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Abstract

In this paper, we construct a variant of the Kantorovich Szasz type operators involving the
Tangent polynomials and estimate the convergence properties of these operators by using the
Korovkin theorem. Also, we obtain the rate of convergence by using the modulus of continuity

and Peetre’s K-functional.
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Tanjant Polinomlarim Iceren Kantorovich-Szasz Tipli Operatorlerin Yakinsama

Ozellikleri Uzerine
Oz
Bu ¢alismada, Tanjant polinomlarimi iceren Kantorovich-Szész tipli operatorlerin bir
varyant1 olusturulup, Korovkin teoremi kullanilarak bu operatoriin yakinsaklik 6zellikleri tahmin

edilmistir. Ayrica Peetre’s K- fonksiyoneli ve stireklilik modiilii kullanilarak yakinsaklik hizi elde

edilmistir.

* Corresponding Author DOI: 10.37094/adyujsci.905311 L@;
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Anahtar Kelimeler: Tanjant polinomlari; Kantorovich-Szasz tipli operatorler; Yakinsaklik

hiz1; Ureteg fonksiyonu; Korovkin Teoremi.
1. Introduction
It is well known the Tangent numbers are the coefficients in Taylor expansion for tant [1]:

an(®) = ) (=" Tnsy

n=0

t2n+1

CntDr en=0 1

C. S. Ryoo defined the Tangent polynomials with the aid of generating function by using

fermionic p- adic invariant integral in [2]:

S 008 = ()i <5

In the case x = 0, T (0) = Ty is called k th Tangent number. Expressions of these numbers

through generating functions:

z ( 2f+1> |t|<g ®)

Because of obtaining generating function for a set of functions, we derive differential
recurrence relation, pure recurrence relation or calculate certain integral. Using generating
functions, many fundamental properties and identities for special polynomials and numbers can
be obtained [3, 4]. For k € Z*, Tangent polynomials are expressed by using generating functions

at the following identity:

k

T (x) = 2 (?) xk=tT, (4)

Nowadays, many researchers study the central moment and test function notations which
are useful for examining the convergence of sequences of linear positive operators. Moreover,
central moments of Kantorovich type operators are investigated with the aid of moment-

generating functions [5-13].
The organization of this paper is as follows:

In section 2, we give a variant of the Kantorovich-Széasz type operators involving the

Tangent polynomials and estimate the convergence properties of these operators by using
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Korovkin’s theorem. In section 3, we evaluate the rate of convergence by using the modulus of
continuity and Peetre’s K-functional.

2. Convergence Properties

Firstly, we define our new operator involving Tangent polynomials at the following

equation:

k+1

ki =n St ten Z F@d, ©

where Ty .1 > 0 and k € N.

:Iw%

Now, we construct the moments and test functions for r = {0,1,2} in the following lemmas:
e, =t and 97 (t,x) = (t — x)"
We give the values of moments under K (f, x) in Lemma 1 as follows:

Lemma 1. For Vx € [0, ), Eqn. (1) has the following properties:

K;{(BO,X) = 1;
K;‘{(el’x) =x+ 1_—382’
2n(l + e?)
x(l e )

Ki(eyx) = x? + ———=

Proof. Take f = e, in Eqn. (5). Then we have

oo

Ke(L) = 2+1 ) 2 x)Jk+1

e?+1 _ 2 nx<k+1 k)

nx

2 ¢ 2116

=n
n n

=1.

Taking the derivative of both sides of Eqn. (5) with respect to t, we get

Z‘” =l —ge?t 2
— t t
ka(X) Kl = (eZt+1)2 e* +Xmex. (6)
k=0

Replacing t = 1 and x = nx in Eqn. (6), we have
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O KT(x)  —4e2 2
K@iz TYaiit )

k=0

In the same manner, we obtain

2 k2T (x) = )2

2 — 6e2 2e% — 8e* — 12¢2
] e+ | —— |nxe™ + e™. (8)
k=0

+1° "\ez+ 12 ez + 1)*

Forr =1, we have

oo k+1
e?+1 Ty(nx) (n
* — —nx
K;(t,x)=n > ¢ 2 ] Jk td;
k=0 n
o ﬁ
e + 1 _ 2 [ ]
B nez +1 J—. Tk(nx) 2k +1)
2 k! n2
k=0
_ 2nez +1 J— 2 ka(nx) N nez +1 J— 2 Ty (nx)
2n? ~ k! 2n? ~ k!
_ 1-3e?
- 2n(1+e2)’
For r = 2, we obtain
n 1 oo k+1
e?
K:(t?,x)=n - 2 J t2d,
k=0 n
w ﬂ
e + 1 _ 2 [ ]
P Kk
ne +1 _ - (nx) Bk? +3k + 1)
L
e +1 nxik Tk(nx) e? +1 _ i (nx)
~ 2n? k!
k=0 . k=0
+1e2 + 1e‘"" Ty, (nx)
3 2n2 k!
k=0
_ 2 xa-eh)

n

This completes the proof.
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Lemma 2. For Vx € [0, ), we have

1 — 3e?

Kp((t—x),x) = W—I—eez)' )
_, 4 3 2

K:((t = x)2, %) = nil—:ef) . (10)

Proof. By using the linearity of (K};), we have

1 — 3e?

Ki((t—x),x) = K (t,x) — xK;(1,x) = 2n(1 +e2)

Kn((t — %)%, %) = Kn(t2, %) — 2xK5(t, %) + x?K; (1, x)

x(1—e?) 1—3e?
2 _— - - 2
x“ + o x<x+2n(1+ez) + x

x(1—e?) x(1-3e?)
n n(1l+ e?)

—e* + 3e2

—x.

n(1l+ e?)

So the desired results are obtained.

Now we give the main theorem by using the Lemma 1 and Korovkin’s theorem in the

following:

Theorem 3. Let f € C;[0, 0] = C[0, ] N E, where

P is convergentas x — 00}

E = {f:x € [0,00],&

1+ x
and
. B'» . B"(y)
lim = 1and lim = 1.
y-o B(y) y-o B(y)

Then the sequence (Kj;) converges uniformly to f on [0, ] as n — co.

Proof. By applying the well-known Korovkin’s first theorem and Lemma 1, we obtain

lim K (e;,x) = x',i =0,1,2. (11)
n—-oo
and the operator (K;) converges uniformly in each compact subset of [0, ].The proof is

completed by using the property (vii) of Theorem 4.1.4 in [6].
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Estimating the degree of approximation by positive linear operators involving generating
functions of special polynomials has several methods. One of them is the modulus of continuity

given by

w(f,8) = sup{f(t) — f(x),x,t € [a,b],|t —x| < 6}, f € C[0, ], 6>0, (12)

where C[0, o] is called as space of uniformly continuous functions on [0, o]. Also,

IF () = F(0)l < w(f, 6)(' — '+1)

is satisfied for any 6 > 0 and each x € [0, o0)

We give an estimate for degree of approximation of K, (f, x) with the help of definition of

modulus of continuity in the following theorem:

Theorem 4. If € C[0, ] N E , then

’—e“+3e2
|Kn(f,x) = fQ)l <2w] f; mx : (13)

Proof. We have

k+1

"1F® - FOId, (14)

=l 3\ wir: s)a
< 6 + )‘N(f: ) t

k+1

JI{Tlt —x|d; |w(f;6).

n

i Ty (nx
k=0

e +1 n i
ne? +1 -
<|1+3 -n Z

By applying Cauchy-Schwarz inequality, we get

Kl = £G] < nét L oo

~
3= A

:I%

1

k+1 k+1 2
n n
n

that satisfies

249



Agyuz (2021) ADYU J 5Cl, 11(2), 244-252

1
k+1 2

" t—xd, < 2 ("x) Jk—lt—xlzdt . (16)

By using the Cauchy-Schwarz inequality for the sum on the right side of Eqn. (16), we

k+1

k

||M8

have

0 k+1 2 nx 2 nx z

T.(nx) (n 2 e 2 e
> )f "le-xld, <A EH (- 050 a7)
= . vn n

nx
=_(ez+1

From Lemma 2, using the second-order test function of the operator (K, ), we have the final

) (Ka((E = )% )7

form of Eqn. (17) as follows:

o) k+1 1

T.(nx) (n enr 2 —e* + 3e%)\2
2 It —x|d, < — .
£ k! Jx n e+ 1\n(l+e?2)

Hence, the proof is completed.

Another method for estimate of rate of approximation is the second order modulus of

continuity given by

w, (f ) = sup{|f(t) _2f (HTx) +f(x)| Jxt€[abl|t—x| < zh}, (18)
where f € C[a, b],h > 0.

The classical Peetre’s K- functional is defined by
K(f,86) = inf =gl +6llg”II3,
(F.0) = inf_{lIf = gll +3llg"I} (19)
where f € Cg[0, ) and C3[0, ) = {g € C5[0,2):g’,g"" € C5[0,0)}.

Theorem 5. For the K, (f, x) operators, we have

|Kn(f, ) = OOl < ¥lifll gz, (20)
—e*+3e? 1-3e2
where 1/J T n(1+e?) x 2n(1+e2)’

Proof. By applying linearity properties of K (f, x) and Taylor expansion of f, we have
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1
Kn(f,x) = G = f) K (s —x,%) + 5 f(p)"Kn((s — x)?,%),p € (x,5).

21)
From Lemma 2, we get
. - —e* + 3e? , 1 — 3e? .,

|Kn(f, %) = f(O)] < Tt e x|l f'llcg +Em||f llcg- (22)
Therefore, the desired result is obtained.

Theorem 6. Let f € C5[0, 00). Then

1 1

K (f,20) = Fl < 2Mw, | £, j;p +min (L59) ¢ 1f e, 23)
where M > 0.

Proof. We rewrite f(t) — f(x) as

fO-Ff)=f@®)—g@®+9@) —gkx) +gx)— fx). (24)

From the linearity properties of Ky (f, x), we have

|Kn(f, %) = fOO| < |Kn(f = g,%) = fOO| + |Kn(g,0) = g + [f(x) —g(x)]. (25)

where we assume that the function g € C2[0, o). By using Theorem 5, we get

Ka(F, 0 = FOI < 21If = glle, +¥llgllez = 2|IIf = gllc, +Wllgllgz). (26)
From Eqn. (26), we obtain

|Kn(f, %) — f(0)] < 2K(f,9), 27)
where K (f, ) is Peetre’s K- functional defined by Eq.(19). We obtain the desired result.

4. Conclusion

The generating function has many useful applications in several fields. For example,
generating function of Bernstein polynomials provides important results to constructing Bezier
curves. In literature, many properties and relations are obtained by using the generating function

of Tangent polynomials.
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Recently, the approximation theory is one of the important application fields of generating
function of special polynomials which have useful properties for constructing linear positive

operators.

In this paper, we constructed a Kantorovich-Szasz type operator, K, (f, x), involving the
generating function of Tangent polynomials. Then, we investigated some properties such as

modulus of continuity, second-order modulus of continuity, and Peetre’s K functional for

Ka(f, %).
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