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ABSTRACT

In this paper, we obtain the parametrization of the canal surfaces whose center curves are the
hyperbolic curves on the hyperbolic space H? in E3. The parametrization of the canal surface is
expressed according to the hyperbolic frame given in [10]. Then, the parallel surface of this surface
is studied. Also, we define the notion of the associated canal surface. Lastly, we give the geometric
properties of these surfaces such that Weingarten surface, (X,Y)-Weingarten surface and linear
Weingarten surface.
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1. Introduction

Canal surfaces was firstly investigated by Monge in 1850. A canal surface is defined as a surface formed as
the envelope of a family of spheres whose centers lie on a space curve C(t) with radius (). If the radius r(¢) is
constant, then the canal surface is called as pipe surface or tubular surface. Canal surfaces play an essential role
in descriptive geometry, because in case of an orthographic projection its contour curve can be drawn as the
envelope of circles. In technical area canal surfaces can be used for blending surfaces smoothly. Canal surface
is useful to represent various objects e.g. pipe, hose, rope or intestine of a body. Moreover, canal surface is an
important instrument in surface modelling for CAD/CAM such as tubular surfaces, torus and Dupin cyclides
[7].

Canal surfaces and tubular surfaces have been studied by many researchers. In [5], [6], [7], [8], the authors
study canal surfaces and tubular surfaces in Euclidean 3-space, Minkowski 3-space, Galilean and Pseudo
Galilean spaces. Lately, in [13], the authors consider the new approach to canal surfaces. Also in [2] and [9], the
authors study canal surfaces with quaternions.

In [10], the author defines the hyperbolic frame of the curves on the sphere H2. Also the curves with constant
curvatures were studied in many papers such as [3],[4] and [11].

In this paper, we obtain the parametrization of the canal surfaces whose center curves are the hyperbolic
curves on the hyperbolic space H? in E$. The parametrization of the canal surface is expressed according to the
hyperbolic frame given in [10]. Then the parallel surface of this surface is studied. Also we define the notion
of the associated canal surface. Lastly we give the geometric properties of these surfaces such that Weingarten
surface, (X,Y)-Weingarten surface and linear Weingarten surface.

2. Preliminaries

The Minkowski space E? is the Euclidean 3-space E? equipped with indefinite flat metric given by

ds® = —dx? + da? + da?,
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where (21,72, x3) is a rectangular coordinate system of E$. We denote by (, ) the inner product on E$.
Let m be a fixed point and r > 0 be a constant. The pseudo-Riemannian sphere is defined by

S2 (m,r) = fu € E} : (u—m,u—m) =12}
the pseudo-Riemannian hyperbolic space is defined by
H? (m,r) = {u € E} : (u—m,u—m) = -2}
the pseudo-Riemannian lightlike cone is defined by
Q% (m) = {u € S : (w—m,u—m) =0}.

Now, for a unit speed regular curve x (s) C H? C E$, we choose {z (s),a (s),y (s)} forming a standart Pseudo
orthonormal basis of E$. Then the hyperbolic Frenet formulas of the hyperbolic curve z (s) in H? can be written
as

w'(s)=a(s), o' (s)=a(s)+nr(s)y(s), ¢ (s)=—r(s)a(s) 21
where (z (s),z(s)) = —1and (a(s),a(s)) = (y(s),y(s)) = 1.

Here, the function « (s) is called the hyperbolic curvature function (or curvature) of = (s) and the frame
{z (s),a(s),y(s)}is called the hyperbolic Frenet frame of the hyperbolic curve x (s) ([10]).

We recall some well-known formulas for the surfaces in E$. Let M be a surface of E3, the standart connection
D on E3 induces the Levi-Civita connection 57 on M. We have the following Gauss formula

DxY =VxY +h(X,Y),

and the Weingarten formula
Dx§=—AeX + 'Vx &,

where X, Y €T'(TM) and €T (TM l) . Then V is the Levi-Civita connection of M, h is the second
fundamental form, A; is the shape operator, and +V is the normal connection. We note that

(h(X,Y),€) = (AeX,Y).

The mean curvature vector field ﬁ, the mean curvature H and the Gauss curvature of M are given respectively
by
H=1 H
= S(h(eren) +h(ea,ea)), H = H H and K =det A

where {e;, €5} is an pseudo orthonormal basis on M ([1]).
Let U be the unit normal vector field on a surface M (s, t) defined by

MS X Mt
[ M x M|

The second fundamental form I7 of a surface M (s, t) is given as
IT = eds® + 2fdsdt + gdt?

where
e=g(Ms,U), f=9Ms,U),g=9(My,U).

([14]) Thus the second Gaussian curvature K;; of a surface is given as

1 _%ett + fst - %gss 265 fs §et
K = TV fr — %gs € f
(g = %) 39t f 9
0 %et %gs
- %et € f
39s [ g
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3. Canal surfaces with the hyperbolic curve in H?

In this section, we consider the canal surfaces whose center curve is the hyperbolic curves in H2 The
following theorem can be obtained by similar technique in [13]. Thus we omit the proof.

Theorem 3.1. Let x (s) be a hyperbolic curve with arc-length parameter s on H? and be the center curve of a canal
surface
(i) obtained from the sphere S? (r). Then the parametrization of the canal surface can be as following

M(st) = (L+mur(s) VT=rZ(s)sinht) 2 () = 7 () ro(s)ar ()
+ (mar (5) /T = 72(s) coshit) y (s)
and the parametrization of the tubular surface can be as following
M (s,t) = (1 +myrsinht) z (s) + (marcosht)y(s)

(i1) obtained from the hyperbolic space H? (r). Then the parametrization of the canal surface can be as following

M(s,t) = (1+mar(s) VT+72(s) cosht)  (s) +7 ()7 (s)a (s)
+ (mQr (s) /1 + r2(s) sinh t) Y (s)
and the parametrization of the tubular surface can be as following
M (s,t) = (1 +mqrcosht) x (s) + (marsinht)y(s)

(iit) obtained from the ligthlike cone Q. Then the parametrization of the canal surface(tubular surface) can be as following

M (s,8) = (1+a(s,8) @ () + mia(s,£)y (s)
where my,mg € {—1,1} and a (s, t) is a function of s and t, but not only s.
Remark 3.1. Itis clear that the surface

M (s,8) = (1+a(s,8) @ () + mia(s,£) y (s)

is a degenerate surface.

In the following theorem, we classify all hyperbolic curve on H? with constant curvature.

Theorem 3.2. Let « be a real number. Then x (s) is a hyperbolic curve on H? with arc-length parameter s and curvature

K satisfying
(i) k? < 1ifand only if x (s) can be parameterized by

z = cosh (\/ 1— /{25) V1 + sinh <\/ 1— n2$> Vo+ Vs

where V1, Va, V3 are mutually orthogonal vectors satisfying the following equations

1 K2

(Vi,V1) = = (12, V2) = g and (V3 V3) = 1,2

(ii) k? > 1 if and only if x (s) can be parameterized by
T = cos (\/H2 - ls) V1 + sin (\/52 — 15) Vo + V3

where Vi, Va, V3 are mutually orthogonal vectors satisfying the following equations

1 K2
K2 —1 and <Vv3aV3>:_K2_1'

(Vi,Vi) = (V2,V3) =
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(iii) k? = 1 if and only if x (s) can be parameterized by
r=3sVi+sVo+ Vs

where
<‘/17V1> = <‘/1"/2> = <‘/27‘/3> =0

1
<‘/27‘/2>:_<‘/37‘/3>:1 llnd <‘/17‘/3>:_§
Proof. Let z (s) be a hyperbolic curve on H? with arc-length parameter s and constant curvature «. By using the
hyperbolic Frenet equations (4.2), we obtain the following homogeneous differential equation with constant

coefficients
"+ (112 — 1) ' =0.

The characteristic equation of the previous equation is follows
r(r2—|— (/ﬁQ — 1)) = 0.

(i) Assume that x? < 1. Then we get

x = cosh (\/ 1—- /-125) Vi + sinh (\/ 1-— /@25> Vo + Vs. (3.1)

Differentiating (3.1) with respect to s, we get

o =+v1—k?Zsinh (\/ 1-— /@25> Vi++v1— k2cosh (\/ 1-— K‘,28> V5.

By using (o, ) = 1, we get V1, V3, V3 are mutually orthogonal vectors satisfying the following equations

1 K2
(Vi,) = = (Va, Vo) = =g — and  (V3,V3) = —.

(i) Assume that x? > 1. Then the proof is similar.

(iii) Assume that x* = 1. Then we get

x =8V + sV + Vs. (3.2)
Differentiating (3.2) with respect to s, we get
a =25V + Vs.
By using (z,x) = —1 and (o, a) = 1, we get (V1, V1) = (V1, V) = (Va,V3) =0,
<V27‘/2> :_<V37‘/3> =1 and <‘/1a‘/3>:_7
Then the proof is complete. 0

Example 3.1. Let us take x = % in (7) of Theorem 3.2. Then we obtain
<V17‘/l> = - <V27‘/é> = -2 and <‘/3;V3> =1

Then we can choose

vi=(v2,00), va=(0,v20), Vs=(0,01),

which implies that

8
I

(5o 3) i ())
- () () )
() () )

Now let us take m; = my = 1 in Theorem 3.1 and give the canal surfaces in Figure 2.

Y
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Figure 1. The canal surface for r = e® in (i) of Theorem 3.1 (left), = s in (i) of Theorem 3.1(middle) and a = s cosht in (iii) of Theorem
3.1(right).

Example 3.2. Let us take x = v/2 in (ii) of Theorem 3.2. Then we choose
Vi=(0,1,0), Va=(0,0,1), V5= (v2,00),
which implies that

x

(\/5, Cos 8, sin s) ,
a = (0,—sins,coss),

(—1, —v/2cos s, —v/2sin s) .

Y

Now let us take m; = my = 1 in Theorem 3.1 and give the canal surfaces in Figure 3.

_032 0.0 0.2

Figure 2. The canal surface for r = s2 in (i) of Theorem 3.1 (left), » = s in (ii) of Theorem 3.1(middle) and a = s2 cosht in (iii) of Theorem
3.1(right).

Example 3.3. Let us take x = 1 in (i7) of Theorem 3.2. Then we choose

1 1
‘/1:<7072>’ ‘/2:(071a0)’ ‘/3:(1’0’0)’
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which implies that

Figure 3. The canal surface for 7 = 2 in (i) of Theorem 3.1 (left), r = s3 in (ii) of Theorem 3.1(middle) and a = e in (#i7) of Theorem 3.1(right).

4. Tubular surface whose center curve is the hyperbolic curve
In this section we consider the tubular surface whose center curve is the hyperbolic curve in H2.

4.1. Tubular surface obtained from the sphere S (r)

In this subsection, we consider the tubular surface obtained from the sphere S} (r), given in theorem 3.1. We
assume that m; = my = 1. So we give the parametrization of the tubular surface as

¥ (s,t) = (L + rsinht)z + (rcosht) y (s) (4.1)
From (4.1), we find
s = (14 rsinht—rkcosht)a,
¥y = (rcosht)z — (rsinht)y.

We can find the components of first fundemental form as follows

911 = (s, s) = (1 + rsinht — recosht)®,  gra = (e, 1) =0,  gao = (Yy, ) = —12.

Then g11g22 — (912)2 =72 (1 +rsinht — 7k cosh t)z. We assume that 1 + rsinh¢ — rx cosht > 0 for the regularity
of the surface .
Now we will give an orthonormal basis on ¢ (s, t) .

1
= i —a,
sl ™
1
e = ——t = (cosht)z — (sinht)y,
e
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where {eq, e2} is an orthonormal frame field on ¥ (s, t) with signature (4, —). Set
es = — (sinht) z — (cosht) y,
where e3 is a normal vector field to ¢ (s, t) . {e1, ea, €3} is an orthonormal basis on 1) (s, t) . Then we obtain

1
D —
el 1+rsinht—rmcosht(x+ny)’
cosht — ksinh ¢

a?
1+ rsinht — rkcosht

Dele2 =

1
De,ea = - ((sinht) z + (cosht)y) .

The components of the second fundamental form h are calculated as follows

sinh ¢ — x cosh ¢
1+ rsinht — rkcosht’

<D€1€2,63> = 0 and h22 = <D6262,€3> = —

h11

(De,e1,€3) =

h12

1
o

Theorem 4.1. The mean curvature H of ¢ (s, t) is obtained as

1 —2rkcosht + 2rsinht
(h11 — ha2) = . (4.2)

H = =
2r (1 + rsinht — rrx cosht)

N =

Theorem 4.2. The Gauss curvature K of v (s, t) is obtained as

inht — k cosht
o ( B 2) _ sin . 4.
hithzz — (hi2) r (1 + rsinht — rxcosht) 43

A surface is called Weingarten surface if there exist a non-trivial function ¥ (K, H) such that ¥ (K, H) =
K,H, — K;H; = 0 for the Gauss curvature K and mean curvature H of the surface. Here subscripts denote
partial derivatives. Also we a surface is called as a linear Weingarten surface if there exist real numbers q,
b, ¢ € R\{0} such that the linear combination aK + bH = c is satisfied. For (X,Y) € {(K, K1), (H, K1)}, the
surface is called as (X, Y)-Weingarten surface if ¥ (X,Y") = 0 ([12]).

From (4.2) and (4.3) , we have

—k'cosht cosht — ksinht
K, = - 7, K= - 2
r(1+ rsinht — rkcosht) r (1 + rsinht — rkcosht)
and
—+k’cosht cosht — ksinht

s = - 5, Hy= - 5
2(1+ rsinht — rkcosht) 2(1+ rsinht — rkcosht)
Thus it can be easily seen that ¥ (K, H) = K ;H; — K;H, = 0. So we can give the following theorem.

Theorem 4.3. The surface i (s, t) is a Weingarten surface.

Now assume that there exist real numbers q, b, ¢ € R\{0} such that the linear combination aK + bH = c is
satisfied. , ,
b—2cr+2(a—cr®+0br)sinht —2(a—cr®+br)kcosht
2r (1 + rsinht — rk cosht)

which implies that b = 2¢r and a + cr? = 0. So we can give the following theorem.

Theorem 4.4. Let K and H be the Gauss curvature and mean curvature of the surface 1 (s,t). Then there exists the
following relation between K and H :
—r’K +2rH =1

where r is a positive real number.

From above theorem, we get the following corollary.
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Corollary 4.1. The surface ¢ (s, t) is a linear Weingarten surface.

Definition 4.1. The parallel surface of the surface X (s,t) defined by
X" (s,t) = X (s,t) + pU (s,1)
where
Xs X Xt
X x X

is the unit normal vector of the surface X (s,t) and p € R.

U(s,t) =

)
Now we will define the parallel surface ¢* (s,t) of the surface 9 (s, t) as follows
)+

P* (57t) = (57t nes
= (14 (r—p)sinht)z(s) + ((r — p) cosht) y (s) (4.4)
From (4.4), we find
Y = (14 (r—p)sinht — (r — p) Kcosht) o
vy = ((r—mp)cosht)x — ((r — p)sinht)y.

We can find the components of first fundemental form as follows

g = W5y =1+ (r—p)sinht — (r — p) Kcosht)?,
9la = (Wi, ¥f) =0, goa= Yy, h) =—(r— w)?.
Then g5, 93, — (955)° = (r — )* (1 + (r — p) sinh ¢ — (r — p) kcosht)®. We assume that r—pu >0 and 1+

(r —p)sinht — (r — ) K cosht > 0 for the regularity of the surface ¢* (s, ).
Now we will give an orthonormal basis on ¢* (s, 1) .

1
& = T =a,
' [l
1
e; = Wi{);‘ = (cosht) z + (sinht)y,
t

where {e}, e3} is an orthonormal frame field on ¢* (s, t). Set
e5 = — (sinht) x — (cosht) y,
where e} is a normal vector field to ¢* (s,t). {e}, e5, €5} is an orthonormal basis on ¥* (s,t) . Then we obtain

1
D.e] = ,
“1 1+ (r—p)sinht — (r — p) kcosht (w4 ry)
cosht — ksinht

1+ (r—p)sinht — (r—u)mcoshta’

Di; = 1 5 ((snlat) 2 + cosh 1) ).

The components of the second fundamental form h* are calculated as follows

sinht — Kk cosht
+ (r — p)sinht — (r — pu) K cosht’

L= (Daeien) =<
* * * * % 1
h12 = <D6I62763> =0 and h22 = <De§€2,63> = _m
Similarly we can find the following results.

Theorem 4.5. The mean curvature H* of ¢* (s, t) is obtained as

1—2(r—p)kcosht + 2 (r — p)sinht

i = 2(r —p) (1 + (r — p)sinht — (r — p) kcosht)’
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Theorem 4.6. The Gauss curvature K* of ¢* (s, t) is obtained as

sinh ¢ — x cosht

K= (r—u)(1+ (r —p)sinht — (r — p) kcosht)

Theorem 4.7. The surface y* (s, t) is a Weingarten surface.

Theorem 4.8. Let K* and H* be the Gauss curvature and mean curvature of the surface 1* (s,t). Then there exists the
following relation between K* and H* :

—(r—p)’K*+2(r—p)H" =1
where r is a positive real number and p is a real number.
From above theorem, we get the following corollary.
Corollary 4.2. The surface ¥* (s, t) is a linear Weingarten surface.

Definition 4.2. Let z; (5) be the associated curve of z(s) such that z; (5) = y(s) where there exists a
diffeomorfism 5 = f; (s). In this paper, we will call z; (5) = y (s) as the first associated curve of the hyperbolic
curve z (s).

Let 25 (s*) = « (s) where there exists a diffeomorfism s* = f5 (s) Then we will call x5 (s*) = a (s) as the second
associated curve of the hyperbolic curve z (s).

Definition 4.3. Let z; (5) be the first associated curve of the hyperbolic curve z (s) in H?, ¢ (s, t) and ¢ (5,t) be
canal surfaces (or tubular surfaces) whose center curves are x (s) and z; (5) , respectively. Then ¢ (5, t) is called
as "the first associated canal surface (or the first associated tubular surface)" of ¢ (s, t).

Similarly, let z2 (s*) be the second associated curve of the hyperbolic curve z (s) in H?, ¢ (s,t) and s (s*,t)
be canal surfaces (or tubular surfaces) whose center curves are z (s) and x5 (s*) , respectively. Then ), (s*,t) is
called as "the second associated canal surface (or the second associated tubular surface)" of ¢ (s, ).

4.1.1. The first associated curve and the first associated tubular surface Firstly we consider the first associated
curve and the first associated tubular surface of the hyperbolic curve z (s). So we can give the following
corollary.

Corollary 4.3. Let x (S) be the first associated curve of the hyperbolic curve x (s) in H* with the hyperbolic frame
{z (s),a(s),y(s)} such that z, (5) = y (s) where there exists a diffeomorfism s = fi (s). Then we have

1 df:
T =Yy, o0=-—-&«, Yy1=—-€€T, kKi1=-—, - =E1kK,
K ds
and
dil'l da1 + d’yl
—Q =01 —V = —T1 T kK11 — = R10g
ds T ds " ds

where g1 = sgn (k), {z1 (5), a1 (3) ,y1 (5)} is the spherical frame, k1 (3) is the spherical curvature of x; (5) and

(1(5),21(3)) = {1 (5), 01 (3)) =1, (1 (5), 1 (5)) = ~L.

Theorem 4.9. Let x1 (5) be the first associated curve of the hyperbolic curve x (s) in H? with the hyperbolic frame
{z(s),a(s),y(s)} such that x1 (3) =y (s) . Also let 1 (5) be the center curve of a canal surface
(i) obtained from the sphere S? (r). Then the parametrization of the canal surface can be as following

M, (5,t) = (1 +myr (3) /1 —12(3) cosht) 21 (3) —r (3) rs(5)ay (3)
+ (mgr (3) /T — 2(3) sinh t) 1 (5)
and the parametrization of the tubular surface can be as following

M (5,t) = (1 + mqrcosht) zq (35) + (marsinht) yp (3)
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(i1) obtained from the hyperbolic space H? (r). Then the parametrization of the canal surface can be as following
My (5,8) = (1 +myr (3) /1 + 72(3) sinh t) 21 (3) + 7 (3) rs(3) e (3)
+ (mar (5) T+ 72(5) cosht) 1 (5)
and the parametrization of the tubular surface can be as following
M, (5,t) = (1 + myrsinht) z1 (5) + (mar cosht) y; (3)
(iii) obtained from the ligthlike cone Q?. Then the parametrization of the canal surface(tubular surface) can be as following
M (5,t) = (1 +a(5,t)) 21 (5) + mia (5,t) y1 (5)
where my,mg € {—1,1} and a (3,t) is a function of s and t, but not only 3.
Firstly we consider the tubular surface M; (3, t) for m; = mg = 1 as follows

M (5,t) = (14 rcosht)z (3)+ (rsinht) y; (3)
= —¢g; (rsinht)z(s) + (1 + rcosht)y(s). 4.5)

From (4.5), we have

—e1 (eyrsinht + k(1 4 r cosht))

(M1)§ = - o,
(My), = —(eircosht)z + (rsinht)y,
which implies that
errsinht + 1 (14 rcosht))?
(), () = RGN
(My)g,(My),) = 0, ((My),,(M),)=—r
Then

() (M) (M), (1)) — (M), (), )? = 2 TS E (L rcosh D)

Theorem 4.10. Let M, (5,t) be the first associated tubular surfaces of M (s,t), which is obtained by S% (r). Then
M (3,t) has a singular point at M (so, to) if and only if

e1rsinhty + & () (1 4+ rcoshtg) = 0.

Now we assume that e;7rsinhtg + % (so) (1 + rcoshtg) # 0 for all (¢,s). Then we will give an orthonormal
basis on M; (5,t).

1
e = 1o (M) =—ea,
10
1
e = ———— (M), = — (g1 cosht)x + (sinht)y,
(M), | '

where g5 = sgn (g1 sinht + k (1 + rcosht)) and {€;,e5} is an orthonormal frame field on M; (5, t). Set
€3 = — (sinht) z — (g1 cosht)y,
where €3 is a normal vector field to M; (5,t) . {€1,e2,€3} is an orthonormal basis on M; (3,t) . Then we obtain

Dee — (o + )
e, € = . x K )
v girsinht + & (1 4 rcosht) Y

—&9 (g1 cosht + kK sinht)

gyrsinht + & (1 + rcosht)a

Dz e, =

1
Dg,ea = - (— (e1sinh¢) x + (cosht) y) .
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The components of the second fundamental form F are calculated as follows

g1kcosht —sinht
grrsinht + k(1 + rcosht)’

h 5. T _ €
hi2 = (Dgez,€3) =0 and h22:<D€262’e3>:71.

hi1 = (Dge1,e3) =

Theorem 4.11. The mean curvature Hy of M, (3,t) is obtained as

1 ,— — —e1 (2ersinht + k (1 4 2r cosht))
Hy = = (hy1 — has) = 4.6
179 ( H 22) 2r (eqrsinht 4+ & (1 4 rcosht)) (4.6)
Theorem 4.12. The Gauss curvature Ky of M (3,t) is obtained as
_ _ 2 €1 (sinht + g1k cosh t)
K = (h Py — (1 ) - . 47
! 12z ( 12) r(e1rsinht 4+ & (1 4 rcosht)) 47)

Thus it can be easily seen that ¥ (K, Hy) = (K1) (H1), — (K1), (H1)s = 0. So we can give the following
theorems.

Theorem 4.13. The surface M (3,t) is a Weingarten surface.

Theorem 4.14. Let K, and H, be the Gauss curvature and mean curvature of the surface M (3, t). Then there exists the
following relation between K, and H :
—7‘2K1 - 2817‘H1 =1

where r is a positive real number.
From above theorem, we get the following corollary.
Corollary 4.4. The surface M, (3,t) is a linear Weingarten surface.
Now we consider the tubular surface Ms (3,t) for m; = mg = 1 as follows
M; (5,t) = (1+rsinht)xy (5)+ (rcosht)y; (3)
= (—eyrcosht)z (s)+ (14 rsinht)y(s).
Similarly we can find the followings.

Theorem 4.15. Let M, (5,t) be the first associated tubular surfaces of M (s,t), which is obtained by H? (r). Then
M, (3,t) has a singular point at M (s, to) if and only if

errcoshty + K (so) (1 + rsinhitg) = 0.
Theorem 4.16. The mean curvature H, of M, (3,t) is obtained as

i, = &L (2ey7 cosht + £ (1 + 2rsinht))
>7 "2r(eyrcosht + k(1 + rsinht))

Theorem 4.17. The Gauss curvature Ko of Mo (3,t) is obtained as

—e1 (cosht 4 €1k sinh t)
r(exrcosht + k(14 rsinht))’

Thus it can be easily seen that ¥ (K, Hs) = (K3); (H2), — (K2), (H2)s = 0. So we can give the following
theorems.

Ky =

Theorem 4.18. The surface M, (3, t) is a Weingarten surface.

Theorem 4.19. Let Ky and H, be the Gauss curvature and mean curvature of the surface M, (3, t). Then there exists the
following relation between K, and H :
2Ky + 2e1rHy = 1

where r is a positive real number.
From above theorem, we get the following corollary.
Corollary 4.5. The surface My (3,t) is a linear Weingarten surface.

Remark 4.1. Let M; (5,t) be the first associated tubular surfaces of M (s,t), which is obtained by Q2. Then
M3 (5,t) is a degenerate surface.
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4.1.2. The second associated curve and the second associated tubular surface Now, we consider the second
associated curve and the second associated tubular surface of the hyperbolic curve z (s). So we can give the
following corollaries.

Corollary 4.6. Let x5 (s*) be the second associated curve of the hyperbolic curve x (s) with k? > 1 in H? with the
hyperbolic frame {x (s), (s),y (s)} such that x5 (s*) = o (s) where there exists a diffeomorfism s* = f5 (s). Then we
have

1
= o, ag= = (T RY), Y2 = e (kT Y,
ks —1 K® —
K/ dfg 2
and
dl’g dag 4 dy2
=« — = - K —— = Ko
ds* 2, ds* 2 2Y2, ds* 20t

where {5 (s*), aa (s*), ya (s*)} is the spherical frame, ko (s*) is the spherical curvature of x5 (s*) and

(22 (%) 2 (s7)) = (a2 ("), 02 (s7)) = 1, (y2(s7),2(s7)) = —L.

Theorem 4.20. Let x5 (s*) be the second associated curve of the hyperbolic curve x (s) with k* > 1 in H? with the
hyperbolic frame {x (s),a (s) ,y (s)} such that x4 (s*) = a (s) . Also let x2 (s*) be the center curve of a canal surface
(i) obtained from the sphere S? (r). Then the parametrization of the canal surface can be as following

Mi(s',t) = (L mar (s) /T = 1207 cosht) a (5°) = 7 (s") 7 (5" (5")

+ (mar (") VT=72(") sinht) iz ()
and the parametrization of the tubular surface can be as following
My (s*,t) = (1 + mqrcosht) za (s*) + (maorsinht) yz (s¥)
(ii) obtained from the hyperbolic space H? (r). Then the parametrization of the canal surface can be as following
My (s%,6) = (1 mur (s7) T+ 7207 sinht) @2 () 4+ 7 (5") (5" (57)
+ (mar (%) VT 72(s7) cosht) g (s°)
and the parametrization of the tubular surface can be as following
Ms (s*,t) = (1 + myrsinht) zs (s*) + (mar cosht) ya (s%)
(iii) obtained from the ligthlike cone Q?. Then the parametrization of the canal surface(tubular surface) can be as following
Mg (s7,t) = (1 +a(s", 1)) 22 (s") + maa(s*, 1) y2 (s7)
where my,mg € {—1,1} and a (s*,t) is a function of s* and t, but not only s*.

Corollary 4.7. Let x5 (s*) be the second associated curve of the hyperbolic curve x (s) with k? <1 in H? with the
hyperbolic frame {x (s),a (s),y (s)} such that x4 (s*) = «(s) where there exists a diffeomorfism s* = fo (s). Then we
have

1 1
T2 = @ Q2= T+ RY), = —KT — 1Y),
: 2= e ) = g )
s 4

Ky = ———— =1 - K2,

(1— ,{2)3/2’ ds

and
dxo dag dy?
=9, —— = T9— Kala, ——
ds* 2 ds* 2 242 ds*

where {x2 (s*), a2 (s*), ya (s*)} is the spherical frame, ko (s*) is the spherical curvature of xo (s*) and

(22 (%), 22 (7)) = (W2 (57) 42 (s7)) = 1, (aa(s7), a2 (s7)) = —1.

= —haQ2
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Theorem 4.21. Let x5 (s*) be the second associated curve of the hyperbolic curve x (s) with k? <1 in H? with the
hyperbolic frame {x (s),a (s),y (s)} such that x4 (s*) = a (s) . Also let xo (s*) be the center curve of a canal surface
(i) obtained from the sphere S? (r). Then the parametrization of the canal surface can be as following

My (s',8) = (L mar (s) T+ 7207 cost) sz (57) + 7 (s7) ru(s")az (57)
+ (mar (%) VT 12(s7) sint) g (s°)
and the parametrization of the tubular surface can be as following
M (5%,8) = (14 mar cost) a2 (s%) + (mar sint) yo (57)
(ii) obtained from the hyperbolic space H? (r). Then the parametrization of the canal surface can be as following
My(st) = (1+mir(s7) Vi2(s) = Teost) 2o (s7) = 7 (s7) ra(s™)az (57)
o+ (mar (%) V/r2(s7) = Tsint) ya ().
where my,mg € {—1,1}.

Now, we consider the second associated tubular surface M, (s*,t) of M (s,t). Assume that k(s) =k
(constant). Let My (s*,t) be the second associated tubular surface of M (s,t). Then we can write

My (s*,t) = (14 rcosht)xs (s*)+ (rsinht)ys (s¥)
inh ¢ inh ¢
= e, (s)+ (1 +rcosht)a(s)+ &y (s). 4.8)
K2 —1 K2 —1
From (4.8), we have
14 rcosht
(M), = LRy,

W2 _

- sh ¢ ht

(My), = L (rsinht) o — &y,

k2 —1 K2 —1

which implies that
(My). ,(My) ) = (1+rcosht)®,  ((My),.,(My),) =0, ((My),,(My),)=—r>

Then
(M), (Ma) 2) ((My), , (Ma),) = ((Ma),. , (My),)* = =1 (1 + 7 cosht)”.

Theorem 4.22. Let M, (s*,t) be the second associated tubular surfaces of M (s,t). Then My (s*,t) has a singular point
at M (s, to) if and only if 1 + r cosh ty = 0.

Now we assume that 1 + r cosh ¢ # 0 for all (¢, s) . Then we will give an orthonormal basis on M, (s*,t).

1 €9

6* _ (M. s, = —(x+ kK 5
! H(M4)s* ( 4)8 m( y)
1 kcosht cosht
e = ——— (My), = ————x + (sinht) a — ———,
S AN Rt Y/ S = B

where 2 = sgn (1 + rcosht) and {e}, e5} is an orthonormal frame field on M, (s*,t). Set

sinh ¢ sinh ¢
€9k sin : 2 — (e5cosht) a + €9 sin

%
63:
K2 —1

Y,

W2 —

where e} is a normal vector field to M, (s*,t) . {e}, €5, 3} is an orthonormal basis on M, (s*,t) . Then we obtain

1
D..et -
i1 1+rcoshta
eo9sinht
D‘*e* = T+ K ,
a (1+rcosht)m( v)
Dot — ksinht cosht sinh ¢
e32 = - 5271364_ " a—r n271y'
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The components of the second fundamental form ~* are calculated as follows

—eg cosht
i, = (Dgel,ef)=—""°,
1 < 141 63> 1+ rcosht
* * * * * * 52
2 = (Deres,e5) =0 and hjy = (Deses,eh) = -
Theorem 4.23. The mean curvature Hy of My (s*,t) is obtained as
H, = 2 (4.9)

27 (1 +rcosht)’
Theorem 4.24. The Gauss curvature Ko of My (s*,t) is obtained as

—cosht

Ko=—————.
7 r(1+rcosht)

(4.10)

From (4.9) and (4.10) , we have

—sinht
(1 + rcosht)?

and
—sinht

2(1+rcosht)’
Thus it can be easily seen that ¥ (K5, Hy) = 0. So we can give the following theorem.
Theorem 4.25. The surface M, (s*,t) is a Weingarten surface.

Also we can give the following theorem.

Theorem 4.26. Let Ky and Hy be the Gauss curvature and mean curvature of the surface M, (s*,t). Then there exists
the following relation between Ko and Ho :

—12Ky + 2e9rHy = 1
where r is a positive real number.
From above theorem, we get the following corollary.
Corollary 4.8. The surface My (s*,t) is a linear Weingarten surface.

The second Gaussian curvature K;; of the surface M, (s*,¢) is obtained that

Ko — 1+ 2r2 + 6r cosh t + 2r2 cosh 2t + sech’t

" 4egr (14 7 cosh t)? .

Then it can be easily seen that ¥ (K;;, Hz) = 0 and ¥ (K7, K») = 0. So we can give the following theorem.
Theorem 4.27. The surface M, (s*,t) is a (X,Y)-Weingarten surface where (X,Y) € {(K2, K11),(Ha, K1)}

Remark 4.2. Similar properties can be easily obtained for the tubular surfaces M; (s*,t) and My (s*,1).

Remark 4.3. The tubular surface M; (s*,t) is a degenerate surface.

4.2. Tubular surface obtained from the sphere H? ()

This subsection is omitted from the paper since the properties can be obtained similarly to previous
subsection.
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