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Abstract

In this paper, we introduce the hyperbolic third order Jacobsthal and Jacobsthal-Lucas numbers and we present recurrence relations, Binet’s
formulas, generating functions and the summation formulas for these numbers.
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1. Introduction and Preliminaries

Hyperbolic numbers have been studied by various authors recently. First, Torunbalc1 defined it for Fibonacci numbers and Dikmen defined it
for Jacobsthal numbers. Soykan defined it for generalized Fibonacci numbers and Pell numbers. Then Tagyurdu defined it for Tribonacci and
Tribonacci-Lucas Sequences (see [5-9]). In this paper, we define hyperbolic third order Jacobsthal and Jacobsthal-Lucas numbers in the next
section and give some properties of them. First, in this section, we present some background about hyperbolic numbers (see [2-3]) and third
order Jacobsthal and third order Jacobsthal-Lucas numbers (see [10-12]).

Third order Jacobsthal sequence {J,(,3) }n>0 and and third order Jacobsthal-Lucas numbers { j,<13) }n>0 are defined by the third-order recurrence
relations

3)

3= g

L +27%, (1.1)

with the initial values J§* = 0, /1) = 1, /¥ = 1 and

i =i 4250

with the initial values j(()3) =2, j53) =1, jg) = 5. Some of the third order Jacobsthal and third order Jacobsthal-Lucas numbers are
0,1,1,2,5,9,18,37,73,146,293, ...
and

2,1,5,10,17,37,74, 145,293,586, 1169, ...

respectively (see [1]).
Third order Jacobsthal and third order Jacobsthal-Lucas numbers for negative subscripts can be given as follows

3 1/.63 3 3
o= g a ), (12
(3 /.3 (3 (3
£ = Lm0 03

for n > 1. Therefore, some of the third order Jacobsthal and third order Jacobsthal-Lucas numbers for negative subscripts are
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and

—41 7 7 =51

- —, s, — =, L,—1,1

) 32 ) 167 87 4 7 27 ) b
respectively.
Using standard techniques for solving recurrence relations, the auxiliary equation, and its roots are given by
—1Fiv3

x3fx27x72:0; x=2andx = %[
Since the last two complex numbers are the cube root of one we can show them by w; = 71%"@ and @, = 71%"5 Then, Binet’s formula

for the third order Jacobsthal and third order Jacobsthal-Lucas numbers can be given by

3 2., [—-3-2vV3\ , ([-3+2V3)

and

8 3+2iV3 3-2iV3
W= 52"+ <+7l\[> of + (71\[) o)

respectively (see [12] ).
Generating functions of third order Jacobsthal and Jacobsthal-Lucas numbers are

S C) x

A A
ng;) . l—x—x2—-2x37
= (3 2 — x+2x2
ZJ'S e = 1 2 3
=0 —x—x-—2x

respectively (see [12] ).
Some additional identities for third order Jacobsthal and Jacobsthal-Lucas numbers was given by Cook and Bacon in [12].These are:
Summation formula:

L 0) IO i n £ 0(mod3)
YT = &) , (1.4)
=0 T =1, if n = 0(mod3)
L3) i8 =2, ifn#0(mod3)
Y i o= (3) . ; (1.5)
k=0 Jpp1 +1, ifn=0(mod3)
and
3-]](13) +]£13) — 2n+17 (16)
i =an? = 2j 0y (1.7)
B) 4,0 _ =2, ifn=1(mod3)
I A= { I, ifn+#1(mod3) ° (-8

2, if n =0(mod3)
B =l 3 ifn=1(mod3) , (1.9)
1, if n =2 (mod3)

B = u, a
1, if n=0(mod3)
IR —1, ifn=1(mod3) , (1.11)
0, if n =2 (mod3)
2 2
EF-o@) - o,

2. Hyperbolic Numbers

The set of hyperbolic numbers H can be defined by

H={z=x+hy|h¢ R, h*=11xyeR}.

Addition, substraction and multiplication of any two hyperbolic numbers z; and z; are defined by

2tz = (+hy)E @ +hy) = (x£x)+h(E£y2),
Xz = (a1 +hy) x (+hy) =xix0+y1y2 Fh(x1y2 +y1x2).
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and the division of two hyperbolic numbers are given by

2 xithy () (e —hy) v tyiva | X2 +yix

2 mthy  (othyn)(m—hn) 3y} 5y
The hyperbolic conjugation of z = x + hy is defined by
=7 =x— hy.

Note that Z = z. Note also that for any hyperbolic numbers z1, z2, z we have

21+ = 1tz
1 X2y = Z1 X2,
2> = zxz=x2*-)

For more information on hyperbolic numbers, see for example, [2] and [3].

3. Hyperbolic Third Order Jacobsthal and Jacobsthal-Lucas Sequence

In [5], author defined hyperbolic Fibonacci sequence and investigated its properties. In [8], author defined hyperbolic Jacobsthal sequence
and investigated its properties.Then Tagyurdu, Soykan and Gocen defined hyperbolic numbers for Tribonacci, Tribonacci-Lucas, third order
Pell, Pell-Lucas sequences (see [7,9]. Gerda-Morales defined dual third order Jacobsthal and Jacobsthal-Lucas sequence and investigated its
properties (see [11]). In this work we define hyperbolic third order Jacobsthal and Jacobsthal-Lucas sequence and investigated its properties.

The nth hyperbolic third order Jacobsthal number f,(,3> and the nth hyperbolic third order Jacobsthal-Lucas numbers %,3) are defined by
i = e, G.1)
X3 .(3 .(3
;(n) = ]r(l )+hjfl+)1 (3.2)

with initial conditions f(()3> =h, f?) =1+4hand j(()S) =2+4h, }53) = 1+5h where h> = 1 (h ¢ R). Then some of the hyperbolic third order
Jacobsthal numbers and the hyperbolic third order Jacobsthal-Lucas numbers are

h1+h,1+2h,2+5h,5+9h,9+ 18h, 18 +37h,37 +73h, ..
241, 1+5h,5+ 10k, 10+ 17k, 17+ 37h, 37 + 74h, 74+ 145h, ...

respectively. It can be easily shown that

7 :‘;;(13—)1 +‘i(n3—>2 +2f;(13—)3~ (3.3)
To see this, we have
B = 1w =00+, 20 o 0 20,
= WA+ 0 ) 207 4w = 02 T, + 27
Similarly it can be shown that
A =73 4 407 (3.4)

Now, we start to give some results starting with the following theorem.

Theorem 3.1. If JA,@ is a hyperbolic third order Jacobsthal number, then

3)
lim et _ 2
fraess jr(lf*) ’

Proof. For the third order Jacobsthal sequence J,$3) we have

lim I =2
n—oo Jr(t3)
Then using this limit value for the hyperbolic third order Jacobsthal numbers JA,?), we obtain
lim I ~ lim I+
nee 73) o= gD
Y eh) ) 2
oo I 4+,
®3)
1~ JJ’?)‘ +h (’j‘(’{; +1 +2’j'g;>
i 3)
1+ J’?;

2+h(2+1+1)_2+4h_2
142h T 1420 7
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Next, we present Binet formula.

Theorem 3.2. The Binet formula for the hyperbolic third order Jacobsthal sequence and third order Jacobsthal-Lucas sequence are given as

2 —3-2i\/3 —342iV3
j(”3)_72n(]+2h)+<211\[) wil(]+a)1h)+<_;11\[)w§(]+(02h)

and

3 8 34+2iv3 , 3-2iV3

B =221+ 2m)+ (ﬂ) of (1+oh) + (7“[> o} (14 wh)
where @ and @, are cube roots of one as before.

Proof. Using Binet formula

oo (2550 . (220

7 21 21
and
G) 8., (3+2iV3\ , [3-2iV/3) ,
= — —
=3 +< T R e
we see that
3 3 3
= Pl
2, [ 3-2v3Y\ [ =3+2iV3)
- 72+<21>w1+<21 @+

+h (32"“ + <_3_212i\@> ot + <_3212i\/§> wﬁ'“)

2 21

- %2”(1+2h)+ (312i‘5> o (1+ oh)+ <W> ol (1+ h).

Similarly it can be shown that

= 0t
8 3+2iV3 3—-2iv3
_ 72n+(+71f)wf+<7lf)wg+

+h (gz"“ + <3+3i\/§> ot + (3_3\6) wf“)

L e P e L)

It is useful to let Binet formula for the hyperbolic third order Jacobsthal sequence as follows.

(3.5)

(3.6)

Corollary 3.3. Binet formula for the hyperbolic third order Jacobsthal sequence and for the hyperbolic third order Jacobsthal-Lucas

sequence can be given as

L2324 n (2342 43)) | ifn=3k
I = L2340 (03B 1)) L =3kt
7 (2B —14n (234 -2)) | ifn=3k+2
" L2 p64+n (2344 —9)) | ifn=3k
o= 7 (23404 n(224543)) | ifn=3k+1
7 (@B 4340 (2% 16)) , ifn=3k+2

respectively.

3.7)

(3.8)
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Proof. Using Binet formula for the hyperbolic third order Jacobsthal sequence (3.5), we see that, if n = 3k, then @] = 1 and @} =1

7(3)
Jn >

2

= %2”(1+2h)+ (312”/§> (1+h)+ <3+121ﬁ> (1+arh)

—3+42iV3

2 s —3-2iV3
2
(7 A TR

_ % (23k+1 —24h (23k+2

7 21 + 21

)

if n=3k+1, then 0! = @ = =53 and @f = @y = =153

—3-2i\/3

+3)
In 21

= 32”(1+2h)+<

> (0] (1+(01h)+ <_3+2121\@> a)z(1+a)zh)

23k+2 _3_9i/3 —3+2iV/3
21 >+h< + szl ks l\[wz

2 —3-2iv3
— <723k+1+ 50 fwl-i‘

21 7 21 21

_ ;(23k+2_‘_3_‘_h<23k+3_1)>’

if n = 3k+2, then 0! = @? = =153 and @l = @2 =

FOR

T 21

—1+iV/3
2

21

g2"(1+2h)+ <W> of (1+ah) + (W) @3 (1+ wh)

_ 22 T3 2iv3
7 21

w? +

—342iV/3 23k3 3203 —342iV3
. lfﬂ)z) +h< + V3 4 323

2 7 21 21

_ %(23k+371+h<23k+472>>‘

Binet formula for the hyperbolic third order Jacobsthal-Lucas sequence can be proven similarly.

—3+2iV3 2344 _3_2i/3 3423
lsz§> +h< + V3, i3

)

)

O

Next, we present the generating function for the hyperbolic third order Jacobsthal and Jacobsthal-Lucas numbers. For the generating function
for third order Jacobsthal and Jacobsthal-Lucas numbers see [12].

Theorem 3.4. The generating function for the hyperbolic third order Jacobsthal numbers and for the hyperbolic third order Jacobsthal-Lucas

numbers are

s h

)y I = +2x 3
= 1 —x—x*—2x
and

o ~(3) 24+ ht (—1+4h)x+ (2+4h)x?
Y = 1 27,3
=0 —x—x-—2x

respectively.

Proof. Let

g = Y Iy
n=0

be generating function of hyperbolic third order Jacobsthal numbers. Then

(1—x—x*—2x)g(x)

o

Yy TP —x Y TP - 2 ) TPxm =2 Y Ty
= n=0

n=0 n=0 n=0

Z jy(l3)xn . Z jy(l3)xn+l o Z jy(l3)xn+2 ) Z jy(l3)xn+3
n=0 n=0 n=0 n=0
IS AR SRS e

n=0 n=1 n=2 n=3

(470w I00) =B 10
+3 i - jr(ti)l - jy@z - 21%;33) X

B+ (70 =36 ) a= (1) + 70 1) 2.

(3.9)
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Rearranging the above equation, we obtain
73) #3) _ 503) #3) , 73) _ 703 ,2
. B+ (7 =08 () 477 1) x Bt
X) = =

§ 1—x—x2—2x3 1—x—x2—2x3

since f(<)3) =h, f1(3> =1+hand 133) =142h.

Similarly, let

- (3
=Y
n=0
be generating function of hyperbolic third order Jacobsthal-Lucas numbers. Then as above
3) +3) _=3) =3) |, +3) _73)) 2
) = + (11 —Jo )x— (Jo T )x 24 h+ (=1 +4h)x+ (2+4h) X2
N 1 —x—x2—-2x3 N 1—x—x%—2x3

since /0 =244, /¥ =14 5hand ¥ =5+ 10h. O

Next, we give linear sum identitity of hyperbolic third order Jacobsthal and Jacobsthal-Lucas numbers.

Theorem 3.5. For n > 0, we have the following summation formulas:
n

3 3 3 3
Yy = 3(f<+2+2“ B +I5), (3.10)
n
(3 3 (3 (3 (3

Y i = 3<Tz+>2+2]r(z)—f§)+]é>>. (3.11)
=0

Proof. First proof follows from the summing formula

y 0= % (2 =1).

k=0
- 73) - (3 0
k;)‘]k = k;)(]k +th+1)
= é]ﬁ—i—hil,@l
= %(Jn 3, +27 - )+§(J,<j>2+2f,§3)+3jfj>l—1)
- %(Jn+2+2( P ra ) =1 (13, 0 207 - 1))
= %(1(3)2+2 “1h (a5 -1))
= %(J(g)erhJ Y, 420 - (+h))
= %( Th+20) —(1+h).
Therefore,
Zi“ +2+2i(3) I+ i),

Similarly, second proof follows from the following formula:

n

Y=t ( 9,420 -3).

k=0
L= i)
- Zf£3>+h§f£i%

£

342 = 3) 8 (10, 420 4358 358 -3)

Int2 +2< +h]1)1)73+h<1n+2+1£+)1+21,(,)79>>
(

(4
(322
(15427 =340 (i -9))
(3r2
¢

S i+ 2 31+ 30)

(3
20 =30143m)).

W] = W] = W] = W] = W =
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Therefore,

AT RETARF IS )
O

Corollary 3.6. For n > 0, the summation formulas of hyperbolic third order Jacobsthal and Jacobsthal-Lucas numbers can be given
respectively as follows:

iﬁkg) _ %H(th), if n# 0 (mod3)
=0 n+1(1+2h) (14+h), ifn=0(mod3)
anf() _ (]n+l )(1+2h), if n # 0 (mod3)
=0 i +2m)+1—h, ifn=0(mod3)
Proof. Using the formulas given in (1.4) and (1.5), we have
WO OB
Y= Z(Jk +th+1)
k=0 k=0
-3 - (3
= ZJIE)"‘hZJIEJr)l
k=0 k=0
®3) : (3) .
JoVy +h, if n#0(mod3) J0 if n # 0 (mod3) 3 3
= [ Oty [ g0
e if n = 0(mod3) Jop1 — 1, if n="0(mod3)
Sy Sy S if n # 0 (mod3)
J,Sjl(uh) - h+hjfli)lfhjé3>, if n = 0 (mod3)
I8 4am), if 1 # 0 (mod3)
IO (142R) = (14+h), it n=0(mod3)
Similarly,
- 3 o (3 (3
Y7 o= X (i nidh)
k=0 k=0
&3 &3
= ZJIE>+hZJIE+)1
k=0 k=0
i =2, ifn#0(mod3) B =2 itn#0mod3) 3 3
= (3) . - +h .(3) . . +h]n+lfh]0
Jni1 1, ifn=0(mod3) Jni1 +1, ifn=10(mod3)
i =2) (4 m)+hj), —2h, if n#0(mod3)
B S ) (1 h) +hjE) — 2, i n=0(mod3)
B (j}<13+)172)(1+2h), if n # 0 (mod3)
BB (+2m)+1—h, it n=0(mod3)
We now present a few special identities for the hyperbolic third order Jacobsthal sequence {J:SS) }. O

Theorem 3.7. For the hyperbolic third order Jacobsthal sequence {j,(,3)} and for the hyperbolic third order Jacobsthal-Lucas sequence

{ES,S)} we have the following inequalities:

P+ = 2r(4om),
“(3> _3j) = ]“’(13)37
1-2h, ifn=0(mod3)
IO, =4l = L —24h, ifn=1(mod3)
1+h, if n=2(mod3)
2—3h, ifn=0(mod3)
}Sts>—4~;r(z3) = =3+h, ifn=1(mod3) ,
14+2h, ifn=2(mod3)
Wi = s,
1—h, ifn=0(mod3)
fS;3) ;1)2 = -1, ifn=1(mod3) ,
h, if n =2 (mod3)

n+1

YoumnS
5N
Ko
~—
[\S]
|
\O
N
=
Ko
~—
i8]
Il
[\]
3
+
[\
/\
+
[\S]
=
Lo R=Z=

+2h (5715, 90?08
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Proof. We use the formulas (1.6) given in [2]. Using (1.6), we have
IR = 3wl ) 4D i
3, .
= 37+ +n (305 + )
= 2"t =0t (14 2m).
Using (1.7), we have

W =3 = e =3 (0wl

= =3P en (G5 -30)
_ (3>3+2h1( )
Using (1.8), we have

FL -l = (5 nl) 4 (2wl
- () ()

=2, ifn=1(mod3) h =2, ifn=0(mod3)
1, if n # 1 (mod3) 1, if n # 0 (mod3)

{ 1-2h, ifn=0(mod3)

—2+4h, ifn=1(mod3)
1+h, ifn=2(mod3)

Using (1.9), we have

Using (1.10), we have

Using (1.11), we have

Using (1.12), we have

() o

= (W) -4 ()

1, ifn=2(mod3)

{
L

= { 3+n,
1+2h,

3 (3
R -

=3, ifn=1(mod3

V) n (i -4)

2, ifn=0(mod3) 27 if n =2 (mod3)
) +h

3, ifn=0(mod3)
1, ifn=1(mod3)

if n = 0(mod3)
if n=1(mod3)
if n=2(mod3)

iSRS+ i i),

J}<1+)1 +5) +h (j1<1+>2 +J)ﬁ)1>

38

€
3, +30)

n+3>

n +h]n+l> (‘In+2+h n+3)

-
- (-

n+2

( r(LjL)l _‘In+3)

1,  ifn=0(mod3) L, if n=2(mod3)
—1, ifn=1(mod3) +h< —1, ifn=0(mod3)

0, ifn=2(mod3)

1—h,
= —1,
h,

(571 ) =0

(40" (8

0, if n =1(mod3)

if n =0(mod3)
if n =1 (mod3)
if n=2(mod3)

(<3>+h,<>)

) +2mi? ), o {(1513))2 £ (150) 2,

Kﬁ»ﬂgwwﬂ+Kﬁw-@<m>kﬂwﬁwﬁ

2 ( i 42

) +2n (155, - 9153 ).
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4. Conclusion

The hyperbolic third order Jacobsthal and Jacobsthal-Lucas numbers are defined by

o= il
= i)

with initial conditions J$) = 1,/ = 1+ hand j§) =241, /¥ = 14 5h where i2 =1 (h ¢ R).

We introduced the hyperbolic third order Jacobsthal numbers and we presented recurrence relations, Binet’s formulas, generating functions
and the summation formulas for these numbers.

There are new studies on dual hyperbolic, Tribonacci and Tribonacci-Lucas numbers (see [5,9]), and on hyperbolic generalized Pell numbers
(see [6,7]) by other authors. Dual form of these numbers given by Cerda-Morales in [11]. This work can be continued to define the hyperbolic
third order Jacobsthal vectors and investigate dot vector and mix product of these vectors.
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