1]g, }-
As we assume that A(g g) [f1l,, < A(a.p) [f2],, + therefore we have A4 g) [f2],, < l(a’ﬁ.) [f],, and hence A(q g) [f],, = A(a.p) [f2],, = max

{ Aap)filg s Map) [f2lg, }- Therefore, Aq g) [f1 - falg, = A(ap) [filg, | 1= 1.2 provided Ao g) [fil,, 7# A(ap) [f2g, -

Hence the theorem follows. O

Next we prove the result for the quotient %, provided % is meromorphic in the unit disc D.

Theorem 2.8. Let f1, f> be any two meromorphic functions in the unit disc D and g\ be any entire function such that at least f or f; is of
regular generalized relative growth (o, B) with respect to gy. Also let g\ satisfy the Property (D). Then we have

Ma.p) {%} . <max{Aap) [filg, s Aap) [f2)g )

provided % is meromorphicin the unit disc D. The equality holds when at least f, is of regular generalized relative growth (o, ) with
respect to g1 and A(q g) [f1lg, # Aap) [f2g,-

Proof. Since T, (r) =T, (r)+O(1) and T,

)

(r)<T, (r)+ T% (r), we get in view of Theorem 2.1 that
2

S

Ma.p) {%} . <max{Aap) [filg, +Aap) [f2)g, }- (2.10)

Now in order to prove the equality conditions, we discuss the following two cases:
Case I. Suppose % (= h) satisfies the following condition
Aap) [filg <Aap) [falg, s

and f5 is of regular generalized relative growth (o, ) with respect to g;.

Now if possible, let A4 g) [%LI < Ma.p)[f2lg,- Therefore from fi = h- f we get that A(q g) [fil,, = A(ap)[f2]g, Whichis a

contradiction. Therefore A g) [%] > Aa.p)[f2]g, and in view of (2.10), we get that
81 ’

bi
Aa.B) L%L = Aap) 2], -

Case II. Suppose % (= h) satisfies the following condition

Map) Uilg, > Map) [f2g, »

and f5 is of regular generalized relative growth (o, ) with respect to g;.
Now from fi = h- f, we get that either A4 g) [f1]g, < A(ap) [%Ll or A p) [filg, < Aap) [f2],,- But according to our assumption

Aap) [filg, % Map) [f2]¢, - Therefore A4, ) [%]gl > Aap) [f1]g, and in view of (2.10), we get that

f1}
Maw || =g Uil
(a.B) b . (a.,B) U1lg,
Hence the theorem follows. O

Now we state the following theorem which can easily be carried out in the line of Theorem 2.7 and Theorem 2.8 and therefore its proof
is omitted.

Theorem 2.9. Let fi and f> be any two meromorphic functions in the unit disc D and g be any entire function such that such that
Pap) [filg, and po p)falg, exist. Also let gy satisfy the Property (D). Then we have

Pap) [fi - folg, < max{p(a.p) [filg, -P(a,p) [2]g, }-

The equality holds when pq,g) [fily, # P(a.p) [f2]g,- Similar results hold for the quotient % provided % is meromorphic in the unit disc D.
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Theorem 2.10. Let f1 be a meromorphic function in the unit disc D and g1, g» be any two entire functions such that l(a, B8) 1] @ and
Aap)filg, exist. Also let g - g3 satisfy the Property (D). Then we have

Aap) Lfilg g = min{Ao p) [filg, » A(a) [filg, }

The equality holds when any one of/l(aﬁ) [fl]g,- < l(a,ﬁ) [f1 ]gj hold where i, j = 1,2 and i # j and g; satisfy the Property (D). Similar results

hold for the quotient f,—;, provided % is entire and satisfies the Property (D). The equality holds when A4 g) [fil, # M(a.p) [f1],, and g1
satisfy the Property (D).

Proof. Since Ty, .q, (r) < Ty, (r) + Ty, (), therefore applying the same procedure as adopted in Theorem 2.3 we get that

Aap) [filg e = min{Aiq g) [filg, s Aa,p) [f1]g, }-

Now without loss of any generality, we may consider that A4 g) [fil,, < A(ap) [f1l,, and g = g1 - 2. Then A(q g) [f1], = A(a.p) [f1lg, -
Further, g; = g% and and Ty, (r) = Tgi (r)+O(1). Therefore Ty, (r) < T, (r) + Tg, (r) + O(1) and in this case we obtain that 4 (¢ g) [f1]4, >

8
min{lm_ﬁ) [f]]g ’A(OCB> [f]]gz}' As we assume that A(lx,ﬁ) [f]}gl < l((x,ﬁ) [fl]gz , SO we have l((x,ﬁ) [f]]gl Z A.((X-ﬁ) [f]]g and hence k(a,ﬁ) [f]}g
= l(mﬂ) [fl]gl = mm{ A’(“B) [fl}gl N A'(Oc,ﬁ) [fﬂgz}‘ Therefore, l(a,ﬁ) [fl]gl‘gz = )L(Otﬁ) [f]}gi ‘ i= 1,2 pr0v1ded l(aﬁ) [f]}gl < )L(aB) [f]]g2
and g satisfy the Property (D). Hence the first part of the theorem follows.

Now we prove our results for the quotient g—;, provided g—; is entire and A (g g) [f1]4, # A(ap) [f1lg,- Since T, (r) = Té (r)4+0(1) and
T, (r)<T, (r)+T, (r), we getin view of Theorem 2.3 that
82

ap) [fl];% > min{A(q g) [filg, s Xap) [f1lg, }- (2.11)

Now in order to prove the equality conditions, we discuss the following two cases:

Case L. Suppose % (= h) satisfies the following condition

Aa.B) [fl]g] > Ma,p) [fﬂgz .

Now if possible, let A(q ) [f1]er > A(a,p) [fil,,- Therefore from g = h- g, we get that A(q g [fi],, = A(q,p) [f1]g,» Which is a
o ; 2
contradiction. Therefore A g) [f]]% < Aap) [f1]g, and in view of (2.11), we get that

Aap) Li]sr = Ao iy, -

81
82

Case II. Suppose that % (= h) satisfies the following condition

Aap) lf1lg < Map)lfilg, -

Therefore from g1 = h- g, we get that either A(q g [fily, > A(ap) [filer or A(qp)[filg, = Aap) [fily, But according to our
2 ’
assumption A g) [f1,, # Map) [fil,,- Therefore A(g g [fi]er < A(qp) [f1]g, and in view of (2.11), we get that
2 ’

Map) Uil = A p) iy, -
Hence the theorem follows. O

Theorem 2.11. Let fi be any meromorphic function in the unit disc D and g1, g» be any two entire functions such that P(aB) [f1] o and
P(a.p) [filg, exist. Further let fi be of regular generalized relative growth (., B) with respect to at least any one of g1 and g>. Also let g1 - g»
satisfies the Property (D). Then we have

Pap) [filg e = min{p(a.p) [filg, - P(ap) [f1]g, }-

The equality holds when any one of p(q ) [f1lg, < P(ap) [fl}gj hold and at least fi is of regular generalized relative growth (a, B) with
respect to any one of gj where i, j = 1,2 and i # j and g; satisfies the Property (D).

Theorem 2.12. Let f| be any meromorphic function in the unit disc D and g1, g» be any two entire functions such that p(q g) [ ‘]gl and
P(a.p) 1] g, exist. F urther let f| be of regular generalized relative growth (@, B) with respect to at least any one of g1 or g». Then we have

P(ap) [fl]% = min{p(qp) [filg, ,P(ap) f1lg, }s
provided % is entire and satisfies the Property (D). The equality holds when at least f| is of regular generalized relative growth (o, ) with

respect to g2, P(q.p) [fl]gl # P(ap) [f]}g2 and g satisfies the Property (D).

We omit the proof of Theorem 2.11 and Theorem 2.12 as those can easily be carried out in the line of Theorem 2.10.
Now we state the following four theorems without their proofs as those can easily be carried out in the line of Theorem 2.5 and Theorem
2.6 respectively.
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Theorem 2.13. Let fi, fo be any two meromorphic functions in the unit disc D and g1, g be any two entire functions. Also let g1 - g» satisfy
the Property (D). Then we have

P(ap) i~ folg g,
< max[min{py g [fily, :P(ap) [f1lg, b min{p(a p) [f2]g, s P(ap) [f2]g, }:

when the following two conditions holds:

(i) Any one of p(a.pg) [f1lg, < P(ap) [fl]gj hold and at least f) is of regular generalized relative growth (o, B) with respect to any one of g
and g; satisfy the Property (D) fori=1,2, j=1,2andi# j; and

(ii) Any one of p(q.p) [f2]g, < P(a.p) [fZ]gj hold and at least f, is of regular generalized relative growth (o, B) with respect to any one of g
and g; satisfy the Property (D) fori=1,2, j=1,2andi# j.

The quality holds when p(q g) [filg, < P(a.p) [fj]g] and p(q. gy [filg, < P(ap) [fj}gz holds simultaneously fori =1,2; j=1,2 and i # j.

Theorem 2.14. Let f1, f> be any two meromorphic functions in the unit disc D and g1, g» be any two entire functions. Also let g1 - g2, g1
and g satisfy the Property (D). Then we have

Moy [f1 - falg, g, = min[max{A(q p) [filg, s Aa.p) [f2lg, > max{Aq ) [filg, s A(a,8) [f2]g, }]

when the following two conditions holds:

(i) Any one of A(q.p) [ filg, > Map) [ff]gl hold and at least any one of f; is of regular generalized relative growth (o, B) with respect to g
fori=1,2, j=1,2andi# j; and

(ii) Any one of A(q.p) filg, > Map) [fi] o hold and at least any one of f; is of regular generalized relative growth (o, B) with respect to g,
fori=1,2, j=12andi# j.

The equality holds when A4 g) [filg, < A(ap) [fl]gj and Aq. gy [f2lg; < Map) [fZ]gj holds simultaneously for i =1,2; j=1,2 and i # j.

Theorem 2.15. Let fi, f>» be any two meromorphic functions in the unit disc D and g1, g» be any two entire functions such that % is
meromorphic and g—; is entire. Also let % satisfy the Property (D). Then we have

/i . .

P(a.p) {7;} ,, S maxmin{p(e.p) [filg, - P(ap) [filg, 1 min{pap) [f2lg, - Prap) f2]g, }
2

when the following two conditions holds:

(i) At least fi is of regular generalized relative growth (., B) with respect to g> and p g gy [fil,, # P(a.p) [f1]

(ii) At least f is of regular generalized relative growth (o, B) with respect to gy and p(q g) [fogl # P(a.B) [fzfgz .

The equality holds when p(q,g) [filg, < P(ap) [ff}gl and p(q gy [filg, < P(a.p) [fj]gz holds simultaneously fori=1,2; j=1,2 and i # j.

. and

Theorem 2.16. Let f1, f>» be any two meromorphic functions in the unit disc D and g1, g be any two entire functions such that % is
meromorphic and f}—l is entire. Also let %’ g1 and gy satisfy the Property (D). Then we have

ap | 1], 2 minmax g [l K Ll b mxtia iy A )

o
I

when the following two conditions hold.:

(i) At least f5 is of regular generalized relative growth (o, 8) with respect to g and A gy [f1l,, # Map) [f2l,,; and

(ii) At least f, is of regular generalized relative growth (o, ) with respect to g, and /'L(a’ﬁ) [fl]g2 #* l(a_ﬁ) [fﬂgz .

The equality holds when A (g g) [fil,, < A(a.p) [fl]g/_ and Aq. gy [f2lg; < Map) [fZ]gj holds simultaneously for i =1,2; j=1,2 and i # j.

Next we intend to find out the sum and product theorems of generalized relative type (o, ) ( respectively generalized relative lower
type (¢, 8)) and generalized relative weak type (@, 8) of meromorphic function in the unit disc D with respect to an entire function taking
into consideration of the above theorems.

Theorem 2.17. Let fi, f» be any two meromorphic functions in the unit disc D and g1, g be any two entire functions. Also let P(a.B) [f1 ]gl’
P(a,B) [f2]g|’ P(a.B) [fﬂgz andp g g) [fz]g2 be all non-zero and finite.
(A) If any one of p(q.p) [filg, > P(a.p) I:fj}g] hold fori, j = 1,2; i # j, and g\ has the Property (D), then

O(a.p) L1 £ f2lg, = O(ap) [filg, and G (o p)[f1 £ folg, =C(ap) filg, |1=1,2.

(B) If any one of p(q.p) [f1]g, < Pap) [f1 ]gj hold and at least f is of regular generalized relative growth (o, ) with respect to any one of
gjfori, j=1,2;i# jand g % gy has the Property (D), then

(a.p) 1l e, = Olap) Uil a1d Gy [filg 0 = Olap) il [1=1,2.

(C) Assume the functions f1, f»,g1 and g> satisfy the following conditions:

(i) Any one of p(a. ) [f1lg, < P(a.p) [fl]g, hold and at least f) is of regular generalized relative growth (o, B) with respect to any one of g
fori=1,2, j=12andi+# j;

(ii) Any one of p(q.p) [f2]g, < P(ap) [fz]gj hold and at least f, is of regular generalized relative growth (o, ) with respect to any one of g ;
fori=1,2, j=12andi# j;

(iii) p(ap) filg, > Pap) [ff]gl and p(q g) [filg, > P(a.p) [fj}gz holds simultaneously for i =1,2; j=1,2 and i # j;

(V) Pap) filg, =
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max[min{p(q gy [filg,  P(a.p) [f1lg, 1 min{pa py [f2lg, s Plap) [F2lg, ] [ Lm = 1,2, and g1 = > has the Property (D);
then

0(a.p) [f1 £ f2lg g, = O(ap) lfilg, | =12
and
G (a.p) 1 £ folg g = O(ap) filg, [ Lm=1,2.

Proof. From the definition of generalized relative type (@, ) and generalized relative lower type (a, 3) of meromorphic function f} in the
unit disc D with respect to an entire function g;, we have for all r, 0 < r < 1, sufficiently close to 1 that

T3 ) < Ty o Qog{ (01 py il +2) [exp(B1 7] ), @.12)
T3 (1) Ty la 108G ) il — ) [exp(B(1 1)) "7, @.13)
and for a sequence of values of r tending to 1, we obtain that
T3 (1) Ty la 0010, [, —©) [exp(B1 -] "7y 2.14)
and

apfily,
T3 (1) < T o™ (08 (B )l +) [exp(B(1 )] ")) @.15)

where € > 0 is any arbitrary positive number k =1,2and / =1,2.

Case L. Suppose that p(q gy [filg, > P(a.p) [f2],, hold. Also let & (> 0) be arbitrary. Since Ty, 1, (r) < Ty, (r) + Ty, (r) + O(1), so in view
of (2.12), we get for all r, 0 < r < 1, sufficiently close to 1 that

a, [fl]gl
! 2.16)

Ty (r) < (144) x Ty, [0 (log{ (00 ) [fil,, +8) [exp(B(1—r) )
T [ (10g{ (0 /2], +€) [exp(B(1—r) 1P« Py 1 o(1)
Ty, [0 (10g{ (0 1], +€) [exp(B(1—r)~)]Per iy

and in view of p(q g) [f1],, > P(a.p) [f2]g,» and for all r, 0 < r < 1, sufficiently close to 1, we can make the term A sufficiently small, i.e.
A < g . Hence for any 6 = 1 + ¢y, it follows from (2.16) for all r, 0 < r < 1, sufficiently close to 1 that

where A =

(a.B) fl

Ths, (1) < Ty [0 (log{ (01 ) 1], &) [exp(B(1—r)~)] """ ) (1 +-01)

]P(a,ﬁ)[ﬂ]g] 1. 6.

iiesy Tpiap, (r) < Ty o (log{(0a ) Ly, +€) [exp(B(1— 1))

Hence making 8 — 1+, we get in view of Theorem 2.2, 4 g) [fil, > P(a.p) [f2],, and above for all r, 0 < r < 1, sufficiently close to
1 that

exp (a (T, (Ty+1, (1))

2 Txp(p1 e, = Tod Uik
ie., O-(OL,B) [f] ifz]gl < O-((x,ﬁ) [f]}gl . 2.17)

Now we may consider that f = fi &£ f>. Since p(q p) [fl}gl > P(ap) [fz]g] hold. Then o4 p) [f]gI = O(a,p) [f1 ifz]gl < O(a,p) [fl]g] .
Further, let fi = (f & f2). Therefore in view of Theorem 2.2 and p(q g) [f1lg, > P(a.p) [f2],,, We obtain that p(y ) [fl,, > P(a ) [f2],,
holds. Hence in view of (2.17) O(a,B) [fl]gl < O(ap) [ﬂgl = 0(q,p) [f1 ifz]gl . Therefore O(a,B) [f]gl = O(a.p) [f]}g] = O(q,p) [f1 ifﬂgl
= 0(ap) il -

Similarlill, if we consider p(q g) [fil, < P(a.p) [f2],, - then one can easily verify that 6(q g) [f1 = f2l,, = O(ap) [f2],,

Case II. Let us consider that p(q g) [fil,, > P(a.p) [f2],, hold. Also let € (> 0) are arbitrary. Since Ty, 17, (r) < Ty, (r) + Ty, (r) + O(1) for
all large r, from (2.12) and (2.15), we get for a sequence of values of r tending to 1, that

(a.B) fl

Trr, (1) < Ty o (log{(S (e L, +&) [exp(B(1 =)~ )] ™" ) (1+B). @.18)

Ty [ (10g{ (g /2], +€) [exp(B(1—r) 1P« Py 1 o(1)
T [ (10g{(G () L], +€) [exp(B(1 —r)~1)]P=p il )]

where B =

)
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and in view of py gy [filg, > P(ap) [f2],,» We can make the term B sufficiently small for a sequence of values of r tending to 1 and
therefore using the similar technique.: for as e).(ecuted in 'the proof of Case I we get from (2.18) that G4 g) [ it fz] @ = O(a,B) [fil, when
P(a.p) [filg, > P(a,p) [f2]g, hold. Likewise, if we consider p(q g) [f1lg, < P(a.p) [f2],, - then one can easily verify that &(q g) [f1 & f2l,,
=0(ap)fy-

Thus combining Case I and Case II, we obtain the first part of the theorem.

Case I1L. Let us consider that p( g) [f1]4, < P(a.p) [f1],, With atleast fi is of regular generalized relative growth (t, 8) with respect to g». We
can make the term

Ty (log{ (01 p) Lfily, —€) [exp(B(1—r)~1)]P <PVl )] o(1)
Ty, [0 (10g{ (G () L], — €) [exp(B(1 —r)~1)]Pes il )]

sufficiently small for all r,where 0 < r < 1, sufficiently close to 1, since p(q p) [fils, < P(a.p) [f1],, - Hence C < &;.
As Ty +q, (r) < Tg, (r)+ Ty, (r)+ O(1), we get that

Tovses o (Qogl(0(ap) [, —€) [exp(B(— )] """ ) <
Tl g { (01 Ly, ) [exp(B(1 -] "y
Tg, [ (1og{ (0. ) [f1], — &) [exp(ﬁ(l -7 )]p(mﬁ]g' Hl+o(1).

Therefore for any 6 = 1+ €, we obtain in view of C < [, (2.13) and (2.14) for a sequence of values of r tending to 1 that

}P(a-m[ﬁ]é’l N < 8Ty, (r)

Tyrz [0 (log{ (G(a. ) [filg, — ) [exp(B(1 =) 7")

Now making & — 1+, we obtain from above for a sequence of values of r tending to 1 that

< exp (Ol (TgTigz (T (r))>)

Papy il gy

(O(ap) [fily, —€) [exp(B(1 1) 7")]
Since € > 0 is arbitrary, we find that
(a.p) [filg g, = Olap) filg, - (2.19)

2

Now we may consider that g = g1 +g>. Also p(q ) [fil, < P(a,p)[f1]g, and at least fi is of regular generalized relative growth
(&, B) with respect to g>. Then 6(q g) [f1], = O(a.p) [filg 14, = O(a,p) [f1]g, - Further let g = (g+g2). Therefore in view of Theorem
2.4 and p(q ) [filg, < P(ap) [f1l,,, we obtain that p(q g) ffl]g < P(ap)filg, as atleast fi is of regular generalized relative growth (o, )
with respect to g>. Hence in view of (2.19), 0(4p) [fily, = O(ap) [f1l; = O(ap) [filg 1g, - Therefore o4 gy [fil, = O(ap)[filg, =

(a.p) filg 1g, = O(ap) [filg, -
Simila]rly if we consider ;])(a7 B) [filg, > P(ap) [f1]g, With atleast fi is of regular generalized relative growth (a, B) with respect to g1,

then 0(q, ) [/l 14, = O(ap) filg,
Case IV. In this case suppose that ¢ g) [fi],, < P(ap) [f1]g, With atleast fj is of regular generalized relative growth (ct, 8) with respect to
Ty 0 (og{(S(ap i), ~&)exp(B(1—) @@ e o)

Tyl (log{ (01, i, —©)lexp(B(1—r) 1)1 Mo )
Las pig. ) [filg, <Pap)lfilg,  SoD < g forallr,0<r<1,sufficiently close to 1. As Ty, 44, (r) < Tg, (r) +Tg, (r) + O(1) for all large
r, therefore from (2.13), we get for all r, 0 < r < 1, sufficiently close to 1 that

g2. we can also make the term D = sufficiently small by taking r sufficiently close to

Tovseslo 1o (B 1]y, — ) [exp(B(1 -] ")) <
Ty la (log{ (@) i, —©) [exp(B(1 -1 7)™ e
T la~ (108{(8 () 1]y, — ) [exp(B(1 )] 1+ 01
b Ty ol (08((8 ) iy, — ©) [exp(B(1—r) )]y
<(1+&)Ty (r), (2.20)

and therefore using the similar technique for as executed in the proof of Case IIT we get from (2.20) that G(q g) [f1]4, 14, = O(a.p) [f1]g,
where pg ) [f1lg, < P(ap)[f1],, and atleast fi is of regular generalized relative growth (o, 8) with respect to g>.

Eikewise if we coniider Pap) [filg, > Prap) [fil,, with atleast fi is of regular generalized relative growth (a, ) with respect to g1,
then G () [filg, ¢, = () g, -

Thus combining Case III and Case IV, we obtain the second part of the theorem.

The third part of the theorem is a natural consequence of Theorem 2.5 and the first part and second part of the theorem. Hence its proof
is omitted. O
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Theorem 2.18. Let fi, f» be any two meromorphic functions in the unit disc D and g1, g be any two entire functions. Also let )L(Ot, B8) [f1] o
Aap) [foler Map) Ufilg, and g p) [f2],, be all nonzero and finite.

(A) Any one of A(q ) [fi]gl > l(a,ﬁ) [f-f}gl hold and at least any one of fj is of regular generalized relative growth (o, B) with respect to g,
fori, j=1,2;i# j, and g| has the Property (D), then

ocB[fl:th] aﬁ[fz}landfocﬁ[flifz] T(a,B) [f,]gl\l—lz
(B) Any one of A(q ) [f1]g, < Aap) [f1g, , hold fori, j=1,2; i # jand g\ + g, has the Property (D), then

Yap) Nlg e = Tap) Lilg and Tiap) [filg 1g, = T(ap) [filg, [1=1,2.

(C) Assume the functions fi, f»,g1 and g> satisfy the following conditions:

(i) Any one of p(a.p) [ filg, > P(ap) [ff]gl hold and at least any one of f; is of regular generalized relative growth (o, B) with respect to g
fori, j=12andi+# j;

(ii) Any one of p(a.p) [ filg, > P(ap) [fj]gz hold and at least any one of f; is of regular generalized relative growth (&, B) with respect to g,
fori, j=1,2andi# j;

(iii) prap) [filg < P(ap) [fl]gj and p(q. gy [f2lg; < P(ap) [fz}gl_ holds simultaneously for i, j = 1,2 and i # j;

(V) Ao p) filg, =

min[max{A(q g) [fil,, s A(a.p) [f2]g, } max{A(q p) [filg, : Aap) [f2lg, }] | Lm = 1,2 and g1 = g> has the Property (D)

then we have

Tap) L1 £ 2,2, = Tap) g, | Lim=1,2

and

T(ap) 1 £ 2lg, 1, = T(a,p) filg, | Lm=1,2.

Proof. For any arbitrary positive number £(> 0), we have for all r, 0 < r < 1, sufficiently close to 1 that

A o, [f/(]gl
T3, (1) < Ty [or™ " (logd (% ) il +) [exp(B(1=r) 7)) "), 221)
a, [fk]gl
13 (1) > Ty o~ (log{ (7 e, — ©) [exp(B(1 )] "1y, (2.22)
and for a sequence of values of r tending to 1, we obtain that
— A a, [fk]gl
T3, (1) = Ty [~ (log{ (R ) il — &) [exp(B(1=r)~H)] "), (2.23)
and
,1 A [fidlg,
T3, (1) < Ty [0 (10 {70 ) i), + €) [exp(B(1 =) 7)) 1)) (224)

where k=1,2and [ = 1,2.

Case I Let A(q ) [f1]g, > A(ap) [f2],, With atleast f; is of regular generalized relative growth (e, B) with respect to g;. Also let € (> 0)
be arbitrary. Since Ty, 4, (r) < Ty, (r) + Ty, (r) +O(1), we get from (2.21) and (2.24), for a sequence of values of r tending to 1, that

Tfaf, (r) <

]l(a_ﬁ)[ﬁ]g, DI(+E). (2.25)

Tl (l0g{(¥(ap) [fily, +8) [exp(B(1—r) ")

T [0 (10g{(T(a ) o], +€) [exp(B(1 —r)~H) Moy L o(1)

T [ (1og{ (T, ) 1], + &) [exp(B(1 —r)~1)] et Uik )

and in view of = A(q g) [f1]g, > A(a.p) [f2],,» We can make the term E sufficiently small by taking r sufficiently close to 1. Now with the
help of Theorem 2.1 and using the similar technique of Case I of Theorem 2.17, we get from (2.25) that

Tap) 1 £ faolgy < Yap) Uil - (2.26)

Further, we may consider that f = fi =+ f>. Also suppose that Ao g) [f1],, > A(a.p) [f2],, and at least f; is of regular generalized
relative growth (a,8) with respect to g1. Then 7o p) [fl,, = T(ap) [/1 £ f2lg, < Tap) [filg, - Now let fi = (f=£ f2). Therefore in
view of Theorem 2.1, (g ) [f1lg, > A(ap) [f2],, and at least f> is of regular generalized relative growth (a, ) with respect to gy,
we obtain that l(aﬁ) (fle, > Aap) (2, holds. Hence in view of (2.26), T(qp)[fil, < T(ap)[fly, = T(ap) [f1 £ /2], - Therefore
Ha,B) [f]gl (a.B) [fl]gl :>TO‘B [fl:tfz]gl [fl]gl :

Slmllarly, if we consider A(q g) [f1]4, < 7L( [ } with at least f is of regular generalized relative growth (o, B) with respect to g
then one can easily verify that 7 ) [fi £ fal, = T(a, [ 2 g, -

where E =
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Case II. Let us consider that A g) [f1]g, > A(a.p) [f2],, With atleast f; is of regular generalized relative growth («, B) with respect to gi.
Also let € (> 0) be arbitrary. As T+, (r ( ) S f (r)+ Ty, (r) +O(1), we obtain from (2.21) for all , 0 < r < 1, sufficiently close to 1 that

Tfiap, (r) <

lm ‘l
] il DI(1+F). 2.27)

Tl (log{ (F(ap) /i)y, +€) [exp(B(1— )7

T [ (log{ (T ) 2], +€) [exp(B(1 — 1)~ 1))@y 4 o(1)
Ty, [ (10g{ (T ) L], +€) [exp(B(1—r)~1)] Moy

and in view of A4 g) [filg, > A(a.p) [f2],,» We can make the term F sufficiently small by taking r sufficiently close to 1 and therefore for
similar reasoning of Case I we get from (2.27) that T(q g) [f1 & f2l,, = T(a.p) [f1]g, When Aiq g [f1]g, > A(a ) [f2],, and atleast f; is of
regular generalized relative growth (o, ) with respect to g;.

Likewise, if we consider A(q ) [f1],, < A(qp) [f2]¢, With at least f; is of regular generalized relative growth (o, ) with respect to g
then one can easily verify that T(o g) [f1 & f2l, = T(ap) [f2],, -

Thus combining Case I and Case II, we obtain the first part of the theorem.

where F =

Tyl (o {(ap 1], —)[exp(B(1-r) P ey 001)

Ty lo (log{ (10 ], ) lexp(B(1—r) )@ e )
sufficiently small by taking r sufficiently close to 1, since A g) [f1lg, < A(ap) [fil,, - S0 G < &1. Since Ty, 44, (r) < Ty, (r) + Ty, (r) + O(1),
we get from (2.22) for all r, 0 < r < 1, sufficiently close to 1 that

Case IIL Let us consider that A g) [f1]4, < A(q.p) [f1]4, Therefore we can make the term G =

Aap)Lf1]

Torsea 0" (l0{(Tap) [fil, ) [exp(B(1— )] ™" ) <

:|A(a.[3)[fl]gl

Ty, [0~ (log{((a,p) [fil,, — &) [exp(B(1 1)) i+

“hHi+o()
]A(a.ﬁ)[fl]gl 1]

(o.B) fl

Teo o™ 02 (5 ) [, — ©) [exp(B(1 -1 )]

iie., Tyga [0 (l0g{(%ap) L1y, —€) [exp(BO =)™

<(1+&)Ty (r). (2.28)
Therefore in view of Theorem 2.3 and using the similar technique of Case III of Theorem 2.17, we get from (2.28) that
TaB) [filg g, = Tap) Uil - (2.29)

Further, we may consider that g = g1 £ g2. As A(q. g) [f1lg, < A(ap) [filg,: 50 T p) [f1lg = T(ap) [f1lg, e = T(ap) [filg, - Further
let g1 = (g +82). Therefore in view of Theorem 2.3 and Ao g) [f1],, < A(a,p) [f1]4, We obtain that A4 g) [f1], < A(a,p) [fi],, holds. Hence

in view of (2.29) T(q.p) /1], = T(a,p) [filg = T(ep) [filg, g, - Therefore T ) [fily = Ty filg, = Tap) Lf ﬂgligz = T(a,p) L1y,
Likewise, if we consider that A4 g) [f1], > A(a.p) [f1],, , then one can easily verify that 7(¢ g) [fi]y, 44, = T(a.p)

T [ (108 (7w 1) ) lowtpa—r ) e 1

Case IV.In this case further we consider A4 g) [f1]g, <A(a,p) [f1],,- Further we can make the term H = ol
| 7 0" (108 (s UL, ) enp(B 1)1

sufficiently small by taking r sufficiently close to 1, since A4 gy [fil,, < A(a.p) [f1] g . Therefore H < &) for all r, 0 < r < 1, sufficiently

close to 1. As Ty, +q, (r) < Ty, (r) + Ty, (r) + O(1), hence we obtain from (2.22) and (2.23), for a sequence of values of r tending to 1 that

Aaplfilg,

Tovseo 10" (10g{ (F(a ) [, —€) [exp(B(1—)7")] h<

Aap)Lf1]

" Hl+
Pl+o(1)

i Tyla™ (0g{ (T i), — ) (81— ] "y

Toulor™" (10g{(F(a ) [f1],, — ) [exp(B(1 = 1))

T la (log{ (F(ap) i, —©) [exp(B(1 =1 ™

<(1+&)Tg (r), (2.30)

and therefore using the similar technique for as executed in the proof of Case IV of Theorem 2.17, we get from (2.30) that T, () [f1]
T(ap) [filg, when g p) [filg, < A(ap) [f1lg,-
Similarly, if we consider that A(q g) [f1]4, > A(a.p) [f1], , then one can easily verify that T(q g) [f1]g, 14, = T(a.p) [fil,
Thus combining Case III and Case IV, we obtain the second part of the theorem.
The proof of the third part of the Theorem is omitted as it can be carried out in view of Theorem 2.6 and the above cases. O

ate =
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In the next two theorems we reconsider the equalities in Theorem 2.1 to Theorem 2.4 under somewhat different conditions.

Theorem 2.19. Let f1, f> be any two meromorphic functions in the unit disc D and g, g, be any two entire functions.
(A) The following condition is assumed to be satisfied:

(i) Either 0(q.p) [f1lg, # O(ap) [f2lg, 07 O (ap) [f1lg, # O(ap) [f2]y, holds and g, has the Property (D), then
P(aB) LNt £ f2lg, = Prap) filg, = Plap) [f2)g, -

(B) The following conditions are assumed to be satisfied:

(i) Either 6(4.p) [filg, # O(ap) [f2l, 07 O (ap) [fily, # O(ap) [fil,, holds and g1 &= g2 has the Property (D);
(ii) f1 is of regular generalized relative growth (a, B) with respect to at least any one of g1 or g, then

P(ap) f1lgig = Pl filg, = Prap) [filg,
Proof. Let f1, f2, g1 and g, be any four entire functions satisfying the conditions of the theorem.

Case L. Suppose that (g g) [f1],, = P(a,p) [2]g, (0 < Pap) [filg, s Plap) [f2]g, < o°). Now in view of Theorem 2.2 it is easy to see that
Pap) L1 £ 2lg, < P(ap) [filg, = Plap) [f2]g, - 1f possible let

Pap) L1 £ folg, <P(ap)lfile, =Pap) o - (2.31)

Let 0(q p) [filg, # O(ap) [f2]g, - Then in view of the first part of Theorem 2.17 and (2.31) we obtain that 6(4 g) [f1l,, = O(ap) [ £ L2 F falg, =
O(q.p) /2], whichis a contr?diction. Hence P(a.B) (1 £ 1l = Plap) [:fl]él =P(ap) [fz]& . Similarly Wi'th the help of the first part of
Theorem 2.17, one can obtain the same conclusion under the hypothesis &4 g) [f1l o #* C(a.p) [f1] g, - This proves the first part of the
theorem.

Case I1. Let us consider that p(q g) [f1]g, = P(a.p) [filg, (0 < P(ap) [filg, s Plap) [f1]g, <o°). f1 is of regular generalized relative growth
(o, B) with respect to at least any one of g or g5 and (g1 £ g2) and g; + g satisfy the Property (D). Therefore in view of Theorem 2.4, it

follows that p(g g) [filg, 14, = P(a.p) [f1]g, = P(a,p) [f1]g, and if possible let
Pap) ilgie > Plap) i)y =Plap) i, (2.32)

Let us consider that 6(4 g) [fil,, 7 O(a.p) [f1],, - Then. in view of the proof of the second part of Theorem 2.17 and (2.32) we obtain
that O(a,B) [f]]gl = O(a,B) [fl}glztgz¥g2 = O(a,B) [fl]g2 which is a contradiction. Hence P(a,p) [fl]gl:tgz = P(a,B) [f]]gl = P(a,B) [f]}gz . Also
in view of the proof of second part of Theorem 2.17 one can derive the same conclusion for the condition G4 g) [f1]o, 7 O (a,p) [f1]4, and
therefore the second part of the theorem is established.

Theorem 2.20. Let f, fo be any two meromorphic functions in the unit disc D and gy, g be any two entire functions.

(A) The following conditions are assumed to be satisfied:

(©) (fi £ 12) is of regular generalized relative growth (o, ) with respect to at least any one of g\ and g»; and g1, 8> , g1 + g have the
Property (D);

(if) Either 6(qp) [/1 £ fal g, 7# O(a,p) [[1 £ falg, 0r O(ap) 1 £ fol g, # Oap) L1 £ 2y,

(iii) Either 0(q. ) [ /1], # O(ap) [f2]g, 07 O(ap) [f1lg, # O(ap) 2]y

(iv) Either 6(q.p) [f1]g, 7 O(a.p) [f2]g, 07 O (a.p) [f1lg, 7 O(a,p) [f2]g,7 then

P(a.p) 1 £ falgy 1, = Plap) Lfilg, = Plap) f2lg, = Plap) 1]y, = Prap) [F2]y, -

(B) The following conditions are assumed to be satisfied:

(i) f1 and f> are of regular generalized relative growth (a., B) with respect to at least any one of g1 or g, and g £ g» has the Property (D);
(ii) Either 0(q. ) [ /1], 24, 7 O(ap) /2], 24, 07 O(a ) i1 g, 7 Ol p) 2l g ¢

(iii) Either 6(q. ) [f1lg, 7 O(a.p) [/1]g, 07 O(ap) [f1]g, # O(ap) [f1]g, ¢

(iv) Either 0(4p) [f2lg, # O(a.p) [f2lg, 07 O(ap) [2lg, # O (ap) [f2lg, 7 then

P(ap) LNt £ S2lg 10, = Plap) f1]g, = Plap) [2lg, = Plap) f1]g, = Prap) [f2l, -
We omit the proof of Theorem 2.20 as it is a natural consequence of Theorem 2.19.

Theorem 2.21. Let fi, f> be any two meromorphic functions in the unit disc D and g1,g, be any two entire functions.
(A) The following conditions are assumed to be satisfied:
(i) At least any one of fi or f» is of regular generalized relative growth (o, ) with respect to g1;

(ii) Either T(q p) [filg, # T(a.p) [f2]g, 07 T(ap) [f1lg, # T(ap) [f2]g, holds and g has the Property (D), then

Map) i £ 2lg, = Aap) lfilg, = Aap) [ -

(B) The following conditions are assumed to be satisfied:
(i) f1, g1 and g3 be any three entire functions such that A(q gy [f1]4, and Mg ) [f1l,, exists;
(ii) Either T(q gy [filg, # T(a.p) [[1lg, 07 T(ap) [filg, # T(ap) [f1]g, holds and g1 == g has the Property (D), then

Ma) filg 20 = Aap) [filg, = Aap) [filg, -
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Proof. Let f1, f2, g1 and g, be any four entire functions satisfying the conditions of the theorem.

Case L. Let A(q ) [f1lg, = A(ap) [f2lg, (0 <A(ap) [filg, s Aap) [f2]g, <o) and atleast fi or f and (fi =+ f2) are of regular generalized
relative growth (&, B) with respect to g1. Now, in view of Theorem 2.1, it is easy to see that A(g g) [f1 = f2lg, < A(ap) [f1lg, = A(a.p) [f2]g,
If possible let

Map) U1 £ oy, <Aiapylfile, = Aap) 2y, (2.33)

Let 74 p) [filg, # T(ap) [f2],, - Then in view of the proof of the first part of Theorem 2.18 and (2.33) we obtain that 74 g) [fil,,

= Ya,B) [f] + 1 ¥f2]g1 = T(a,B) [fz]gl which is a contradiction. Hence A(OC,B) [f] :l:fz]gl = A’(o{,ﬁ) [fl]gl = l(oc,ﬁ) [fz]gl . Similarly in view
of the proof of the first part of Theorem 2.18 , one can establish the same conclusion under the hypothesis 7 (4 g) A1 @ # T(a,B) [f2] ¢ - This
proves the first part of the theorem.

Case IL. Let us consider that Ao g) [fily, = A(a.p) [f1]g, (0 <A(ap) [filg, +A(a,p) [f1]g, < oo Therefore in view of Theorem 2.3, it follows
that A'(OC,B) [fl]gligz > }”(ocﬁ) [fﬂgl = )L(aﬁ) [fl]g2 and if possible let

Map) [filgae > Map) filg, = Aap) [filg, - (2.34)

Suppose T(q p) [filg, # T(a,p)[f1]g, - Then in view of the second part of Theorem 2.18 and (2.34), we obtain that 74 g) [f1],,
= Tap) [filg 170 = T(ap) [f1], Which is a contradiction. Hence A(q g) [filg, 14, = A(ap) [filg, = A(a,p) [f1]g, - Analogously with the

help of the second part of Theorem 2.18, the same conclusion can also be derived under the condition (4 g) [f1] @ # ?g @) (f1) and therefore
the second part of the theorem is established. O

Theorem 2.22. Let f1, f> be any two meromorphic functions in the unit disc D and g, g» be any two entire functions.

(A) The following conditions are assumed to be satisfied:

(i) At least any one of fi or f> is of regular generalized relative growth (a., B) with respect to g1 and g,. Also g1, g2, g1 £ g2 have satisfy
the Property (D);

(ii) Either Tq g [f1 + falg, # T(a,p) L1 £ falg, 0 T(ap) [f1 £ Folg, # Tlap) L1 £ 12,

(iii) Either Tq ) [filg, # T(ap) [f2lg, 07 T(ap) [f1lg, 7# T(ap) [2)g, 7

(iv) Either T(q. ) [fil, # T(ap) [f2]g, 07 T(ap) [f1lg, 7 T(ap) [f2]g,  then

Map) L1 £ 2l ag, = Map) filg, = Aap) 2lg, = Aap) filg, = Aap) [f2]g,

(B) The following conditions are assumed to be satisfied:

(i) At least any one of f| or f are of regular generalized relative growth (a., B) with respect to g\ £ g», and g| & g has satisfy the Property
(D);

(i) Either T, p) [filg, 1, 7 T(a.p) /2], 20 07 T(ap) [fllgligz 7 T(ap) [f2lg g, hOldS:

(lll) Either ‘L'(aﬁ [f]]g] 75 ‘L' (a,B) [fl]g2 or T (a.B) [f]]gl T (a,B) [fl}gz holds;

(iv) Either (o g) [f2]g, # T(ap) [f2lg, 07 T(ap) [f2lg, 7 T(ap) [f2]g, hOlds, then
Map) i £ f2lg e, = Map) [filg = Map) [fole, = Map) f1lg, = Aap) 2],
We omit the proof of Theorem 2.22 as it is a natural consequence of Theorem 2.21.

Theorem 2.23. Let f1, f2 be any two meromorphic functions in the unit disc D and gy, g2 be any two entire functions. Also let pq g) [f1] e

Pap) [f2lgr Plap) [filg, andp(q p)[f2]g, be all non-zero and finite.
(A) Assume the functions f1, f» and g satisfy the following conditions:

(i) Any one of p(q.p) [filg, > P(ap) [fj]gl hold fori, j = 1,2 and i # j;
(ii) g1 satisfies the Property (D), then

O(ap) /1 falg, = Olap) lfily, and Cap)fi- falg, = C(ap)lfil, [1=1,2-
Similarly,

fl} _ {f[} _ )
o —| =o0 i d ¢ —| =0 i =1,2
(@.8) {fz . (a,8) [filg, and T p) A, (a.8) [filg, |1

holds provided (i ) % is meromorphic in the unit disc D, (@i) p(ap) [filg, > P(a,p) [fj]gl
Property (D).

(B) Assume the functions g1, g> and f| satisfy the following conditions:

(i) Any one of p(a ) [f1lg, < P(ap) [fl] hold and at least f) is of regular generalized relative growth (o, B) with respect to any one of g
fori, j=12andi+# j, and gi satisfies the Property (D),

(i) g1- &2 satisﬁes the Property (D), then

.25 j = 1,25 i # j and (iii) g satisfy the

O(a8) f1lgy 0o = O(ap) 1], and Giap) [filg,.4, = Oap) Lfilg [ 1= 1,2-
Similarly,

O(ap) [fl]% = 0(qp) fily and G4 p) [fl]% =0(ap)filg |i=1,2

holds provided (i) % is entire and satisfy the Property (D), (ii) At least fi is of regular generalized relative growth (a, B) with respect to g,
(iii) p(ap) filg < P(ap) [fl]gj |i=1,2; j=1,2;i+ jand (iv) g satisfy the Property (D).
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(C) Assume the functions f1, f», g1 and g» satisfy the following conditions:
(i) g1 - g2 satisfies the Property (D);
(ii) Any one of p(a.p) [f1lg, < P(ap) [fﬂ hold and at least fi is of regular generalized relative growth (o, B) with respect to g fori =1, 2,

j=12andi# j;
(iif) Any one of p(q.p) [f2lg, < P(ap) [fz] hold and at least f is of regular generalized relative growth (o, B) with respect to g fori =1,

2, j=1,2andi# j;

() Prap) filg, > Pap) [fj]gl and p(q.p) [filg, > P(ap) [fj}gz holds simultaneously fori=1,2; j=1,2 and i # j;
V) P(ap) lfilg, =

max[min{p(q g) [f1lg, : P(a,p) [f1]g, > min{p(a ) [2]g, s P(ar,p) [f2)g, }] | L = 1,2 then

Oap) N1 alg g = Oap) Lfily, a4 (ap) U1 folg, 4, = O(ap) i, [Lm=1,2.

Similarly,

bil _ N _
() {g o = Oepfily, andSap) | p |, =Oap filg, [Lm=1,2
) ©
holds provided ;‘ is meromorphic function in the unit disc D and % is entire function which satisfy the following conditions:
) &L ! satisfies the Property (D);

(i
(i) At least fy is of regular generalized relative growth (., B) with respect to g and p(q g) [f1lg, # P(a.p) [f1lg,s
(iii) At least f, is of regular generalized relative growth (., B) with respect to g and p(q g) [f2lg, # P(a.p) [f2lg,
(iv)

(v

) P(ap) filg, <Plap) [ /]gl and p(q.p) [filg, < P(ap) [f} g, holds simultaneously fori=1,2; j=1,2 and i # j;
) P(a.p) [mgm = ]
max[mm{P(aﬁ) filey s Pap) Uilg, b min{pa.p) [12lg, - Pap) [f2lg 1 [ Lm=1,2.
Proof. Let us suppose that p(q g) [f1lg,+ P(ap) [f2]g,+ P(ap) [f1]g, andP(a p) [f2],, are all non-zero and finite.
Case 1. Suppose that p(q g) [fily, > P(ap) [f2],,- Also let gy satisfy the Property (D). Since T, .z, (r) < T, (r) + T, (r), therefore applying

the same procedure as adopted in Case I of Theorem 2.17 we get that

Oap) 1 falg, < O(ap)lfilg, - (2.35)
Further without loss of any generality, let f = fi - f> and p(og) [f2l,, < P(ap) [filg, = P(a.p) [f]g, - Then in view of (2.35), we obtain
that 6(¢ ) [flg, = O(ap) [f1 - f2lg, < O(ap) [filg, - Also fi1 = % and Ty, (r) = T% (r) + O(1). Therefore Ty, (r) < Ty (r) + Ty, (r)+O(1)

and in this case also we obtain from (2.35) that (4 g) [fi]s, < O(a.p) [/, :~0'(a15> [fi - fal,, - Henceoq gy [fly, = O(ap)[file, =

O(a.p) lf1 - folg, = O(ap)lfilg, - .
Similarly, if we consider p(q g) [fl]g, < P(a,p) [fz]gl , then one can verify that 6(4 g) [f1 'fz]g] = O(a,p) [fz]g]

Next we may suppose that f = }% with f1, f> and f are all meromorphic functions.
Sub Case In. Let pig gy [f2]g, < P(a.p) [f1l,,- Therefore in view of Theorem 2.9, p(q gy (2], < P(ap) [f1lg, = P(ap) [f,, - We have
fi=f+f2- S0, 0(a.p)f1lg, = O(ap)flg, = B)[ ] .

Sub Case Ig. Let p(g ) [f2],, > P(ap)[fil,,- Therefore in view of Theorem 2.9, p(g p) [file, < P(ap) [f2lg, = Pap)[flg, - Since
Ty () = T3 (1) +0(1) =T (1) +:0(1), S0 0l [ ] = 0y 2, -
! 1

Case IL Let p(g g [fily, > P(a,p)[f2]g,- Also let gy satisfy the Property (D). As Tj,.z, (r) < Ty, (r) +Tp, (r), therefore applying the
same procedure as explored in Case II of Theorem 2.17, one can easily verify that G4 g) [f1 - f2l,, = O (a.p) [fil,, and G (4 p) [%] =
G (a.p) filg, |i=1,2 under the conditions specified in the theorem.

Similarly, if we consider p(y ) [fily, < P(a.p) [f2],, - then one can verify that G (4 g) [f1 - f2l,, = O(ap) [f2],, and C(qp) [%]g
=0(ap) N2y, -

Therefore the first part of theorem follows from Case I and Case II.

Case III. Let g; - g3 satisty the Property (D) and p(q g) [f1],, < P(a.p) [f1]g, With at least fi is of regular generalized relative growth (a, )
with respect to g3. Since Ty, .g, (r) < Ty, (r) + T, (r) for all large r, therefore applying the same procedure as adopted in Case III of Theorem
2.17 we get that

S(a.p) ilgrg, = Oy [file, - (2.36)
Further without loss of any generality, let g = g1 - g2 and pg ) [f1], = P(ap) [filg, < Pap) [filg, - Then in view of (2.36), we obtain
that 6(¢ g) [f1]; = O(ap) [filg, .0, = O(a,p) [f1lg, - Also g1 = g and ng( r)= T1 (r) + O(1). Therefore Ty, (r) < T, (r) + T, (r) +O(1) and

in this case we obtain from (2.36) that 6(4 g) [fil,, = O(a,p) [fl} = O(a,p) [fl]g] .¢»- Hence 0(q g [fil, = 0(a.p) [f1lg, = O(ap) [f1]g).00
= O(ap) il -

Similarly, if we consider p(q g) [filg, > P(a.p) [f1],, With atleast fj is of regular generalized relative growth (@, B) with respect to g1,
then one can verify that 64 g) [fi,, .4, = O(a.p) [f1],,-

Next we may suppose that g = i—; with g1, g2, g are all entire functions satisfying the conditions specified in the theorem.
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Sub Case HI. Let p(q p) [fily, < P(a.p) [f1],,- Therefore in view of Theorem 2.12, p(q g) [fil = P(a.p) [filg, < P(ap) [f1]g,- We have
81 =882 50 0(qp) [f] = 0(q.p) Lf1]g = O(ap) [fl]g-

Sub Case Illg. Let p(g p) [fil,, > P(ap) [filg,- Therefore in view of Theorem 2.12, pq g) [fil, = P(a.p) [filg, < P(a,p)[f1]g,- Since
T () =Ti (1 +0(1) =Tz (r)+0(1), So Olacp) ila = O(ap) i,

Case IV. Suppose g - g satisfy the Property (D). Also let p(q g) [f1]g, < P(a.p) [f1],, With at least f; is of regular generalized relative
growth (ct, B) with respect to g». As Ty, (r) < T, (r) + T, (r) , the same procedure as explored in Case IV of Theorem 2.17, one can
easily verify that 6o g) [filg,.4, = O(a.p) [f1l,, and G(q p) [fl]gl =0 (qp) [f1lg | 1= 1,2 under the conditions specified in the theorem.

Likewise, if we consider p(4 g [fl}gl > p<a p) [fil,, with at least fj is of regular generalized relative growth (¢, ) with respect to
81, then one can verify that &4 g) [f1] O (ap) fil, and T (g g) [ 1] u = =0 (q,p) [f1]4, - Therefore the second part of theorem follows

from Case III and Case IV.
Proof of the third part of the Theorem is omitted as it can be carried out in view of Theorem 2.13 and Theorem 2.15 and the above
cases. O

81 gz

Theorem 2.24. Let fi, f> be any two meromorphic functions in the unit disc D and g\, gy be any two entire functions. Also let l(m B8) [f1] o
Aap) [folgr Map) Ufilg, and Ao p) [f2],, be all non-zero and finite.

(A) Assume the functions f1, f» and g satisfy the following conditions:

(i) Any one ofl(aﬁ) [ i]gl > l(aﬁ) [fj]gl hold and at least any one of f; is of regular generalized relative growth (a, B) with respect to g
fori, j=1,2andi+# j;

(ii) g1 satisfies the Property (D), then

Tap) L1 falg, = T(ap) [filg, and T(ap)lfi - falg, =T(ap) [filg, 1= 1,2.

Similarly,
Flop) |:2L, = fap) [fi}g‘ and T(q,p) {Q:L =T(a.p) [fi]gl li=1,2
! 1

holds provided % is meromorphic in the unit disc D, at least f» is of regular generalized relative growth (., B) with respect to g1 where g;

satisfy the Property (D) and A(q ) [filg, > A(a.p) [ f]gl li=1,2;j=1,2;i#j.

(B) Assume the functions g1,g> and fi satisfy the following conditions:

(i) Any one of A(q. ) [f1lg, < A(ap) [fl]gf hold fori, j = 1,2, i # j; and g; satisfy the Property (D)
(ii) g1 - g2 satisfy the Property (D), then

) il -0 = TUap) Uilg, and T(ap)filg, 0 = Fap) iy 1= 1,2

Similarly,
T(a,B) [fl]% = Tap) [filg and Tiqp) [fﬂ% =T(ap) lfilg [i=1,2

holds provided % is entire and satisfy the Property (D), g\ satisfy the Property (D) and A(q g) [f1lg, < A(a.p) [fl]gj li=1,2,j=1,2;i# j.
(C) Assume the functions f1, f», g1 and g, satisfy the following conditions:

(i) g1 - g2, g1 and gy are satisfy the Property (D);

(ii) Any one of A(q.p) filg, > Map) [f] a hold and at least any one of f; is of regular generalized relative growth (o, B) with respect to g
fori=1,2, j=12andi+# j;

(iii) Any one of A(q ) [filg, > Map) [f] o, hold and at least any one of fj is of regular generalized relative growth (o, ) with respect to g3
fori=1,2, j=12andi# j;

() Mo py [filg, < Aap) [fl] and A(q g) [f2lg, < Aap) [fz] holds simultaneously fori=1,2; j= 1,2 and i # j;

) A Uiy,

mln[max{k(a’ﬁ) [fﬂgl Aap) falg b max{Ag gy [filg, » Atap) [f2lg, Y [ Lm = 1,2; then

Tap) i folgy g = W) i, andTap)lfi-folg, g = Tap) lfilg, [ Lm=1,2.

Similarly,

'm

B) {%} " Ta,p) [filg, adT(ap) {%] o, = Fap) Ui, [ 1m=1,2.

holds provided th‘ is meromorphic in the unit disc D and % is entire functions which satisfy the following conditions:

(@) g‘, g1 and gy satisfy the Property (D);

(i) At least f is of regular generalized relative growth (o, B) with respect to g1 and A g [ f1ly, # Ma ) [f2lg,s

(iif) At least f is of regular generalized relative growth (o, B) with respect to g, and Ma ﬁ flf ;é Ma a.B) [fzi,z ;

iv 1], <A 1], and A 2], <A 2]q, holds simultaneously for i = 1,2; j = 1, 2 and i # j;
Map) filg, < Map) 8 (oe,B) U2lg (a,B) U2lg;

) Aap)filg, =

mln[max{l(a,ﬁ) [filg, s Map) [f2lg, b max{Aiq g [filg, A p) [f2lg, H [ m=1,2.
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Proof. Let us consider that A a ﬁ) [fl]gl (@.p) [F2lg,s Aap) [filg, and A(q gy [f2],, are all non-zero and finite.
Case L. Suppose A (¢ g) [f1],, p) [f2],, with at least f; is of regular generallzed relative growth (o, B) with respect to g; and g; satisfy
the Property (D). Since T, .z, (7 ( ) < Tﬁ (r) + Ty, (r), therefore applying the same procedure as adopted in Case I of Theorem 2.18 we get that

Tap) L1 falg, < Tap) [filg, - (2.37)

Further without loss of any generality, let f = fi - f> and A(q.p) [f2lg, < A(ap) [f1]g, = A(ap) [f]g, - Then in view of (2.37), we obtain
that 7(g g [flg, = T(ap) [f1 - f2lg, < Tap) Lfilg, - Also fi = % and Ty, (r) = T%z (r) + O(1). Therefore T, (r) < Tr (r) + Ty, (r) +O(1)
and in this case we obtain from the above arguments that (o g) [fi],, < T(a.p) [f]g, = T(a.p) [f1 - f2lg, - Hence Tq g) [fl, = T(a,p) [f1g,
= Yap) 1 folg = Tap) iy, -

Similarly, if we consider 4(q g) [f1],, < A(a.p) [f2]¢, With at least fi is of regular generalized relative growth with respect to gy, then
one can easily verify that Ty g) [f1 - 2], = T(ap) [f2]g,

Next we may suppose that f = f L with fi, f» and f are all meromorphic functions in the unit disc D satisfying the conditions specified
in the theorem.

Sub Case In. Let A(q 5 [f2],, < A(ap) [fl} . Therefore in view of Theorem 2.8, Ao g) [f2],, < A(ap) [filg, = Aap) [f]g,- We have
Ji=ff2. S0 74 p) lfilg, = T(ap) [fg, )m]

Sub Case Ip. Let Ay p)[f2l,, > A(ap)[fil,- Therefore in view of Theorem 2.8, Ay gy [fily, < A(ap)[f2lg, = A(ap) [flg,- Since
Tf (}’) = Tlf (r) +0(1) = T/fl (r) -FO(])7 So T(aﬁ) [%]gl = T(a.ﬁ) [fz]gl .
K J1

Case IL Let Ao p) [f1]y, > A(a,p) [f2]g, With at least f; is of regular generalized relative growth (c, B) with respect to g1 where g; satisfy
the Property (D). As Ty, (r) < Ty, (r) + T}, (r), so applying the same procedure as adopted in Case II of Theorem 2.18 we can easily verify
that T(q g) [f1 - f2lg, = T(ap) [f1lg, and 7(q ) [f1] 0= T(a.B) [f1]g, | = 1,2 under the conditions specified in the theorem.

Similarly, if we consider A4 g) [fily, < A(ap) [ f2]g, with at least f1 is of regular generalized relative growth (o, 8) with respect to g1,
then one can easily verify that T(o g [f1 - f2lg, = T(ap) [f2],,

Therefore the first part of theorem follows Case I and Case IL.
Case IIL Let A4 ) [f1]4, < A(a,p) [f1]4, and g1 - g2 satisfy the Property (D). Since Ty, .q, (r) < T, (r) + T, (r) , therefore applying the same
procedure as adopted in Case III of Theorem 2.18 we get that

Tap) filg 0o < Tap) filg, - (2.38)

Further without loss of any generality, let g = g1 - g2 and A gy [f1l, = A p) [flg, < A(ap) [f1], - Then in view of (2.38), we obtain
that T(q ) [f1], = T(ap) [filg 0o = Tap) [f1lg, - Also g1 = g and ng( r) = T1 (r) + O(1). Therefore T, (r) S T (r)+Tg, (r)+0(1)
and in this case we obtain from above arguments that 74 g) [f ley = Tap) [fl] = T(ap) [filg,q,- Hence 7(q p) [fil, = T(ap) [filg,

= Yo B) [fﬂgn 2 = Ya.p) [fl]gl : ) )
If Aa.p) [f1lg, > A(ap) [f1]g, » then one can easily verify that Ty g) [filg,.e, = T(a,p) [/1]g,-
Next we may suppose that g = % with g1, g2, g are all entire functions satisfying the conditions specified in the theorem.

Sub Case 5. Let Ay g) [fil,, < A(qp) [f1]g,- Therefore in view of Theorem 2.10, A4 g) [fil, = A(ap) [filg, < A(a,p) [f1]g,- We have
81 =28 82- S0 Tap) [filg, = T(ap) [filg = Tap) [fﬂg-

Sub Case Illg. Let A4 g) [fil,, > A(ap)[fil,,- Therefore in view of Theorem 2.10, Ay g) [f1]g = A(ap) [f1lg, < A(ap)[filg,- Since
)= T4 1+ 000) = P (' 0015 80 5y U — Sy [l

Case IV. Suppose Ao g) [f1],, < A(a.p) [f1],, and g1 - g2 satisfy the Property (D). Since Tg,.g, (1) < Tg, (r) + T, (r) , then adopting the same
procedure as of Case IV of Theorem 2.18, we obtain that T(q ) [f1]4,.¢, = T(a.p) [filg, a0d T(a p) [fil e =T (o p) [filg, [i=1,2.
2 ; ° i

Similarly if we consider that A4 g) [fils, > A(a.p) [f1],, - then one can easily verify that T(4 g) [f1]

Therefore the second part of the theorem follows from Case III and Case IV.

Proof of the third part of the Theorem is omitted as it can be carried out in view of Theorem 2.14 , Theorem 2.16 and the above
cases. O

are = Fap) [filg,-

Theorem 2.25. Let f1, f> be any two meromorphic functions in the unit disc D and g1, g» be any two entire functions.
(A) The following condition is assumed to be satisfied:

(i) Either 0(q.p) [filg, # O(a,p) /2], 07 O(ap) il # Oy L2l holds;
(ii) g1 satisfies the Property (D), then

Pap) [f1 - folg, = Plap) f1lg, = Piap) 2], -

(B) The following conditions are assumed to be satisfied:

(i) Either (o p) [f1]g, # O(a.p) [f1]g, 07 O (ap) [filg, # O(ap) [f1]g, holds;
(ii) f1 is of regular generalized relative growth (o, ) with respect to at least any one of g or g». Also g\ - g» satisfy the Property (D). Then
we have

Pap) [filg e = Plap) [filg, = Plap) [f1]g, -
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Proof. Let fi, f» be any two meromorphic functions in the unit disc D and gy, g2 be any two entire functions satisfying the conditions of the
theorem.

Case L Suppose that p(q ) [f1],, = P(a.p) [f2]g, (0 < P(ap)[filg, :P(ap) [f2]g, <o) and g satisfy the Property (D). Now in view of
Theorem 2.9, it is easy to see that P(a,p) [f] . fz}gl < P(a,p) [f]]gl = P(a,B) [fQ]g] . If possible let

Plap)fi-falg < P(ap)lfily, = Plap) lf2]g, - (2.39)

Let 0(4.p) [filg, # O(ap) [f2]g, - Now in view of the first part of Theorem 2.23 and (2.39) we obtain that 6(4 g) [f1],, = O(a.p) {f' L ] o

O(q.p) [f2], Which is a contradiction. Hence p(q p) [f1 - f2ly, = Pap) [filg, = P(a,p) [f2]g, - Similarly with the help of the first part of
Theorem 2.23, one can obtain the same conclusion under the hypothes1s O(a,B) [f1] @ #0, (a.B) [ fﬂ . This prove the first part of the theorem.
Case II. Let us consider that p(g g) [f1l,, = P(a.p) [f1]g, (0 <P(ap) [filg, :P(ap) [f1]g, < oo) f1 s of regular generalized relative growth
(o, B) with respect to at least any one of g; or g». Also g1 - g» satisfy the Property (D). Therefore in view of Theorem 2.11, it follows that

P(a.p) filg g = Plap) filg, = Plap) [f1]g, and if possible let
Pap) [filg e > Plap) [filg, = Plap) Lfil, - (2.40)

Further suppose that 64 g) [f1],, # O(a.p) [f1]4, - Therefore in view of the proof of the second part of Theorem 2.23 and (2 40), w
obtain that 6(¢ g) [f1],, = O(a.p) [flfg. 9 = O(q,p) [3‘1 which is a contradiction. Hence p(q g) [filg,.e, = P(ap) [filg, = Plap) [fl]g2 .

Likewise in view of the proof of second part of Theorem 2.23, one can obtain the same conclusion under the hypothesis O (a,p) 1] @
# O (a,p) [f1], - This proves the second part of the theorem. O

Theorem 2.26. Let fi, f> be any two meromorphic functions in the unit disc D and g1, g3 be any two entire functions.
(A) The following conditions are assumed to be satisfied:

(@) (f1- f2) is of regular generalized relative growth (o, ) with respect to at least any one g1 or g»;

(ii) (g1-82), g1 and g, all satisfy the Property (D);

(iii) Either 0(q.g) [f1 - f2lg, # O(ap) L1+ folg, 07 O ap) [f1 - f2lg, # O ap) [f1 - f2g,

(iv) Either O(q,p) [/1]g, 7 O(a,p) /2], 07 Oap) Uil 7 O(ap) f2lg,s

(v) Either 6(q, g [f1l, # O(a.p) [f2lg, 07 O(ap) [filg, # O (ap) 2]y, then

P(a) L1+ f2lg, g, = Piap) ilg, = Piap) [2lg, = Pra) [filg, = Py [f2l, -

(B) The following conditions are assumed to be satisfied:

(7) (g1 - &2) satisfies the Property (D);

(if) f1 and f> are of regular generalized relative growth (., B) with respect to at least any one gy or g;
(iii) Either 6(q. ) [f1lg,.¢, # O(a.p) 2] g, 40 07 O p) [fl]g1 02 7 O(ap) 2)gr 00

(iv) Either O(a,B) [fl}gl 7 O(a,B) [fl]g2 or O (q,B) [fl]gI O (a,B) [fl]gz b

(v Either 0(q. ) [fz]gl # O(a.p) [fg]g2 0r G (q.p) [fz]gl # 0 (a.p) [fz]g2 then

P(ap) 1 falg,.q0 = Pla) Lf1]g, = Plap) [f2lg, = Pla) [f1lg, = Pla) [f2g, -
We omit the proof of Theorem 2.26 as it is a natural consequence of Theorem 2.25.

Theorem 2.27. Let f1, f> be any two meromorphic functions in the unit disc D and g1, g» be any two entire functions.
(A) The following conditions are assumed to be satisfied:

(i) At least any one of fi or f» is of regular generalized relative growth (o, B) with respect to g1;

(id) If either T(q.p) [fil, # Tap) [f2lg, 07 T(ap) [filg, 7 T(ap) 2l holds.

(iii) g1 satisfies the Property (D), then

Aap) [fi - Folgy = Map) filg, = Aap) 2, -

(B) The following conditions are assumed to be satisfied:

(i) fi is any meromorphic function in the unit disc D and g\, g are any two entire functions such that A4 p) [f1],, and A p) [f1l,, exist
and gy - g» satisfy the Property (D);

(ii) If either T(o gy [filg, 7# Ta.p) [f1lg, 07 T(ap) [filg, 7# T(ap) [f1]g, holds, then

Ma) filgy 00 = Aa) [filg, = Aiap) Lfilg, -

Proof. Let fi, f> be any two meromorphic functions in the unit disc D and g1, g» be any two entire functions satisfy the conditions of the
theorem.

Case L. Let A g) [fily, = Ao p) [f2lg, (0 <A(ap) [f1lg, s A(a,p) [f2]g, < 0), g1 satisfies the Property (D) and at least f; or f; be of regular
generahzed relative growth (oc ,B) with respect to g;. Now in view of Theorem 2.7 it is easy to see that /'L (a.B) [ f1- /2] a < 7L () [ fil

g
Ma.p) [f2]g, - If possible let ]

Map) 1+ folg, < Map) Ufilg, = Aap) 2], - (241)
Also let T(q g [fily, # T(ap) [f2]g, - Then in view of the proof of first part of Theorem 2.24 and (2.41), we obtain that 74 g) [fil,,
= Ta,p) [f‘ fz]gl = T(q,p) [f2],, which is a contradiction. Hence A(q g) [f1 - f2lq, = A(a.p) [f1]g, = A(ap) [f2],, - Analogously, in view of

the proof of first part of Theorem 2.24 and using the same technique as above, one can easily derive the same conclusion under the hypothesis
T(ap) lf1lg, 7# T(ap) [f2]g, - Hence the first part of the theorem is established.
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[fl]g2 (0 < AMa,p) [fl]gl Aap)[filg, <ooand g; - g satisfy the Property (D). Therefore

Case II. Let us consider that A4 g) [fil, = A(ap)
B) ilgr0r = Aap) lf1lg, = Aap) [f1],, and if possible let

in view of Theorem 2.10, it follows that /l

Map) g0 > Map) Lf1lg, = Aap) L l]gz ~ (2.42)

Further let 74 g) [fily, # T(ap) [fil,, - Then in view of second part of Theorem 2.24 and (2.42), we obtain that 74 ) [fil,,
Ta,p) [fl]gl © = T(qp) [f1l,, which is a contradiction. Hence A(q g) [f1l¢,.0, = A(a,p) [filg, = A(ap) [f1],, - Similarly by second part of

Theorem 2. 24 we get the same conclusion when T4 gy [fil,, # T(a.p) [f1],, and therefore the second part of the theorem follows. O

Theorem 2.28. Let f, fo be any two meromorphic functions in the unit disc D and gy, g be any two entire functions.
(A) The following conditions are assumed to be satisfied:

(i) g1 82, g1 and g satisfy the Property (D);
ii) At least any one of f1 or f» is of regular generalized relative growth (., 3) with respect to g1 and g»;

(
(iii)Either T(q g) [f1 - f2, 7 Ta,p) L1 falg, 07 Tiarp) [f1 - falg) 7 Tiap) [f1 - Sl
(iv) Either t(q g [fl}gl #T(aﬁ [fz] or T(q,B) [fl}g] # T(a,B) [fZ]gl

(v Either T4 p) [fl]gz#ftxﬁ [fz}gz or T(q.p) [fl]g;?éftxﬁ [fZ]gz then

ap) 1+ Folgy g = Map) 1lg, = Aap) [P2lg, = Aap) [filg, = Aap) 2], -

(B) The following conditions are assumed to be satisfied:

(i) g1 - g2 satisfies the Property (D);

(it) At least any one of fi or f> is of regular generalized relative growth (o, ) with respect to g1 - 825
(itt) Either g, ) [1]g,.q, 7 T(ap) L2lg1-00 O Tap) U]g100 7 Tl U2l ollS;

(iv) Either Tqg) /1]y, # T(a.p) /1], 0r T(ap) 1], # T(ap) /1], holds;

(v Ife”herraﬁ [fjgl?éfaﬁ [fﬁv ﬁ' ﬁ

2lg, 07 Tap) [f2lg, # T(ap) [f2,, holds, then
Map) 1 Polgy 00 = Map) Uilg, = Aap) L2lg, = Aap) Uiy, = Ay [f2)y, -
We omit the proof of Theorem 2.28 as it is a natural consequence of Theorem 2.27.

Remark 2.29. If we take ? instead of f1 - f> and g L instead of g1 - g» where I ; is meromorphic in the unit disc D and g L is entire function,
and the other conditions of Theorem 2.25, Theorem 2.26, Theorem 2.27 and Theorem 2.28 remain the same, then concluszon of Theorem
2.25, Theorem 2.26, Theorem 2.27 and Theorem 2.28 remains valid.
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