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ABSTRACT. In this paper, we explore the travelling wave solutions for some
nonlinear partial differential equations by using the recently established ra-
tional (G’/G)-expansion method. We apply this method to the combined
KdV-mKdV equation, the reaction-diffusion equation and the coupled Hirota-
Satsuma KdV equations. The travelling wave solutions are expressed by hy-
perbolic functions, trigonometric functions and rational functions. When the
parameters are taken as special values, the solitary waves are also derived from
the travelling waves. We have also given some figures for the solutions.

1. INTRODUCTION

In the past decades, the travelling wave solutions of nonlinear partial differen-
tial equations (NLPDESs) play an effective role in physics, engineering and applied
mathematics. The mathematical models of these subjects give important informa-
tion about the behaviour of the physical event. Therefore, it is very important to
obtain the traveling wave solutions of NLPDEs [32]. The NLPDESs have interesting
structures that deals with many phenomena in physics, chemistry and engineering,
for example; in fluid flow, plasma waves, mechanics, solid state physics, oceanic
phenomena, atmospheric phenomena and so on. Many researchers have been pro-
posed various different methods to find solutions for nonlinear partial differential
equations and nonlinear fractional differential equations [36-40]. Such as the in-
verse scattering transform method [1], the Hirota’s bilinear method [2], truncated
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SOLVING SOME COUPLED AND COMBINED WAVE EQUATIONS 117

Painlevé expansion method [3], the tanh-function expansion method [4], the Jacobi
elliptic function expansion method [5], the homogeneous balance method [648], the
trial function method [9], the exp-function method [10,34], differential transform
method [33], the Bécklund transform method [11], the generalized Riccati equa-
tion method [12H15], the sub-ODE method [17-20], the original (G'/G)-expansion
method [16}29], the double (G'/G,1/G)-expansion method [35] etc.. Since there is
not a common method that can be used to solve all types of nonlinear evolution
equations.

Some researchers established several powerful and direct methods. Wang et
al. |16] first introduced the (G’'/G)-expansion method to find travelling wave solu-
tions of nonlinear evolution equations. Later Islam et al. [21] proposed the rational
(G'/G)-expansion method which aims to derive closed form travelling wave solu-
tions. In this paper we use the rational (G’/G)- expansion method and apply for the
combined KdV-mKdV equation, the reaction-diffusion equation, and the coupled
Hirota-Satsuma KdV equations. We derived abundant solutions for each equation
that is different from the solutions in the literature.

2. DESCRIPTION OF THE METHOD

Suppose that u = u(x, t) is an unknown function depends on the x and ¢ variables
and we define the polynomial P in u(x,t) and its various order partial derivatives
and nonlinear terms as

P(uvuibvutvuzzvuthumtv"‘) :0 (]-)

We use the following steps, to solve Eq.(l) by means of the rational (G'/G)-
expansion method.

Step 1: We assign a new variable U() in terms of « and ¢ variables and a new
transformation:

u(z,t) =UE) , {=x—st+& (2)
where is &y a constant and s is the velocity of the wave. The transformation in Eq.
transforms Eq.(I) into an ordinary differential equation (ODE) for u = U(¢).

QU,U', —sU' U" s*U", —sU",...) =0 (3)
where U and its derivatives with respect to £ are the elements of the @ polynomial
of U(&).

Step 2: Next we integrate Eq. one or twice as possible. Suppose that the
solution of Eq. can be written in the following form

aj(a’/a)d

u(g) = 57— (4)

8 bi(ar/G)
i=o

<.
™M=
<)
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where a; and b; (j =0,1,2,...,n), (a, # 0, b, # 0) are arbitrary coefficient to be
found later. Next we write, the G = G(&) function, which satisfies the following
second order ODE;

G"(§) + AG'(§) + nG(§) =0 ®)
where A and p are real constants. We convert Eq.(5)) into (G'/G) form,
d
(G0 == (G/G) = A(G[G) — p (6)

From Eq.(f) or Eq.(6) the solution for (G'/G) as follows

VA2-ap co sin RAEST
Wl il G ) i G ISCUDOI
2 2 clsinh((@)§)+czcosh<(#)§ 7 7
(G')G) = o= 7C1Cos<(@)g +czsin((7v‘“‘;”>£ Ndp <0
2 2 c1 sin((@)ﬁ) +c2 cos<(7W)§) 7 7
ot N0,

(7)

where ¢; and cg are constants.

Step 3: To determine the value of n, which is the degree of U(&), in Step 2,
we apply the homogeneous balance method, that is balancing between the highest
order nonlinear terms and the highest order derivatives in Eq.. The degree of
other terms in Eq. can be written as in the following form [21]

m p
deg [ddgfgf)] =n+m, deg [um (dl;;(lg)) } =mn+pn+l)

where deg[U ()] is the degree of U(§).

Step 4: After determining the value of n, we substitute Eq. along with Eq.
into Eq.(3). Equating the coefficients of (G'/G) to zero, gives a system of alge-
braic equations. In order to solve these equations we use the computer software
programme such as Maple or Matematica. If there is a possible solution, we obtain
values for a;, b;, A, pand s (1 =0,1,2,...,n).

Step 5: Finally we substitute the values of a;, b; (i = 0,1,2,...,n), A, i, s and the
solutions given in Eq., into Eq., hence the solutions of the nonlinear Eq.
are derived.

3. APPLICATION OF THE METHOD

Example 1. The combined KdV-mKdV equation
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The KdV and mKdV equations are widely studied popular soliton equations.
The nonlinear terms appearing in the KdV and mKdV equations often exist in
applied science and engineering, such as in plasma physics, ocean dynamics and
quantum field theory [22}24]. If we combine the quadratic nonlinear term of the
KdV equation and the qubic nonlinear term of the mKdV equation, then we get
the combined KdV-mKdV equation or the Gardner equation [25]

g + au Uy + Buug + Uppe = 0 (8)

where o and 8 are nonzero parameters. This equation describes the wave propaga-
tion of bounded particle,sound wave and thermal pulse [2628].

The travelling wave transformation u(z,t) =U(§) , € =z — st + &y , transforms
Eq. into to the following ODE

—sU' +aU U +pUU' +U" =0 (9)

where s is the velocity of the wave and the superscript of U shows the derivative of
U with respect to . Next, we integrate Eq.@ and deduce the following equation

1 1 "
C—sU+§aU2+§BU3+U =0 (10)

where C' is an integration constant to be found later. We use homogeneous balance
method, such as balancing the terms U” and U? in Eq. we get n = 1, so we
can write Eq. as

U(e) = R ale /o) ()

0 +01(G"/G)

Next we substitute Eq. into Eq. and organize the equation in terms of the
powers of (G'/G). Hence equating the coefficients of (G'/G) and its powers to zero
in the resulting equation, gives a system of algebraic equations for ag, by, a1, b1, s
and C. Solving the set of equations by using the computer programme Maple, we
get the following set of solutions.

Set 1

a = F- , a1 ==+ —Bbo, b1 =0 (12)

2 ﬁ _%
28N+ 8P o @ (68X + a? — 24p)
5T 43 P 2432

where by, A, o, 8 and p are all arbitrary constants. Substituting Eq. into Eq.
we get the following solution

U©) = %[-5(C16) - 357 5[5 (13)
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where

§:x+<%+>‘2;4")t+§0 (14)

and (G'/G) is given in Eq.(7). Substituting Eq.(7) into Eq.(I3), we deduce the
following travelling wave solutions.

Case 1: If A2 — 4y > 0, then we have

Ule) = L[ 8O =4 (ercosh(y/N2 — 4d) + casinh(s /A2 — duf)
= 5 B c1 sinh %MQ e Cosh(%\/mQ

%\/%‘2 3A\/7 (15)

If we choose ¢; = sinh(&y) and c¢a = cosh(§p), we get the following hyperbolic
solution for the Eq.

)\2—4 A by
U(E)::I:% —wtanh <§4/)\2_4ﬂ+§0>):‘:§ /_%_2 3 l__

The plot of the solution for the values (A =5, p=4,a=3,=—-4,§, =2 )
given in Fig 1.

FIGURE 1. Hyperbolic solution for Eq.(8)
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Case 2: If \2 — 4y < 0, then we have

U = :I:l C6(4p =A%) —clcos(g 4/L—A2)+Cgsin(§\/4ﬂ—)\2)
clsin(§\/4u—)\2)—1—02005(%\/4#—)\2)

2y B
A6 a _3X [ B

SN R
If we choose ¢; = sin(§y) and co = cos(&p), we get the following trigonometric
solution for the Eq.

1 6 (4 — A?) 13 A6 a _3XN/ B
U(f)—i§ —Ttan(§\/4u—>\2+€o))¥§ _5_%:F? %

The plot of the solution for the values (A = 4,4 = 5,0 = 3,6 = —6,§, = 2 ) is
given in Fig 2.

i

FIGURE 2. Trigonometric solution for Eq.(8)
Case 3: If A2 — 4y = 0, then we have

_ [ 6 e A6 a 3A B
v ==+ ﬁ(cwcﬁ)ﬂ\/ 5 375V 6

The plot of the solution for the values (A = 4,u = 4,0 = 3,8 = —6,& =2 ) is
given in Fig 3. In particular, if ¢; = 0 and ¢ # 0 and A > 0 and g = 0, then
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jre—
3
4557a

¥ 210

FIGURE 3. Rational solution for Eq.(8)

Eq. becomes

N[O AN A6 a_3x[5
U(ﬁ)—ii —Btanh(§§>:|:§ —B—%:F? ~% (16)

orif ¢; #0 and ¢ =0 and A > 0 and p = 0, then Eq.(L5]) becomes

A A A A
U ==+5 —%coth<§§>q:§ /_g_;‘ﬂ¢% _% an
where
a? )2
§=$+<E+7>t+£o.

Note that Eq.(I6) and Eq.(I7) represents the solitary wave solutions of the com-
bined KdV-mKdV equation Eq.(8)

Set 2

ao

_ (SAaFV-96Bu2—6NB+HABuNTH L —aby b — b1A
a8 ) 28 > Y0 2
_ —2Besus—a? o a(6)?B—24p6+a?)
8= 18 » b= 2452

(18)
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where by, A and  are arbitrary constants. Substituting Eq.(18) into Eq.(11)) we get
the following solution

_ —2a(G'/G) + (“Aa F /-968u% — 6315 + 48u)?p)

U ; 19
©) 48(G"/G) + 2208 (19)
where \2 )
2
E=x+ 21&_75—&—(1 t+&o (20)
48
and (G'/G) is given in Eq.(7).
Set 3
o 60N+ 12byyiby + 3bobi XN — 6N} ady
0 F\/—6bIA23 + 24b, Bho X — 24623 2B
—aby £ \/—6b3N2[3 + 24b; Bbo A — 24623
ay = (21)
2
B —2X28 4+ 8upB — a? o o (6)\25 —24uB + a2)
sz 48 YT 242

where by, b1, A\, a, 8 and p are arbitrary constants. Substituting the values of con-
stants from Eq.(21) into Eq.(11)) gives

—aby £4/—6b3 22 3+24b1 S \—24b3 3 (@'/G) + (—Gbg)\+12b1,ubg+3b0b1AQfGAubf
28 F/—6b2225+24b1 BboA—24b7 3

U =

abo

28

)

bi(G'/G) +bo

where £ =2 + (W)t + &.

Example 2. The reaction-diffusion equation

We have the reaction-diffusion equation [30]
Ust + QUgy + fu + yu® =0 (22)
where o, § and 7y are nonzero constants. The traveling wave variable Eq. reduces
the Eq. into an ODE
(a+s*)U"+BU+U? =0, (23)
where s is the velocity of the wave. Next we express the solution of the Eq. in
terms of (G'/G) as it is written in Eq. (), where G = G(€) satisfies the second order
linear ODE in Eq.. We use homogeneous balance method, such as balancing
the terms U” and U? in Eq.(23) we get n = 1, hence from Eq., we have
ag + ay (G//G)
U) = +— 7/

b+ b (GNG)” @)
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Substituting Eq.(23) into Eq.(22) and write the left hand side in terms of (G'/G).
Hence equating the coefficients of the resulting equation to zero, gives a system of
algebraic equations for ag, by, a1, b1 and s. Solving the set of equations by using the
computer programme, we get the following set of solutions:

Set 1

1
2

(25)
ap =0, s==+ 2 _ o

where b1, A and p are all arbitrary constants. Substituting Eq. into Eq. we
get the following solution

41 /=B 4
2—7
(G"/G) +A/2

and (G'/G) is given in Eq. . Substituting Eq. into Eq., we deduce the
following travelling wave solutions.

U = (26)

where

Case 1: If A2 — 4 > 0, then we have

U) = + ¢y sinh %\/ )+ co Cosh A2 —4p)
c1 cosh %\/ )+ e smh A2 —4pu) -

If we choose ¢; = cosh(&y) and co = Sinh(fo), we get the following hyperbolic
solution for the Eq.

U = iﬁtanh ( VA2 =4+ §o>

Case 2: If \2 — 4y < 0, then we have

U = + B clsin(§ 4y — A?) + ¢o cos( \/4u A?)
B —clcos(%\/élu A2) —|—czsm§ dp — A2)

gl

If we choose ¢; = cos(§p) and co = sin(§p), we get the following trigonometric
solution for the Eq.

U(¢) = ¢\/>tan ( m+5o>
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Case 3: If \2 —

440 = 0, then we have trivial solution for the Eq .

U(§) = 0.
Set 2
_ o bovB 3
= i 1T smemto

: (28)
by=0, s==+ /\g_ﬂém—a

where by, A, 8 and p are arbitrary constants. Substituting Eq into Eq . we
get the following solution

_ 2VB / A
0(e) = 2= ((0/6)+3). (29
where

g:m:( )\22_64#—04)1%&-50 (30)
and (G'/G) is given in Eq.(7).

Set 3

a0 = /sy (Abo — 2ub) (31)
a1=i\/%()\bl_2b0) s =+ %—a

where by, by, A and p are arbitrary constants. Substituting Eq into Eq we
get the following solution

[%%iJM”®W1%MGM)%4wWWOMM

bi(G'/G) + bo
where

f=$i< )\2264M—a>t+§0

and (G'/G) is given in Eq.(7).

Set 4

a0::|:

A
e (3£ 5vB = 120) —20) b1, @
b +

A 1 2 28 (32)
o= (3£ 4vBV 120 b s= 52 —a
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where by, A and  are arbitrary constants. Substituting Eq.(32) into Eq.(24)) we get
the following solution

i) = 2V T CV) e (3% 8OV D) )
1
6

(@1)G) + 2 £ 1/3)2 — 12

where

§:$i< )\22_54#—@)15—5-50

and (G'/G) is given in Eq.(7).

Example 3. The coupled Hirota-Satsuma KdV equations

The coupled Hirota-Satsuma KdV equations (CHSK) describes an interaction of
two long waves with different dispersion relations [31]. We will consider the CHSK
equations in the following form

1
Ut = FUggy + Uty — 6VV,
!
Vg = —5VUzgpq — SUVg -

Making the transformations wu(x,t) = U(§) , v(z,t) = V() , & =z — st + &,
where s is the velocity of the wave to be determined later. We get the CHSK
equations in the following form

(33)

1
U = ZU”’+3UU’—6VV’, (34)
—sV! = —%V”’—SUV’.

By balancing the highest order derivatives and nonlinear terms in Eq., we get
n = 2 and from Eq. we write the solutions of Eq. as
_ aotai(G'/G)+ax(G'/G)?
U(g) - bo+b1(G’/G)+b2(G’/G)2 9 (35)
V() = coter(G'/Q)+ea((G'/G)?
do+d1 (G']Q)+da(G'/G)?
Substituting Eq. into Eq., and we convert Eq. into a polynomial in
(G'/G). Equating the coeflicients of the same power of (G'/G) to zero, yields a set
of simultaneous algebraic equations. Solving the set of equations for a;, b;, e;,d;(i =
0,1,2) and s by using the computer programme, we get the following set of solutions

Set 1
a2:—2b0 5 a1:—2)\b0 s b1:b2:0 s d1:d2:0
2
e = _ =20 boziubws%) , €1 =2Xez , do=e (36)
_ A%bo+8uby+6ag

2bo
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where ag, by, e2, A and p are constants. Substituting Eq.(36]) into Eq.(35), hence we
reach the following solutions

U(€) = ~2[(G/G) + MG (G)] + 52 -
2
V() = (G )G + NG /G — 44208“ _ 2%
where
=x— ()\ ;b_OSM +3b0>t+§0

and (G'/G) is given in Eq.(7). Substituting Eq.(7) into Eq.(37), we deduce the
following travelling wave solutions.

Case 1: If A2 — 4 > 0 and if we choose ¢; = cosh(&), c2 = sinh(&p), then we have
the hyperbolic solutions for the Eq.

e R e (4 ).

Case 2: If A2 — 4y < 0 and if we choose ¢; = cos(&p), c2 = sin(&p), then we have
the trigonometric solutions for the Eq.

U(f) — %+£ _ MCOtQ (é\/m‘i‘fo)
_2a, 2 2 —4p
V() = e = A = N o (§VA N o)

Case 3: If \2 — 41 = 0, , then we have rational solutions for the Eq.

_a )\2 202
U({) - ﬁ + - (cl+cQ§)2’

_720,0_&_)\4-8/; 2
VIO == 7 — "a T (5Fae)™
Set 2
Ad
CLQ:—bO ) a’1:_>\b0 ) bleQZO ) dQZO , €0 = 23162
bo(A2d2+-8ud? +4e2 e (Ad1+2d
ao = — ( 83 ) ;e =l 2 o) (38)
A2d? —4pd?—12e32
5= 82

where by, dg, d1, e2, A and p are constants. Substituting Eq. into Eq., hence
we reach the following solutions

vt =~ [€ 167 +x6 @) - (2E2) - ()

(GG + (M2 (@) + Yo
di(G'/G) + do

V(§) = €2
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where

A —4 4 2
5:55—( 3 M+3d§>t+fo
i

and (G'/G) is given in Eq.(7).

Set 3
az=—-by , a1 =—-Aby , by =02 =0
_ eadg — eady
€0="4 » Q1= (39)
_ XNbo+8uby+12ag
§= 1by

where ag, bo, do, d1, da, €2, A and p are constants. Substituting Eq.(39) into Eq.(35),
hence we reach the following solutions
ag

U =~ |(@ /0P +NE e + 3

(G')G)? + 9(G'/G) + &

V =
(&) =e2 d2(G' /G2 + d (G G) + do
where
)\2
fmay (B 5000 g,
4 bo

and (G'/G) is given in Eq.(7).

Set 4
a0 — Ao —8A% by +161u%ax+1612bg
0 — 4)\2
— A*bo—8X\% by +16u2as+1612bg do —
a1 = ZY)N ) 2 — 0
Abo A2bg (40)
by=22, bb=72 , eo=e1=e=0
5= — Mbo—162%bou+48u>as+48u°bg
- 4bo N2

where ag, by, A and p are constants. Substituting Eq. into Eq., hence we
reach the following solutions

, 2 Abo—8A2 by +16pu2az+1612bg ’ Abo—8A2 by +1612as+16u2bg
az(G'/G)* + ( . (G'/G) + e

ApA
U = 3
© A (G1G)2 + 2 (G /G) + by
V(£) =0
where
A2 —16p  12u2aq + 12u%bg
§_x+< T b2 )t+§o

and (G'/G) is given in Eq.(7).
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Set 5
4p _qy2 2 2
ag = 2bo—8X boui—igu az+164°bo e1=e3=0
Atby—8A%b 1642 1612b
a1 = 0—38 0#1’)\3# az+16u“bg , dl — d2 — 0 (41)

2 4; 2 2 2
bl _ Abg bg _ Abo s =  ATbo—16A"bopu+48u~ax+48u"bo

w0 T 4p2 0 4bo A2
where as, bg, A and p are constants. Substituting Eq. into Eq.7 hence we
reach the following solutions

/ 2 )\4b0—8>\2b0,u+16u2a2+16u2b0 / )\4b0—8)\2b0,u+16u2a2+16u2b0
a2(G'[G)? + ( e (¢'/G) + o

U(e) = 2R (G )G)? + A (G )G) + b
Ve =3

where eq, dy are constants and

A2 — 16 12p2as + 12420
5::5—1—( 1 M-i— a ZO/\Q 0)t+fo

and (G'/G) is given in Eq.(7).

4. CONCLUSION

In this paper, we have obtained various types of travelling wave solutions for
the combined KdV-mKdV equation, the reaction-diffusion equation, and the cou-
pled Hirota-Satsuma KdV equations that are solved by using the rational (G'/G)-
expansion method. The main idea of this method is to reduce the partial differential
equation to an ODE by using the travelling wave transformation (Eq.)7 after in-
tegrating the ODE in Eq., once or twice, then express the ODE in a compact
form. This ODE can be written by a n-th degree polynomial in terms of (G'/G),
where G = G(€) is the general solution of the second order LODE in Eq.(§). In
order to find the positive integer, we use the homogeneous balance method, that is
balancing between the highest order derivative term and nonlinear term. The coef-
ficients of the polynomials can be obtained by solving a set of algebraic equations.
Generally, the resulted algebraic equations can be solved by using Maple software
program. It is mostly possible to find a solution of the algebraic equations, but it
is generally unable to guarantee the existence of a solution. Despite of this, the
rational (G'/G)-expansion method is still powerful method for finding travelling
wave solutions of nonlinear evolution equations. The rational (G'/G)-expansion
method is also direct, concise, elementary that the general solution of the second
order ODE Eq. is well known and effective that it can be used for many other
nonlinear evolution equations, such as the generalized shallow water wave equation,
the compound KdV-Burgers equations, the Klein-Gordon equation, the generalized
KPP equation, the approximate long water wave equations, the coupled nonlinear
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Klein-Gordon-Zakharov equations, and so on. Therefore, various explicit solutions
of these nonlinear evolution equations can be obtained by this method.
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