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ABSTRACT. In this paper, some types of fuzzy filters of a strong Sheffer stroke
non-associative MV-algebra (for short, strong Sheffer stroke NMV-algebra) are
introduced. By presenting new properties of filters, we define a prime filter in
this algebraic structure. Then (prime) fuzzy filters of a strong Sheffer stroke
NMV-algebra are determined and some features are proved. Finally, we built
quotient strong Sheffer stroke NMV-algebra by a fuzzy filter.

1. INTRODUCTION

Sheffer operation was introduced by H. M. Sheffer as a single binary operation
on a Boolean algebra restated all Boolean operations or formulas [16]. Since it
has all diods on the chip forming processor in a computer, producing a single
diod for this operation is simpler and cheaper than to produce different diods for
other Boolean operations. Therefore, it is applied to algebraic structures such as
Boolean algebras ( [9], |[16]), ortholattices [3], orthoimplication algebras [1], Hilbert
algebras [11], UP-algebras [14] and BL-algebras [13|. In recent times, Chajda et
al. introduced and studied non-associative MV-algebras (briefly, NMV-algebras)
( [, [5], [6]) because associativity of the binary relation of a MV-algebra causes
serious problems in expert systems in artificial intelligence ( 2], [6]). Also, Oner
et al. analyzed filters and neutrosophic structures on strong Sheffer stroke NMV-
algebras ( [10], [15]). Omn the other side, the notion of fuzzy logic was originally
introduced by Lotfi Zadeh [18] and has been developing expeditiously. Since these
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concepts have an important position in classic or nonclassic logical algebras, it leads
to interesting results ( [7], [8], |12], [17])-

In this study, basic concepts and new properties of a strong Sheffer stroke NMV-
algebra are presented. Then a (prime) filter of strong Sheffer stroke NMV-algebras
is defined and some features examined. It is shown that a filter of a strong sheffer
stroke NMV-algebra is prime if and only if it is not contained by another filter of
this algebraic structure. Indeed, it is proved that a filter of a strong Sheffer stroke
NMV-algebra is prime if and only if the quotient structure defined by the filter is
totally ordered strong Sheffer stroke NMV-algebra and its cardinality is less than
or equals to 2. By describing a (prime) fuzzy filter of strong Sheffer stroke NMV-
algebras, related notions are stated. It is proved that « is a (prime) fuzzy filter
of a strong Sheffer stroke NMV-algebra if and only if o, = {x € 4 : a < a(x)}
is empty or a (prime) filter of A, for all a € [0,1]. Besides, it is shown that F
is a (prime) filter of a strong Sheffer stroke NMV-algebra if and only if a fuzzy
subset ap defined by F is a (prime) fuzzy filter of this algebraic structure. It is
demonstrated that a strong Sheffer stroke NMV-algebra is totally ordered if and
only if every fuzzy filter is prime if and only if the filter {1} is prime. Also, we
prove that a fuzzy filter « of a strong Sheffer stroke NMV-algebra is prime if and
only if «y, is a prime fuzzy filter of this algebra, for a surjective endomorphism h
on this algebra, and that aj, = « if and only if h(a,) = g, for an automorphism h
on this algebra and a € I'm(«). Finally, a congruence relation on a strong Sheffer
stroke NMV-algebra is defined by a fuzzy filter, and so, a quotient strong Sheffer
stroke NMV-algebra is constructed by means of the congruence relation. In fact,
a fuzzy filter a of a strong Sheffer stroke NMV-algebra is prime if and only if the
quotient structure is a totally ordered strong Sheffer stroke NMV-algebra and its
cardinality is less than or equals to 2. In addition, it is shown that oo h is a fuzzy
filter of A and the quotient structures defined by the fuzzy filters o o h and « are
isomorphic, for strong Sheffer stroke NMV-algebras A and B, an epimorphism h
between these algebras and a fuzzy filter a of B. Consequently, it is stated that the
class of all fuzzy filters of a strong Sheffer stroke NMV-algebra forms a complete
lattice since the interval [0, 1] is a complete lattice and has important properties.

2. PRELIMINARIES

In this section, basic definitions and notions about strong Sheffer stroke NMV-
algebras are presented.

Definition 1. [§] Let A= (A,|) be a groupoid. The operation | on A is said to be
a Sheffer stroke operation if it satisfies the following conditions:

(S1) zly = ylz,

(52) (z]z)|(z|y) = =,

(53) z[((y[2)|(yl2)) = ((z[y)[(x[y))]z,

(54) (|((z]2) [yl ([ ((z]2)[(yly))) = 2.
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Definition 2. [4] A strong Sheffer stroke NMV-algebra is an algebra (A,],1) o
type (2,0) satisfying the identities for all x,y,z € A:

(n1) xly ~ yl,

(n2) z|0~1,

(n3) (z|1)]1 =~ =,

(nd) ((z[D]y)ly = ((y[1)|z)l|,

(n5) (z[D)[((z|y)[1) =~ 1,

(n6) z|(((((zly)ly)[2)|2)[1) = 1

where 0 denotes the algebraic constant 1]1.

Lemma 1. [10] Let (A,|,1) be a strong Sheffer Stroke NMV-algebra. Then the
binary relation < defined by
x <y if and only if z|(y|1) = 1

is a partial order on A. Hence, (A, <) is a poset with the least element 0 and the
greatest element 1.

Lemma 2. [10] In a strong Sheffer stroke NMV-algebra A, the following properties
hold for all z,y,z € A:

(1) =[(z[1) = 1,

i) r<yeyll <z,

y < z|(y[1),

)
i)
)
) x <
)z < (((zly)|y)]2)lz,
) ((@YY)ly =~ zly,
(mu) x|l =~ x|z,
) z|(z|z) ~ 1,
) 1(z|z) =~ z,
) x <y=ylz <zlz,
zii) z|(y|1) < (y[(z[1))]((z[(2[1))[1),
) z|(y[1) < (2[(=|1)[((2](y|1))[1).

Definition 3. [10]/ A nonempty subset F' C A is called a filter of A if it satisfies
the following properties:

(Sf—1)1eF,

(Sf—2) Forallz,y € A, z|(y|1) € F and x € F imply y € F.

xii
(mu

Definition 4. [10] Let F be a filter of a strong Sheffer stroke NMV-algebra (A,|,1).
Define the binary relation g on A as below: for all x,y € A

xxpyif and only if x|(y|1) € F and y|(z|1) € F. (1)

Definition 5. [10] If z€y implies x|k&y|k, for all x,y, k € A, then the equivalence
relation £ is called a congruence relation on A.
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Lemma 3. [10] An equivalence relation £ is a congruence relation on A if and only
if x€y and k1&ky imply x|kiEy|ks.

Lemma 4. [10] Let F be a filter of a strong Sheffer stroke NMV-algebra (A,|,1)
and the binary relation g be defined as (1). Then xp is a congruence relation on

A.

Theorem 1. [10] Let F be a filter of a strong Sheffer stroke NMV-algebra (A4, ], 1)
and o be a congruence relation on A defined by F. Then (A] &, |, [1]x) is also a
strong Sheffer stroke NMV-algebra where A/F = A/ x= {[z]« : © € A}, the strong
Sheffer stroke |« on A/F is defined by [2]«|x[y]ec = [Z|Yy]x, for all x,y € A and
F =~ [1]«.

Definition 6. [10] Let (A,|a,14) and (B,|p,1B) be strong Sheffer stroke NMV-
algebras. A mapping h : A — B is called a homomorphism if

h(z[ay) = h(z)[sh(y),
for all x,y € A.

3. SOME RESULTS IN STRONG SHEFFER STROKE NMV-ALGEBRAS

In this section, new properties of strong Sheffer stroke NMV-algebras are given.
Unless otherwise stated, A represents a strong Sheffer stroke NMV-algebra.

Lemma 5. Let A be a strong Sheffer stroke NMV-algebra. Then (A, <) is a bounded
lattice with the least element 0 and the greatest element 1 of A, where z V y ~

(@[ (1)) and z Ay = (((=[1)|y)[y)|L, for all z,y € A.

Proof. 1t is known from Lemma [I] that (A4, <) is a poset. Then z < (z|(y|1))|(y|1)
and y < (z|(y[1))|(y|1) from Lemmal2] (v) and (iii), respectively. Thus, (z|(y[1))|(y|
1) is an upper bound of z and y. Let z,y < z. So, z|(z]1) = 1 and y|(z|1) ~ 1 from
Lemmal[ll Since

(@|(yI))(yI1) < (=|(yI1)](y[1)
(D)D) (y[1)
() D) I/1)I(=11)
MEED
z|1)|1
z
from Lemma [2| (i), (xi), (nl), (n3) and (n4), it follows that (z|(y|1))|(y|1) is the
least upper bound of z and y. Hence,x Vy = (x|(y|1))|(y|1), and similarly, z Ay ~
(((z[)[y)ly)I1, for all z,y € A.

Since 0|(z|1) = (z]1)|0 &~ 1 and z|(1|]1) = z|0 ~ 1 from (nl) and (n2), it is
obtained from Lemma [I] that 0 < z and = < 1, for all z,y € A. Therefore, 0 is the
least element and 1 is the greatest element of A O
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Proposition 1. Let A be a strong Sheffer stroke NMV-algebra. Then
z|((yl(z[1))11) = (x[(y[1))[((=[(z[1))[1),

forall x,y,z € A.

Proof. Let A be a strong Sheffer stroke NMV-algebra.

z|((yl(z10))[1) = z[((yl(=[1)[(yl(2[1)))
~ y|((=[(z|1))|(2](2]1)))
~ y|((=[(z[1)[1)
> (2] (y[))|((=(z[1))[1)
from Lemma [2] (viii), (iii), (xi
A I
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from Lemma [2] (viii), (xiii), (S1)-(S3).
Hence, z|((y|(2[1))[1) = (z[(y[1))|((z[(z[1))[1), for all z,y,z € A. O
Proposition 2. Let A be a strong Sheffer stroke NMV-algebra. Then
(@)1 < and (z|y)[1 <y,
forall x,y € A.
Proof. Let A be a strong Sheffer stroke NMV-algebra. Since ((x|y)|1)|(z|1)

(@[)]((z[y)[1) ~ 1 and ((z[y)[1)[(y[1) ~ (y[1)|((ylx)|1) = 1 from (n1) and (n5), i
is obtained from Lemma [I] that (z|y)|1 < z and (z|y)|1 < y, for all z,y € A.

O= 2

Lemma 6. A nonempty subset F' of A is a filter of A if and only if
(Sy —3) z,y € F imply (z|y)|1 € F,

(Sf—4)zeFandx <y implyy e F,

forall x,y € A.

Proof. (=) Let F be a filter of A and x,y € A. Since

x| (((z[y)[y)]1) = = ((@[y)y)|(z[y)]y))
~ (zly)[((z|y)|(=]y))
~1

from Lemma 2] (viii), (ix), (S1) and (S3), it follows from (S — 2) that (z|y)|y € F.
Since y|(((z|y)|1)]1) = (z]y)|y € F from (nl) and (n3), respectively, it is obtained
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from (Sy —2) that (z]y)|1 € F. Let x € F and = < y. Then z|(y|1) € F from
Lemmaand (Sy —1). Thus, y € F from (S; — 2).

(<) Let F' be a nonempty subset of A satistying (Sy —3) and (Sy —4). Assume
that « € F. Since < 1 for all z € A, it follows from (S;y — 4) that 1 € F. Let
z|(y]1) € F and z € F. Then (z|(x|(y|1)))|1 € F from (S; — 3). Since

([N (1) = (yID)]2)]2)[1)](y[1)
(

~ (D))l V)(y]1)

~ (y[DI((l(y[(z[1)))[1)

~1
from (nl), (n4) and (n5), it is obtained from Lemma [I| that (z|(x|(y|1)))|]1 < v.
Thus, y € F from (S; —4). O

Lemma 7. Let F be a filter of A. Then

(a) 2[(((y[(z[1)|(z[1))]1) € F and z € F imply (z|(y[1))|(y[1) € F,
(0) 2|((yl(x[1))|1) € F and z € F imply ((x|(y[1))|(y[1))|(x[]1) € F" and
(@) «[((yl(z[1)[1) € F and z[(y|1) € F imply |(z[1) € F,

forall x,y,z € A.
Proof. (a) Since

(| w1 ~ 2| (D) D)y [1))](y]1))[1)
zZfl(((((yl1)\1)I(36\1))I(96|1) 1)
~ 2| (((yl(z|D)|(z[1))[1) €

from (n3) and (n4) and z € F, it follows from (S — 2) that (z|(y|1))|(y|1) € F
(b) Since

2[((([ ()| [))]1) = 2 (((DD)[(D)I(y[1)|(=[1))]1)
~ z[ (D) ([1))|(2[1))|(z[1))]1)
%ZI((((yI(wI1))I(w|1))l(w| NI)
~ z|((yl(z[1)[1)

from (n3), (n4) and Lemma [2] (vii) and z € F, it is obtained from (S; — 2) that
(2l (/1) (/1) (]1) € F.

(¢) Since (z|(y|1))|((z|(z]1))]1) =~ z|((y|(#]1))|1) € F from Proposition |l and
z|(y|1) € F, it follows from (S; — 2) that z|(z|1) € F. O

Definition 7. Let F' be a filter of A. Then F is a prime filter of A if tVy € F
impliesx € F ory € F, for all z,y € A.

Example 1. Consider a strong Shefeer stroke NMV-algebra (A,|,1) where a set
A = {0,a,b,¢c,d,e, f,1} and the operation | on A has the following Cayley table
( 110)):
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TABLE 1. Cayley table of |

|10 a b ¢ d e f 1
0jr 1111111
a|l f 1 1 f f 1 f
b1l 1 e 1 e 1 e e
c|l 1 1 d 1 d d d
dll f e 1 ¢ f e c
ell f 1 d f b d b
fl1 1 e d e d a a
111 f e d ¢ b a 0

Then {a,d,e,1} is a prime filter of A while {e,1} is not since a ¢ {e,1} and
c ¢ {e, 1} when aVc = (al](c|1))|(c|]1) = (a|d)|d ~ f|ld = e € {e,1}.

Lemma 8. Let F' be a filter of A. Then F is a prime filter of A if and only if
x€F orzx|l e F, foradllxz € A.

Proof. Let F be a prime filter of A. Since
zV (z[1) = (xf((=[1)[1))|((x[1)[1)

~ z|(z|z)
~leF

from Lemma [f] (n1), (n3), Lemma [2| (ix) and (Sy — 1), it is obtained that € F
orz|l € F, for all z € A.

Conversely, let F' be a filter of A such that x € F or z|l1 € F, for all z € A.
Assume that Vy € F such that ¢ F and y ¢ F', for some 2,y € A. Then z|1 € F
and y|1 € F. Since all < (yDI((@1)]1) = ol(y]1) and yl1 < (@DI((YID]1) ~
y|(z[1) from Lemma[2] (iii), (n1) and (n3), it follows from (Sy —4) that z|(y|1) € F
and yl(x]1) € F. Since (al(y11)|(4]1) ~ 2V y € F and (yl(a|1)|(z[1) ~ y ¥ & ~
zVy € F from Lemmalf] it is obtained from (Sy —2) that # € F and y € F. This
is a contradiction. Thus, z V y € F implies « € F or y € F' which means that F is
a prime filter of A. O

Lemma 9. Let F' be a filter of A. Then F is a prime filter of A if and only if
x¢ F andy ¢ F imply z|(y|]1) € F and y|(z|1) € F, for all z,y € A.

Proof. Let F' be a prime filter of A, z ¢ F and y ¢ F. Then z|1 € F and
y[l € F. Since z[1 < (y[1)[((z[1)[1) ~ z|(y[1) and y[1 < (z[1)[((y|)[1) ~ y|(z[1)
from Lemma [2] (iii), (nl1) and (n3), it follows from (Sy — 4) that z[(y|1) € F and
yl(z|1) € F.

Conversely, let F' be a filter of A such that z ¢ F' and y ¢ F imply z|(y|1) € F
and y|(z|1) € F, for all z,y € A. Assume that x ¢ F' and z|1 ¢ F, for some = € A.
Then z[1 ~ x|z ~ z[((z[1)[1) € F' and z = (z|2)|(z]x) ~ (1]((z|)|(z]2)))|(1|((z]z)
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|(z]z))) ~ (z|1)|(z|1) € F from (n3), Lemma [2] (viii), (x) and (S1)-(S2). This is a
contradiction. Thus, x € F or z|l € F, for all x € F, i.e., F is a prime filter of
A. O

Lemma 10. Let F' be a filter of A. Then

(i) x € Fandy € F implyx ANy € F,

(ii) F is a prime filter of A if and only if x|(y|1) € F or y|(x|1) € F,
forall x,y € A.

Proof. (i) It is clear.
(ii) Let F be a prime filter of A. Since

(@(y[1)) v (yl(z[1)) = ((=[(y )| (Y ([1))1))((y](x]1))]1)
~ ((2| () I((yl(z]x)] (yl(x]x))) | ((yl(z]z))[1)
~ (ANl (@l G0)[(2) )| ((y] (z]z)[1)
~ (yl(z]2)|((yl(z|2))]1)
~1leF,
from Lemmal[5| Lemmal2 (i) and (viii), (S1)-(S3), it follows that z|(y|1) € F

or y|(z|1) € F
Conversely, let F' be a filter of A such that z|(y|1) € F or y|(z|]1) € F,
for all z,y € A. Suppose that x Vy € F. If z|(y|l1) € F, then we have
from (S — 2) that y € F since (z|(y|1))|(y|]1) = z Vy € F from Lemma
Similarly, if y|(z|1) € F, then we get from (Sy — 2) that € F since
(y|(z]1))|(z]l) =y Va ~ z Vy € F from Lemma [5| Hence, F is a prime
filter of A.
(]

Corollary 1. Let F' be a filter of A such that F # A. Then F is a prime filter of
A if and only if (z|(y|1)) V (y|(z|1)) € F, for all z,y € A.

Lemma 11. Let F be a filter of A such that F # A. Then F is a prime filter of
A if and only if there is no a filter G of A such that F C G C A.

Proof. Let F' be a prime filter of A. Assume that G is a filter of A such that
FCGcC Aandy € G such that y ¢ F. Then y|1 € F, and so, y|1 € G. Since
y € G and y|1 € G, it follows from Lemma [2| (ix), (n1), Lemma [5| and Lemma
(i) that

0 1

1
(WD)
(

(yID)|(y[1))[(y[1))[1
yA(yll) e G.

Q

Q

Q

Q
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Since 0 € G and 0 is the least element of A, we have from (S; —4) that z € G, for
all x € A. Thus, G = A which is a contradiction. Therefore, there is no a filter G
of A such that FF C G C A.

Conversely, let there be no a filter G of A such that FF C G C A. Suppose that
x Vy € F such that 2,y ¢ F. Then there exists a filter G of A such that z € G or
y € G. Since z,y < =V y, we have from (S; —4) that x Vy € G. Thus, F C G
which is a contradiction. Hence, z V y € F implies € F or y € F which means
that F' is a prime filter of A. |

Lemma 12. Let F be a filter of A and xg be a congruence relation on A defined
by F. Define a relation C on A/F by

[#locr € [Wlocr & 2[(y[1) € F,
for all x,y € A. Then the relation C is a partial order on A/F.
Proof. Let F be a filter of A and g be a congruence relation on A defined by F
Then (A/F,|x,, F) is a strong Sheffer stroke NMV-algebra by Theorem

e Since z|(z|1) ~ 1 € F from Lemma (i) and (S§ — 1), it follows that [z]x, C
[%]acpr, for all z € A.

o Let [Z]ocr C [U]ap and [Y]«p C [2]p- Then z|(y|l) € F and y|(z|1) € F, and
80, ¥ XF Y. Thus & ]O<F = [y]O(F

o Let [x]o, C [ lxcr and [y]ocpr C [2]ocr- Then z|(y|1) € F and y|(z|1) € F. Since
z|(y|1) < (y |( [IN((z](2]1))]1) from Lemma (xii), it is obtained from (S; — 4)

that (y|(2]1))|((z|(z|1))|1) € F. Thus, it follows from (S; — 2) that z|(z|1) € F'
which implies that [2]o, C [2]ocp-
Hence, the relation C is a partial order on A/F. O

Theorem 2. Let F be a filter of A and xp be a congruence relation on A defined
by F. Then F is a prime filter of A if and only if (A/F,|«p,F) is totally ordered
and |A/F| < 2.

Proof. Let F be a filter of A and g be a congruence relation on A defined by F.
Then (A/F,|x,,F) is a strong Sheffer stroke NMV-algebra by Theorem |1} Let F'
be a prime filter of A. Then z|(y|1) € F or y|(z|1) € F by Lemma[10] (ii). Thus,
[*]ocr C [Ylxp OF [Ylep C [#]ocp from Lemma Hence, (A/F,|xp,F) is totally
ordered. Moreover, let |[A/F| > 2. Then [z]x, € A/F such that [0], C [z]«, C
[1]«. Since F'is a prime filter of A, it is known that € F or z|1 € F. Assume
that z|1 € F. Since z|(0|]1) = z|1 € F and 0|](z|]1) ~ 1 € F from (n2), we get
[]a; = [0]x, which is a contradiction. Therefore, |A/F| < 2.

Conversely, let (A/F, |xp, F) be totally ordered. Then [#]x, C [y]ocp OF [Y]ocr C
[@]ocp, for all 7,y € A. So, z|(y|1) € F or y|(x[1) € F by Lemma [12] Thus, F is a
prime filter of A from Lemma [10] (ii). O

4. Fuzzy FILTERS OF STRONG SHEFFER STROKE NMV-ALGEBRAS

In this section, fuzzy filters strong Sheffer stroke NMV-algebras are introduced.



174 T. ONER, T. KATICAN, A. BORUMAND SAEID

Definition 8. A fuzzy subset « of A is called a fuzzy filter of A if
(FF1) a(z) < (1),

(FF2) min{a(z), a(e|(y1))} < aly),

forall x,y € A.

Example 2. Consider the strong Shefeer stroke NMV-algebra A in Ezample [1]
Then a fuzzy subset a of A defined by

o(z) = 0.19, ifx=~0,a,b,d
“ | 0.81, otherwise

is a fuzzy filter of A.

Lemma 13. Let a be a fuzzy filter of A. Then
1) if # <y, then a(x) < a(y),
z|(y1)) = (1) implies o(z) < a(y),
(z[y)|1) = a(z) Aaly),

Ay) = a(z) Aaly),
x) A a(z|l) = a(0),
[(w1)) A a(yl(2[1)) < afz|(z]1
) Aa(z|(yl) = aly) A a(yl(z
((=DY)ly)]1) = a((((y[1)|z)
x,y,z € A.

QQQQQ@Q

)
1)) = a(z) Aaly) and

2)11) = a(o A ),

(
(
(x
(
(
(
(8) o
for al
Proof. (1) Let & <y. Then z|(y[1) ~ 1 from Lemma[i} Thus,

a(z) = min{a(z),a(1)}
= min{a(z), a(z|(y|1))}

o~ v

<a(y)
from (FF1) and (FF2).
(2) Let a(z|(y|1)) = «(1). Then

a(z) = min{a(x),a(1)}
= min{a(z), a(z|(y[1))}
<a(y)

from (FF1) and (FF2).
(3) Since (z]y)|1 < z and (z|y)|]l < y from Proposition [2 it follows from

(1) that a((zly)|1) < az) and al(zly)[1) < aly). Thus, a(zly)1) <
a(x) A aly). Also,

a(z) Aa(y)
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from Lemma 2] (v), (1), (nl), (n3) and (FF2), respectively, Hence,

a((z[y)|1) = alz) Aaly),
for all z,y € A.
(4) Since x Ay < x and x Ay < y, it is obtained from (1) that a(x Ay) <
a(z) and a(z Ay) < a(y). So, a(z Ay) < a(r) A aly). Moreover, since
(zly)|1 < x and (z|y)|1 < y from Proposition [2] we have (z|y)|1 < z A y.
Thus, a(z) A a(y) = a((z|y)]1) < a(z Ay) from (3) and (1), respectively.
Therefore, a(xz A y) = a(z) A a(y), for all z,y € A.
Eg; a(z) A a(z|l) = a((z|(z[1))[1) = a(1]1) = a(0) from (3) and Lemma [2] (i).
a(zl(y[1) A a(yl(z[1)) = min{a(z|(y[1)), a(yl(z[1))}
= min{a(z|(y[1)), a(x|(
= min{a(z|(y[1)), a((z]
< a(z|(2[1))

from Lemma [2] (iii), (1), Proposition [I] and (FF2).

(7)

a(y) A a(yl(z[1)) =

«
=«
«
o

and similarly, a(z) A a(z|(y|1)) = a(y) A a(z) = alz) A a(y) from (3),

(n1), Lemma [5| and (4), respectively. Thus, a(x) A a(z|(y|1)) = a(y) A
a(yl(z]1)) = a(z) A a(y), for all z,y € A.
(8) Tt is proved Lemma
(]

Theorem 3. Let « be a fuzzy subset of A. Then « is a fuzzy filter of A if and only
if

(1) « is order-preserving,

(1) a(x) ANa(y) < a((z|ly)1), for al z,y € A.

Proof. Let a be a fuzzy filter of A. Then it follows from Lemma [13[ (1) and (3).
Conversely, let a be a fuzzy subset of A satisfying (i) and (ii). Since x < 1, it is
obtained from (i) that a(z) < (1), for all z € A.
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from (ii), (nl), Lemma [5| and (i), respectively. Thus, « is a fuzzy filter of A. O
Theorem 4. Let o be a fuzzy subset of A. Then « is a fuzzy filter of A if and only
if x < yl(z|1) implies a(z) A a(y) < a(z), for all x,y,z € A.
Proof. Let a be a fuzzy filter of A and x < y|(z|1). Then z|((y|(z]1))|1) =~ 1 from
Lemmalll Since
((=[y)VI(z11) = ((zly)|(|y))|(z1
~ 2|((yl(z[1))1(y] (=
[((yl(=[1))1)

) )
| 1))
|

~1

from Lemma [2| (viii) and (S3), it follows from Lemma [I| that (z]y)|1 < z. So,
a(z) Aaly) = a((z]y)|]1) < a(z) from Lemma (13| (3) and (1), respectively.
Conversely, let a be a fuzzy subset of A such that @ < y|(z|1) implies a(z) A
aly) < a(z), for all z,y,z € A. Since z < 1 = z|0 = z|(1]1), from (n2), it
is obtained that a(z) = a(z) A a(z) < a(l), for all z € A. Since z < x V
y ~ (z|(y[1))|(y|1) from Lemma [5] it follows that min{a(z), a(z|(y[1))} = a(z) A
a(z|(y|1)) < a(y), for all x,y € A. Hence, « is a fuzzy filter of A. O

Theorem 5. Let A be a strong Sheffer stroke NMV-algebra. Then « is a fuzzy
filter of A if and only if g = {x € A:a < a(x)} is empty or a filter of A, for all
a € [0,1].

Proof. Let « be a fuzzy filter of A and oy, = {x € A:a < a(z)} # 0. Suppose that
T € ag. Since a < ax) < a(l), we have 1 € a,. Let z, z|(y|1) € a,. So, a < a(x)
and a < a(z|(y|1)). Since ¢ < min{a(x),a(z|(y|1))} < aly), it is obtained that
Yy € ag. Hence, oy is a filter of A.

Conversely, let a, # 0 be a filter of A. Assume that = € a, such that a(1) <
afz). If a = 1/2(a(1) + a(z)), then a(l) < a < a(z). Thus, 1 ¢ «, which
is a contradiction with (S;y — 1). Hence, a(z) < «a(1), for all z € A. Suppose
that x,z|(y|l) € a4 such that a(y) < min{a(z), a(z|(y|1))}. If a = 1/2(a(y) +
min{a(z), a(z|(y|1))}), then a(y) < a < min{a(z), a(zl(y11))} < a(z) and a(y) <
a < min{a(x), a(z|(y|1))} < a(z|(y|l)). Thus, y ¢ a, which is a contradiction
with (S —2). So, min{a(z), a(z|(y|1))} < a(y), for all z,y € A. Therefore, a is a
fuzzy filter of A. O

Lemma 14. Let o, and ap be two filter of A such that a < b. Then ag = oy if
and only if there exist no xo € A such that a < a(zg) < b.

Proof. Let ag = ap be such that a < b. Then ay, ={r € A:a<a(r)}={rcA:
b < a(z)} = ap. If there exists z¢g € A such that a < a(xg) < b, then xg ¢ ap = a4
which is a contradiction with xg € «,. Thus, there exist no zg € A such that
a < a(zg) <b.
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Conversely, suppose that there exist no zyp € A such that a < a(xp) < b. Let
g 7# ap be such that a < b. Then there exist zp € A such that a < ¢ = a(zg) < b
which is a contradiction. Hence, o, = . O

Corollary 2. Let o be a fuzzy filter of A. Then o, = ay, for any a,b € Im(«) if
and only if a = b.
Proof. Tt is obvious that a, = ap, for any a,b € Im(«) if a = b.

Conversely, let a, = a, for any a,b € Im(a). Then there exist zg,z1 € A
such that a(zp) = a and «(z1) = b. So, ¢ € a, = ap and 1 € o = a,. Thus,
b < a(xg) =a and a < a(xy) = b which imply a = b. O

Lemma 15. Let « be a fuzzy filter of A and xo € A. Then a(xg) = a if and only
if xo € @ and xg ¢ oy, for all a < b.

Proof. Let o) = a. Since a(xg) = a < b, we get x9 € o and xg ¢ ap, for all
a < b.

Conversely, let 9 € a, and 29 ¢ ap, for all @ < b. Then a < a(zg) < b. If
a < a(xg) = by, then xy ¢ ap, which is a contradiction. Hence, a(zg) = a. O

Let a be a fuzzy subset of A. Define a subset
Ay ={z € A:alzx)=a(l)}
of A.
Lemma 16. Let F' be a nonempty subset of A and ap be a fuzzy subset of A by

ar(z) = a, ifrxeF
XY= ag,  otherwise

where a1, as € [0,1] such that a1 > as. Then ap is a fuzzy filter of A if and only if
F is a filter of A. Also, Ay, = F.

Proof. Let ap be a fuzzy filter of A. Since ap(l) = a; by (FF1), we get 1 €
F. Let z,z|(y|l) € F. Then ap(zx) = a1 and ap(x|(y|l)) = a1. Since a1 =
min{ar(z),ar(z|(y]1))} < aly), we have ap(y) = a1, ie., y € F.

Conversely, let F' be a filter of A. Since 1 € F, ap(z) < ap(l) = a1, for all
x € A. Let min{ap(x), ap(z|(y|1))} = a1. Then ap(x) = a1 = ap(x|(y|1)) which
means that € F and z|(y|1) € F. So, y € F which implies ap(y) = a1. Thus,
min{ap(z),ar(z|(y|1))} < aly). Moreover, if min{ar(z),ar(z|(y|1))} = a2, then
min{arp(z), ap(x|(y]1)} < a(y), for all z,y € A. Hence, ap is a fuzzy filter of A.

Since F is a filter of A,

Ao ={z€A:ap(x)
={zxeA:ap(z)
={rcA:xeF}
=ANF=F

ar(1)}
al}
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Definition 9. Let « be a fuzzy filter of A. Then « is called a prime fuzzy filter of
Aifa(zVy) =alx)Valy), for al z,y € A.
Example 3. Consider the strong Sheffer stroke NMV-algebra A in Ezample [1.
Then a fuzzy subset aq of A defined by
(@) = 0.007, ifx=~0,a,c,e
o) = 0.993, otherwise
is a prime fuzzy filter of A.
However, a fuzzy subset as of A defined by
092, ifz~l
az(z) = { 0.9, otherwise
is not a prime fuzzy filter of A since az(bV e) = az((b|(e]1))|(e]1)) = aa(b|(bb)) =
az(ble) = az(1) # az(b) = az(b) V az(e).
Theorem 6. Let a be a fuzzy filter of A. Then « is a prime fuzzy filter of A if
and only if a(x) = a(l) or a(x|l) = «(1), for all z € A.
Proof. Let a be a prime fuzzy filter of A. Since
a(z) Va(z|l) = alz Vv (z]1))
a((z|((«[D)NI((=[1)[1))
= o(z|(z[x))
= a(1)
from Lemmal5] (n1), (n3) and Lemma[2|(ix), it follows that a(z) = a(1) or a(z[1) =
a(l), for all z € A.

Conversely, let « be a fuzzy filter of A such that a(z) = a(1) or a(z|1) = a(1),
for all x € A. Since z < xVy and y < x V y, it follows from Lemma (1) that
a(r) < alzx Vy) and a(y) < alz Vy), and so, a(z) V a(y) < a(z Vy), for all
z,y € A. If ax) = (1) or ay) = «(1), then a(z Vy) < a(z) V aly) from (FF1).
If a(z) # a(1) and a(y) # «(1), then a(z]|l) = (1) and a(y|1) = a(1). Since

a(zVy)=alyVz)
=a(l)ANa(yVa)
|

z|1) A a(y V)

o

(z[D](y v 2))|1)
@Dyl (z[1)[(z[1)))[1)
yl(z[1))[1)

< a(y),

and similarly, a(z V y) < a(z) from Lemma [13] (1) and (3), Lemma[f] (n1), (n3),
Lemma [2f (iv), (vil) and (ix), it is obtained that a(z V y) < a(x) V a(y). Hence,
alzVy) =a(z)Valy), forall z,y € A,, i.e., F is a prime fuzzy filter of A. O

=

[
Q

(
(
((
((
((

|
Q
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Theorem 7. Let « be a fuzzy filter of A. Then « is a prime fuzzy filter of A if and
only if a(x) # a(1) and a(y) # o(1) imply o(z|(y[1)) = (1) and a(y|(z[1)) = a(1),
for all x,y € A.

Proof. Let a be a prime fuzzy filter of A and a(x) # (1) and a(y) # «(1). Then
a(z|l) = a(1) and a(y|l) = a(1) from Theorem [6] Since (z[1)|((z|(y[1))|1) ~ 1
and (y|1)|((y|(z|1))]1) = 1 from (n5), it follows from (FF2) that

a(1) = min{a(1), «(1)} = minfa(z(1), a((=[1)[((z[(y[1))[1))} < a(z[(y[1))

and

a(1) = minfa(1), a(1)} = min{a(y[1), a((y[D[((yl([1))[1)} < a(yl(z]1)),

respectively. Thus, a(z|(y|1)) = a(1) and a(y|(z|1)) = a(1) from (FF1).
Conversely, let « be a fuzzy filter of A such that a(z) # a(l) and a(y) #
(1) imply a(z|(y|1)) = a(1) and a(y|(z]1)) = «(1), for all z,y € A. If ax) #
a(l) and a(1]1) = a(0) # a(l) for any € A, then a(z|l) = a(x|(0]1)) = a(1)
and a(0|(z|1)) = a(1) from (nl) and (n2). Also, if a(z|1) # «(1) and a(1|1) =
a(0) # a(l) for any = € A, then a(zr) = a((z/1)|1) = a((z|1)](0]1)) = «(1) and
a(0]((z]1)[1)) = a(1) from (nl)-(n3). Therefore, a(x) = a(1) or a(x|1) = a(1), for
all z € A. Hence, « is a prime fuzzy filter of A by Theorem [6] O

Corollary 3. Let a be a fuzzy filter of A. Then « is a prime fuzzy filter of A if
and only if a(zx V (z|1)) = a(1), for all z,y € A.

Theorem 8. Let a be a fuzzy filter of A. Then « is a prime fuzzy filter of A if
and only if a(z|(y|1)) = a(1) or a(y|(z|1)) = a(l), for all x,y € A.

Proof. Let a be a prime fuzzy filter of A. Since

a(z|(y[1)) V a(yl(z(1) = a((z[(y[1)) v (y|(2|1))
= a(((2| ()l @)Yl (=[1))[1))
= a(((«|(yly) (Yl @]2) |yl (2l2))I (] (@]2)[(y](z]2))))
= a(((((|(yly)[(z]2))|((=[(yly))]
(@[2)) )| ((y[(z]2))|(y[(z]2))))
|

)
= a((yl(z]2))|((y|(z[2))|(y](z]2))))
=a(l)

)
|

from Lemmal[5] Lemma [2] (viii), (ix) and (S1)-(S3), it follows that a(z|(y[1)) = a(1)
or a(y|(z|1)) = a(1), for all z,y € A.

Conversely, let « be a fuzzy filter of A such that a(x|(y|1)) = a(1) or a(y|(x|1))
a(1), for all z,y € A. By substituting [y := z|1] in the hypothesis, we have a(1)
a()((zI)[1)) = a(zlz) = a(zl1) and a(1) = a((z1)|(z]1)) = a((zl2)](}))
a(z) from (n3), Lemma [2] (viii) and (S2). Thus, « is a prime fuzzy filter of A. O
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Corollary 4. Let a be a fuzzy filter of A. Then « is a prime fuzzy filter of A if
and only if a(z|(y|1)) V a(y|(z]1)) = a(l), for all x,y € A.

Theorem 9. Let A be a strong Sheffer stroke NMV-algebra. Then « is a prime
fuzzy filter of A if and only if o is empty or a prime filter of A, for all a € [0,1].

Proof. Let o be a prime fuzzy filter of A and a, # 0. Assume that = Vy € a,.
Since a < a(x Vy) = a(x) V aly), it follows that a < a(x) or a < a(y). Thus,
T € aq or Yy € o which imply that o, is a prime filter of A.

Conversely, a, # () be a prime filter of A and a = a(z V y). Since z Vy € aq,
it is obtained that z € «a, or y € «a,. Hence, a < a(z) or a < a(y), and so,
alzVy) =a<a(x)Va(y). Sincex <z Vyand y <zVy, we get from Lemma
(1) that a(z) < a(z Vy) and a(y) < a(z Vy). So, a(z) V a(y) < alz V y).
Therefore, a(x V y) = a(x) V ay) which means that « is a prime fuzzy filter of
A. O

Corollary 5. Let A be a strong Sheffer stroke NMV-algebra. Then « is a (prime)
fuzzy filter of A if and only if a,, is a (prime) filter of A.

Corollary 6. Let F be a nonempty subset of A. Then F is a (prime) filter of A if
and only if the characteristic function xp of F is a (prime) fuzzy filter of A.

Corollary 7. Let F' be a nonempty subset of A and ap be a fuzzy subset of A by

_J oa, fxeF
ar(r) = { as, otherwise
where ay,aq € [0, 1] such that a1 > as. Then ap is a prime fuzzy filter of A if and
only if F' is a prime filter of A.

Proof. Let ar be a prime fuzzy filter of A. It is obvious that F' is a filter of A by
Lemma [16] Since ap(z) = ap(l) = a1 or ap(z|l) = ap(l) = a1 from (S — 1), it
follows that « € F or z|1 € F which means that F' is a prime filter of A by Lemma
B

Let F' be a prime filter of A. It is clear that ap is a fuzzy filter of A by Lemma
Since € F or z|1l € F, for all x € A, it is obtained from (Sy — 1) that
ap(z) = a1 = ap(l) or ap(z|l) = a1 = ap(l) which means that ap is a prime
fuzzy filter of A by Theorem [6] O

Theorem 10. Let A be a strong Sheffer stroke NMV-algebra. Then the following
conditions are equivalent:

(1) A is totally ordered.

(2) Every fuzzy filter of A is prime.

(3) {1} is a prime filter of A.

Proof. Let A be a strong Sheffer stroke NMV-algebra.
(1)=(2) Let A be totally ordered and « be a fuzzy filter of A. Then z < y or
y <z, for all z,y € A. Since z|(y|1) ~ 1 or y|(z|1) ~ 1 from Lemmal[i] it follows
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that a(z|(y|1)) = a(1) or a(y|(z]1)) = a(1) for all x,y € A which means that « is
a prime fuzzy filter of A from Theorem

(2)=(3) Let every fuzzy filter of A be prime. Then Xy is a prime fuzzy filter
of A. Thus, {1} is a prime filter of A by Corollary [6]

(3)=(1) Let the filter {1} of A be prime. Then x;y is a prime fuzzy filter of A
by Corollary@ Since X113 (z[(y[1)) V xg1y(wl(z[1)) = X413 (1) = 1 from Corollary
it follows that x g (2[(y[1)) = 1 or xy3(yl(z(1)) = 1, for all z,y € A. Thus,
z|(y|1) =~ 1 or y|(z|1) ~ 1 which implies that < y or y < z from Lemmal[l] Hence,
A is totally ordered. U

Let h be an endomorphism on A and « be a fuzzy subset of A. Define a new
fuzzy subset of A by

ap(z) = a(h(z)),
for all z € A.

Theorem 11. Let h be a surjective endomorphism on A. Then « is a (prime)
fuzzy filter of A if and only if oy, is a (prime) fuzzy filter of A.

Proof. (=) Let h be a surjective endomorphism on A and « be a fuzzy filter of A.
Then ay(z) = a(h(x)) < a(l) = a(h(1)) = ax(1), for all z € A. Also,
min{a (z), s (2] (y[1))} = min{a(h(z)), a(h(z|(y[1)))}

= min{a(h(z)), a(h(x)[(h(y)|h(1)))}

< a(h(y))

= an(y),
for all z,y € A. Thus, «y is a fuzzy filter of A. If « is prime, then ap(z) =
a(h(z)) = (1) = a(h(1)) = an(l) or an(z|l) = a(h(z[1)) = a(h(z)|h(1)) =

alh(z)|l) = a(l) = a(h(1l)) = ap(l), for all z € A, for all z € A so that «y, is

prime.

(<) Let h be a surjective endomorphism on A and «ay, be a fuzzy filter of A.
Then a(z) = a(h(a)) = an(a) < an(l) = a(h(1)) = a(1) and

min{a(z), a(z[(y[1))} = min{a(h(a)), a(h(a)[(h(b)|h(1)))}
= min{a(h(a)), a(h(al(b[1)))}
= min{ay(a), an(al(b]1))}
< an(b)
= a(h(b))
= a(y)
where z = h(a) and y = h(b), for all z,y,a,b € A. If oy is prime, then a(zr) =
a(h(a)) = an(a) = ( )(: (1)) = a(1) or a(a|1) = a(h(a) k(1)) = a(h(al1)) =

a(h(l)) =
ap(all) = ap(l) = a(h(l)) = a(1), for all z,a € A, for all x € A. Hence, «a is
prime. ([l
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Theorem 12. Let h be an automorphism on A and « be a fuzzy filter of A. Then
ap = a if and only if h(ag) = g, for any a € Im(a).

Proof. Let ap, = o, a € Im(a) and x € a,. Then h(z) € h(ag). Since a < az) =
ap(z) = a(h(x)), it follows that h(z) € ag, i.e., h(a,) C aq. Let © € ag and y € A
such that h(y) = z. Since a < a(z) = a(h(y)) = an(y) = a(y), it is obtained that
Y € aq. Then z = h(y) € h(o,) which implies that a, C h(ag). Thus, h(ag) = oy,
for any a € Im(«).

Conversely, let h(a,) = a4, for any a € Im(a) and a(z) = a. By Lemma
x € a, and x ¢ ap, for all @ < b. Since h(z) € h(ag) = aq, we have a <
a(h(z)) = ap(z). Suppose that ap(xr) = b. Then a(h(z)) = ap(z) = b, and
so, h(z) € ap = h(ap). Since h is an automorphism, we get © € «; which is a
contradiction. Thus, ay(z) = a(h(z)) =a = a(z), for allxz € 4, ie, ap, =a. O

Definition 10. Let a be a fuzzy filter of A. Define the binary relation ~, on A
by for all x,y € A

x~ay if and only if o(z|(y[1)) = a(1) = a(y|(x[1)). (2)

Example 4. Consider the strong Sheffer stroke NMV-algebra A in Example[l. For
a fuzzy filter o of A by

)= { 08T, fmd
L) = 0.03, otherwise,

~a= {(0,0), (a,a), (b,b),(c,c), (d,d), (e,e), (f, f), (1,1),(d, 1), (L, d), (c,0), (0, c), (a,
e), (e,a), (b, f),(f,b)} is a binary relation on A.

Lemma 17. Let a be a fuzzy filter of A and the binary relation ~, be defined as
(2). Then ~ is a congruence relation on A.

Proof. & Reflexive: Since a(z|(z|1)) = (1) from Lemma [2] (i), it follows that
T ~q x, for all z € A.
o Let  ~, y. Then a(z|(y|1)) = a(1) = a(y|(z|1)). Since a(y|(z|1)) = a(1)
azl(y]1)), we get y ~ z.

e Let x ~y y and y ~, z. Then a(z|(y[l)) = a(1) = a(y|(z|1)) and a(y|(z|1)) =
a(1) = al#|(y[1)). Since (1) = a(1) A (1) = a(z|(y]1)) A ayl(=/1) < alz|(=|1))
and a(1) = a(1) A (1) = a(=|(yI1)) A a(y|(z/1) < a(z](#]1)) from Lemma I3 (6),
it is obtained that a(z|(z]1)) = a(1) = a(z|(z[1)). Thus, x ~, z.

Hence, ~,, is an equivalence relation on A.

Let © ~, y and z ~, t. Then a(z|(y|l)) = a(1) = a(y|(z|1)) and a(z|(t]|1)) =
a(l) = a(t](z[1)).

(a) It follows from (nl), (n3) and Lemmal2](xiii) that z|(y|1) =~ (y[1)|((z|1)[1) <
DI = (412 (#]2)]1), and similarly, y|(z]1) < (z]2)
((p12)11). Since a((z]2)[((y]2)[1)) = a(1) = a((y]2)|((]2)|1)) from Lemma
(1) and (FF1), it is obtained z|z ~, y|z.
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(b) By substituting [z := 2|, [y := t] and [z := y] in (a), simultaneously, it
follows from (nl) that y|z ~, ylt.
Therefore, z|z ~, y|t from the transitivity of ~,, and so, ~, is a con-
gruence relation on A.

(]

Theorem 13. Let a be a fuzzy filter of A and ~ be a congruence relation on A
defined by . Then (A/ ~,|~,[1]~) is also a strong Sheffer stroke NMV-algebra
where A/ ~= {[z]~ : © € A}, the strong Sheffer stroke |. on A/ ~ is defined by
[Z] |~ Y]~ = [2lY]~, for all z,y € A. Also, a relation < defined by [z]. = [y]~ &
a(z|(yl)) = a(l), for all x,y € A, is a partial order on A/ ~ and [1] is the
greatest element and [0]~ is the least element of A/ ~.

Proof. Let « be a fuzzy filter of A, ~ be a congruence relation on A defined by
a and the binary operation |. be defined by [z]<|~[y]~ = [z|y]~, for all 2,y € A.
Since

(n1)(and (S1)): [2]~|~[y]~ = [2ly]~ = [Ylz]~ = [Yl~ |~ [2] s
(n2): [2]~|~[0]~ = [2[0]~ = [1]~,

(m3): ([z]~[~ [~ [~ = [(=D[A]~ = [2]~,

(nd):

@] o (e ) e ) [ (2 ) [ (1)
- m«(((ﬂynynz)|z>\1>1~
(52): ([z]olole])] (@)~ ) = (@) @) = 2]
S3):
@)l (Wlel2) = (2@l wl2)]
= [((l)|(lw)|d~
= (e~ )~ (2 ) D)lm [2]
and
(S4):

([#]~ |~ ()~ [~ [2] ) [ (Y]~ [ )) |~ (2] [~ (2]~ 2] ) [~ () [~ y]0)
= {(TI((ﬂflx)\(yly)))|($|(($|$)|(y|y)))}~

for all x,y, 2z € A, the binary operation |. is a strong Sheffer stroke.

e Reflexive: [z]. < [z]. since a(z|(z|1)) = a(1), from Lemma [2] (i)

o Antisymmetric: let [z]. = [y]~ and [y]~ = [z]~. Since a(z|(y[l)) = a(l) =
a(y|(z|1)), we have x ~ y which implies [z]. = [y]~.
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e Transitive: let [z]. < [y]~ and [y]~ < [z]~. Then a(z|(y|1)) = «(1) and
a(yl(z[1)) = a(1). Since a(1) = a(1) A a(l) = a(z|(y|1) A a(y|(z[1)) < afz](z]1))
from Lemma [13] (6), it follows from (FF1) that a(x|(z|1)) = a(1), i.e., [z]~ =[]~

Thus, < is a partial order on A/ ~.

Since a(z|(1]1)) = a(z|0) = «(1) from (n2), it is ontained that [z]. < [1]., for
all z € A. Thus, [1]. is the greatest element, and so, [0]. = [1]1]~ = [1]~|~[1]~ 8
the least element of A/ ~. O

Example 5. Consider the strong Shefeer stroke NMV-algebra A in Example[ll For
a fuzzy filter o of A defined by

. 1, ife~ f,1
olw) = { 0.001, otherwise

Na: {(0’ 0)7 (a7 a)7 (b7 b)? (C’ C)? (d’ d)’ (e’ e)’ (f’ f)’ (17 ]‘)’ (f? 1)7 (]" f)? (a7 0)’ (07 a)’
(c,e), (e, c), (b,d),(d,b)} is a congruence relation on A. Then (A) ~q, |~y [1]~)
is also a strong Sheffer stroke NMV-algebra with the following Cayley table where

A/ ~a={[0]~ns [l €l (a3

TABLE 2. Cayley table of |

S I (O O PSP PO
Ove | Mva Mo [Hea [~
e | Mo [e)va [na [elna
[€lve | Hra [Hno [dna [d)~
Uea | Mra [elva [dlna (0]~

~Na

Q

Theorem 14. Let a be a fuzzy filter of A. Then « is a prime fuzzy filter of A if
and only if A/ ~q is totally ordered and |A) ~4 | < 2.

Proof. Let o be a prime fuzzy filter of A. By Theorem [§ a(z|(y|1)) = «(1) or
a(y|(z]|1)) = a(1). Then [z]. =< [y]~ or [y]~ = [z]~ which means that A/ ~,
is totally ordered. Also, let |A/ ~, | > 2. Then [z]., € A/ ~4 such that
[0]~, < [z]~, <[1]~,- Since « is a prime fuzzy filter of A, we have a(z) = a(1) or
a(w|1) =a(l ) Assume that a(x]1) = «(1). Since a(x\(0|1)) = a(z|l) = a(1) and
a(0|(z|1)) = a(1) from (n2), it follows that [z]~., = [0]~, which is a contradiction.

So, |A) ~q | < 2.

Conversely, let A/ ~, be totally ordered. Then [z]. < [y]~ or [y]~ =< [z]~, for
all x,y € A. Since a(z|(y|1)) = a(l) or a(y|(x|1)) = «(l), it is obtained from
Theorem [8] that « is a prime fuzzy filter of A. ([

Theorem 15. Let (A,|a,14) and (B, |, 1p) be strong Sheffer stroke NMV-algebras,
h: A — B be an epimorphism and o be a fuzzy filter of B. Then ao h is a fuzzy
filter of A and A/ ~aon™ B/ ~q.
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Proof. Let (A,|a,14) and (B, |p, 15) be strong Sheffer stroke NMV-algebras, h :
A — B be an epimorphism and « be a fuzzy filter of B. It is first shown that
a o h is a fuzzy filter of A.

e aoh(z) =a(h(x)) <a(lp) =a(h(la)) =aoh(ly) and

min{ao h(z), a0 h(za(ylala))} = min{a(h(z)), a(h(z]a(ylala)))}

= min{a(h(z)), (h(z)|(h(y)|Bh(14)))}

min{a(h(z)), a(h(z)|s(h(y)|s1s))}

a(h(y))
o h(y),

IN

for all z,y € A.

A/ ~qon and B/ ~, are strong Sheffer stroke NMV-algebras by Theorem
Let f: A/ ~aon—> B/ ~q be defined by f([z]~.,,) = [h(z)]~,, for all z € A.

e f is well-defined and one-to-one: Let [x]~_.,,[y] € A/ ~aon. Then

[~ aon = Wl~aon € @ ~aoh Y
< aoh(z|a(ylala)) = aoh(la) =aoh(yla(z|ala))
& a(h(@)|(h(y)ph(14))) = a(h(14))
= a(h(y)|s(h(z)[ph(14)))
< a(h(@)|p(h(Y)lblp)) = a(lp) = a(h(y)|s(h(z)|s1s))
h(ﬂﬁ) ~a h( )

f( naon ) f([] aoh)
|

e f is a homomorphism: Let [z]. Ylowon € A/ ~aon. Then

~aoh?

F([@lmaonlmaon Wl~aon) = F2]aYl~uen)
= [h(z|ay)]~.
= [W(@)[Bh(y)]~.,
= [W@)]~ [~ (DY)~
= f([#]~aor) o f ([Wmaon)-
e f is onto: Let [y]~, € B/ ~,. Since h is an epimorphism, there exists
x € A such that h(z) = y. Thus, there exists [x]~,., € A/ ~aon such that
f([#lngon) = [M@)]~s = Y]~ 0

Theorem 16. The class Fa of all fuzzy filters of A forms a complete lattice.

Proof. Since every fuzzy filter of A is a mapping from A to the interval [0, 1] and
[0,1] is a complete lattice where a V b = max{a,b} and a A b = min{a, b}, for all
a,b € [0,1], F4 forms a complete lattice. O
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5. CONCLUSION

In present study, basic definitions and notions of a strong Sheffer stroke NMV-
algebra are given. Then new properties, various filters, fuzzy filters of a strong
Sheffer stroke NMV-algebra and the relationships between them are investigated.
We prove that a filter of a strong Sheffer stroke NMV-algebra is prime if and only
if it is not contained by another filter of this algebraic structure, and examine some
features of a prime filter. Also, it is shown that the quotient structure of a strong
Sheffer stroke NMV-algebra defined by a prime filter is totally ordered and it has
at most 2 elements. Besides, we define a (prime) fuzzy filter of strong Sheffer stroke
NMV-algebras and show that « is a (prime) fuzzy filter of a strong Sheffer stroke
NMV-algebra if and only if o, = {z € A : a < a(x)} is empty or a (prime) filter
of A, for all a € [0,1]. It is demonstrated that a fuzzy subset ap is a (prime)
fuzzy filter of a strong Sheffer stroke NMV-algebra if and only if F' is a (prime)
filter of the algebra. Thus, the relationships between filters and fuzzy filters of
a strong Sheffer stroke NMV-algebra are stated. We prove that a strong Sheffer
stroke NMV-algebra is totally ordered if and only if every fuzzy filter is prime if and
only if the filter {1} is prime. It is shown that a fuzzy subset ay, of a strong Sheffer
stroke NMV-algebra is a (prime) fuzzy filter defined by means of a (prime) fuzzy
filter o and a surjective endomomorphism A on this algebra, and that oy = « if and
only if h(a,) = a, whenever h is an automorphism on this algebra and a € Im(«).
By describing a congruence relation on a strong Sheffer stroke NMV-algebra by a
fuzzy filter, a quotient structure of a strong Sheffer stroke NMV-algebra is built
via the congruence relation. Hence, it is shown that the structure forms a strong
Sheffer stroke NMV-algebra. Indeed, we prove that the quotient structure defined
by a prime fuzzy filter is totally ordered strong Sheffer stroke NMV-algebra and
it has at most 2 elements. Moreover, we present that a o h is a fuzzy filter of A
and the quotient structures defined by the fuzzy filters a o h and « are isomorphic
when an epimorphism h between strong Sheffer stroke NMV-algebras A and B and
a fuzzy filter a of B. Finally, it is easy to see that the class of all fuzzy filters of a
strong Sheffer stroke NMV-algebra forms a complete lattice.

In the future works, we wish to investigate annihilators ans stabilizers on strong
Sheffer stroke NMV-algebras.
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