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Abstract

In this study, we present that the modified Emden equation has invariant solutions for arbitrary coefficients
a and B. Firstly, we demonstrated that modified Emden equation can be linearized. The symmetries of the
equation can be derived using a feasible algorithm after this equation is linearized. The exact solutions of the
equation are found using a new algorithm and with helping these symmetries. Additionally, finding solutions
are classified with respect to the physical meaning of arbitrary coefficients. Finally, all graphics of solutions
have been presented with Mathematica and Matlab.
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MODIFE EDILMi$ EMDEN DENKLEMiNiN TAM COZUMLERI VE LINEERLESTIRILMESi

Ozet

Bu calismada, keyfi a ve 8 katsayilarini iceren modife edilmis Emden denklemi ele alinmistir. Oncelikle, modife
edilmis Emden denkleminin lineerlestirilebildigi gosterilmistir. Bu denklemi lineerlestirdikten sonra, elverisli
bir algoritma kullanilarak denklemin simetrileri elde edilmistir. Bu elde edilen simetriler ve yeni algoritma
kullanilarak modife edilmis Emden denkleminin kesin ¢éziimleri bulunmustur. Ek olarak, bulunan ¢éziimler
icerdikleri keyfi kaysayilarin fiziksel anlamlarina gore siniflandiriimistir. Son olarak, bulunan ¢éziimler kullanilarak
bu ¢ozlimlerin zamana gore grafikleri Mathematica ve Matlab programlari ile elde edilmistir.

Anahtar Kelimeler: Diferansiyel denklemler, Elverisli Algoritma, Simetriler, Modife edilmis Emden denklemi.
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1. Introduction

There are a lot of study in nonlinear dynamics related to the modified Emden type equation, called the
modified Painlev’e-Ince equation.

Fraxx +fx3=0 (M

where over dot denotes differentiation with respect to time and a and {3 are arbitrary pat zneters. Painlev’e
studied the equation (1) and found general solution for two parametric choices f =g and = -
Painlev’e (1902) and Ince (1956). Moreover, physicists have demonstrated that the equation (1) has in
different meanings and it can be used in the study of equilibrium configurations of a spherical gas cloud
acting under the mutual attraction of its molecules and subject to the laws of thermodynamics Moreira
(1984) and Chandrasekhar (1957).

-
rs

The solutions of modifed Emden equation are attracted considerable attention in the literature because
these solutions play important role in applied mathematics, physics, and engineering problems. It is
understood that obtaining the analytical solution of modified Emden equation is more difficult than the
numerical solution. There are some useful methods for solving nonlinear modified Emden equation were
appeared in literature Chandrasekhar, Senthilvelan and Lakshmanan (2007).

Symmetry methods is one of these useful methods to investigate differential equations, so many researchers
have been studied symmetry methods Noether (1971), Bluman and GW. Kumei (1989), Stephani (1989),
Hosseinpour, Milani and Pehlivan (2018), and Orhan (2019).

There are different symmetries and a lot of methods to obtain these symmetries Lie (1883) and Muriel and
Romero (2001). Differential equations can be classified as linear and nonlinear differential equations and
it is easier to find solutions of linear differential equations. Furthermore, obtaining invariant solutions for
nonlinear differential equations is a difficult procedure, while numerical solutions of nonlinear differential
equations are easier to obtain.

There are a method to simply these diffucult procedure and this method is called linearization. By this
way, nonlinear differential equations can be transformed to linear equation. In this study, linearization
methods are examined.

Firstly, we examine how linearization methods are applied. We take the following equation to explain
this method

Erag(ty) 2 +ay(tx) & Py (tx) F+ag(tx=0, 2)
which t is independent variable and X is dependent variable of time t.

There is first integral of the following form

Altx)x + B(tx) 3)
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of the equation (2). It was defined a feasible algortihm by Muriel and Romero (2009) to obtain the first
integrals. The coefficient @5 in equation (2) must be zero to find the first integrals of the form (3) using
this developing algorithm.

Thus, the equation (2) can be written as

Eragtx) X2+ (tx) £ ey (tx) T+ay(tx)=0, @)

First, this algorithm will be examined, To calculate the first integrals of the equation (4), firstly we will
consider this algorithm. We will apply defined algorithm to modified Emden equation and thus first
integrals, integration factors and solutions of the modified Emden equation will be yield.

2, Steps of Algorithm which is used to Linearize

In this section, we take over feasible algorithm which is given the first integrals of the form A(t, %) + B(t, x)
for equations in form (4) and see that the equations can be linearized using these first integral Duarte,
Moreira and Santos (1994) and Chandrasekar, Senthilvelan and Lakshmanan (2005). Firstly, the equation
should be classified to get the first integrals of the form (3). The following functions 54 and 5,

and

Sy(t,x) = (@pzs a0, ) + (@2 _@y): +(Q2:_ay)ay )
are calculated to classify equations.
If the function 5 is calculated as zero, then the function 5 must be zero.

On the other hand, If the function 55 then is calculated and seen that it is not equal to zero two new
functions 55 and 54 should be defined. The functions 53 and 5.5 are defined as

S3(tx) = G_f)x — (ag.- au:], )

5 5\ 2 5
S,t0) = (2) +(2) +a, (2)+aaz.aq, "
2y L 2
In the new calculation, if the function 55 is found as zero, then the function 55 should be obtained as zero.
Now, we consider the algortihm which is given first integrals under these classification.

Case I: If the function 5; = 0, then the function 55 should be zero.
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Under this case, firstly the derivatives of the function P is written as

Fe=3a1, and B =a, ©)

In the next step of algorithm, the function F is calculated using first step.

In the following step, the function ft,x)is given as

1 1 2
7%= T M (10

flt.x) = aga,, ag, — ,
Using the equation (10), the function f (t, x] can be derived.

In the fourth step, the following differential equation

g () + f(tg(t) =0, (n

is given. And if we substitute the obtaining function f[:l‘:l in the equation (11) , then we can obtain the
function & (L‘:] solving the equation (11).

In the fifth step, the derivatives of the function @ are accepted in the following form

1 _g) P
Q.-a, ge’ and Qu= (2 ! g)ge (12)
and if the equation (12) is solved, then the function Q is derived.

In the last step, the functions A and B are yield as the following form

A=ge® and B=9Q (13)
Finally, it can be seen that the first integral of the form A(t, x)% 4 B(t, x) are evaluated.

Additionaly, the exact solution of the equation (4) can be yield using first integral which is given in the
form of (3).

Case Il If the function 51 # 0, the functions 53 and 55 should be zero.
If the equation (4) is classified in this case, we should apply the following steps.

Firstly, the function F is computed as

Sz

Pr =iy E, and 'P:t: = d, (14)
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Then, the function & is found using the following equations

5 b
Qr: ﬂ-l} EP and QxZ o {I) € (15)

The function 4 and & is defined as

A=¢e" and B=¢Q (16)
In the next step, we can find first integral using finding functions.

Finally, the exact solutions can be obtained by first integrals.

3. The exact solutions for modified Emden Equation

In this section, firstly the modified Emden equation will be classified. Then, using the algorithm which is
defined in the previous section we will compute first integrals and analytic solutions.

The modified Emden equation is defined as

itaxx+fx® =0, (17)

where x is the position coordinate which is a function of the time t, and ¥ is a scalar parameter indicating
the nonlinearity and the strength of the damping Chandrasekhar, Senthilvelan and Lakshmanan (2007).

To obtain first integral of the equation (17), we apply the algorithm which is mentioned previous section.
Before applying this feasible algorithm, we should classify this equation.

We should compute the functions 54, 55, 55 and 5 to classify equation (17).

Before this classification, we take special form of the equation (17) for the coefficient choices.

-
&

Case I: For the coefficient f = —a~.

In this situation, the equation (17) is converted to

P+axi—a’x® =0, (18)

To classify the equation (18), the function 51 is found

5, =ao (19)

It is seen that the function 51 = 0. We know that from the theorem, if the function 51 # 0, then the
functions 53 and 55 must be equal to zero to be linearized the equation (14).
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Therefore, we calculate the following functions

S,=—7a*x, S;=—-6a and S,=39a’x’ (20)
We know that the function 53 and 5 should be zero, so the coefficient & should be zero.

Thus, we can say that the modified Emdenl equation can be linearized by using step by step algorithm
which is mentioned in the previous section.

The equation is classified, the algorithm that gives the first integral can now be applied. If we replace the
coefficients in equation (9) and (10) and solving these equations, the functions

P=0 and @ =c 21
are obtained.

Thus, the functions of &4 and B

A=1 and BE=¢ (22)

Furthermore, the first integral of the equation (17) is

I=x+ ¢ (23)
where €4 is arbitrary function.

Using the first integral (23), the analytic solution of the equation (18)

x(t) = ¢, t + 5 (24)
where ©; and £3 are arbitrary functions.
Case II: For the selection f = 0.

For this selection, the equation (17) is transformed to

¥+axx =20 (25)

To classify the equation (25), the function 5 is found as

S5,=a and 5, = —atx (26)

If 55 # 0, then then the functions 55 and 55 must be equal to zero to be linearized equation (25).
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We compute and see that the functions 5 and 5 are equal to zero. Thus, equation (25) can be linearized.
Now, we can apply steps of algorithm.

In the first step, the function P is computed using coeeficients and ti seen that it is equail to zero.

In the second step, we obtain the function &

o

Qt,x)= —+ ¢ (27)

Thus, the functions A and B

I
ox

A=1 ad B= + o 28)

-
&

are found. Finally, the first integral of the equation (25) is yield as

Using first integral (28), the analytic solution of the equation (24)

—_——_— 1L — — —_ _— — —
w'!-,'czTanh(;[_'\.'E Va tegHVIVe "\"5:1.55:'}

x(t) = — (30)

W

where €5 and €5 are arbitrary numbers.

Now, we examine phase portrait for modified Emden equation. To simply solution (30), we chose €3 =€5 = 1
.We can select different arbitrary numbers. Then we calculate the solutions for choices @ = 1, & = 2,
@ = 3, = 4 respectively and so we obtain the following graphic which in time parameter t changes
according to x coordinate.
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Fig. 1. Solution plot of analytic solution (30) for the choices @ = 1, ¢ = 2 & = 3, ¢ = 4.
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Fig. 2. Phase portrait of the modified Emden equation (25) for different values of variables.
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In the Figure 2, we arbitrary coefficient @@ changes from -1 to 1.We can see that change of solution (30)
according to time in this interval of ¢t.

Conclusions

In this study, firstly, the modified Emden equation is classified by computing functions. It is shown that
the functions 54 and 55 are not equal to zero. Therefore, the functions 55 and 5 are computed and
it can be seen that the function 55 is equal to zero. It is known that if the function 53 is equal to zero,
then the function 55 must be zero. Thus, we equalize the function 5 5 to zero. We demonstrated that the
modified Emden equation has the second class and so we should use algorithm which is defined in case Il.

Using this algorithm, it was presented that how to classify ordinary differential equations and to obtain
exact solutions. It is examined that this classification gives us an algorithm to find the first integrals. By
this algorithm, the first integral of the modified Emden equation was obtained. Finally, the phase portraits
of the equation are given using some computer programming.
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