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Gear bending strength is a core indicator to indicate reliability and operation perfor-

mances of automotive transmissions. Fillet curve design of dedendum of gear teeth can im-
prove their bending stress and complex tooth contact performance. Geometrical parameters
of gears are considered important for the variation of stresses in the design of gears. Bending
stress analysis has been a key area of research to minimize failure and optimize design. This
work presents a finite element (FE)-based analysis method of gear bending stress, which
can be used for multiple spatial meshing gear teeth simultaneously. Three-dimensional (3D)
models of helical gear with double and single circular fillet curves are established by using
Pro/ENGINEER. By changing of meshing positions of gears, tooth contact analysis results
along their paths of contact are obtained. Since FE-based tooth contact analysis are per-
formed based on 3D models, the results of bending stress are reliable and authoritative. It is
proved that bending stress of the gear with double circular fillet curves is 1.3~1.5 times as
that of the gear with single circular fillet curves, which means that gear with single circular
fillet curves has better loading capacity than gear with double circular fillet curves. The
study will provide a good method for studying gear bending stress to improve gear design
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1. Introduction

Gearing is one of the most efficient methods for power trans-
mission from one shaft to another with or without changing their
rotation speeds. Involute gears are the most common type of gears,
which are widely used in many applications, such as automobile,
robotics, and renewable energy industry [1-3]. Gear transmissions
can provide reliable power conversion from a prime mover, such
as an engine and an electric motor, to a driven part, such as a wheel
and a chain, with a continuous output-to-input speed ratio [4,5].
Gears have various types according to their tooth profiles and tooth
widths, and have a wide range of dimensions as small as the ones
in small appliances to the very large gears used in heavy-duty ap-
plications [6,7]. Generally, gears are manufactured via hobbing [8]
or forming cutting [9-11] based on the theory of gearing. For some
gears with special tooth profiles, e.g., concave-convex and spiral
tooth profiles, their manufacturing methods and machine-tools are
complex. Since meshing performances of these gears with special
tooth profiles are highly sensitive to manufacturing errors [12,13],
high manufacturing accuracy of gear machine-tools is required for

these gears [14-16].

Meshing performances of gear systems are important for relia-
bility of gear transmissions. Contact patterns and transmission er-
rors are two typical methods for meshing performance evaluation
of gear systems [17-19]. A tooth profile modeling method was de-
veloped to improve accuracy of tooth contact analysis for gear
tooth profiles [20]. Some other meshing performances, e.g., power
losses, can also be evaluated based tooth contact analysis [21,22].
Since these gears have single circular fillet curves, they cannot be
manufactured via standard gear manufacturing methods. During a
manufacture in this way, for each of the gear modules and the ra-
dius of curvature, a different blade size and gear holder is needed.
However, it's clear that these gears have many advantages, if they
can be produced sufficiently in the industry [23-25]. Since these
gears have better load-bearing capabilities, have a balancing fea-
ture for the axial forces, quiet operation feature and their lubrica-
tion characteristics of gear with single circular fillet curves are bet-
ter than gear with double circular fillet curves. It's noteworthy that
there are number of studies carried out recently in relation to these

gears.
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Some studies focus on influences of fillet curves on bending
strength of involute spur gears. One of the reasons is that analysis
of gear bending strength becomes more difficult when several gear
teeth are contacting in space simultaneously, especially for modi-
fied helical gears [5,26]. However, dedendum single circular gears
have been used in most of gearboxes in Japan, also in some gear-
boxes. It turns out that this kind of gear is better. However, due to
the lack of theoretical supports, dedendum single circular gears are
not widely used in practical applications. So it is very significant
for us to analyze influences of different fillet curves on gear bend-
ing strength.

The remaining part of this paper is organized as follows: a bend-
ing stress model of helical gears is developed in Sec. 2. Finite ele-
ment modeling of helical gears with different fillet curves is in-
troduced in Sec. 3. The bending stress analysis process is per-
formed in Sec. 4. Some finite element analysis of bending stress
of helical gears are presented in Sec. 5. Finally, some conclusions
from this study are presented in Sec. 6.

2. Bending Stress Model of Gear Tooth Surfaces

Generally, tooth profiles of a helical gear are involute spiral sur-
faces, which are designed by countless involutes along a spiral
curve. Hence, modeling of gear tooth profiles is the key step to
accurately design involute, helix, and fillet curves [27].

In this study, two types of helical gears with different typical
fillet curves were studied. The hobbing generation method of hel-
ical gears is introduced by using rack cutters with different fillet
curves. Involute tooth profiles of helical gears are formed by
straight parts of two rack cutters. Fillet curves of helical gears are
formed by circular parts of two rack cutters. For helical gears with
double circular fillet curves, the radius of its fillet curve is 0.38m, ,
where m,_ isthe normal module. For helical gears with single cir-
cular fillet curves, its fillet curve is a whole circular whose starting
point is the meshing point intersected by involute and gear top, and
tangent to dedendum circle, as shown in Fig. 1. Three-dimensional
(3D) models of helical gears with single circular and double circu-
lar fillet curves are shown in Fig. 2. The basic geometrical param-
eters of helical gears in this study are listed in Table 1. Design pa-
rameters of gear fillet curves of helical gears with single circular
and double circular fillet curves are provided in Table 2.

Table 1. Basic geometry parameters of helical gears.

Parameters Values
Number of teeth Pinion: 20; Gear: 41

Normal module (mm) 12

Normal pressure angle (°) 175
Spiral angle (°) 32

Face width (mm) 20

Material 16Ni3CrMoE
Hardness of the carburized layer >800 HV

Young’s modulus (GPa) 250
Poisson’s ratio 0.3

Table 2 Design parameters of gear fillet curves of helical gears

Items Values
Dedendum (mm) 2
Modification coefficient 0.2
Radius of single circular fillet 24
curves (mm) )
Radius of single circular fillet 04
curves (mm) )

(b) Cutter shape for helical gears with single circular fillet curves

Fig. 1. Tooth shapes of rack cutters for helical gears with single circu-
lar and double circular fillet curves
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(a) Helical gears with double circular fillet curves
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(b) Helical gears with single circular fillet curves

Fig. 2. 3D models of helical gears with single circular and double cir-
cular fillet curves
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Fig. 3. Geometric parameters of an involute gear tooth

A tooth model of a helical gear is used to describe its geometric
parameters [28], as shown in Fig. 3. The base central angle y, of a
tooth can be represented as

T

M= +4—Xtan a, +2(tan o, — o) 1)

z
where z is the number of teeth, o: and an are the transverse pres-
sure angle and the normal pressure angle, respectively, and y is
the addendum coefficient. The pressure angle a. at the contact
point can be represented as
2n Y
a,=—¢& -2 2
e =% T @)

where & is the profile parameter of the contact point that can be
represented as

YA I
— < _1 3
& 2n\(r? )

in which ry is the base radius and r¢ is the profile radius of the
contact point. The tooth central angle y(y) can be represented as

YY) =7, —2v(y) “

where v(p) is the tooth profile angle.

A load distribution model of helical gears is used in this study
based on the minimum elastic potential energy theory [29]. The
elastic potential energy of a helical gear tooth is composed of a
bending component Uy, a compressive component U, and a
shear component Us:

U=uU,+U,+U, ®)
where Uy, U, and Us can be represented as
2 2 )2
Ux=6F Ccos acfyc (yC3 y) dy
EB v o €(y)
2 ainn?
U —6 F°sin® o fyc 1 dy ©)
EB v e(y)
2 2
US:CF cos acfyc 1 dy
ZGB Yp e(y)

in which F is the normal load, F =10°P/wr, , P is the trans-
mitted power, w is the angular velocity of the pinion, B is the
tooth width, E is the modulus of elasticity, C is the shear poten-
tial correction factor, G is the transverse modulus of elasticity,
¥y is the y coordinate of the intersection of the root circle and the
y axis, y. is the y coordinate of a contact point and

e(y) = 2r(y)sin 1Y )

Suppose that there are A pairs of meshing teeth at a time
instant; the normal load acting on the i th tooth surface can be
represented as

1
U. V.
F§ =g —F=g—F ®)
200 Y
=1 =1

where U; and U; are elastic potential energies of the I th
and ] th meshing tooth surfaces, respectively, and V; and V;
are inverses of elastic potential energies of the i th and jth
meshing tooth surfaces, respectively. The elastic potential en-
ergy U; of the I th meshing tooth surface can be represented
as

U=—%"uU )

where |; and l; are lengths of contact lines of the 1 th and
] th meshing tooth surfaces, respectively. The involute rack gear
tooth is divided into slices with unit lengths. The load acting on
the Kk th slice can be represented as

Vi €
B [V ¢,

where ¢ is the face contact ratio, f» is the base spiral angle, and
V; isthe inverse of the elastic potential energy ofthe K th slice.

When teeth mesh, the load is delivered to the teeth with a certain
impact. If we simply calculate the bending stress, the velocity fac-
tor should be used in the calculation [16]. The tooth bending stress
of helical gears can be represented as

€, COS 3,

fo&=

F ¢ (10)

0.93K KKK, [ . (&)dl,

O. =
’ Bm,Y,

(11)

where Y; is the geometric factor, K, is the dynamic velocity
factor, K, is the overload factor, K, is the size factor, and K,
is the load distribution factor.

3. Finite Element (FE) Modeling of Helical Gears with Dif-
ferent Fillet Curves
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3.1 Grid feature and classification

In finite element analysis (FEA), the sizes of grid meshes of gear
tooth surfaces are relative to accuracy of FEA results of their con-
tact stress [30]. In this work, a P-method of Pro/ENGINEER Me-
chanica is used for meshing finite element models of the helical
gear pair, which can fit complex geometric shapes accurately and
improve accuracy of convergence by improving the deformation
polynomial equation (highest 9 order) automatically while not
changing size of grid meshes, although the sizes of meshes are big-
ger than non-adaptive H-method. In order to balance calculation
speed and analysis accuracy, we refined some parts of the gears,
such as the area near fillet curves, tooth contacting area and so on,
for the rest automatic grid partition is adopted.

3.2 Settings of boundary condition, loads and contacts

For the gear of the helical gear pair, limit all DOFs of its axis
apertures, and for the pinion, limit the DOFs of radial and axial
movement referring to the cylindrical coordinate system, which
is generated considering rotary center as a benchmark. Setting
the torque T = 256 Nm and the rotation speed w = 20 rpm of the
pinion and contact conditions on tooth surfaces of three meshing
gear teeth, which may contact. Since Pro/ENGINEER Mechan-
ica can imitate natural physical contact characteristics, it can au-
tomatically find contact areas of tooth surfaces that mesh under
the loading condition. Hence, a pair of finite element models are
constructed in this study, which are contacting in space as shown
in Fig. 4. Hence, boundary conditions of helical gear pairs do
not change with their rotation.

4. Bending Stress Analysis

Since 3D finite element models were adopted based on space
contacts, it becomes easy to get bending stress of the whole tooth
surface. In order to make comparison results authoritative and re-
liable, we made convergence analysis as follows. Generally, the
accuracy of analysis results has much to do with size of grid cells,
s0 it becomes necessary for us to do it. Figure 5 shows the gradual
refined grids of a dedendum single circular gears and partial en-
larged details of dedendum parts.

Moreover, two cases were considered when choosing compara-
tive data, one is the maximum principal stress on the tension side
of the tooth, where gear is more likely to be damaged, another is
first principal stress on the tangent connected by countless points,
every one of which is gotten through intersection of tooth shape
and diagonal lines on gear tooth surfaces, according to the 30°
standards, so the graphics of them are intuitive and representative,
as shown in Fig. 6. Meanwhile, considering the fact that stress on
tangent may not include the maximum of tooth root stress, the
maximum principal stress of the gear has been studied later. Mesh
refining results of tooth surface of helical gears with single fillet
curves are listed in Table 3.

Setting torque on the gear hole and limiting . r
all DOFS except rotary constraints

Setting tooth surface contacts N A
and local grid refining

Limiting all the DOFS

Fig. 4. Gear assembly model with constraints, loads and tooth contacts

Fig. 6. The position of tooth root tangent
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Fig. 7. Bending stress of the tooth root
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Table 3 Mesh refining results of tooth surface of helical gears
with single fillet curves

Mesh Size | Number of Elements (Max Principle Stress
No Refining 30725 519.0 Mpa
0.5 mm 72682 489.2 Mpa
0.4 mm 91205 493.4 Mpa
0.3 mm 123013 498.3 Mpa
0.25 mm 158865 498.8 Mpa
0.2mm 220889 498.6 Mpa

Figure 7 shows changes of maximum principal stress on the tan-
gent before and after mesh refinement, before refinement stress is
large, while after it stress becomes smaller, and it remain the same
after several mesh refinements, so five curves in Fig. 7 almost keep
coincident. It proves the result converged. At last, considering the re-
lationship between calculation accuracy and time, grid cell is set 0.3
in the following operations.

5. Analysis and Comparison of Bending Stress

In the process of gear transmission, meshing times of the big
gear is less than the small one’s at the same time, that is the big
gear has better fatigue strength, so in this paper, the small gear is
considered as a research object to analysis changes of its bending
stress.

5.1 Meshing process simulation of helical gears

Figures 8 and 9 show the first principal stress cloud charts and
partial enlargement diagrams of the two kinds of gears (dedendum
double circular gears and dedendum single circular gears) at one
moment of engagement process. Figure 4 shows that there are
three teeth contacting with each other at that moment and  bend-
ing stress of dedendum single circular gears is smaller than that of
dedendum double circular gears obviously (one is 689 Mpa, while
the other is only 489 Mpa). With Gear meshing position changing
constantly, bending stress changed. In this paper, the pair of gears
we studied rotated for 18 times (an engagement period), and 1°
every time, so the whole process of gear engagement can be simu-
lated accurately.

Fig. 8. Distribution of tooth root stress of dedendum double circular
gear

Fig. 9. Distribution of tooth root stress of dedendum single circular
gear

5.2. Analysis and comparison of bending stress in different
meshing locations

Considering visibility of the pictures, only changes of bending
stress at 9 rotation angle positions on the tangent were showed in
Figs. 10 and 11, horizontal ordinate stands for tooth root tangent
arc length from beginning to the end when meshing and vertical
ordinate stands for Max principal stress. The stress is smaller in the
mesh beginning and in a third arc long range in the direction of
tooth width. But with gears meshing more, bending stress became
bigger, then smaller. From the graph we can know that the maxi-
mum principal stress of dedendum double circular gears is about
406 MPa, while that of dedendum single circular gears is only 325
MPa, the same as bending stress in some other meshing positions.
Because in the actual meshing process of gears, the biggest bend-
ing stress does not necessarily occur on the tangent, so the maxi-
mum principal stress of the whole stress concentration area is cal-
culated for comparison. Maximum principal stress of helical gears
with different rotation angles are provide in Table 4.

With FEM, bending stress of the two kinds of gears at 18 posi-
tions corresponding to their rotation angles were worked out then
a comparison chart was drawn according to the date in the table, as
shown in Fig. 12. In the process of gear engagement, bending
stress of the two kinds of gears has little changes, and curve fluc-
tuation is small. But dedendum double circular gear’s bending
stress has bigger volatility in the rotation angle of 8°~14°, it may
be caused by too small fillet curve curvature. And in the whole
meshing process, the max bending stress of dedendum single cir-
cular gears is 1.3~1.5 times as that of the dedendum double circular
gears, so a conclusion is gotten that compared with dedendum dou-
ble circular gears, dedendum single circular gears has better carry-
ing capability.
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Table 4 Maximum principal stress of helical gears with different rotation

ang|es —— Max bending stress of D — — Max bending stress of S
. Maximum Principle Stress _ 800
Rotation Angl - - - S 700 -
Single fillet curves | Double fillet curves s
0° 487.3 Mpa 689.1 Mpa 7 o
3 483.4 Mpa 688.4 Mpa BT T T S = —— >
6° 490.3 Mpa 700.6 Mpa g
9° 498.1 Mpa 727.2 Mpa g
12° 4732 Mpa 632.1 Mpa g
15° 457.2 Mpa 675.4 Mpa 100
18° 466.0 Mpa 668.1 Mpa ’ 1‘2‘3 ‘4‘5‘ 6‘7‘8‘9‘10‘11‘12‘13‘14‘15‘16‘17‘18‘19
F— Turning Angle of the small gear(° )
a0 : Fig. 12. Comparison of Max principal stress of helical gears

03,0529
§ 3309
2 33059
£
£ 253059
s %
& 3059 17
s 7
o 1530529

[ NN This work presents an analytical method about several gear teeth
o ‘ . that contacting with each other in space simultaneously. First, the
S software Pro/ENGINEER was applied to establish two kinds of
modified helical gears whose fillet curves are typical double circu-

lars and single circular. Second, changes of meshing positions

were made to get directional contact analysis results, so the results

are reliable and authoritative. In the end a conclusion was proved

that through analysis and comparison, tooth root stress of deden-

dum double circular gears is 1.3~1.5 times as that of dedendum

6. Conclusions

i
Curve A Length

Fig. 10. Gear root stress results of dedendum with double circular single circular gears, that is dedendum single circular gears has
curves better carrying capacity.
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Nomenclature
: Base radius of the contact point (mm)
: Profile radius of the contact point (mm)

: Number of teeth
: Pressure angle at the contact point (deg)
: Normal pressure angle (deg)

: Transverse pressure angle (deg)
: Addendum coefficient
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&, : Profile parameter of the contact point
U : Elastic potential energy
F : Normal load (N)
P : Transmitted power (W)
w : Angular velocity of the pinion (rpm)
B : Tooth width (mm)
E : Modulus of elasticity
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