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Let A and B be 2 x 2 non-zero complex matrices. Let P be a linear combination of
A and B in the form of P = c;A + c,B where c¢,, ¢, are nonzero scalar numbers.
An idempotent matrix is a matrix which, when multiplied by itself, yields itself. In
this study, we established the entries of idempotent matrix B according to a given
A idempotent matrix such that P is also be an idempotent matrix. In addition, the
result was obtained that this determined P matrix is a singular matrix.
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OZET

A ve B, 2 x 2 tipinde sifir olmayan kompleks matrisler olsun. ¢y, ¢, sifirdan farkl
skaler sayilar olmak iizere P, A ile B nin P = c;A + ¢, B formunda olan bir lineer
kombinasyonu olsun. Bir idempotent matris, kendisiyle ¢arpildiginda kendisini
veren bir matristir. Bu c¢alismada, verilen A idempotent matrisine gore, B
idempotent matrisinin bilesenleri, P matrisi de idempotent olacak sekilde
belirlenmistir. Ayrica belirlenen bu P matrisinin singiiler matris oldugu sonucu
elde edilmistir.

To Cite: Oztekin O., Alhamad A. On Idempotency of Linear Combinations of Two 2 x 2 ldempotent Matrices. Osmaniye Korkut
Ata Universitesi Fen Bilimleri Enstitiisii Dergisi 2021; 4(2): 121-123.

1. Introduction

for the classical cases characterized by Halmos [2]

It is assumed throughout that c¢;,c, € C are
nonzero complex numbers and A,B are two
nonzero idempotent complex matrices. Let P be
their linear combination of the form
P =cA+c,B

For nonzero idempotent matrices a complete
solution to the problem of characterizing all
situations, where the linear combination of 4 and
B preserves the idempotency property established
by Baksalary and Baksalary [1]. They proved that
if AB = BA then there is no idempotent P except

and also they proved that if AB + BA then P is
idempotent if and only if ¢; € F/{0,1}, ¢, =1 —
c;, A—B)>=0 (where F is a field).
P1, Po and P; being any three different nonzero
mutually commutative idempotent matrices,
and c1,¢2 and c¢3 being nonzero scalars, the
problem of characterizing some situations, where
a linear combination of the
form P=ciP1+c,P; or P=c1P1+coPo+c3Ps, is also
an idempotent matrix considered by Ozdemir and
Ozban [3] They established a complete solution to
the problem of characterizing all situations, where
the operation of combining linearly idempotent
matrices preserves the idempotency property.
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Differently from these studies in this paper we
construct the entries of idempotent matrix B
according to a given idempotent matrix A such
that a linear combination of A and B of the form
P =ciA+c,B

is also be an idempotent matrix (where A,B €
Cyx2 andcq,c, €C  are nonzero complex
numbers), and we obtained the result that B is the
singular matrix

2. Results

By the Theorem 2.1.(a) [1], the problem
considered in this paper becomes trivial when A is
identity matrix or P is identity matrix.
Consequently the case where A is identity and the
case where P is identity excluded from the
calculations in this note.

Theorem. For two A = [a;;],B = [b;j] € Cax
nonzero idempotent matrices, let P be their linear
combinations of the form

P =c;A+c,B (1.2)
with nonzero scalars c¢; and c,.

i) If a;;y=1and a;, =0 then P is
idempotent if and only if
c=1-—c¢y, b1y =1 —az1bq3,
bi,b31 = bizaz1b41 and by, =
az1bq,.
i) If a;;=1and a,; =0 then P is
idempotent if and only if
c=1-¢, b1y =1 —aq3b;1,

by = —ayb11and  byy = aq3by;.

iii) If a;;=0and a;, =0 then P is
idempotent if and only if
€2 =1—1¢y, by = azibsz,
by = az1(1 — bypaz;) and
by =1 —az by,

iv) If a;; =0and a,; =0 then P is
idempotent if and only if
€2 =1—1c¢y, by = aszby,
by1 = azibyand by = 1—agpby.

V) Ifay; = % then P is idempotent if and
onlyif c; =1—c¢;, by —b% =
= 2a42b71(1 — 2a42b1),
by, = 2a4,(1 — 2a4,b,;) and
by, =1 —by;.

vi) Ifa,; & {0,1,%} then P is idempotent
ifandonly if ¢, =1 — ¢y,

__Qq2by1+bi2a21—aq1 _
by, = — yb12byy = b1q —
1-2a41

b121 and b22 =1- b11'

Proof.  Since A= [a;] B =[bij] € Coxz
idempotent matrices, A satisfies

af; + as2a;1 = aqy, (1.2)
azz - 1 - a11 . (13)

and B satisfies

b121 + b12b21 = b11' (1-4)

Direct calculations show that P of form (1.1) is

idempotent if and only if
(c1a11 + ¢2b11)* + (c1a21 + C2by1) (c1a42 +
+cyb12) = (c1a11 + €2b11) (1.6)

and
1= (c1ay; + c3by3) = c1aq1 + C3by;. (1.7)
The equality (1.7) simplify to

cp=1-¢ (1.8)
when substituting (1.3) and (1.5).
And the equality (1.6) simplifies to
Qi1 — 2a11b13 + b1y = @iabyy + bipaz;  (1.9)
when substituting (1.2), (1.4) and (1.8).
Therefore;
i) If a;; =1and a;, = 0 then from
(1.9) we get by; =1 — a,by,. From Equation
(1.4) and (1.5), it follows that bbby =
= by2a31b11 and by, = az1bq;.
So B must be one of the forms below to ensure
P’s idempotency,

A [ o] Forbe=0),

1 —_
b [ @21b12 bi2 1 (for by, % 0).

az1(1 —az1biz) aziby,

i) Ifa;; =1and a,; = 0 then from (1.9)
we get by; =1 —aq,by, .From (1.4) and (1.5),
it follows that by,b,; = ay,b11b,, and by, =
= Qq2by;.

So B must be one of the forms below to ensure

P’s idempotency,

A [y 2] for b = 0),

b) [1 — Qy2by1  aq2(1 — aq2by1)
byy ay2b;4
(for byy #+ 0).

iii) Ifa;; =0and a;, = 0 then from
(1.9) we get by; = a,1by,. From (1.4) and (1.5), it
follows that b,,b,; = biya,,(1 — by,a,4) and
bys =1 — az by,.

So B must be one of the forms below to ensure
P’s idempotency,
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3) [ 0 blz] With byyby, = 0 (for byy = 0),

b) [ az1by; b1, ]
az1(1 —bipa31) 1—aziby,
(for byq # 0).

iv) If a;; = 0and a,; = 0 then from (1.9)
we get by = aq,b,, , from (1.4) and (1.5) , it
follows that b;,b,; = byya4,(1 — by;a45) and
by, =1 —ay3by1.

So B must be one of the forms below to ensure

P’s idempotency,

a) [bo blZ] Wlth b21b12 =0 (fOI‘ b11 = 0),
21 1

aq2by1  ag2(1 — byraq,)
b) [ b21 1 — a12b21 (for b11 * 0)

V) If a11=% then from (1.2) we get
1251 = 5. From (16) and (1.8), it
follows that

C1 2
(3 +(1- C1)b11) + (c1a12 + (1 = ¢1)by,).

c
(c1az1 + (1 —c¢1)byy) = 71 + (1 = ¢1)byy.

Substituting (1.4) to this equation simplifies the
latter to the equality

a12bz1 + az1by; = >

and
ay2bp1 + %a, =5
Therefore by, = 2a,,(1 — 2a4,b,1). This leads
the equations (1.4) and (1.5) to
byy — b121 = 2a412by1(1 — 2a43b,1) and
bzz = 1 — bll'

So B is of the form
1—=2a4;by1  2a4(1 = 2byqa43)
byq 2a12b59

vi) Ifa,, ¢ {0,1,%} then from (1.6) we get

a12b21 + bizaz1 — aqq
by, =

1-2a4
Therefore, B must be one of the forms below to
ensure P’s idempotency.

a) If b;; = 0then B is of the form
aiy

a21 .
0 1

b) If by #0 then B is of the form

A12b31+b12021-011 b
1-2a4, 12
aqipby1+b12ap1—a
by, 1 — Sazb21+b12821-01
1-2a41

Wlth b12b21 = b11 - b121
Corollary. The matrix P is a singular matrix.
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