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ABSTRACT. In our paper, semi quotient mappings and spaces properties are
developed by the change of topology where the notion of semi quotient topology
built the interest. Results of this article describe the more interest in our work
with the contribution of extremally disconnected concept where the quotient
space J/N with this topology s7¢g has surprisingly moved to an s—topological
group.

1. INTRODUCTION

A mathematical discipline assembling the topology and group is called the topo-
logical group [8l, 12]. This discipline has very significant applications in almost all
branches of natural sciences. In our arrangement operations of multiplicity and
inverse on the continuity and its general forms will be discussed. The study of this
weaker form of continuity with topological groups started in 1990s. Twenty-thirty
years ago more interesting results relating to the discipline discussed in literature.
In 2014, Bosan and Moiz [2] and [0] explored the notion of quasi s—topological
groups, and quasi irresolute topological groups. We studied the concept of Levine
[7] about topological spaces on semi open sets. Different mathematicians like Cross-
ley et.al. [4] studied semi topological properties and Bohn [I] studied semi topo-
logical groups. Moreover, Siab et.al. [14] studied irresolute topological groups by
using irresolute mappings. In continuation to these concepts Bosan et.al. [3] [5]
studied classes of s—topological groups and S—topological groups. In 2016, Noreen
et.al. introduced and defined semi quotient topology which is the generalization of
quotient topology for spaces and groups [10]. The motivation behind this work was
to study the quotient topology by weakening the open set conditions and also ex-
plored semi quotient mappings stronger than semi continuous mappings, and then
consider semi quotient spaces and groups [10].

We need also some basic information on a quotient group as: If J is group and
H invariant subgroup, consider the collection @ of all left cosets
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aH of H, a € J.

Define a multiplication in @) as follows: For

aH, bH € @, we put aH.bH = abH.

It is easy to verify that under this multiplication @ is a group with eH = H as
the identity and a* H as the inverse of aH in Q. This group is called the quotient
or factor group of J by H and it is denoted by J/H. H is invariant subgroup of J.
The mapping

p:J— J/H

defined by p(z) = zH, for each x € J is called a natural projection.

In this paper, significant results with counter examples have also been proved.
We have also used semi homeomorphism [6] and S-homeomorphism [13] changing
a discipline to an other and support the discipline.

2. PRELIMINARIES

A mapping ¢ : K — M between topological spaces K and M is called:

e pre-semi-open [4] if for every semi-open set A of K, the set ((A) is semi-
open in M;

e s-open (s-closed) if for every semi-open (semi-closed) set A of K, the set
C(A) is open (closed) in M;

e continuous if for each open set V' C M the set (< (V) is open in K.

e semi-continuous [7] (resp. irresolute [4]) if for each open (resp. semi-open)
set V' C M the set ¢ (V) is semi-open in K. Equivalently, the mapping ¢
is semi-continuous (irresolute) if for each € K and for each open (semi-
open) neighbourhood V' of {(x), there exists a semi-open neighbourhood U
of z such that ((U) C V;

e semi-homeomorphism [, [6] if ¢ is bijective, irresolute and pre-semi-open;

e S-homeomorphism [3] if ¢ is bijective, semi-continuous and pre-semi-open”.

e S—isomorphism if it is an algebraic isomorphism and topologically
an S—homeomorphism,

e semi-isomorphism if it is an algebraic isomorphism and topologically a semi-
homeomorphism.

Definition 2.1. [I] An s-topological group is a group (J,*) with a topology T such
that for each x,y € J and each neighbourhood W of x % y< there are semi open
neighbourhoods U of x and V' of y such that

Ux VT CcW.

Definition 2.2. [14] A triple (J,*,7) is an irresolute topological group with a
group (J,*) and a topology T such that for each x, y € J and for each semi open
neighbourhood W of x x y*, there exist semi-open neighbourhoods U of x and V of
y such that

Usx VT CcW.
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3. SEMI QUOTIENT MAPPINGS

Definition 3.1. A mapping

¢:K—M,
where K and M are spaces is semi quotient provided a subset E of M is open in
M if and only if ¢ (E) is semi open in K.

The differences in mappings of semi quotient, semi continuous and the quotient
are illustrated below:

Example 3.1. Let
K=M=/{1,2,3}
and let
® =1{0,{1},{1,2},K}
and
™ = {0,{1,2},M}
be topologies on K and M respectively.
Suppose
¢:K—M
is a mapping defined by
pla) =a, a € K.
Since
™ C TK,
this mapping ¢ is semi continuous but not semi quotient because {1} is not open in
M, where as ¢ ({1}) is semi open in K.

Example 3.2. Let
K=1{1,2,3,4}, M = {a,b},

TK = {(2)7 {2}, {3},{2,3}, K}, v = {(2)7 {b}, M}.
Suppose also
¢: K= Mby; ¢(4) =¢(3) = ¢(2) =b; ¢(1) = a.
The mapping ¢ is neither continuous nor quotient but it is semi quotient because {b}
is open in M but ¢ ({b}) = {2, 3,4} is not open in K, that is it is not continuous.
On the other hand it is semi quotient because the proper subset {b} € Tpr, ¢ ({b}) =
{2,3,4} is semi open in K.

Construction: [10] Suppose K is a topological space and M is a set.
Suppose
¢ : K — M is a mapping
and
stg : ={E CM:¢"(F) € SO(K)},
called the semi quotient generalized topology. But s7g may not be a topology on
M [13]. Tt appears that if K is extremally disconnected, then the intersection of
two semi open sets is semi open [9]. Obviously the form s7¢ is the finer(stronger)
than the topology o on M:
¢: K — (M,o)

is semi continuous. In deed,
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¢: K — (M, stg)
is a quotient mapping [I1] in the present. In our coming example, we will see the
relation between the spaces (M, o) and (M, s7g).
Now the special case, suppose p is an equivalence relation on K. Suppose

p: K— K/p

is a projection from K to the set K/p : V ain K, p maps a to p(«). The generalized
topology stg on K/p, where K is extremally disconnected with, the mapping p
by forced semi continuous, is semi quotient. This important construction can be
applied to topologized groups. We see the interesting example below [I0] where a
quotient topology and the semi quotient topology generated by the same mapping
are different.

Example 3.3. Set
K=1{1,2,3,4,5}
with topology
7= {0, {1}, {2}, {3}, {4}, {1, 2}, {1,3},{1,4}, {2, 3}, {2,4}, {3, 4},
{1,2,3},{1,2,4},{1,3,4},{2,3,4},{1,2,3,4}, K}
and the collection of semi open sets is
SO(K) = {0.{1},{2}, {3}, {4}, {1,2},{1,3},{1,4},{1,5},
{2,3},{2,4},{2,5},{3,4},{3,5},{4,5},{1,2,3},{1,2,4},
{1,2,5},{1,3,5},{1,4,5},{2,3,5},{2,4,5},{3,4,5}, {1, 3,4},
{2,3,4},{1,2,3,4},{1,2,4,5},{1,2,3,5},{1,3,4,5},{2,3,4,5},{1,2,3,4,5} }..
We define a relation N on K by aN~vy <= «+ 7 is even. Then,
N ={(1,1),(1,3),(1,5),(2,2),(2,4),(3,1),(3,3),(3,5),(4,2), (4,4), (5,1),(5,3), (5,5) }
forms an equivalence relation, and
K/N ={N(1),N(2)} = {{1,3,5},{2,4}}.
Suppose
p: K— K/N
is a canonical projection. So,
p (N(1)) ={1,3,5} € SO(K),
and
P (N(2)) = {2,4} € SO(K),
so that
stq = {0, K/N,{N(1)},{N(2)}}
is the semi quotient topology on K/N. But, quotient topology on K/N is
Q = {@,K/N,{N(2)}}
because here
p~(N(1)) = {1,3,5}
is not open in K.
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Lemma 3.1. [1] If (J,*,7) is an s—topological group, then A is semi open in J if
and only if A is semi open in J; and if A is semi open in J, and B C J, then
Ax B and B % A are semi open in J.

Lemma 3.2. [T4] If (J,*,7) is an irresolute topological group, then A is semi open
i J if and only if A is semi open in J; and if A is semi open in J, and B C J,
then Ax B and B x A are semi open in J.

4. SEMI QUOTIENT MAPPINGS AND SPACES PROPERTIES

In the present sight we will use the concept of s7g discussed in the previous
section establishing some properties.

Theorem 4.1. If L is a closed subgroup of an extremally disconnected irresolute
topological group (J,*,7), and ny € J, then A, is a semi-isomorphism and also

poly,, = Ay, oD.

Proof. The mappingsp : JJ — J/L and \,, : J/L — J/L are defined by p(z) = zxL
and A, (x % L) = ny x x % L respectively. We see the properties of \,,, as under:
An, is well defined

Let % L = y« L. This implies nq *x * L = ny *y* L. This implies that \,,, (zx L) =
An, (y * L).

An, is injective

Let Ap,(x % L) = Ay, (y x L). This implies that ny * x * L = ny % y * L. By left
cancelation law, we get x * L = y * L.

An, is surjective

For every njy xx * L in the range of A\, there exists z * L in the domain of A, such
that A, (z % L) =nq *x * L.

An, is homomorphism

Since p(x*y) = x*y*xL = x*xLxy*L = p(x)*p(y). Therefore, A,, is homomorphism.
We have to show that

poénl = /\nl op'
In fact, V a € J we get,
(poln,)(a) =p(ni*a) = (n1xa)* L =nyx(axL) = A, (p(a)) = (An, 0 p)().

Now remaining is to show that \,, is pre semi open and irresolute. It is evident
from the followings. Suppose

axL e J/L.
For every semi open set U of ey,

plaxUx L)
is a semi open set of

axLin J/L.

In the same strategy,
p(ni*axU=xL)
is a semi open set of
ny*a* L

in J/L. O
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Theorem 4.2. If (J,*,75) is an s— topological group, then (J/N,x*,stq) is ex-
tremally disconnected s—topological group, where N is an invariant subgroup of J

Proof. Since (J, x,77) is an s— topological group, then by definition for every open
neighbourhood W of z * y*, there exist semi open neighbourhoods U of x and V'
of y such that U * V. C W. By Lemma U x N and V « N are respective semi
open neighbourhoods of x * N and y* N. By using hypothesis, U« V « N C W N.
This implies that (U *« N) % (V « N) C W % N. Hence (J/N, *, s7q) is extremally
disconnected s—topological group. O

Theorem 4.3. Let N be an invariant subgroup and ¢ : J/N — H/N be an
S—isomorphism of quasi s—topological groups. If ¢ is semi continuous at the neutral
element of the domain, then it is semi continuous at the domain.

Proof. Let xxN € J/N and W« N be an open neighbourhood of y* N = {(z*N) in
H/N. Then by semi continuity of left translation in H/N, there exists a semi open
neighbourhood V * N of the neutral element N of H/N such that (i) £y.n(V*N) =
yxNxV N C W=xN. By the hypothesis, { is semi continuous at e;x N = N implies
(ii) ((U * N) C N % N, for some semi open neighbourhood U * N of ej * N. Also
lewn o J/N — J/N is an s—open mapping, the set £, y(Ux N) =2+« N+ U x N is
semi open in J/N. Hence ((x* NxU*N) =y« Nx(Us«N) Cyx N*xV+«N C WxN
(by ii and i). Thus ¢ is semi continuous at J/N. O

Theorem 4.4. Let (J/N,x,s7y) be an extremally disconnected s—topological group
and (H/N,*,s7g) be an extremally disconnected quasi s—topological group with N
an invariant subgroup. If ¢ : J/N — H/N is S—isomorphism with {(z*) =
({(z))*, then H/N is also extremally disconnected s—topological group.

Proof. Let W« N = Ohl*N*h;—*N be an open neighbourhood of hy * N x h§ * N,
where hy, hy € H. Then by semi continuity of ¢, (" (W x N) = ¢ (Op,«N+ns«n) is
semi open neighbourhood in J/N. Also ¢ is bijective, ((g1) = h1 and ((g2) = ha,
where g1, g2 € J. This implies g1 = (¥ (h1), g2 = ¢ (hg). Since J/N is extremally
disconnected s—topological group, there are semi open neighbourhoods M, . and
Myg,«n such that Mgy .n * Mge.n C ¢T(W x N). This gives that ((Mg,.n *
Myswn) C WxN. By homomorphism of ¢, we get ((My,.n) *C(Mgesn) C WxN.
Since ¢ is s—open, then ((My,.n) and {(My,.n) are semi open neighbourhoods in
H/N. This gives that (Wp,«n) * (Whesn) C W s N, where (Wi, un) = Whyan
and ((Mg,«n) = Whyan. That is, (Whyn) ¥ (Whyen )T C OnysNshs«N- O
Theorem 4.5. If L is a closed invariant subgroup of an extremally disconnected
s—topological group (J,*,7), and if  : J/L — H/L is S—isomorphism with {(z*) =
({(x)), where (J/L,*,s7y) is an extremally disconnected s—topological group and
(H/L,*,s7) is an extremally disconnected quasi s—topological group, then (J/L,*, s1q)
is an extremally disconnected s—topological group.

Proof. Suppose the left translations
lg:J—Jand lyg) : J/L — J/L

by g € J, and p(g) € J/L, and the inverse mappings ¢ and i’ respectively. V « € J,
we get

(polg)(a) =gxaxL = (g*L)*(axL)(=m(g*L,axL)) = (g or)(e)
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and
(poi)(a)=a~"x L= (i'op)(a).
We see following commutative figures:

J/L — J/L

J/L — J/L

Here p is semi continuous, and the left translation
ly:J—=J

lgla) =g*a,Va e J.
Claim: left translation [, and the inverse mapping ¢ are irresolute.
If W is a semi open of g*a from range J, g~ * W is a semi open of domain element
« satisfying

l(g7t« W) =W.
Suppose W is a semi open in i(«). By Lemma [14], W1 is a semi open set of
the domain element « satisfying

iw—H =w.
This gives that the left translation I,y and the inverse mapping 7' must be semi

continuous. This gives that J/L is an extremally disconnected quasi s—topological
group. Thus by Theorem |4.4] we have the required result. ([l
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