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ABSTRACT

In the present paper, we study some notes on Berger type deformed Sasaki metric in the cotangent
bundle 7" M over an anti-paraKdhler manifold (1, ¢, g). We characterize some geodesic properties
for this metric. Next we also construct some almost anti-paraHermitian structures on 7*A and
search conditions for these structures to be anti-paraKidhler and quasi-anti-paraKdhler with respect
to the Berger type deformed Sasaki metric.
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1. Introduction

In this field, one of the first works which deal with the cotangent bundles of a manifold as a Riemannian
manifold is that of Patterson, E. M., Walker, A. G. [10] who constructed from an affine symmetric connection
on a manifold a Riemannian metric on the cotangent bundle, which they call the Riemann extension of the
connection. A generalization of this metric had been given by Sekizawa, M. [15] in his classification of natural
transformations of affine connections on manifolds to metrics on their cotangent bundles, obtaining the class
of natural Riemann extensions which is a 2-parameter family of metrics, and which had been intensively
studied by many authors. On the other hand, inspired by the concept of g-natural metrics on tangent bundles
of Riemannian manifolds, Agca, F. considered another class of metrics on cotangent bundles of Riemannian
manifolds, that he callad g-natural metrics [1]. Also, there are studies by other authors Salimov, A. A., Agca, F.
[11], Yano, K., Ishihara, S. [17], Ocak, F. [9], Gezer, A., Altunbas, M. [7] etc...

In a previous work [19] we proposed "Berger Type Deformed Sasaki Metric and Harmonicity on the
Cotangent Bundle". In this paper, we give some geodesic properties for the Berger type deformed Sasaki
metric, then we establish necessary and sufficient conditions under which a curve be a geodesic with respect to
this metric. Secondly we study some almost anti-paraHermitian structures on 7*M and we search conditions
for these structures to be anti-paraKahler and quasi-anti-paraKéhler. We also characterize some properties of
almost anti-paraHermitian structures in the context of almost product Riemannian manifolds are presented.

2. Preliminaries

Let (M™, g) be an m-dimensional Riemannian manifold, 7* M be its cotangent bundle and 7 : T*M — M the
natural projection. A local chart (U, z°),_i; on M induces a local chart (7~ (U), 2", 2" = p;);_17 j—ms ON T*M,

i=1m
where p; is the component of covector p in each cotangent space T; M, = € U with respect to the natural coframe
dx'. Let C°(M) (resp. C>°(T™*M)) be the ring of real-valued C* functions on M (resp. T*M) and 3% (M) (resp.

S%(T*M)) be the module over C*(M) (resp. C*(T*M)) of C* tensor fields of type (r, s). Denote by Ffj the
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Christoffel symbols of g and by V the Levi-Civita connection of g. We have two complementary distributions
on T* M, the vertical distribution VT™*M = Ker(dr) and the horizontal distribution HT*M that define a direct
sum decomposition

TT*M = VT*M & HT* M. @.1)

Let X =X i% and w = w;dz’ be a local expressions in (U, xi)i:L—m, U C M of a vector and covector (1-form)

field X € 4 (M) and w € 39 (M), respectively. Then the complete and horizontal lifts “X, #X € S (T* M) of
X € §§(M) and the vertical lift Yw € S (T* M) of w € IY(M) are defined, respectively by

;0 oixX o
C _ % _
X o= Xoa TP o 22)
Hy = Xt 0 + pp Il X 9 (2.3)
ox’ T gt ’
0
Vo = w—, 2.4
w Wiz (2.4)
. o 0 .
with respect to the natural frame {@, I }, (see [17] for more details).
xZ
From (2.3) and (2.4) we see that H(%) and Y(dz?) have respectively local expressions of the form
0 0 0
e = H = — a. _— .
€; (81‘1 ) Ozt + pal'p; ozl (2.5)
& = V(da') = 8,,. (2.6)
oz’

The set of vector fields {&;} on 7=1(U) define a local frame for HT*M over 7~ (U) and the set of vector fields
{&} on 771 (U) define a local frame for VT'* M over 7= (U). The set {é,} = {é;, ¢;} define a local frame on T* M,

adapted to the direct sum decomposition (2.1). The indices «, 3, . .. = 1,2m indicate the indices with respect to
the adapted frame.
Using (2.3), (2.4) we have,
Hy = Xig, X = (% ) 2.7)
% - v 0
w = wi, w:( ) 28)
Wi

with respect to the adapted frame {é,} (see [17] for more details).

a=1,2m/

Lemma 2.1. [17] Let (M™, g) be a Riemannian manifold. The bracket operation of vertical and horizontal vector fields
on T* M is given by the formulas

(1) [Yw,Y9] =0,
(2) [MX,V0) = V(Vxb),
(3) "X, 7Y = 71X, Y] + V(pR(X,Y)),

for all vector fields X,Y € S{(M) and w,0 € S(M), where V and R denotes respectively the Levi-Civita connection
and the curvature tensor of (M™, g).

Let (M™, g) be a Riemannian manifold, we define to maps

g V(M) — SHM) b SH(M)
lw — j;i)(w) and 0X

(M)
H(X)

by g(#(w),Y) =w(Y) and b(X)(Y) = g(X,Y) respectively forall Y € I} (M).
Locally for all X = X*;2: € (M) and w = w;dz’ € SY(M), we have

ﬁ(w) = gijwi% and b(X) = ginidxj
X
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where (g%) is the inverse matrix of the matrix (g;;).
For each x € M the scalar product g=! = (¢%) is defined on the cotangent space T M by, for all w, 0 € (M)

9w, 0) = g(#(w), 1(0)) = g7 wib;.

In this case we have f(w) = g ' ow and h(X) = go X.
In the following, we noted f(w) by @ and b(X) by X for all X € S§(M) and w € SY(M).

Lemma 2.2. Let (M?™, ¢, g) be an almost anti-paraHermitian manifold, we have

g w.0p) = glew,0), (2.9)
Vx® = Vxw, (2.10)
Xg ' (w,0) = ¢ (Vxw,0)+g ' (w, Vxb), (2.11)

forall X € S§(M) and w, 0 € IY(M), where V is the Levi-Civita connection of (M, g).

Proof. (i) Let ¢ = ¢} 52 ® dX, w = wydz® and 0 = 0,;dz’

g Hw,0p) = g H(wedz®, 0,05,d"X) = gl = g0 g0° gis ol
_ , o 9 -0 ~
R~ ~h ~h ~
= 000 gisel, = gisph" 0 = (0} 55,07 52) = (@, 0).

(ii) Forall Y € S}(M)

g(Vx@,Y) = X(g9(@,Y)) - g(@ VxY)=X(w(Y)) - w(VxY)
(Vxw)(Y) = g(Vxw,Y),

(iii)
Xg ' w,0) = Xg(@,0) =g(Vx@,0) + g(@, Vx0)
9(Vxw,0) + g(@,Vx0) = g~ (Vxw,0) + g~ (w, Vxb).

3. Berger type deformed Sasaki metric

An almost product structure ¢ on a manifold M is a (1, 1) tensor field on M such that ©? =idyr, p # Fidy
(¢dps is the identity tensor field of type (1,1) on M). The pair (M, ¢) is called an almost product manifold.
A linear connection V on (M, ¢) such that Vi = 0 is said to be an almost product connection. There exists an
almost product connection on every almost product manifold. [5].
An almost paracomplex manifold is an almost product manifold (M, ¢), such that the two eigenbundles 7'M *
and 7'M~ associated to the two eigenvalues +1 and —1 of ¢, respectively, have the same rank. Note that the
dimension of an almost paracomplex manifold is necessarily even [4].

Let (M?™, ¢) be an almost paracomplex manifold. A Riemannian metric g is said to be an anti-paraHermitian
metric (B-metric)[14] if

9(pX,9Y) = g(X,Y) & g(pX,Y) = g(X, pY), (3.1)
or from (2.9) equivalently
97w, 00) = g7 (w,0) & g7 (wp, 0) = g~ (w, 0p), (3.2)
forall X,Y € Q{(M)and w, 0 € IY(M).
If (M*™, ) is an almost paracomplex manifold with an anti-paraHermitian metric g, then the triple

(M?™ p,g) is said to be an almost anti-paraHermitian manifold (an almost B-manifold)[14]. Moreover,
(M?™ ¢, g) is said to be anti-paraKd manifold (B-manifold)[14] if ¢ is parallel with respect to the Levi-Civita
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connection V of g i.e. (Vyp =0).
A Tachibana operator ¢, applied to the anti-paraHermitian metric (pure metric) g is given by

(0o9)( X, Y, Z) = (pX)(9(Y,Z)) — X(9(¢Y, 2)) + g((Lyp) X, Z) + g((Lzp)X,Y), (3.3)

forall X,Y,Z € S§(M) [16].
In an almost anti-paraHermitian manifold, an anti-paraHermitian metric g is called paraholomorphic if

(¢¢9)(X7 Y,Z) = 0, (34)

forall X,Y, Z € S§(M)[14].

In [14], Salimov and his collaborators showed that for an almost anti-paraHermitian manifold, the condition
¢,9 = 01is equivalent to Vi = 0 [12].

It is well known that if (M?™, ¢, g) is a anti-paraKdhler manifold, the Riemannian curvature tensor is pure [14],
and forall Y, Z € S§(M).

{ R(@Yv Z) = R(Y7 QOZ) = R(Y, Z)SD = (pR(Y, Z)? (3.5)

R(¢Y,¢Z) = R(Y,Z),

Definition 3.1. [19] Let (M?™, ¢, g) be an almost anti-paraHermitian manifold and 7* M be its tangent bundle.
A fiber-wise Berger type deformation of the Sasaki metric noted g is defined on T* M by

g(HXv HY) = g(va) :g(Xv Y)O7T, (36)
g(HXv Vo) = Oa (37)
3("w,'0) = g M w,0) + g7 (w,pp)g " (0, p), (3.8)

forall X,Y € S§(M), w,0 € IY(M), where § is some constant [3].

Lemma 3.1. [19] Let (M>*™, ¢, g) be an anti-paraKihler manifold and (T* M, g) its cotangent bundle equipped with the
Berger type deformed Sasaki metric, we have the following:

(1) HX@(ng V77) = g(V(VXa)’ Vﬁ) + g(vgv V(VXU))7
(2) Ywg("e,"n) = °g 10, we)g (n,pe) + 6297 (0, )9 (0, we),
forall X € S{(M) and w,0,n € I(M).

Theorem 3.1. [19] Let (M>™, ¢, g) be an anti-paraKihler manifold and (T*M, §) its cotangent bundle equipped with

the Berger type deformed Sasaki metric. The Levi-Civita connection V of the Berger type deformed Sasaki metric § on
T™* M satisfies the following properties:

(1) Vaxy = H(VXY)—i-%V(pR(X,Y)),
(2) Vax'0 = V(VX0)+%H(R(13,§)X),
() T = JHRGOY),

. 2
(4) Vv,V = 11fmg’l(w,t9<p)v(p<p),

forall X,Y € S§(M), w,0 € SY(M) and o = g~ (p, p), where V and R denotes respectively the Levi-Civita connection
and the curvature tensor of (M>™, ¢, g).

4. Geodesics of Berger-type deformed Sasaki metric

Let (M, g) be a Riemannian manifold and v : I — M be a curve on M (I C R). We define on T*M the curve
C:I—T*Mby C(t) = (y(t),9(t)), forall t € I where J(t) € T3 )Mie. Y(t) is a covector field along ~(¢).

Definition 4.1. Let (M, g) be a Riemannian manifold, C(¢) = (v(t),9(¢)) be a curve on T*M and V denote the
Levi-Civita connection of (M, g). If Vi =0 the curve C(¢) is said to be a horizontal lift of the cure ~(¢), where

4 the tangent field along ~(¢).
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Lemma 4.1. [18] Let (M, g) be a Riemannian manifold. If w € 39 (M) is a covector field on M and (x,p) € T*M such
that w, = p, then we have:
dmw(Xx) = HX(ac,p) + V(VXW)(I,;D)-

forall X € S{(M).
Lemma 4.2. [18] Let (M, g) be a Riemannian manifold and V denote the Levi-Civita connection of (M, g). If v(t) is a
curve on M and C(t) = (v(t),9(t)) is a curve on T*M, then

C =54+ V(V59). (4.1)

Theorem 4.1. Let (M>™, ¢, g) be an anti-paraKihler manifold and (T* M, §) its cotangent bundle equipped with the

Berger-type deformed Sasaki metric. If V denote the Levi-Civita connection of (T* M, §) and C(t) = (y(t), 9(t)) is curve
on T* M such that 9(t) is a covector field along ~(t), then

2

1+ 52a7

Vel = H[vw + R(D, v’ﬁ)ﬂ + V[vﬁvﬁﬁ n (T4, (Vﬁﬂ)w)mp] 4.2)
where V is the Levi-Civita connection of (M*™, ¢, g).

Proof. Using Lemma 4.1 we obtain

- %&Hy + %va(vw) + %V(vﬁ ﬂ)H"y + %(W ﬁ)V(vw)
= (V53) + 5V ORGLH) + V(T3 V59) + 5 (RE, V30)9)

Ly s o 52
+5 (R, V 19)7)+m9

= A(V4) + (RO, V50)4) + (V4 V40) +

“HV49, (V40)0) " (99)

2
1+ 62a
2

V50 g V40, (V4 0)0) ¥ (0p)

~N 5
_  H LA R . |4 Rva v -1 . .
_ [vva(ﬁ,vvﬁ)ﬂ + [v7v¢9+ sand (V4. (vvﬁ)gp)ﬁ@]

O

Theorem 4.2. Let (M?™, ¢, g) be an anti-paraKihler manifold, T* M its cotangent bundle equipped with the Berger-type
deformed Sasaki metric and C(t) = (y(t),¥(t)) be a curve on T* M such that 9(t) is a covector field along ~(t), then C(t)
is a geodesic on T* M if and only if

52 (4.3)
V;Yv;yﬁ = —mg_l(v;yﬂa (vﬁ/ﬁ)@)ﬁ%@
where V is the Levi-Civita connection of (M?™, ¢, g).
Proof. The statement is a direct consequence of Theorem 4.1 and definition of geodesic. O

Corollary 4.1. Let (M*™, ¢, g) be an anti-paraKihler manifold and (T*M, §) its cotangent bundle equipped with the

Berger-type deformed Sasaki metric. The curve C(t) = (y(t),¥(¢)) is a geodesic on T*M if and only if ~(t) is a geodesic
on M.

Proof. + is the tangent field along ~(t), i.e. 7(t) € TM, then A(t) = PyA(t/) € T*M.From (2.10), we have Vﬁﬁ = VAJW
and 7(t) is a geodesic on M equivalent to V4 = 0. Using Theorem 4.2 we deduce the result. O

Corollary 4.2. Let (M?™, ¢, g) be an anti-paraKihler manifold and (T*M, g) its cotangent bundle equipped with the
Berger-type deformed Sasaki metric. Then the horizontal lift C(t) = (v(t),9(¢)) of the curve ~(t) is a geodesic on T* M if
and only if ~(t) is a geodesic on M.
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Proof. Let C(t) = (v(t),9(t)) be a horizontal lift of the curve v(t), equivalent to V30 =0 and v(t) is a geodesic
on M equivalent to V4 = 0. Using Theorem 4.2 we deduce the result. O

Remark 4.1. If ~(t) is a geodesic on M, locally we have:

Py N dy dy L,
WD rh — o h=T.2m.
@z " Zedr e U P em

1,j=

V;y"y:O 4

If C(t) = (v(¢),9(t)) horizontal lift of the curve ~(t), locally we have:

2m

dﬁh i d’}/j
Vi =0 & W—'ZFJ-,IE&:Q h=12m.

ij=1

Remark 4.2. Using Corollary 4.1, Corollary 4.2 and Remark 4.1 we can construct an infinity of examples of
geodesics on (T*M, g).

Example 4.1. Let (R?, ¢, g) be an anti-paraKahler manifold such that
g = e**dx® + X dy?.
and

0 e* 0 0 e¥ 0

Yor evoy © Yoy evox

The non-null Christoffel symbols of the Riemannian connection are:
F%l = F§2 =1,

The geodesics v(t) = (v'(t),7?(t)) such that v(0) = (a,b) € R? and %(0) = (v,w) € R? satisfy the system of
equations,

d2’Yl i (d'71 )2 -0
A2 2 dyt dy? . dt? dt
SLONTE 2 0o
dt? <~ dt dt Y 2_2 2
ij=1 d*y dy” o
gz T ) =0

Hence 54(t) = Lg—%-Lgan
i C14vtdxr 1+ wtdy

2
1) A(1) = AT (H)dat = e2at2In(1+ot) v d 2b+2In(1+wt) W dy,
)A(t) =Y gi¥ (t)da' = e Troiete TTot®

d y(t) = (a+In(1 +vt), b+ In(1 + wt)).

ij=1
From Corollary 4.1, the curve C(t) = (y(t),7(t)) is a geodesic on T* M.
2) If C(t) = (y(t),¥(t)) is horizontal lift of the curve (¢) i.e. V59 = 0 then,

d191 _ d’ylﬁ -0
49, LA dyd dt dt '
W_erhﬁ’l?i:o@ ,
w e,
dt — dt ’

Hence 9(t) = ket 0+ dy 4 kot tmO+wt) gy where ki, ks € R.
From Corollary 4.2, the curve C(t) = (y(¢),9(t)) is a geodesic on T* M.

Corollary 4.3. Let (M?™, ¢, g) be an anti-paraKihler manifold, (T* M, g) its cotangent bundle equipped with the Berger-
type deformed Sasaki metric and ~(t) be a geodesic on M. If C(t) = (y(t),9(t)) is a geodesic on T* M, then M*™ is a

flat.
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5. Some almost anti-paraHermitian Structures.

Lemma 5.1. Let (M?™, ¢, g) be an almost anti-paraHermitian manifold and define a tensor field J, € S}(T*M) by

JHX = H(pX)
{ Japvw — Vw (51)

forall X € S§(M) and w € SY(M). Then the couple (T* M, J,,) is an almost paracomplex manifold .
Proof. By virtue of (5.1), we have
JPIX = J,(J,1X) = Jo (X)) = (X)) = H(¢*X),

2w = Jp(J, W) = JpYw =Y,
for any X € (M) and w € IY(M). Hence ¢* = idy then J2 = idp- . O

Theorem 5.1. Let (M*™, ¢, g) be an almost anti-paraHermitian manifold, (T* M, g) be its cotangent bundle equipped
with the Berger-type deformed Sasaki metric and the almost paracomplex structure J, defined by (5.1). The triple
(T*M, J,, g) is an almost anti-paraHermitian manifold.

Proof. Forall X,Y € S3(M) and w, 0 € S(M), from (5.1) we have

(D) 9" X 1Y) = g(="(X), V) = —g(pX.¥) = —g(X, 0¥ = ("X, ="(pY)) = §("X, J,"Y),
(i) §(J, "X, Y0) - = §(="(pX),"0) = 0= ("X, "0) = 5("X, 1, "0),
(iid) §(Jo w,"0) = g("w,"0) = §("w, J,"0).
Since g anti-paraHermitian metric, then g anti-paraHermitian metric. O

Proposition 5.1. Let (M>™, ¢, g) be an almost anti-paraHermitian manifold, (T* M, §) be its cotangent bundle equipped
with the Berger-type deformed Sasaki metric and the almost paracomplex structure J,, defined by (5.1), then we get

= 7(¢<,Og)(X7Y; Z)a

Il
o

)

= ((pR(pX + X, 2))","0),
((PR(eX + X, Y)Y, "),

g
0
=0
0,
(¢7,9)("w, 0,7 ) = 0
forall XY, Z € S§(M) and w, 0, € IY(M), where R denote the curvature tensor of (M, g).

Proof. We calculate Tachibana operator ¢ ;_ applied to the pure metric §. This operator is characterized by (3.3),
from Lemma 3.1 we have

L (07,0 ("X, ", 12) = (J,"X)g("Y, "2) = "X §(J, 1Y, 1 Z) + §((Lay Jo) "X, 72Z) + G (MY, (Ling Jp) X))
~MeX)g("y, "2) + "X g("(pY),"2) + §(Luy J,"X = Jo(Lny X)), 72)

("Y, Luzg J,"X — J,(Luz"'X))
pX)g

)

+9

= —( (YZ)+X9(<PYZ) g([", (eXx)),7Z) + g(["Y, "X, "(p2))
9" "2, (X)) + a("(eY), ["2,X])

= —(pX )(YZ)+X9(<PYZ) 9(Y, X1, Z) + g(IV, X1, 0Z) — g(Y,[Z, ¢ X])
+g(¢Y,[Z, X])

= —(pX )(YZ)+X9(¢YZ) 9(Ly (9X), Z) + g(eLy X, Z) — g(Y, Lz (X))
+g(Y, 0Lz X)

= —(pp9)(X,Y, Z).
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2.(0,7,9)("w, Y, 12) = (I w)g("Y, "2) = Ywg(J, ", 12)) + §((Lay Jp) Y, 12) + G (Y (Lnz ) w)
= g([","w],"Z) + g (", "], "0 2)) + (Y. ["2, w])+g( Hey), 172, 7))
0.

3.0, 9)("X.10,"2) = (1,"X)g <Ve HZ) X§(J1,V0,72) + §((LveJ o) "X, 7Z) + (V0. (Luz J,) X))
= —g(["0 H2) + (10, 7X1, M0 2)) — §(V0, "2, (o X)]) — 3(V6, [, X))
~3(Ve, pR (2, sz ) —3("0,V(pR(Z, X)))

= 3("wR(pX + X, 2)),"0).

4.(¢,7,9) ("X, 7Y, ") = (JWHXV(HY Vn)—HXé(J 1Y V) + §(Lay Jo) X, V) + g (7Y, (L ) FX)
= (" . Yn) = g(["y, X1, Y )—Q(HY,[ ( X)) +a("(eY), [  1X)
= —9("(p ), 'n) = §("(pR(Y, X)), "n)

= 4(lp @X + X7Y))V, “n).
The other formulas are obtained by a similar calculation. O

Theorem 5.2. Let (M?™,,g) be a anti-paraKihler manifold, (T*M, §) be its cotangent bundle equipped with the
Berger-type deformed Sasaki metric and the almost paracomplex structure J,, defined by (5.1). The triple (T*M, J,, §) is
a anti-paraKihler manifold if and only if M*™ is flat.

Proof. Forall X,Y,Z € S{(T*M) suchas X =X, Vw, Y =Hy, Voand Z = HZ, Vy
Since (M?>™, ¢, g) is a anti-paraKéhler manifold equivalent to (¢g)(X,Y, Z) = 0

e I((PR(pX + X, 2))V, V8
pR(pX +X,Z) =0
pR(pX +X,Y) =0

Since ¢ # +idps then X + X # 0 Thus we get

(07,0)X.V.Z)=0 & R=0.

O

Now we study a quasi-anti-paraKéhler manifold. Let (M?™, ¢,g) be a non-integrable almost anti-
paraHermitian manifold, if

Xj(}f/)zg((vxga)Y7 Z)=0.

forall X,Y, Z € ¢ (M), where o is the cyclic sum by three arguments, then the triple (M?™, ¢, g) is a quasi-anti-
para-Kdhler manifold [6, 8]. It is well known that

Xyc;’zg((vxw)Y, Z)=0

is equivalent to

which was proven in [13].

Theorem 5.3. Let (M>™,p,g) be a anti-paraKihler manifold, (T*M, §) be its cotangent bundle equipped with the
Berger-type deformed Sasaki metric and the almost paracomplex structure J,, defined by (5.1). The triple (T*M, J,, §) is
a quasi-anti-paraKihler manifold.
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Proof. We put, for all X

By virtue of Proposition 5.1 and using (3.5) we have
1L APX By Hz) = o,
2. A(Vw,v,"7) = g((pR(¥Y +Y,2))","w) + §((pR(vZ + 2,Y))", Vw)
= 9((PR(¢Y,2) = pR(Y,9Z))","w) =0
3. A(w,ve,"z) = 0.

4. A(Vw,v9,Yn) = o.
then (T*M, J,, g) is a quasi-anti-paraKdhler manifold. O
We consider another almost para-complex structure JJ on 7* M defined by
JHX = -HXx
{78 2o 52

forall X € S§(M) and w € S9(M) [4]. From direct computations, it is easy to see that the triple (%M, J, §) is an
almost anti-paraHermitian manifold. which give the following results.

Proposition 5.2. Let (M>™, ¢, g) be an almost anti-paraHermitian manifold, (T* M, §) be its cotangent bundle equipped
with the Berger-type deformed Sasaki metric and the almost paracomplex structure J defined by (5.2), then we get

L (¢y9) ("X, "y, z") = o,

2. (¢79)(w", Y, Z") 0,
3. (¢79)("X,0V,2") = 23((pR(X,2))",0"),
4. (o79)("X.My,nY) = 25((RX.Y))",n"),
5. (pga) W, 0V, Z2") = o,
6. (¢79)(", Y, ") 0,
7. (979)("X,6",n") 0,

( =
8. (479)(W",0", 1) = 0,
forall X,Y,Z € (M) and w,0,n € SY(M), where R denote the curvature tensor of (M, g).

Theorem 5.4. Let (M?™,,g) be a anti-paraKihler manifold, (T*M, g) be its cotangent bundle equipped with the
Berger-type deformed Sasaki metric and the almost paracomplex structure J defined by (5.2). The triple (T*M, J, §) is a
anti-paraKihler manifold if and only if M>™ is flat.

Now we define a tensor field S of type (1,2) and linear connection v onT*M by,

S(Y, ?) = %[(ek@?*}s@)y* Jw((e?‘]w)y) - Jw((ﬁf‘]so)?)} (5.3)

VxY = V¢V — 5(X,Y). (5.4)
forall X,Y € S}(T* M), where V is the Levi-Civita connection of (T* M, §) given by Theorem 3.1. V is an almost
product connection on T*M (see [5, p.151] for more details).

Lemma 5.2. Let (M>™, ¢, g) be a anti-paraKihler manifold, (T* M, g) be its cotangent bundle equipped with the Berger-
type deformed Sasaki metric and the almost product structure J, defined by (5.1). Then tensor field S is as follows,

(1) SCXHY) = JVRR(XeY +Y),
() SCUX,"0) = LH(REG.HEX + X)),
3) S(%w") = —HREE)EY +Y)),

4) S("w,'9) = o,
forall X,Y € S§(M) and w,0 € SY(M),
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Proof. (1) Using (5.1), (5.3) and (3.5) we have

S("X, My)

%[(%wHYJ@)HX + T (Viy J) X)) = T, (Vix J,) Y]

1.~ ~ ~ ~ ~

3 [Vigoy) (©X) + Jo(Vioyy"X) = T, (Viay (0 X)) = Viy "X + T, (Vax "(0Y))
+Vinx ]

1

S [(VaveX) + SV RRY, 0X)) — (pVr X) + SV R(6Y, X)) + (pVy o)

5 R, X))~ (Vy X) = VRV, X))~ (¢V V)" + SV (R(X, o)
HOXY)T + SV RR(X, V)

2[5 R, oY) + 2 VR(X, V)]
TOR(X,0Y 1Y)

(2) By a similar calculation to (1), we have

S("X, Vo) %[(%.,VJVQJW)HX + T (Vg o) X)) = T, (Viax J,)V0) ]
%[ — Vv (0 X) = Jo(Vvg"X) = Jo (Vg™ (0 X)) = Vig"X — J, (ViuxV0) + Vix V0]
S [ 31 (RG.010X) + S eRGEHX) + 3R (.81 X) — 3 (R(5,0)X)
~(Vx0)" + S (eR(38)X) + (Vx8) + S (R(5,0)X)]
5 [ (R, 0)X) + S (R (5, 0)pX)]
LR O)(X + X))
The other formulas are obtained by a similar calculation. O

Theorem 5.5. Let (M?™,p,g) be a anti-paraKihler manifold, (T*M, §) be its cotangent bundle equipped with the
Berger-type deformed Sasaki metric and the almost product structure J, defined by (5.1). Then the almost product
connection V defined by (5.4) is as follows,

1) Vaxlly = (VXY)H—Fiv(pR(X,Y—(pY)),
(2) Tux'0 = (Vx0)" + {HREG,0(X - X)),
3) o'y = SHRGOEY +ev)),

4) Vw0 = 1352a9’1(w,9¢)(p<p)v,

forall X,Y € S{(M) and w,0 € IY(M).

Proof. The proof of Theorem 5.5 follows directly from Theorem 3.1, Lemma 5.2 and formula (5.4). O

Lemma 5.3. Let (M>™, ¢, g) be a anti-paraKihler manifold, (T* M, g) be its cotangent bundle equipped with the Berger-
type deformed Sasaki metric and the almost product structure J,, defined by (5.1) and T denote the torsion tensor of V,
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then we have:

(1) TXY) = JVREX 4 X,Y)

() TCX,"0) = SUR(O(X +X),
(3) () = ~SHRGO)Y +Y)),
(@) T(w.'0) = o,

forall X,Y € S{(M) and w,0 € S9(M).

Proof. The proof of Lemma 5.3 follows directly from Lemma 5.2 and formula

~

T(X,)Y) = VgY -VyX - [X,Y] =SV, X) - S(X,Y)

forall X,Y € S§(T*M). O

Theorem 5.6. Let (M>™, p,g) be a anti-paraKihler manifold, (T*M, g) be its cotangent bundle equipped with the

Berger-type deformed Sasaki metric and ¥ the almost product connection defined by (5.4), then N is symmetric if and
only if M*™ is flat.

Proof. Since ¢ # +idy then ¢ X + X # 0 Thus we get R = 0. O

Let (M?™, ¢, g) be an almost anti-paraHermitian manifold. We define a tensor field F € $1(7* M) by,

FHX = —HX 4 ng(X, pp) A (pp) (5.5)
FYo  =Vu+ pg=H(w,pp)V(pe) '

forall X € S} (M) and w € IY(M), where 7, i : [0, +00[— [0, +-o0[ are positive smooth functions.
If n = p =0, then F is the almost paracomplex structure defined by (5.2).
In the following, we consider 1 # 0 and p # 0.

Remark 5.1.

FHpR) = (=14 na)H(pp)
{ FY(pp) =1+ pe)¥(pp) (5.6)

where o = g~ !(p, p).
Lemma 5.4. Let (M?™, ¢, g) be an almost anti-paraHermitian manifold and (T* M, g) be its cotangent bundle equipped
with the Berger-type deformed Sasaki metric. Then the endomorphisme F defined by (5.5) is an almost paracomplex

) . -2 .
structure if and only if n = — and p = —. i.e.
« «

, (5.7)

9 R

FHX = HX 4 ag(X,pcp)H(W)
2

FVw =Vw-— Eg‘l(w,pw)v(w)

forall X € S§(M), w € SY(M) and o = g~ (p, p).
Proof. 1) Let X € (M), w € SY(M),

F2(x) F(="X + ng(X, p2)"(pp))
Hx — ong(X,p0) X (pp) + n*ag(X, pp) X (pp)

X + (=2 + na)g(X, pp) " (p). (5.8)

|

[ V)

£
Il

F(Yw+ pg~" (w, pe) " (pe))
= Yw+2ug (w,pe) " (p) + 1P ag ™ (w, pe) Y (pe)
= Vw4 2+ pa)g(w, pe)" (pp). (5.9)
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2 -2
From (5.7) and (5.8), then F? = Idy ), equivalent ton = o and p = -
2) Let {E;},_15,; and {w'},_15,, be alocal orthonormal frame, coframe on M respectively. then
T(-T,P)T*M_ = {7 S T(_T’p)T*M, FZ = —Z} = Span(Ai)7

T(a;’p)T*]\4Jr = {7 S T(;E’Z,)T*]\f7 FZ = Z} = Span(Bi)

1 o 1 ,
where 4; = fle; — Eg(ei,pw)H(W) , B = Yw' — agfl(wz,p@)v(pso)-
Indeed

() = F(ei— ~gles,59)"(59) = FVei — ~gle0, 72 F(59)

2 1 . 1
= —He 4 ag(eupso)H(W) - —gles, w)H(pp) = —He; + ag(ei,pw)H(pso)) =—4;.

T PR TR PR
F(B) = F(Vw’*ag YW, pp)Y(pp)) = FYw — g W ,p0)FV (pyp)

\%

i 2 g Loa
= Yw'—yg Yw ,pso)v(psaHag LW, pe)(

7 1 — 7
pp) = "w' — ~9 L', pp)Y(pyp) = Bi.
O

Theorem 5.7. Let (M?™, ¢, g) be an almost anti-paraHermitian manifold, (T* M, §) be its cotangent bundle equipped
with the Berger-type deformed Sasaki metric and the almost paracomplex structure F defined by (5.7). The triple
(T*M, J,, §) is an almost anti-paraHermitian manifold.

Proof.
(1) GFIXHY) = 1K + 20X, 55) (), 1Y) = (X, HY) + 29X, Fp)o(Y. 77)
= G0 Y+ 2g(v59) 55)) = (X, 1Y),
(2) §(FY,Y0) = 5% — 27 w.09) 09). Y0) = (%, V0) — 297 (0, pp)g ™ (6. p0) (1 4 6%0)
= (% Y0 - 207 (0.00) (09) = (Vi FY6).
(3) GFXV0) = G(-"X + 2 g(X, 7)), V0) = 0 = 51X, Y0 — 2970, p9) (09) = 31X, F¥0).
O
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