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Abstract 

In this paper, we construct a variant of the Kantorovich Szász type operators involving the 

Tangent polynomials and estimate the convergence properties of these operators by using the 

Korovkin theorem. Also, we obtain the rate of convergence by using the modulus of continuity 

and Peetre’s K-functional.  

Keywords: Tangent polynomials; Kantorovich-Szász type operators; Rate of convergence; 

Generating functions; Korovkin theorems. 

Tanjant Polinomlarını İçeren Kantorovich-Szász Tipli Operatörlerin Yakınsama 

Özellikleri Üzerine 

Öz 

Bu çalışmada, Tanjant polinomlarını içeren Kantorovich-Szász tipli operatörlerin bir 

varyantı oluşturulup, Korovkin teoremi kullanılarak bu operatörün yakınsaklık özellikleri tahmin 

edilmiştir. Ayrıca Peetre’s K- fonksiyoneli ve süreklilik modülü kullanılarak yakınsaklık hızı elde 

edilmiştir. 
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Anahtar Kelimeler: Tanjant polinomları; Kantorovich-Szász tipli operatörler; Yakınsaklık 

hızı; Üreteç fonksiyonu; Korovkin Teoremi. 

1. Introduction 

It is well known the Tangent numbers are the coefficients in Taylor expansion for 𝑡𝑎𝑛𝑡 [1]:  

tan(𝑡) = *(−1)!"#𝑇$!"#
𝑡$!"#

(2𝑛 + 1)!

%

!&'

,			𝑇$! = 0 (1) 

C. S. Ryoo defined the Tangent polynomials with the aid of generating function by using 

fermionic 𝑝- adic invariant integral in [2]: 

*𝑇((𝑥)
𝑡(

𝑘!

%

(&'

= 7
2

𝑒$) + 19
𝑒*) , |𝑡| <

𝜋
2

 (2) 

In the case 𝑥 = 0, 𝑇((0) = 𝑇( is called 𝑘 th Tangent number. Expressions of these numbers 

through generating functions: 

*𝑇(
𝑡(

𝑘!

%

(&'

= 7
2

𝑒$) + 19
,			|𝑡| <

𝜋
2

 (3) 

Because of obtaining generating function for a set of functions, we derive differential 

recurrence relation, pure recurrence relation or calculate certain integral. Using generating 

functions, many fundamental properties and identities for special polynomials and numbers can 

be obtained [3, 4]. For 𝑘 ∈ ℤ", Tangent polynomials are expressed by using generating functions 

at the following identity: 

𝑇((𝑥) =*7
𝑘
𝑙 9
𝑥(+,𝑇, .

(

,&'

 (4) 

Nowadays, many researchers study the central moment and test function notations which 

are useful for examining the convergence of sequences of linear positive operators. Moreover, 

central moments of Kantorovich type operators are investigated with the aid of moment- 

generating functions [5-13]. 

The organization of this paper is as follows: 

In section 2, we give a variant of the Kantorovich-Szász type operators involving the 

Tangent polynomials and estimate the convergence properties of these operators by using 
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Korovkin’s theorem. In section 3, we evaluate the rate of convergence by using the modulus of 

continuity and Peetre’s K-functional. 

2. Convergence Properties 

Firstly, we define our new operator involving Tangent polynomials at the following 

equation: 

𝐾!∗(𝑓, 𝑥) = 𝑛
𝑒$ + 1
2

𝑒+!**
𝑇((𝑛𝑥)
𝑘!

%

(&'

C 𝑓(𝑡)𝑑) ,
("#
!

(
!

 (5) 

where 𝑇$("# > 0 and 𝑘 ∈ ℕ. 

Now, we construct the moments and test functions for 𝑟 = {0,1,2} in the following lemmas: 

𝑒. = 𝑡. and 𝜗.(𝑡, 𝑥) = (𝑡 − 𝑥). 

We give the values of moments under 𝐾!∗(𝑓, 𝑥) in Lemma 1 as follows: 

Lemma 1. For ∀𝑥 ∈ [0,∞), Eqn. (1) has the following properties: 

𝐾!∗(𝑒', 𝑥) = 1,  

𝐾!∗(𝑒#, 𝑥) = 𝑥 +
1 − 3𝑒$

2𝑛(1 + 𝑒$)
, 

𝐾!∗(𝑒$, 𝑥) = 𝑥$ + */#+0!1
!

. 

Proof. Take 𝑓 = 𝑒' in Eqn. (5). Then we have  

𝐾!∗(1, 𝑥) = 𝑛
𝑒$ + 1
2

𝑒+!**
𝑇((𝑛𝑥)
𝑘!

%

(&'

C 𝑑)

("#
!

(
!

 

																	= 	𝑛
𝑒$ + 1
2

𝑒+!*
2

𝑒$ + 1
𝑒!* 7

𝑘 + 1
𝑛

−
𝑘
𝑛9

 

																	= 1. 

Taking the derivative of both sides of Eqn. (5) with respect to 𝑡, we get  

*𝑘𝑇((𝑥)
𝑡(+#

𝑘!

%

(&'

=
−4𝑒$)

(𝑒$) + 1)$
𝑒*) + 𝑥

2
𝑒$) + 1

𝑒*) . (6) 

Replacing 𝑡 = 1 and 𝑥 = 𝑛𝑥 in Eqn. (6), we have  
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*
𝑘𝑇((𝑥)
𝑘!

%

(&'

=
−4𝑒$

(𝑒$ + 1)$
𝑒*) + 𝑥

2
𝑒$ + 1

𝑒!* . (7) 

In the same manner, we obtain  

*
𝑘$𝑇((𝑥)
𝑘!

%

(&'

= (𝑛𝑥)$
2

𝑒$ + 1
𝑒!* + P

2 − 6𝑒$

(𝑒$ + 1)$
R𝑛𝑥𝑒!* +

2𝑒2 − 8𝑒3 − 12𝑒$

(𝑒$ + 1)3
𝑒!* . (8) 

For 𝑟 = 1, we have 

𝐾!∗(𝑡, 𝑥) = 𝑛
𝑒$ + 1
2

𝑒+!**
𝑇((𝑛𝑥)
𝑘!

%

(&'

C 𝑡𝑑)

("#
!

(
!

 

																	= 	𝑛
𝑒$ + 1
2

𝑒+!**
𝑇((𝑛𝑥)
𝑘!

%

(&'

T
𝑡$

2
U
(
!

("#
!

 

																	= 𝑛
𝑒$ + 1
2

𝑒+!**
𝑇((𝑛𝑥)
𝑘!

%

(&'

(2𝑘 + 1)
𝑛$

 

																	= 2𝑛
𝑒$ + 1
2𝑛$

𝑒+!**𝑘
𝑇((𝑛𝑥)
𝑘!

%

(&'

+ 𝑛
𝑒$ + 1
2𝑛$

𝑒+!**
𝑇((𝑛𝑥)
𝑘!

%

(&'

 

																	= 𝑥 + #+40!

$!(#"0!)
	.  

For 𝑟 = 2, we obtain 

𝐾!∗(𝑡$, 𝑥) = 𝑛
𝑒$ + 1
2

𝑒+!**
𝑇((𝑛𝑥)
𝑘!

%

(&'

C 𝑡$𝑑)

("#
!

(
!

 

																			= 	𝑛
𝑒$ + 1
2

𝑒+!**
𝑇((𝑛𝑥)
𝑘!

%

(&'

T
𝑡4

3
U
(
!

("#
!

 

																			=
𝑛
3
𝑒$ + 1
2

𝑒+!**
𝑇((𝑛𝑥)
𝑘!

%

(&'

(3𝑘$ + 3𝑘 + 1)
𝑛4

 

																			=
𝑒$ + 1
2𝑛$

𝑒+!**𝑘$
𝑇((𝑛𝑥)
𝑘!

%

(&'

+
𝑒$ + 1
2𝑛$

𝑒+!**𝑘
𝑇((𝑛𝑥)
𝑘!

%

(&'

+
1
3
𝑒$ + 1
2𝑛$

𝑒+!**
𝑇((𝑛𝑥)
𝑘!

%

(&'

 

																			= 𝑥$ +
𝑥(1 − 𝑒$)

𝑛
. 

This completes the proof. 
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Lemma 2. For ∀𝑥 ∈ [0,∞), we have 

𝐾!∗((𝑡 − 𝑥), 𝑥) =
1 − 3𝑒$

2𝑛(1 + 𝑒$)
, (9) 

𝐾!∗((𝑡 − 𝑥)$, 𝑥) =
−𝑒3 + 3𝑒$

𝑛(1 + 𝑒$)
	𝑥. (10) 

Proof. By using the linearity of (𝐾!∗), we have  

𝐾!∗((𝑡 − 𝑥), 𝑥) = 𝐾!∗(𝑡, 𝑥) − 𝑥𝐾!∗(1, 𝑥) =
1 − 3𝑒$

2𝑛(1 + 𝑒$)
  

𝐾!∗((𝑡 − 𝑥)$, 𝑥) = 𝐾!∗(𝑡$, 𝑥) − 2𝑥𝐾!∗(𝑡, 𝑥) + 𝑥$𝐾!∗(1, 𝑥) 

																														= 𝑥$ +
𝑥(1 − 𝑒$)

𝑛
− 2𝑥 P𝑥 +

1 − 3𝑒$

2𝑛(1 + 𝑒$)
R + 𝑥$ 

																														=
𝑥(1 − 𝑒$)

𝑛
−
𝑥(1 − 3𝑒$)
𝑛(1 + 𝑒$)

 

																														=
−𝑒3 + 3𝑒$

𝑛(1 + 𝑒$)
	𝑥. 

So the desired results are obtained. 

Now we give the main theorem by using the Lemma 1 and Korovkin’s theorem in the 

following:  

 

Theorem 3. Let 𝑓 ∈ 𝐶7[0,∞] = 𝐶[0,∞] ∩ 𝐸,	where  

𝐸 ≔ [𝑓: 𝑥 ∈ [0,∞],
𝑓(𝑥)
	1 + 𝑥$

	is	convergent	as	𝑥 → ∞f 

and 

lim
8→%

𝐵:(𝑦)
𝐵(𝑦)

= 1	and	 lim
8→%

𝐵::(𝑦)
𝐵(𝑦)

= 1. 

Then the sequence (𝐾!∗) converges uniformly to 𝑓 on [0,∞] as 	𝑛 → ∞. 

Proof. By applying the well-known Korovkin’s first theorem and Lemma 1, we obtain  

lim
!→%

𝐾!∗(𝑒; , 𝑥) = 𝑥; 	, 𝑖 = 0,1,2	. (11) 

and the operator (𝐾!∗) converges uniformly in each compact subset of [0,∞].The proof is 

completed by using the property (vii) of Theorem 4.1.4 in [6]. 
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Estimating the degree of approximation by positive linear operators involving generating 

functions of special polynomials has several methods. One of them is the modulus of continuity 

given by  

𝑤(𝑓, 𝛿) = 𝑠𝑢𝑝{𝑓(𝑡) − 𝑓(𝑥), 𝑥, 𝑡 ∈ [𝑎, 𝑏], |𝑡 − 𝑥| ≤ 𝛿}, 𝑓 ∈ 𝐶[0,∞], 𝛿 > 0, (12) 

where 𝐶[0,∞] is called as space of uniformly continuous functions on [0,∞]. Also,  

|𝑓(𝑡) − 𝑓(𝑥)| ≤ 𝑤(𝑓, 𝛿) P
|𝑡 − 𝑥|
𝛿

+ 1R  

is satisfied for any 𝛿 > 0 and each 𝑥 ∈ [0,∞) 

We give an estimate for degree of approximation of 𝐾!∗(𝑓, 𝑥) with the help of definition of 

modulus of continuity in the following theorem: 

Theorem 4. If ∈ 𝐶[0,∞] ∩ 𝐸 , then  

|𝐾!∗(𝑓, 𝑥) − 𝑓(𝑥)| ≤ 2𝑤q𝑓;s
−𝑒3 + 3𝑒$

𝑛(1 + 𝑒$)
	𝑥t. (13) 

Proof. We have 

|𝐾!∗(𝑓, 𝑥) − 𝑓(𝑥)| ≤ 𝑛
𝑒$ + 1
2

𝑒+!**
𝑇((𝑛𝑥)
𝑘!

%

(&'

C |𝑓(𝑡) − 𝑓(𝑥)|𝑑)

("#
!

(
!

								 (14) 

																																		≤ 𝑛
𝑒$ + 1
2

𝑒+!**
𝑇((𝑛𝑥)
𝑘!

%

(&'

C P
|𝑡 − 𝑥|
𝛿

+ 1R𝑤(𝑓; 𝛿)𝑑)

("#
!

(
!

 

																															≤ q1 +
𝑛
𝛿
𝑒$ + 1
2

𝑒+!**
𝑇((𝑛𝑥)
𝑘!

%

(&'

C |𝑡 − 𝑥|
("#
!

(
!

𝑑)t𝑤(𝑓; 𝛿)	. 

By applying Cauchy-Schwarz inequality, we get 

C |𝑡 − 𝑥|
("#
!

(
!

𝑑) ≤
1
√𝑛

qC |𝑡 − 𝑥|$
("#
!

(
!

𝑑)t

#
$

, (15) 

that satisfies 
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*
𝑇((𝑛𝑥)
𝑘!

%

(&'

C |𝑡 − 𝑥|
("#
!

(
!

𝑑) ≤
1
√𝑛

*
𝑇((𝑛𝑥)
𝑘!

%

(&'

qC |𝑡 − 𝑥|$
("#
!

(
!

𝑑)t

#
$

	. (16) 

By using the Cauchy-Schwarz inequality for the sum on the right side of Eqn. (16), we 

have 

*
𝑇((𝑛𝑥)
𝑘!

%

(&'

C |𝑡 − 𝑥|
("#
!

(
!

𝑑) ≤
v 2
𝑒$ + 1𝑒

!*

√𝑛
⎝

⎛
2

𝑒$ + 1𝑒
!*

𝑛
𝐾!∗((𝑡 − 𝑥)$; 𝑥)

⎠

⎞

#
$

 (17) 

			=
𝑒!*

𝑛
(

2
𝑒$ + 1

)	(𝐾!∗((𝑡 − 𝑥)$; 𝑥))
#
$	. 

 

From Lemma 2, using the second-order test function of the operator (𝐾!∗), we have the final 

form of Eqn. (17) as follows: 

			*
𝑇((𝑛𝑥)
𝑘!

%

(&'

C |𝑡 − 𝑥|
("#
!

(
!

𝑑) ≤
𝑒!*

𝑛
2

𝑒$ + 1
P
−𝑒3 + 3𝑒$

𝑛(1 + 𝑒$)
R

#
$
. 

Hence, the proof is completed. 

 

Another method for estimate of rate of approximation is the second order modulus of 

continuity given by  

𝑤$(𝑓, ℎ) = 𝑠𝑢𝑝 |}𝑓(𝑡) − 2𝑓 7
𝑡 + 𝑥
2 9 + 𝑓(𝑥)} ; 𝑥, 𝑡 ∈ [𝑎, 𝑏], |𝑡 − 𝑥| ≤ 2ℎ~,	 (18) 

where 𝑓 ∈ 𝐶[𝑎, 𝑏], ℎ > 0. 

The classical Peetre’s K- functional is defined by  

𝐾(𝑓, 𝛿) = inf
<∈>"

![',%)
{‖𝑓 − 𝑔‖ + 𝛿‖𝑔::‖}, (19) 

where  	𝑓 ∈ 𝐶A[0,∞) and 𝐶A$[0,∞) = {𝑔 ∈ 𝐶A[0,∞): 𝑔:, 𝑔:: ∈ 𝐶A[0,∞)}. 

Theorem 5. For the 𝐾!∗(𝑓, 𝑥) operators, we have  

|𝐾!∗(𝑓, 𝑥) − 𝑓(𝑥)| ≤ 𝜓‖𝑓‖>"! , (20) 

where 𝜓 ≔ +0#"40!

!(#"0!)
	𝑥 + #+40!

$!(#"0!)
. 

Proof. By applying linearity properties of 𝐾!∗(𝑓, 𝑥) and Taylor expansion of 𝑓, we have  
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𝐾!∗(𝑓, 𝑥) − 𝑓(𝑥) = 𝑓(𝑥):𝐾!∗(𝑠 − 𝑥, 𝑥) +
1
2
𝑓(𝜌)::𝐾!∗((𝑠 − 𝑥)$, 𝑥), 𝜌 ∈ (𝑥, 𝑠). (21) 

From Lemma 2, we get 

|𝐾!∗(𝑓, 𝑥) − 𝑓(𝑥)| ≤
−𝑒3 + 3𝑒$

𝑛(1 + 𝑒$)
	𝑥‖𝑓:‖>" +

1
2

1 − 3𝑒$

2𝑛(1 + 𝑒$)
‖𝑓::‖>" . 

Therefore, the desired result is obtained. 

(22) 

Theorem 6. Let 𝑓 ∈ 𝐶A[0,∞). Then  

|𝐾!∗(𝑓, 𝑥) − 𝑓(𝑥)| ≤ 2𝑀�𝑤$q𝑓,s
1
2
𝜓t +𝑚𝑖𝑛 71,

1
2
𝜓9� ‖𝑓‖>" , (23) 

where 𝑀 > 0. 

Proof. We rewrite 𝑓(𝑡) − 𝑓(𝑥) as  

𝑓(𝑡) − 𝑓(𝑥) = 𝑓(𝑡) − 𝑔(𝑡) + 𝑔(𝑡) − 𝑔(𝑥) + 𝑔(𝑥) − 𝑓(𝑥). (24) 

From the linearity properties of 𝐾!∗(𝑓, 𝑥), we have 

|𝐾!∗(𝑓, 𝑥) − 𝑓(𝑥)| ≤ |𝐾!∗(𝑓 − 𝑔, 𝑥) − 𝑓(𝑥)| + |𝐾!∗(𝑔, 𝑥) − 𝑔(𝑥)| + |𝑓(𝑥) − 𝑔(𝑥)|. (25) 

where we assume that the function 𝑔 ∈ 𝐶$[0,∞). By using Theorem 5, we get 

|𝐾!∗(𝑓, 𝑥) − 𝑓(𝑥)| ≤ 2‖𝑓 − 𝑔‖>" + 𝜓‖𝑔‖>"! = 2 �‖𝑓 − 𝑔‖>" + 𝜓‖𝑔‖>"!�. (26) 

From Eqn. (26), we obtain 

|𝐾!∗(𝑓, 𝑥) − 𝑓(𝑥)| ≤ 2𝐾(𝑓, 𝜓), (27) 

where 𝐾(𝑓, 𝜓) is Peetre’s K- functional defined by Eq.(19). We obtain the desired result. 

4. Conclusion 

The generating function has many useful applications in several fields. For example, 

generating function of Bernstein polynomials provides important results to constructing Bezier 

curves. In literature, many properties and relations are obtained by using the generating function 

of Tangent polynomials. 
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Recently, the approximation theory is one of the important application fields of generating 

function of special polynomials which have useful properties for constructing linear positive 

operators.  

In this paper, we constructed a Kantorovich-Szász type operator, 𝐾!∗(𝑓, 𝑥), involving the 

generating function of Tangent polynomials. Then, we investigated some properties such as 

modulus of continuity, second-order modulus of continuity, and Peetre’s K functional for 

𝐾!∗(𝑓, 𝑥).  
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