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ABSTRACT. In this paper we investigate the existence, the boundedness and
the asymptotic behavior of the positive solutions of the fuzzy difference equa-
tion A

Zntl = L;l, n € Ny
n—2
where (zy,) is a sequence of positive fuzzy numbers, A and the initial conditions
z_j (j =0,1,2) are positive fuzzy numbers and p is a positive integer.

1. INTRODUCTION

Over the last two decades, a lot of study has been published on difference equa-
tions and systems. One reason for this is that such equations and systems have
high applicability both in mathematics and other sciences such as population biol-
ogy, economics, probability theory, genetics, psychology etc., (see, e.g., [2,/6,/14,/15]
and the references therein). In this way, many real life problems are modeled by
means of difference equations and systems. In some cases, however, measurements
or data on a problem may reveal uncertainty or the problem considered may require
subjective interpretations. In such cases, a fuzzy difference equation model can be
established using notion of fuzzy set. In this way, the uncertainty is modeled.

Fuzzy set theory has recently become a popular subject due to the increasing
number of applications in technology, mathematics and other sciences. The part
that we are interested in is, of course, that the notion of fuzzy set can be easily
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applied to difference equations. With this application, a powerful method for de-
termining the behavior of solutions of difference equations emerges. Some studies
using the method will be summarized below.

In [3], Deeba et al. studied the fuzzy analog of a difference equation which
arises in population genetics. More precisely they studied the first order difference
equation

Tpt1 = WT, + ¢, N €Ny (1)

where (x,) is a sequence of fuzzy numbers and w, g, z¢ are fuzzy numbers. Also,
they discussed the fuzzy nonlinear difference equation

mn-&-l = f(xTva q)7 n e NO (2)

where (x,) is a sequence of fuzzy numbers, w,q, ¢ are fuzzy numbers and f :
RS x Rf x R — R}, R is the set of all real numbers greater or equal to a, is a
continuous and nondecreasing function in its arguments.

In [4], Deeba and Korvin studied the second order difference equation

Tpal = Tp —abrp_1 + ¢, n €Ny (3)

where (z,,) is a sequence of fuzzy numbers and a, b, ¢, 29,21 are fuzzy numbers.
This equation is a linearized model of a nonlinear model which determines the
carbondioxide (CO3) level in the blood.

In [12], Papaschinopoulos and Papadopoulos studied the existence, the bound-
edness and the asymptotic behavior of the positive solutions of the fuzzy difference

equation
Tn

.Z‘n+1=A+ , n € Ny (4)

n—m
where (2,) is a sequence of fuzzy numbers and A and the initial conditions x_;
(j =0,1,...,m) are fuzzy numbers for m € Nj.
For more works on fuzzy difference equations, see the references [9}/11},[13] and
the references cited therein.
In [5], EI-Owaidy et al. investigated the global behavior of the difference equation

Qlp—1
Tn+1 = D 5
ﬁ + VTp—2
where the nonnegative parameters and nonnegative initial conditions.

Moreover, in [7], Glimiig and Soykan investigated the behavior of solutions of
the system of difference equations

n € Ny (5)

QUp—1 v o A1Un—1
TP Uil =
/8 + ’Y’Un—Q ﬁl + Wlun—Q
where the positive parameters «, 3, v, a1, 81, v1, p and the initial conditions u_;,v_;

for i = 0,1,2 are positive real numbers. Note that system @ can be reduced to
the following system of difference equations

Upy1 = , n € Ny (6)
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TTpn—1 y _ SYn—1
-l = —=1
1 + yﬁ,Q i 1 + ‘T,Zr)L72
by the change of variables u, = (8,/7,)"/Px, and v, = (8/7)"Py, with r = a/B
and s = ay/f;. So, in order to study system @, they investigated system .

In this paper we investigate the existence, the boundedness and the asymptotic
behavior of the positive solutions of the fuzzy difference equation

Aznfl
L+ 2,

Tpt1 = , n €Ny (7)

Zn+1 = , € NO (8)

where (z,) is a sequence of positive fuzzy numbers, A and the initial conditions z_;
(j = 0,1,2) are positive fuzzy numbers and p is a positive integer.

2. PRELIMINARIES

In this section, we give some definitions which will be used in this paper. For

more details see [1}8,10}/16].
Definition 1. Consider a fuzzy subset of the real line A : R —[0,1]. Then we say
A is a fuzzy number if it is satisfies the following properties

(a) A is normal, i.e., 3 xg € R with A(xg) =1,

(b) A is fuzzy conves, i.e., A(tz1+ (1 —t)x2) > min{A(z1), A(z2)}, ¥Vt € [0,1]

and x1,x2 € R,
(c) A is upper semicontinuous on R,
(d) A is compactly supported, i.e., {x € R: A(x) > 0} is compact.

Let us denote by Ry the space of all fuzzy numbers. For 0 < o < 1 and
A € Rp, we denote a-cuts of fuzzy number A by [A]l, = {z € R, A(z) > o} and
[A]lp = {z € R, A(z) > 0}. We call [A]y, the support of fuzzy number A and denote
it by supp (A).

The fuzzy number A is called positive if supp( A) C (0,00). We denote by R},
the space of all positive fuzzy numbers.

Definition 2. (a) Let A, B be any fuzzy numbers with [Ala = [Ala, Ara] and

[Bla = [Bi,a,Bro] for a € (0,1]. We define ||A|| on the fuzzy numbers space as
follow;

[|A]| = supmax {|A4; o

7|AT'70£|}7

where sup is taken for all a € (0,1]. Then from the above we take the following
metric
D(A, B) = sup {max {|4;o — Bi.o
where sup s taken for all a € (0,1].
(b) Let (x,,) be a sequence of positive fuzzy numbers and x is a fuzzy number.
Then we say that

) |Ar,a - B7‘,a|}} )

lim x, =« ff lm D(z,,z)=0.
n—oo n—oo
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The following lemma and definition are given in [§]:

Lemma 1. Let X,Y be fuzzy numbers and [X]o = [Xi,0, Xrals [Y]a = [Yias Vel
for a € (0,1] be the a-cuts of X, Y, respectively. Let Z be a fuzzy number such that
(Zla = Z1,a, Zr.o] for a € (0,1]. Then, MIN{X,Y} = Z (resp. MAX{X,Y} =
Z) if and only if min{X; o,Y, o} = Z;o and min{X, o,Y, o} = Z, o (Tesp.
max{X;a,Yia} = Zi,o and max{X, o, Yra} = Zr o)

Definition 3. (a) We say that a sequence of positive fuzzy numbers (z,) is bounded
and persistent if there exist ng € N and positive fuzzy numbers C, D such that
MIN {z,,C}=C and MIN{z,,D} = D for n > nyg.

(b) We say that (x,,) for n € Ny is an unbounded sequence if the ||z, || for n € Ny
is an unbounded sequence.

We need the following lemma which has been proved in [12].

Lemma 2. Let f: RT x Rt x RT — RT be a continuous function and A, B,C be
fuzzy numbers. Then, [f (A, B,C)]a = f ([A]as [Bla, [Cla) for a € (0,1].

3. MAIN RESULTS

In this section, we prove our main results. Firstly, we will study the existence of
the positive solutions of equation . We say (z,) is a positive solution of equation
(8) if (z5) is a sequence of positive fuzzy numbers which satisfies equation .

Theorem 1. Consider equation (@) where A is a positive fuzzy number. Then for
any positive fuzzy numbers z_; (j =0,1,2) there exists a unique positive solution
(2n) of (§) with the initial conditions z_; (j = 0,1,2).

Proof. Suppose that there exists a sequence of fuzzy numbers (z,) satisfying
with the initial conditions z_; (j = 0,1,2). Consider the a-cuts

[Zn]a = [Ln,ou Rn,a]a
[A]a = [Al,ou Ar,a]a (9)

for n = —2,—1,0, ... and a € (0,1]. Then from (8)-(9) and Lemmal[2it follows that

[Zn41]a = [Ln-&-Lav Rn-&—l,a]
_ |: A2n71 :| _ [A]a [Zn—l]a
1420, N [1 + zﬁ_Q]a
o [Al,aLn—l,avAr,aRn—l,a] _ Al,aLn—l,a AT,aRn—l,a
[]‘ + LfoZ,a? 1+ R£72,a] B 1+ Rﬁfla 7 1+ LfL*2,O¢ ’
from which we get
Al aLn—l « Ar aRn—l «
Lpiia= "2 R,1q= 121700 0,1]. 10
+1, T+ R, +1, 1+, a € (0,1] (10)
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for n € Ny. Then it is clear that for any (L; o, Rj ), 7 = —2,—1,0 there exists a
unique solution (L, o, Ry o) with the initial conditions (L, R; ), j = —2,—1,0
for a € (0, 1].

Now, we prove that [L,, o, Ry« for a € (0,1] where (L,, o, Ry o) is the solution

of the system with the initial conditions (Lj o, Rj.a), j = —2,—1,0 determines
the solution (z,) of with the initial conditions z_; (j = 0,1, 2) such that

[zn]a = [Ln.as Rnaly @ €(0,1], n=-2,-1,0,.... (11)
Since A and z_; (j =0, 1,2) are positive fuzzy numbers for any a1, as € (0,1],

a; < ag we get,

0< Al,al § Al,a2 S Ar,ag S Ar,ala
0< L*Z,al S L72,a2 é R72,a2 é R*Z,alv

0< Lfl,al S L*l,ag S Rfl,az S Rfl,ala (12)
0< LO,al S LO,ag S RO,az S RO,ay
We prove by the induction that
Ln,al S Ln,ag S Rn,ag S Rn,ala n e N (13)

From we have that hold for n = —2,—1,0. Suppose that is valid
forn <k, k € {1,2,...} . Then from (10), and for n < k it follows that

Al,alkal,oq < Al aszrfl (e8]

L : 02— [ :
Fhle 1 + Rz—?,al -1 + Ri—Q,Otz FhLes
Ala Lk—la Ara Rk—loz
L » X2 X2 < X2 (X2 — R
k+1,a2 1+R£_27a2 — 1+LZ];_2,0(2 k+1,02
and
Ara Rk—l « Ara Rk—l «@
R — , X2 X2 < » X1 » X1 :R .
k+17a2 1 + sz)72,042 h 1 + L£72,a1 k+17a1
Therefore is satisfied. Moreover from we get
Al aL—l a Ar aR—l a
— %7 R — %7 c 07 11. 14
1« 1+R€2’a 1« 1 +L112’a « ( ] ( )

Then since A and z_; (j =0, 1,2) are positive fuzzy numbers, we have that A4; ,,
Ara, L_1,6, Ro1,a, L_24 and R_5 4 are left continuous. So, from we see that
Li o and R; , are also left continuous. Working inductively we can easily prove
that L, o and R, o are left continuous for n € N.

Now, we prove that Uye(0,1)[Ln,a, Bn,a] is compact. It is sufficient to prove that
Uae(0,1][Ln,as Rn,o) is bounded. Let n = 1, since A and z_; (j =0, 1,2) are posi-
tive fuzzy numbers there exist constants M4, Na, M _o, N_o, M_1, N_1, My, Ny > 0
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such that
[Al,omA'r,a] - [MA7NA]?
[L_20,R_24] C[M_2,N_s],

15
[L-1,0;R-10] C[M_1,N_1], (15)
[Lo,a, Ro,a)] C [Mo, No].
Therefore, from — we can easily prove that
MaM_1 NuyuN_4
L s o ) )
ot Brol [1+N£2 1+M£J
for o € (0,1] from which it is clear that
MsM_, NuN_,
U Lo, Ria ; ; 16
ac1] [L1.a: Bral © [1+N”2 1+M”2] (16)

for « € (0,1]. Also, implies that Uae(0,1)[L1,a, R1,o] is compact and
Uae(O,l] [Ll,ou Rl,a} C (O, OO)

Working inductively we can easily see that

Uae(0,1][Ln,as RBnal is compact, Use(0,1)[Ln,ar Bn,a] C (0,00) for n € Ny (17)

Therefore, using , and since Ly, o, R,,o are left continuous we see that
[Ln,o, Rin,o] determines a sequence of positive fuzzy numbers (z,) such that
holds.

We prove now that (z,) is the solution of equation (8) with the initial conditions
z_; (j=0,1,2). Since

n a=|Ln oan al = ’
[2n41] (L1, +1,0] 1+ RP 1+ LP 1+20_,

n—2,« n—2,«

Al,aLnfl,a Ar,aRnl,a‘| _ |: Aznfl :|

for all a € (0, 1], we have that (z,,) is the solution of equation with the initial
conditions z_; (j =0,1,2).
Suppose that there exists another solution (z,) of equation with the initial
conditions z_; (j =0, 1,2). Then arguing as above we can easily show that
[Zn]a = [Ln.as Rn.o] for a € (0,1] and n € Ny. (18)
Then from and we have that [zp]a = [Zn]a for @ € (0,1] and n =
—2,—1,0,... from which it holds z,, = z, for n = —2,—1,0,.... Thus, the proof
is completed. [l

To study the boundedness of the positive solutions of equation , we need the
following theorem which has been proved in [7]:

Theorem 2. Assume that r,s € (1,00), then there exist unbounded solutions of
system @

In the following lemma, we will study the boundedness and persistence of the
positive solutions of system :
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Lemma 3. Assume that r,s € (0,1), then every positive solution of system (@ 18
bounded and persists.

Proof. Assume that r,s € (0,1). From system @, we have that

TLn—1
0< = —< 1< ZTp_ 19
Tp41 1T yﬁ_z Tlp—1 < Tp—1, ( )
and
SYn—1
0<Yni1 = m < SYn—1 < Yn—1, (20)

for n € Ny. From and , we have by induction
0< oy <z_;and 0 < Yon—i < Y—i, (21)

for n € Ny where x_;,y_; (i = 0,1) are the initial conditions. This completes the
proof. ([

Theorem 3. Consider equation (@ Then the following statements are true:

(i) If Ao <1 for all a € (0,1], then every positive solution of equation (@) is
bounded and persists.

(1) If there exists an @ € (0,1] such that Az > 1, then the equation @) has
unbounded solutions.

Proof. (i) Let (z,) be a positive solution of equation (8] such that holds. From
and Lemma (3| we get

[Ln,a7Rn,a] - [07Ta]7 (22)

for n € Ny where T, = max{R_; o, Roa}- Since (z,,) are positive fuzzy numbers,
there exists a constant T' > 0 such that T,, < T for all a € (0,1]. Therefore,
[Ln,a, Rn,a] € [0,T] for n € Ny from which we get Uge(0,1][Ln,as Bn,a] C [0,T] for
n € Ni 50 Une(0,1)[Ln,as Bn,a)] € [0,T]. This completes the proof of ().

(74) Suppose that there exists an @ € (0,1] such that 4,5 > 1. If A;5 = r,
Arg =5, Lys =2, and R, 5 =y, forn =—-2,—-1, ..., then we can apply Theorem
to system . If there exists an @ € (0, 1] such that r = A;z > 1, then there
exist solutions (z,, ¥, ) of system where @ = a with initial conditions (z_;,y_;)
for 7 = 0,1, 2 such that

lim z, =0 and lim y, = oco. (23)

Moreover, if z_; < y_; ( j = 0,1,2), we can find positive fuzzy numbers z_;
(j =0,1,2) such that

[2]a = [Lj,a) Rjal; (24)
for o € (0,1] and
[2jla = [Lja, Rja] = [zj,y5], (25)
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for j = —2,—1,0. Let (2,) be a positive solution of equation with the initial
conditions z_; (j =0,1,2) and (23] = [Ln,a, Rn,e) for a € (0,1]. Since and
hold and (Ly o, Rn,o) satisfies system we have
[Zn]a = [Ln,a7 Rn,a] - [xna yn] (26)
Thefore, from (23), and since

|2ull = supmax {|Ln.al, | Bnol} = max{|Lnal, |Bnal} = Bna,
where sup is taken for all a € (0,1], it is clear that solution (z,) is unbounded.
This completes the proof of (7). O

In the last theorem, we will study the convergence of the positive solutions
of equation . We need the following theorem which has been obtained from
Theorem 10 in [7]:

Theorem 4. If r,s € (0,1), then every positive solution (zn,y,) of system (7)
converges to (0,0) as n — oo.

Theorem 5. If A, ., <1 for all o € (0,1], then every positive solution (z,) of
equation @ converges to 0 as n — oo.

Proof. Let (z,) be a positive solution of equation such that @ holds with
Ao < 1for all a € (0,1]. Then, we can apply Theorem [4] to system . So, we
get

lim L, ,= lim R,,=0. (27)

n—oo n—oo

Therefore, from we get

lim D(z,,0) = liin sup{max {|L, o — 0|, |Rn,a —0[}} =0.

n—oo

4. NUMERICAL EXAMPLES

In this section, we give two numerical examples for the solutions of equation
regard to the different values of A for p = 1 with the inital conditions z_;
(j =0,1,2) are satisfied

eale) = 20z — 8, 0.40 < z < 0.45,
“2Y ) 10— 20z, 0.45 < 2 < 0.50,

(@) { %, 0.10 <z < 0.50,
—1 - .50—5x
456282 .50 < z < 0.90,

o) = 20z — 6, 0.30 <z < 0.35,
O =1 8 =20z, 0.35 <2 < 0.40.
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From (B8), we get [z ol = [552,1050], [so1]o = [205050 48020 L] —

[ah6 &l for all o € (0, 1].

Example 1. Consider equation @ for p = 1 where z, is a sequence of positive
fuzzy numbers, the initial conditions z_; (j =0,1,2) are satisfied (@) and A is
satisfied

dr — 17 : S X S l7
a={sa 12050 @
From @), we get [Al, = [23,352] for all a € (0,1]. There exists a unique

solution of equation (@ by Theorem |1 Since A, o < 1 for all a € [0,1], then by
Theorem @ the positive solution (z,) of equation (@ converges to 0 as n — o0,
see Figures 1-3.

— — L) ——Rm) — — L ——Rm) — — L) —— R

{L(n),R(n)}

FIGURE FIGURE FIGURE
1. «a=0.1 2. a=0.b 3. a=0.9

Example 2. Consider equation (@ for p = 1 where z, is a sequence of positive
fuzzy numbers, the initial conditions z_; (j =0,1,2) are satisfied (@) and A is
satisfied

A:{x—Z, 2 <2 <3, (30)

4—z, 3<z<4
From (30), we get [Ala = [0 +2,4—a] for all o € (0,1]. There ezists a unique
positive solution of equation (@ by Theorem. It is easy to see that for all a € (0, 1],
we have A, > 1. So, by case (ii) in Theorem@ equation (@) has unbounded
solutions, see Figures 4-6.
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Rin)

Rin) — — )

—— ) Rin) —— )
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9. % 10 2 % 10% 12x10%
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7. % 10% L
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=6.x10°" 8. x 102

Ssox 10
1.x 10% 6.x10%
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4% 102
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10 20 30 40 50 60 70 80 90 100 10 20 30 40 50 60 70 80 90 100 10 20 30 40 50 60 70 80 90 100
n

FIGURE FIGURE FIGURE
4. =0.1 5. a=0.5 6. =09

5. CONCLUSION

In this study, we investigated behavior of the fuzzy difference equation z,41 =
Azp—1/(14 2E_,), where (2,) is a sequence of positive fuzzy numbers, A and the
initial conditions z_,; (j = 0,1, 2) are positive fuzzy numbers and p is a positive in-
teger. We have shown that, under certain conditions, the positive solutions of this
equation converge to zero. Also, we have considered the case where the solutions
are unbounded. Finally, we have supported our theoretical results.
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