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Abstract

In this paper we work with invertible skew pairings for weak bialgebras in a symmetric
monoidal category where every idempotent morphism splits. We prove that this kind
of skew pairings induces examples of weak distributive laws and therefore they provide
weak wreath products. Also we will show that they define weakly comonoidal mutually
weak inverse pairs of weak distributive laws and, by the results proved by G. Bohm and
J. Gémez-Torrecillas, we obtain weak wreath products that become weak bialgebras with
respect to the tensor product coalgebra structure. As an application, we will show that the
Drinfel’d double of a finite weak Hopf algebra can be constructed using the weak wreath
product associated to an invertible 1-skew pairing.
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1. Introduction

The notions of weak bialgebra and weak Hopf algebra were introduced by G. Béhm, F.
Nill and K. Szlachanyi in [4] as a generalization of classical bialgebras and Hopf algebras.
A weak bialgebra is an algebra-coalgebra where the product does not preserve the unit
(dually the coproduct does not preserve the counit). As a consequence, some axioms
involved in the definition of bialgebra are replaced for weaker conditions. These changes
also affect the axioms related with the antipode in the notion of weak Hopf algebra. The
main example of weak Hopf algebra is the groupoid algebra; other interesting examples are
the face algebras defined by Hayashi [10,11] (face algebras are weak bialgebras where the
target counital subalgebra is commutative), and generalized Kac algebras by Yamanouchi
[25]. Also there exists a relevant connection between weak bialgebras and x p-bialgebras in
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the sense of Takeuchi [24]. As was proved by P. Schauenburg (see [22]), a weak bialgebra
is the same that a x g-bialgebra where R is a separable algebra. From this point of view
face algebras are x g-bialgebras where R is a commutative separable algebra.

On the other hand, Doi discovered in [7] a contruction to modify the algebra structure
of a bialgebra A over a field F using a convolution invertible two-cocycle o in A. With the
new algebra structure and the original coalgebra structure A is a new bialgebra, denoted
by A%, and if A is a Hopf algebra, so is A?. In this case, if u4 is the original product in
A and A4 its antipode, pas(a ® b) = o(a1 ® by)azbao 1 (az ® b3), for all a,b € A, and the
antipode of A7 is given by Aao(a) = o(a1 ®@Aa(az))Aa(az)o 1 (Aa(as)®as) for a € A. The
most celebrated example of this construction is the Drinfel’d double of a Hopf algebra H.
If H* is the dual of H and A = H**P? @ H, the Drinfel’d double D(H) can be obtained as
A? where o is defined by o((z®g)®(y®h)) = x2(1g)y(g)en (h) for z,y € H* and g,h € H.
As was pointed by Doi and Takeuchi in [8] "this will be the the shortest description of the
multiplication of D(H)".

A particular case of alterations of products by two-cocycles are provided by convolution
invertible skew pairings on bialgebras. If A and H are bialgebras and 7 : AQ H — F
is a convolution invertible skew pairing, Doi and Takeuchi defined in [8] a new biagebra
A >i; H in the following way: The morphism w : A®@ H® A® H — F defined by
w(a®g) @ (b h)) =cala)eg(h)T(b® g), for a,b € A and g,h € H, is a convolution
invertible two-cocycle in A ® H and A< H = (A® H)¥. The construction of A <, H
also generalizes the Drinfel’d double because for any finite dimensional Hopf algebra H,
H*°P and H are skew-paired.

The generalization of the construcction of the Drinfel’d double to the X p-bialgebra
setting using the Doi and Takeuchi viewpoint, (i.e., to get the Drinfel’d double as an
example of twisted tensor product A >, H associated to a skew pairing) was proposed
by P. Schauenburg in [21] (see also [22]). More concretely, in this paper we can find the
definition of skew paring for x g-bialgebras and, in the sixth section, the author defines
the x p-Hopf algebra version of the Drinfel’d double. In this case, the Drinfel’d double
is obtained as a special case of a twisted tensor product A i, H associated to a skew
pairing 7 : A ® H — R defined for two x g-Hopf algebras A and H. Note that in this
case the definition of A >, H is a generalization of the one proposed by Doi and Takeuchi
for Hopf algebras but in this new setting A <, H is defined directly and is not obtained
as a deformation of a product by a convolution invertible two-cocycle (see [21] for the
details). In any case, Schauenburg’s construction permits to obtain the Drinfel’d double
of finite dimensional weak Hopf algebra for the reasons set out in the first paragraph of
this introduction.

On the other hand, the Drinfel’d double for finite dimensional weak Hopf algebras over
a field have been introduced by A. Nenciu in [17] (see also [2]). In [6] for a finitely gen-
erated and projective weak Hopf algebra H over a commutative ring R, S. Caenepeel,
Dingguo Wang and Yanmin Yin introduce the Drinfeld double using duality results be-
tween entwining structures (see [5]) and smash product structures, and they show that
the category of Yetter-Drinfel’d modules is isomorphic to the category of modules over
the Drinfeld double. Finally, it should be emphasized that the Drinfel’d double can be
obtained as an example of the theory of double crossed products of weak Hopf algebras
developed in [3]. In this paper sufficient conditions under which the weak wreath product
algebra associated a weak distributive law between weak bialgebras (weak Hopf algebras)
becomes a weak bialgebra with respect to the tensor product coalgebra structure are given.
In this setting the key to prove the results is the use of pairs of weakly comonoidal weak
distributive laws. The theory developed in [3] is capable to describe the Drinfel’d double
of a finite dimensional weak Hopf algebra as a weak wreath product algebra with respect
to the tensor product coalgebra structure without mention to skew pairings.
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The aim of this paper is to prove that in a monoidal setting and with a suitable definition
of convolution invertible skew pairing for weak bialgebras it is posssible to define two weak
distributive laws W and ® such that ® is a weak inverse for ¥ and the pair (¥, ®) is weakly
comonoidal. Then, as a consequence, by the results proved in [3] we obtain an example
of weak bialgebra where the product is the wreath product algebra and the coproduct is
the tensor product coalgebra. For a weak Hopf algebra H we prove that, if H is finite,
it is possible to define a convolution invertible skew pairing and the associated weakly
monoidal pair of invertible weak distributive laws are exactly the ones that define the
Drinfel’d double as proposed in Example 11 of [3]. Then, we prove that there exists a link
between the theory of twisted tensor products proposed in [21] for x g-bialgebras and the
general theory of double crossed products of weak bialgebras introduced in [3]. Here the
bridge will be the notion of convolution invertible skew pairing for weak bialgebras.

2. Preliminaries

In this paper we will work in a monoidal setting. Following [16], recall that a monoidal
category is a category C together with a functor ® : € x € — €, called tensor product, an
object K of C, called the unit object, and families of natural isomorphisms

auynp: (MON)®P - M® (N®P),
ru M@K = M, ly:K®M— M,

in €, called associativity, right unit and left unit constraints, respectively, satisfying the
Pentagon Axiom and the Triangle Axiom, i.e.,

am,N,PeQ © aMeN,PQ = (idvy ® an.pg) © am NepPQ © (am,N,p ®idg),

(tdpy @ In) oap kN =rm @ idy,
where for each object X in C, idx denotes the identity morphism of X. A monoidal
category is called strict if the associativity, right unit and left unit constraints are identities.
It is a well-known fact (see for example [15]) that every non-strict monoidal category is
monoidal equivalent to a strict one. Then we can assume without loss of generality that
the category is strict. This lets us to treat monoidal categories as if they were strict and, as
a consequence, the results proved in an strict setting hold for every non-strict symmetric
monoidal category, for example the category of vector spaces over a field I, or the category
of left modules over a commutative ring R. For simplicity of notation, given objects M,
N, P in C and a morphism f : M — N, we write P® f for idp® f and f® P for f ®idp.
A braiding for a strict monoidal category C is a natural family of isomorphisms

eMN:MON — N®M
subject to the conditions

eunep = (N ®@cpp)o(ecun ®P), cmuegnp = (cap @ N)o (M ®cn,p).

A strict braided monoidal category € is a strict monoidal category with a braiding.
These categories were introduced by Joyal and Street in [12] (see also [13]) motivated by
the theory of braids and links in topology. Note that, as a consequence of the definition,
the equalities cpr,x = ¢k, = idps hold, for all object M of C. If the braiding satisfies
that ¢y a0 cyv = tdygn, for all M, N in C, we will say that € is symmetric. In this
case, we call the braiding ¢ a symmetry for the category C.

Throughout this paper € denotes a strict symmetric monoidal category with tensor
product ®, unit object K and symmetry c. Following [1], we also assume that in C every
idempotent morphism splits, i.e., for any morphism ¢ : X — X such that q o ¢ = ¢ there
exist an object Z, called the image of ¢, and morphisms ¢ : Z — X, p: X — Z such that
q = 1op and poi = idy. The morphisms p and ¢ will be called a factorization of q. Note that
Z, p and i are unique up to isomorphism. The categories satisfying this property constitute
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a broad class that includes, among others, the categories with epi-monic decomposition
for morphisms and categories with equalizers or coequalizers. For example, complete
bornological spaces is a not abelian symmetric monoidal closed category, but it does have
coequalizers (see [19]). On the other hand, let Hilb be the category whose objects are
complex Hilbert spaces and whose morphisms are the continuous linear maps. Then Hilb
is not an abelian and closed category but is a symmetric monoidal category (see [14]) with
coequalizers.

An algebra in € is a triple A = (A, n4,u4) where A is an object in C and 4 : K — A
(unit), pa : A® A — A (product) are morphisms in € such that pg o (A ®n4) = ida =
pao(na®@A)and pao(A®ua) = pao (pa® A). Given algebras A and B, f: A — B
is a morphism of algebras if fong =np and pupo (f ® f) = foua. Also, if A, B are
algebras in €, the object A ® B is an algebra in € where nagp = 14 ® N and pagp =
(ra®pp)o(A®cpa®B). If A= (A,na,pna) is an algebra so is AP = (A, na,praoca ).

A coalgebra in € is a triple D = (D, ep,dp) where D is an object in C and ep : D — K
(counit), p : D — D ® D (coproduct) are morphisms in € such that (ep ® D) o dp =
idp = (D®ep)odp and (dp @ D)odp = (D®dp)odp. If D and E are coalgebras in C,
f : D — E is a morphism of coalgebras if eg o f = ep, and (f ® f) odp = dgo f.
Moreover, if D, E are coalgebras in C, the object D ® E is a coalgebra in € where
epor = €p ®ep and dpgr = (D ® cpp @ E) o (0p ® 0g). If D = (D,ep,dp) is a
coalgebra so is D*? = (D,ep,cp,p o 0p).

If A is an algebra, B a coalgebra and f : B — A, g : B — A are morphisms, we
define the convolution product by f* g = pas o (f ® g) o dp. The morphism f: B — A is
convolution invertible if there exists f~' : B — A such that f* f~ 1 = f"lx f = ep ®@na.

Let A be an algebra. The pair (M, ¢y/) is a right A-module if M is an object in € and
ép M ® A — M is a morphism in € satisfying ¢ps o (M ®@n4) = idyr, oo (o @ A) =
dp o (M @ py). Given two right A-modules (M, ¢ps) and (N, ¢n), f: M — N is a
morphism of right A-modules if ¢y o (f ® A) = f o ¢ps. In a similar way we can define
the notions of left A-module (we denote the left action by ¢ps) and morphism of left
A-modules.

By weak bialgebras we understand the monoidal version of the notion of weak bialgebra
introduced in [4], as a generalization of classical bialgebras. Here we recall the definition.

Definition 2.1. A weak bialgebra H is an object in € with an algebra structure (H, ng, 1)
and a coalgebra structure (H,ep,dp) such that the following axioms hold:
(al) dgopug = (pg @ pg) o dueH,
(a2) emopno(pn @ H) = (ey ®ep) o (pu ® pu) o (H ® oy ® H),
=(eg®en)o(uy @ pm)o(H® (cguody)®H),
(a3) (5H®H) O(SHOT]H = (H®MH®H)O(5H®5H)O(77H®7]H)
= (H @ (pgocnm)®H)o (6n ®dn)o (nu @ nm).
If moreover, there exists a morphism Ay : H — H in C (called the antipode of H)
satisfying:
(ad) idy * Ag = ((eg opp) @ H) o (H® cp) o (0 onm) @ H),
(a5) )\H * idH = (H & (€H o ,uH)) o (CH,H & H) o (H ® (5H o 77H)))
(a6) )\H * idH * )\H = )\H,
we will say that H is a weak Hopf algebra.
If H is a weak bialgebra and we define the morphisms IT% (target), 1% (source), ﬁqu
and ﬁﬁ by
M = (e o par) @ H) o (H @ crpr) © ((0n 0 ) © H),
M = (H® (egopn))o(cuu @ H)o(H® (55 onm)),
=L
g =(H® (egopm))o((0gony) ® H),
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=R
Uy = ((emopn)® H)o (H @ (6g onu)),
it is straightforward to show that they are idempotent. Also, they satisfy the equalities
H%OﬁIL{:Hé7 Hlfloﬁgzﬁgv Hﬁoﬁé:ﬁé, Hgoﬁgzﬂg, (2.1)
Oy olll =105, Lol =1k, Trollh =1k Trolf=TF (22
and moreover the identities
(HoIh) obdy oIl =6 o1y, (IR @ H) 0 6y o ITE = 67 o TIE,
(H®ﬁg)0(5Hoﬁf1:5Hoﬁfl, (ﬁé@H)o&q oﬁf{ =0y oﬁé,
pr o (H @) = (e o pr) @ H) o (H @ e pr) o (On @ H),
(H®H1Lq) o6y = (pr ® H) o (H @ cui) o (0 onm) ® H),
MHO(H H)=(H® (g opn))o(cany®H)o(H®dh),
(I ®H)05H (H®pg)o(cpg ®H)o(H® (6gonm)),
pir o (g ® H) = (e 0 pr) ® H) o (H ® 3,
pe o (H@Ty) = (H® (e o pn)) o (0 ® H),
(T ® H) o0y = (H @ pur) o (0 0 i) @ H), (2.
=R
(H @)ooy = (pu ® H)o (H & (0m onm)).
Note that by the previous identities it is easy to prove that
5HO77H:(H§®H)05HO77H:(H®H%)05HO77H (2.13)
= (H@Ty) 0 ony = (T ® H) 00 o,

© 00 NS s W

N NN NN N
_ — D D D o D I

NN SN S S —

and that
EHO,LLHzeHO,uHO(HfI®H)ZEHOMHO(H(@H%{) (2.14)
:EHouHo(ﬁf}@)H) :EHOMHO(H(X)ﬁZ).
On the other hand,
H = (H,nu, iy © cH.H,€H,OH)
and
H = (H,ng, ki, €0, CH,H © OH)
are weak bialgebras in €. Therefore so is
(HP)*P = (H,nm, por © CH,H-EH, CH,H © Op).-
Finally, note that
Ik, =T, &, =T, (2.15)
and
o, = Ty, T, =TI0. (2.16)
If H is a weak Hopf algebra in €, the antipode Ag is unique, antimultiplicative, antico-
multiplicative and leaves the unit and the counit invariant, i.e.,

Agopg =pao(Ag @Ag)ocya, O6moAg=cuuo(Amw®Ag)odw, (2.17)
AHONH =NH, EHOAH =€H. (2.18)

Also the morphisms Hqu, Hg, ﬁé, ﬁﬁ satisfy the equalities
I =idg * A\, TR =Xgxidy, Uhxidg =idg, T g = \g, (2.19)
L =Agolly =M o Ny, IE =T0Foly = Ay olle. (2.20)

If the antipode Ag of H is an isomorphism, H°? and H“? are weak Hopf algebras in
C with antipode Agor = Ageor = )\I_{l. Then, under these conditions, (H)“P is a weak
Hopf algebra with antipode A(fgopycor = Apr.



Invertible skew pairings and crossed products for weak Hopf algebras 1605

Definition 2.2. An object P in C is said to be finite if there exists P* in € such that
(P® _71:)>k ®_7aP76P)
is an adjoint pair. In this case the object P* will be called the dual of P.

Definition 2.3. Let H be a finite weak Hopf algebra in €. We define the dual weak Hopf
algebra of H by
H* = (H",nu+, =, €+, O, Ar+)
where
g = (H* ®@epg) oag(K),

ps = (H* @ (Bu(K) o (H® Bu(K)® H*) o (6y ® H* @ H*))) o (ay(K) ® H* @ H*),
e = Pr(K) o (ng @ HY),
o = (H" @ H* @ (Bu(K) o (ug @ H"))) o (H* ® ap(K) ® H) oy (K)) @ HY),

A+ = (H* @ B (K)) o (H* @ Ay ® H*) o (ap(K) @ HY).

From now on, if H is a finite weak Hopf algebra such that the antipode is an isomor-
phism, we will denote by H the weak Hopf algebra ((H*)°)P. Therefore H is defined
by

H=(H"ng 15,5 05 A7)

where, Ny = NH+ €5 = €H*, /\ﬁ = Ag+ and

pi = H @ (B(K)o(H® B (K)QH")o(cauodn) OH @ HY)))o (ap(K)© H" @ HY),

o = (H" @ H" @ (Bu(K) o (um o cum) @ HY))) o (H" @ ap(K)® H) o ap(K)) @ H”).

Note that
H®P = (H*)P, (2.21)

Example 2.4. As group algebras and their duals are the natural examples of Hopf alge-
bras, groupoid algebras and their duals provide examples of weak Hopf algebras. Recall
that a groupoid G is simply a category in which every morphism is an isomorphism. In
this example, we consider finite groupoids, i.e., groupoids with a finite number of objects.
The set of objects of G will be denoted by Gy and the set of morphisms by G;. The
identity morphism on z € Gy will also be denoted by id, and for a morphism o : z — ¥y
in G1, we write s(o) and (o), respectively, for the source and the target of o.

Let G be a groupoid, and let R be a commutative ring. The groupoid algebra is the

direct product
H= @ Ro

oeG1
with the product of two morphisms being equal to their composition if the latter is defined
and 0 otherwise, i.e., ug(c @p7) = oo if s(0) =t(7) and pug(c @ 7) = 0if s(o) # t(7).
The unit element is 1y = >, g, id,. The algebra H is a cocommutative weak Hopf
algebra (i.e., cg g o g = dp), with coproduct dp, counit ey and antipode Ay given by
the formulas:

(o) =0 @ro, ep(o)=1, Ap(o)=0"".
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In this case the target and source morphisms are
H%I(O—) = idt(a)7 HRI}(U) = 2.ds(U)
and Ay o Ay = idpy, i.e. the antipode is involutory.
If 1 is finite, then H is free of a finite rank as a R-module. Hence H is finite as object
in the category R-Mod and

H* = Homgp(H,R) = @ Rf,
ceGy

is a commutative weak Hopf algebra (i.e., pgocy g = pp) with involutory antipode where

BH(R) (T ®R fo) = (ST,O"
The weak Hopf algebra structure of H* is given by the formulas

1 = Z fm HH*(fa QR fT) = 50,7‘f¢77

oceGy

1 if o=1id,
gH*(fO'): ) 6H*(f0’): Z fw ®Rfo‘ow—17
0 if o 75 idy s(o)=s(w)

)‘H*(f!f) = fo-1-

Note that in this case lﬁ = 1lg=, K = BH* €5 = €H*, )\ﬁ = g+ and

6ﬁ(f0) = Z faow—l QR fuw-
s(o)=s(w)

Therefore, in the conditions of this example, Heor = H*.

3. Invertible skew pairings for weak bialgebras

The notion of skew pairing for weak bialgebras was introduced in [22] as a restriction of
the corresponding definition for x p-algebras discussed in Section 5 of [21]. In the following
definition we introduce the notions of 1-skew pairing and 2-skew pairing for a pair of weak
bialgebras. The axioms involved in the definition of 1-skew pairing are exactly the ones
we can find in the classical notion of skew pairing of bialgebras (see Definition 7.7.7 of
[20]). The second of these definitions, i.e. the definition of 2-skew pairing, is exactly the
one introduced by P. Schauenburg in [22] with the name of skew pairing between weak
bialgebras.

Definition 3.1. Let A and B be weak bialgebras in €. We define a 1-skew pairing between
A and B (or a 1-skew pairing for short) as a morphism

s: AR B —> K
in € satisfying
s0(A®@up)=(s®s)o(A®cap®B)o((cascds) ®B® B), (3.1)
s0(ua®B)=(5®5)0(ARcap®B)o(A®AR®IRB), (3.2)
s0(na® B) =¢p, (3.3)
so(A®nB) =c¢a. (3.4)

o

In the following we will denote with Sk;(A, B) the set of 1-skew pairings between A an
B.
Let S and T be weak bialgebras in C. Similarly, a 2-skew pairing between S and T' (or
a 2-skew pairing for short) is a morphism t: S ® ' — K in C satisfying
to(us@T)=(t@t)o(S®csr®@T) o (S®S® (errodr)), (3.5)
to(S@ur)=t®@t)o(S®csr®T)o(0s@TRT),
and (3.3), (3.4) for A=Sand B=T.
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In the following we will denote with Sko(S,T') the set of 2-skew pairings between S and
T.

Proposition 3.2. Let X, Y be weak bialgebras. If s : X @ Y — K s in Ski(X,Y") then
s belongs to Sko(X P, YP). Similarly, ift: X @ Y — K is in Sko(X,Y") then v belongs
to Sky (X P, Y P).

Proof. The proof follows directly from Definition 3.1. g

Proposition 3.3. Let A and B be weak bialgebras in C and let s : AQ B — K be a 1-skew
pairing. The following identities hold:

o (1T ®B)—5o(A®HB), (3.7)
so(Ilf®B)=s0(A®1ly), (3.8)
so(i®B)=so0 (AR L), (3.9)
so(Mi®@B)=so0(AxIR). (3.10)

Proof. The proof for the first identity is the following:
o (IT§ ® B)
=50 ((((5 o (,UA &® nB)) X A) o (A X CA,A) o ((6A o T]A) ® A)) & B) (Definition of II§ and
(3.4))
= (((s®s)o(A®ca,BR®B)o(ARA®(dpong)))®s)o(A®ca, A®B)o((da0na)RARDB)
((3.2)
=(s®5)0(ARcap®B)o((caa0da0na)3BRB)o(B®B®s)o(B®cap®B)
O(B RAR ((53 o nB)) 0 CA,B (naturality of c)
=s50(Ma®@up)o(B®B®s)o(B®cap®@B)o(B®A® (dpong))ocan ((32)
=50 (A X (((EB o NB) X B) o (B &® ((53 o nB))) ((8.3) and naturality of c)
=50 (A & ﬁg) (definition of ﬁg).
On the other hand,
o (I} ® B)
=50 (((A X (5 o (NA ® 773))) o (CA,A & A) o (A X (514 o 77A))) X B) (definition of IT§ and
(3.4))
=s50((A®s®@s)o(can®@cap®@B)o(A®@(da0n4)®(dponB))) ® B) ((32)
= (5®s5)0(A®cap®B)o((caa0040ma)RBRB)o(s@BRB)o(A®(dpong))®B)
(naturality of c)
=50(nA®uB)O(5®B®B)O(A®(5Bons))®3) ((3.1)
=s50(4 ((B®(EBo,uB))o((éBonB)®B))) ((3.3))
=50 (A X HB) definition of ﬁé),
and then (3.8) holds. The proofs for (3.9) and (3.10) are similar and the details are left
to the reader. O

Similarly, we can prove the following result.

Proposition 3.4. Let S and T be weak bialgebras in € and let t be a 2-skew pairing. The
following identities hold:

to (I ® T) = to (S ®Iy), (3.11)
to(ERT) =to (T ®IL), (3.12)
to(Ms®T) =to(S®IR), (3.13)
to (s ®T) = to (S ®IIk). (3.14)
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Definition 3.5. Let A and B be weak bialgebrasin C. If s : AQ B — K is a 1-skew pairing,
we will say that s is convolution invertible if there exists a 2-skew pairing s : A B — K
in € such that

sxs '=s50(lf®B)=s"'o(A® ), (3.15)
s las=s0(llf@B)=s"1o(A®IIk), (3.16)
s lesrs =51 (3.17)

Note that when s~! exists it is unique. Indeed, if t : A® B — K is a 2-skew pairing
satisfying the equalities of (3.15), (3.16) and (3.17)

t=(txs)xt = (so(T{@B))*t =5 1 x(sxt7!) =5 'x(s0(I5®B)) =5 'x(sxs ') =5 1.
In addition,
S5 Lxks=5 (3.18)
holds because, by (3.2) and (2.19),
sxs 'xs=s50((I15*ida) ® B) =s.
Following the same pattern we can define the notion of convolution invertible 2-skew
pairing.

Definition 3.6. We will say that a 2-skew pairing t : S®T — K is convolution invertible
if there exists a 1-skew pairing t7! : S ® T'— K in C such that

txtl=to(S@OL) =t"to(ME®T), (3.19)
tlxt=to(S@I) =t"'oMixT), (3.20)
sttt =L (3.21)

As in the previous case, the inverse of t is unique and ¢t * t~! % t = ¢ holds.

Proposition 3.7. Let A and B be weak bialgebras in C and let s be a 1-skew pairing.
Then, if s : A® B — K is convolution invertible with inverse s ', s 1 : A® B — K is a
convolution invertible 2-skew pairing with inverse (s~ 1)1 = s.

Proof. The proof follows easily from the above definition. O

Proposition 3.8. If A is a weak Hopf algebra with antipode A4 and B is a weak bialgebra,
then, any given 1-skew pairing s : AQ B — K is convolution invertible with inverse 2-skew
pairing

s '=s50(\1®B). (3.22)
Proof. Indeed, by (2.17), (3.1), (3.2), the naturality of ¢ and ¢ = id we obtain
s o (MA ® B) = (5_1 ®5_1) o (A ®caB® B) o (A RAR® (CB,B o 53)), (3.23)
slo(A@up)=(s"'®s No(A®cap®B)o(d4®B®B), (3.24)
and by (2.18), (3.3) and (3.4)
s to(na®B)=c¢p, (3.25)
s lo(A®np) =ca. (3.26)

On the other hand, by (3.2) and the identities of (2.19) we have:
sx5 ' =50 ((idga*As) ® B) =s0 (II§ @ B),
s lxs=s50((\axida) ® B)=s0 (1§ ® B),
and
s txsxs l=so0(I¥*xA)@B)=s0(M®B) =51
Finally, by Proposition 3.4 and (2.20) the following identities
so(llf@B) =510 (Aa1E), (3.27)
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so(If@B)=s'1o(AQI), (3.28)

hold, and thus s is convolution invertible with inverse s ! =50 (A4 ® B). O

Corollary 3.9. Let A, B be weak Hopf algebras and let s be an invertible 1-skew pairing.
If the antipode of B is an isomorphism, then the following identities hold:

s1=s50(A® A5, (3.29)
s=50(Aa®Ap), (3.30)

Proof. Let us prove (3.29). Indeed, firstly s * (s o (A ® A\g')) = s s~ because
sx(s0(A®AG))
= (5 ®5) o (A® cAB® B) o ((CA,A o 5,4) & (CB,B o (B &® )\él) o 53)) (naturality of ¢ and
c? =id)
=s50(A® (upocppo(B®AG)0dp)) (31)
=50 (A & H%op) (definition of 115, )
=50(A® ﬁg) ((2.15))
=so (II§ ® B) (37)
=s5xs5 L ((3.15).
We continue in this fashion to obtain the identity (so (A®@ A\5')) x5 =5 ! xs:
(s0(A® )\]}1)) *
= (5 ®5) o (A® CAB ® B) ¢} ((CA7A ¢} 6A) X (CB,B o ()\El & B) o 53)) (naturality of ¢ and
c? =id)
=50(AR (i BOCBBO()\J_g ® B)odp)) ((3.1)
=50 (A [ HBOP (definition of HBOP)
=50 (A®HB) ((2.16))
=50 (If @ B) (3.8)
=5 *5 ((3 16)).
On the other hand,
(so (A®>\]§1)) x5% (50 (A®A5Y)
=(s50(ME®B))* (50 (A®AG)) (s0(A®AZY) x5 =50 (I1F © B))
(5 & 5) (A XcaB® B) o ((SA & ((ﬁé ® )\231) o (53)) ((3.8) and naturality of c)
(5 ®5) (A X caB® B) o ((CA,A o (SA) X (CB,B o (ﬁé X /\gl) o (53)) (naturality of ¢
and c? = id)
=50 (A® (cppo (@ A5 0dp)) (1)
50 (A (024 (HBOP * )\Bop)) ((2.16))
50 (A & )\Bop) ((2.19) for B°P)
50 (A X )\ ) definition of Agop).

-1

Therefore,
50(ARAGY) = (50(A@AGY))*s5%(s0(ARNG)) = (s0(A@NG ) *sxs™ !t =5 Lasas L =5 1.
Finally, the proof of (3.30) folllows from (3.29) because
s0(Aa®Ag) =5 To(A®Ag) =50 (A® (A\5' 0o Ap)) =s.
U

Proposition 3.10. IfT is a weak Hopf algebra with antipode Ar and S is a weak bialgebra
any 2-skew pairing t : S ® T — K is convolution invertible with inverse 1-skew pairing

t1=to(S®Ap). (3.31)

Proof. The proof is similar to the one developed for Proposition 3.10. O
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As a consequence of the previous proposition, we have the 2-skew version of Corollary
3.9.

Corollary 3.11. Let S, T be weak Hopf algebras and let t be an invertible 2-skew pairing.
If the antipode of S is an isomorphism, then the following identities hold:

tl=to(\g'®7), (3.32)
t=to(\g®Ar). (3.33)

Example 3.12. Let H be a finite weak Hopf algebra in € satisfying that the antipode is
an isomorphism. The morphism

EZ,BH(K)OCH*J_I : ﬁcop®H4)K

is an invertible 1-skew pairing. Indeed, first note that by the naturality of the braiding,
c? = id and the properties of the adjunction the following identity holds:

cirag=HH ®s)o(H®Qcy+p@H)® ((ca+moan) @ H @ H). (3.34)
Then,

(s®@s)o(H*®@cyn @ H)o ((cu= m+ O(Sﬁcop) ® H®H)

= (5H(K) ®5) o (H X (Sﬁ X H) o (CH*,H X H) (naturality of ¢ and definition of 63)

= B (K)o(pp@H*)o(HR((HRH*®s)o(H®cy p+QH)®((ch+ mooy)QH*®H)))
O(CH*J{ &® H) (naturality of the braiding and properties of the adjunction)

= Bu(K) o (ug @ H*) o (H ® cy+m) o (e © H) ((3.34)

=50 (H* & MH) (naturality of c),

and (3.1) holds. On the other hand, s satisfies (3.2) because if
p=(s®s)o(H" @cyrp®H)o(H ®H" ® (cHu °0n))
we have
50 (/’I’I/_}cop ® H)
=so(H*@p@H)o(cgru-@H* @ H®@H)o (H* @ e+~ @ H® H)
O(CH*,H* X aH(K) &® H)(naturality of ¢ and ¢? = id)
= (5®p) o (H* ®CH*7H®H* ®H) o (CH*,H* Qcg*.Hg ®H) o (H* & cg* o+ ®CH,H)
O(CH*7H* & OéH(K) ® H) (naturality of ¢)
=po (CH*,H* X ((5 & H) o (H* & CH,H) o (OéH(K) X H)) (naturality of ¢)
= (5 ®5) o (H* QcH*H & H) o (CH*,H* X (CHJ{ [¢) 5H)) (naturality of ¢ and properties of the
adjunction)
= (5®5) OCH*@H,H*@HO(H*®CH*,H®H)O(H*®H*®5H) (naturality of ¢ and ¢? = id)
= (5 ®5) (¢} (H* X CH* H [ H) o (H* QH*® (SH) (naturality of c).
Finally, the equalities (3.3) and (3.4) follow easily. By Proposition 3.8 the inverse of s
is
571 = /BH(K) (e] CH*,H o ()\ﬁcop ® H)
and then
57 = Bu(K) oc o (H @A)
In the particular case of the groupoid algebra (see Example 2.4) we have

5(f0— ®R U) = 60’,7‘7 5_l(fo' ®R U) - 60-7177_.

Proposition 3.13. Let X, Y be weak bialgebras. If s : X @ Y — K is a 1-skew pairing,

the morphism v =socyx : Y ® X — K is a 2-skew pairing. Then the map
F:Ski(X,Y) — Sko(Y, X)

defined by F(s) = v is a bijection with inverse F~1(t) = tocxy. Moreover, if s is

convolution invertible with inverse s, so is v with inverse t—! =s 1o Cy,X -

Proof. The proof follows easily from the definitions, the naturality of ¢ and ¢ = id. O
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Example 3.14. By example 3.12 we know that if H be a finite weak Hopf algebra in
C satisfying that the antipode is an isomorphism, the morphism s = Sy (K) o cy=p :
H? @ H — K belongs to Sk;(H®P, H). Therefore, by the previous result v = Sz (K) is
in Sko(H, HeP).

4. Invertible skew pairings and double crossed products

In this section we prove that invertible 1-skew pairings induce examples of weak dis-
tributive laws (see [5], [23]) and therefore weak wreath products. Also if the skew pairing
has inverse we will show that it is possible to construct a weakly comonoidal mutually
weak inverse pair of weak distributive laws. Then, by the results proved in [3], we have a
weak wreath product that becomes a weak bialgebra with respect to the tensor product
coalgebra structure. As a particular case, we will show that the Drinfel’d double of a finite
weak Hopf algebra can be constructed using the weak wreath product associated to an
invertible skew pairing.

Definition 4.1. Let A and B be algebras in €. A weak distributive law in € is a morphism
V:A® B—+B®A

in € subject to the following conditions:

Vo(ua®@B)=(B®pua)o(¥®A)o(A® V), (4.1)
Vona®B)=(up®A)o(BeV)o(B&na®ns), (4.2)
Vo (A®up) = (up® A) o (B®¥)o (¥® B), (4.3)
Vo(A®np)=(B®pa)o(¥Y®A)o(na®@ns @ A). (4.4)

It is a well-known fact that (4.2) and (4.4) can be replaced by
(B@pua)o(¥®@A)o(na®@B®A)=(up®A)o(BeV)o(BRA®nB). (4.5)
As a consequence, the morphism
Ve :BA— AR B
defined by
Vy=(B@pus)o(¥@A)o(na® B A)
or, thanks to (4.5), by
Vy =(up®@A)o(BeV)o (B A®np),
is idempotent. Note that by (4.1)
VygoW¥ =0 (4.6)

holds for any weak distributive law W.

In the following we will denote by B x A the image of Vi and by pg : B A — B x A,
iy : B X A— B® A the morphisms such that iy o py = Vg and py o iy = idgxa.

On the other hand, if ¥ : A® B - B ® A is a weak distributive law, the object B x A
is an algebra with the weak wreath product defined by

pUBxA=pro(up@pua)o(BRVY®A)o (iy ®iy)

and unit npxa = py o (N ® n4). This kind of product is an example of weak crossed
product in the sense of [9].
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Definition 4.2. We will say that a weak distributive law V: A® B — B® A in C has a
weak inverse if there exists a weak distributive law ® : B® A - A ® B in C satisfying

Vg =Vod, (4.7)
Vo =PoW. (4.8)
If U admits ® as a weak inverse we have the identities:
PoVod=® VodoVU =17, (4.9)
and then
PoVyg=d, VoVg =V, (4.10)
hold.

The following notion was introduced in [3] and was the link beteween the weak wreath
product and the tensor coproduct to obtain a tensor product weak bialgebra.

Definition 4.3. Let A, B be algebras-coalgebras in C. Let (¥, ®) be a pair of weak
distributive laws such that ® : BQ A — A® B is a weak inverse for ¥ : A® B — B® A.
We say that (¥, @) is weakly comonoidal if the following identities hold:

(V@@B@A)O5B®AO\IJ:(\If®\If)O(SA®B:(B®A®V@)O5B®AO\I/, (4.11)
(V¢®A®3)05A®BOCI):((I)®(I))O(SB®A:(A®B®V<I>)O(5A®BO(I), (4.12)

(ep®eq)oVU =(c4®ep)oVe. (4.13)
Note that (4.13) is equivalent to
(ea®ep)o® =(ep®ey)oVy. (4.14)

Remark 4.4. Note that if (¥, @) is a pair of weak distributive laws such that ® is a weak
inverse for ¥, then (®, V) is a pair of weak distributive laws such that ¥ is a weak inverse
for ®. Thus (¥, ®) is weakly comonoidal if and only if so is (®, ¥).

By Theorem 4 of [3], if A and B are weak bialgebras in C and (¥, ®) is a pair of weakly
comonoidal weak distributive laws, the object B x A is a weak bialgebra where the algebra
structure is the one defined by the weak wreath product and the coalgebra structure has
coproduct

dpxa = (Pv ® pw) © 6BgA © iy
and counit
€BxA = (EB®eA) 0y,

Moreover, if A and B are weak Hopf algebras, B x A is a weak Hopf algebra (see

Theorem 5 of [3]) with antipode

ABxA =pyoVo(Ag®AB)ocpaoiy.
Lemma 4.5. Let X, Y be weak bialgebras and let u : X ® Y — K be a convolution
invertible 1-skew pairing. The following assertions hold.
(i) (X, gb“ =(X®u)o ((5X ®Y)) is a right Y -module.
i) (X, gi)” =(X®@u o (dx ®Y)) is a right YP-module.
(Y, ng =u®Y)o (X ®dy)) is a left XP-module.

i)
iii)
(iv) (Y gpy =W l®Y)o (X ®4dy)) is a left X-module.
(V) ¢y o (¢“ RY)=uY)o(X® ((uy @Y)o (Y ®dy))).
(vi) Ty =g} o (P4 @Y) o (nx ®Y @ 1y).
(vii) ¢% " o (X®goy_l) (X @u o ((X@pux)o(Bx®X))®Y).
(viii) ﬁi = oY% 10(X®gay Yo (nx @ X @ny).
(ix) ux0(¢>“ ®Px)o (X ®exy @Y) o (X @ X @dy) = o (ux ®Y).
(x) py o () @l o (X ®exy ®Y)o(bx @Y @Y) =} o (X @ py).
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((X ®5X) o (5)() X ny).
((X &® 5)() o 5)() X Cy7y)
).
).

(xi) % o (¢% @Y) = @uo(X@exy @Y)o(
(

) (cx,x ® (Y ® dy) o dy)
(
)

) )= ( )o
(xii) ¢% o (% ®Y)=uou No(X®cxy®Y)o
(xiii) % o (X @) =uou o (X @exy ®Y)o
(xiv) ¢} o (X @ cpg‘/_l) =uleuo(X®cxy®Y)o(cxx ® (Y ®dy)ody)
Proof. We begin by proving (i). First note that by (3.4) for u we have
Pxo(X®ny)=(X® o (X®ny)))odx =(X®ex)odx =idx.
Also,
P o (X @ py)
=X @ (ueu)o(X@exy @Y)o((exxodx) @Y @Y)))o(dx @Y ®Y) (31)
for u)
= (qu o (¢1)1( ® Y) (coassociativity of dx and naturality of c).

Therefore (X, ¢%) is a right Y-module and (i) holds. On the other hand, by (3.4) for

u~! we obtain

¢k o (X ®uy) = idx.
Moreover,
o% o (X ®uy)
= (X &® ((u’l & ufl) o (X Kexy @ Y) o ((SX RY ® Y))) o ((5)( X Cy7y) ((3.6) for u=1)
=X e (W 'ou)o(X@exy®Y)o((exxodx)®Y ®Y)))o(dx @Y ®Y)
(naturality of ¢ and c? = id)
= (251)1(_1 (¢uX_1 & Y) (coassociativity of 6 x and naturality of c).
Then, (ii) holds. Similarly we can prove (iii) and (iv). The proof for (v) is the following:
oy o (¢ ®Y)
= (((u®u) o (X RXexy @ Y) o ((CX,X O(SX) RY ® Y)) ®Y) o (X ®Y®5y) (naturality
of c)
=uRY)o(X®(uy ®Y)o (Y ®dy))) ((3.2) for u).

As a consequence, composing with nx ® Y ® Y in the two sides of v), by (3.3) for u, we
have

Py o (P o(nx @Y)) @Y) = ((ey opy) ®Y) o (Y @ dy)
and then, by (2.9) for Y,

=R
ey o (Pxo(nx @Y))@Y) = py o (lly ®Y)
holds. Thus, composing in this last equality with Y ® ny we obtain (vi). The proofs of

(vii) and (viii) follow a similar pattern and we left the details to the reader.
The equality (ix) follows by
Iu,Xo(gﬁuX®¢uX)O(X®CX7y®Y)O(X®X®5y)
= (MX XU U) o (X Rex,.x Qcxy & Y) o (5}( ®0x ® 5)/) (naturality of c)

= (X ou)o(((ux @ pux)odxex)@Y) ((32) for u)
= (251)1( o (NX & Y) ((al) of Definition 2.1 for X).

and by a similar proof we get (x). Finally the identities (xi)-(xiv) follow from the naturality
of ¢ and the coassociativity of dx and dy. O

Theorem 4.6. Let X, Y be weak bialgebras and let u : X ® Y — K be a convolution
invertible 1-skew pairing. Then,

U=(p% @¢%)odxay : X®Y 5 Y ®X
is a weak distributive law.

Proof. We first prove (4.1). Indeed,
(V & px) o (¥ 9 X) o (X & 1)
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= (g} ®(pxo(¢%®X)))o(XRexy®Y @ X)o(dx®(Jyopl )®¢%)o(X@ixsy)
(deﬁnltlon of ¥)
D (uxo(¢ ®X)))o(XRexy®Y @ X)o(6x (¢} ®Y)o(X®dy))®¢%)

X ® (5X®y) (coassociativity of dy)
Py o (ux ®Y))® (ux o (¢ @ %) o (X @exy ®Y)o(X @ X @0y)))odxpxay
naturahty of ¢, coassociativity of dy and iv) of Lemma 4.5)

= (((p}:l (NX &® Y)) (¢u ([LX &® Y))) o 5X®X®Y ((ix) of Lemma 4.5)

= (QO’”;/ (4] gf)uX) o (X ® CX)Y ® Y) ¢} (((/,LX (039 ,LLX) [} 5X®X) &® (Sy) (naturality of c)

=Vo (,uX ® Y) ((al) of Definition 2.1 for X).

The proof for (4.2) follows a similar pattern changing the coassociativity of dy by the
coassociativity of dx, (iv) of Lemma 4.5 by (i), (ix) of Lemma 4.5 by (x) and Definition
2.1 for X and Y.

To prove (4.3) and (4.4), first note that, by the naturality of ¢, ¢* = id and the coasso-
ciativity of dy, the identity

U =(u"® ((cxy ®u)odxey))odxay (4.15)
holds. Then, we get (4.3) because:

(hy @ X) o (Y @ W) o (Y ®@nx ®ny)
= (u_l R py & X) o (X Qeyy ®cxy @ u) o (CY,X Rexy Qexy & Y)
(Y @ X®X®Recxy®Y®YRY)o(Y®(X®dx)odxonx)R (Y ®uy®Y)
O(((Sy o 1’]}/) & (5y o ny)))) ((4.15), naturality of ¢ and (a3) of Definition 2.1)
= (u’l Y CX7y) & (X Rexy QU Y) o (X X ®cxy ® Cy,y)
(XX XQ((Y®(uyoYOuy))@Y)o(cyy @Y @Y QYY)
o & (B o) @ (3 omy)))))o (X & X By x)o (X Deyx @ X)o (eyx ® X @ X)
o( ((X@dx) o0dx O77X)) (naturality of ¢ and c? = id)
=W lRexy) (X ®cxyoueY)o(X®X Qcxy Qcyy)
O(X®X®X®((Y®(,uy0(MY@Y))®Y)O(CY,Y®Y®Y®Y)
@ ((dy omy)®@(dyony)))))o(X @ X ®cy x)o(X ey x ®X)O(CY7X RX®X)
((X &® 6)() odx o 77)()) (associativity of py)
1 Rexy) (X ®@exy ueY)o (XX ®cxy ®cyy)o
OX®Xo (e (Yoll)ody)) ody)) o(X®X @eyx)o (X @eyx ®X)
(CYX ®X®X)o(Y®((X®dx)odx onx)) (2.8 and (2.12))
(X)) ®exy)® (X ®exy @ (uo(X eIl )@Y )o (X X @cxy @cyy)
((X & 5X) odx o Ux) & ((Y ® (Sy) o 5y)) (naturality of ¢)
(HX®Y))®cX,y)®(X®cX,y®(uo(Hﬁ}®Y))®Y)o(X®X®cx,y®cY,y)
((X ®dx)odx onx) @ ((Y ®dy) ody)) (3.7) and (3.13))
TRexy) (X @exy QuaY)o(X@X ®cxy @ cyy)
((Hf( ® (X ®TI%) 0 6x)) 0 dx 0 nx) ® (Y ® dy) 0 by ))(naturality of <)
TRexy) (X Qcexy @uaY)o (XX Qcxy @ cyy)
((X X 5)() odx o 77)() ® ((Y ® 5}/) o 5y)) (naturality of ¢, coassociativity of §x and (2.13))
=WVo (77X (%9 Y) (naturality of ¢, ¢? = id and (4.15)).
Finally, (4.4) follows by

(Y@ px)o(¥®X)o(nx @ny @ X)

=(exy@uo(ux dul®exy®@Y)o (X ®exxRexy @Y ®Y)
o(ex, x®ex, xRY @Y @Y )o(X@pux®@X)o((dxonx)®(dxonx)))@((cy, x®Y QY)
oY ey x®@Y)o(Y®Y @cyx)o (Y ®dy)ody)®X))) ((a3) of Definition 2.1,
naturality of ¢, ¢? = id and (4.15))

=(exy@uo(Xou'l®exy®@Y)o(exx ®exy @Y ®Y)
o((X®@((px®@X)o(ux ®cx.x)))o((0xonx)®(xonx)®X)) Y @Y ®Y)
O(CY7X®Y®Y)O(Y®CY7X®Y)O(Y®Y®CY’X)O(((Y@(Sy)oéyony)®X)(naturality

Il
~—~ —~ O O
N ;: A/—\

O/\O ~—~ O —~ O —~ O
AS:/—\ :AAAA



Invertible skew pairings and crossed products for weak Hopf algebras 1615

of ¢ and ¢? = id)
=(exy@uo(Xou'l®exy®@Y)o(cxx ®exy @Y ®Y)
(X @ ((hx ® X) o (X @ px ® X) o (X ® X ®cx x)))
o((bx onx)®(0xonx)®X))RY Y ®Y)o(cyx @Y ®Y)o (Y Reyx®Y)
O(Y RY ® Cy)() o (((Y X (5y) ody o ny) ® X) (associativity of px)
=(ecxy@uo(Xou'l®exy®@Y)o(exx ®exy @Y ®Y)
o(((((ﬁﬁ;@X)O(Sx)®H§()o5x)®Y®Y®Y)O(CY,X@Y@Y)O(Y®Cy7x®y)
oY @Y ®ecyx)o (Y ®dy)o 5y ony) ® X) ((2.6) and (2.11))
= (ex,y®uo (5 ®Y)))o (X ® (u™ (ﬁg(®Y))®CX,Y®Y)O(CX,X®CX,Y®Y®Y)
(((5}( ®X) 05)() ((Y@(Sy) O(Syor]y)) (naturality of c)
= (exy ®(uo(X®T)))o (X @ (u o (X QI @exy ®Y)o(cx.x Dexy @Y @Y)
o(((dx ® X) 0dx)®@ ((Y ®dy) o dy ony)) ((3.7) and (3.13))
=(exy@uo(Xou'l®exy®@Y)o(cxx ®cexy @Y ®Y)
o((0x ® X) 06x) ® (TE @ (Y @ TIy) 0 3y)) 0 Sy 0 ny)) (naturality of <)
=(exy@uwo(Xou'l®exy®Y)o(exx ®exy @Y ®@Y)
O(((6X ® X) o 5)() ® ((Y & 5y) ody o Uy)) (naturality of ¢, coassociativity of dy and (2.13))
="Yo (X ® 77Y) (naturality of ¢, ¢? = id and (4.15)).
]

Theorem 4.7. Let A, B be weak bialgebras and let s : A® B — K be a convolution
invertible 1-skew pairing. Then,

U= (o5 ®¢%)0dasp: A®B = B® A,

®=cpao (SDSB®¢Z_1)O5A®BOCB,A :B®A— A® B,
are weak distributive laws such that ® is a weak inverse for 1.

Proof. The morphism V is a weak distributive law by Theorem 4.6. By the naturality of
c and ¢ = id we have )
P = (Plgeor @ Ppeon) © Opeorg acor
where t = socp 4 and =51 ocp, . By Proposition 3.13, t is convolution invertible and
belongs to Ska(B, A). Then, by Proposition 3.2, v is in Sk; (B“P, A°P) and is convolution
invertible. Therefore we can apply Theorem 4.6 for X = B®P Y = A“P and u = v and
then ® is a weak distributive law for the weak bialgebras BP and A°P. Thus ® is a weak
distributive law for the weak bialgebras B and A. Note that by the naturality of ¢ and
c? = id we have
d=(s® ((A®B®5_1)05A®B))05A®BOCB,A' (4.16)

To prove the identities (4.7) and (4.8), first we need to show that the following equalities

hold:

Tod = ((s0(Tf5®@B)) @B AR (s0o(ITf®B)))o (AR5 @34 @ B)odagpocp.a. (4.17)

DoV =(s0o(ME@B)@ARB® (s0(Ilf® B)))o(A®Jdpga® B)odagp. (4.18)
Indeed, in one hand
Vod
= (¢ ©@¢%) e (A®can®B)o((6a0dy ) ® (050 ¢})) o dacmaper ocpa
(naturality of ¢ and c? = id))
= (g% @6¢%)0(ARcap®@B)o((A®¢% )o(0a®B))@ (¢} ®B)o(A®dp)))
O5Acop®3cop ocCp A (coassociativity of 64 and dp)
= (05 o(A09}))@(%o(¢% ©B))o(A®ARC)5@B®B)o(AVcA1@cp 5O B)
(5A RARBR® 53) o ((CA7A o 5A) & (CB,B o (SB)) 0 cp,A (naturality of c and c? = id)
=(((s®s 1) o(A®cpAa®B)o(ARA®IR)®BRAR((s®s ) o(A®cap®B)
0(64RB®DB)))o(ARA®RIpRIARBRB)o(ca,A®ca,BRcB,B)o(ARcA AQCB BRB)
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0(614 RARB® (53) o ((CA,A o 5A) & (CB,B o (53)) 0 CB,A ((xii), (xiii) of Lemma 4.5 and
c? =id)
= ((5 *5_1) BRAR® (5 *5_1)) o (A ROBRIAR® B) o 5A®B 0 CR,A (naturality of c,

¢? = id and coassociativity of §4 and op)

=((so(MMf®B) @B AR (50 (115 ®B))) o (A®Ip®54® B)odagpocr.a
((3.15)).
and, on the other hand,
PoVw
—cpao (PR @¢% )o(A®cap®B)o((da0dy) @ (Bporh ) odaomgpeon
(naturality of ¢ and c? = id))
= cp,40(pH®¢% )o(ABcap@B)o(((A®¢Y)o(d42B))@((¢f ®B)o(A2dp)))
O(SACOP®BCOP (coassociativity of 64 and dp)
=cpao((pho(A®ey )@@ © (03 ®B))o(Ae AR cap® B B)
o(ARcaa®@cppR@B)o(4®ARBRIg)o((car0da)® (cpodp)) (naturality
of ¢ and ¢? = id)
=(((5'®5)0(A®cpA®B)o (AR AR®IR))®cpa®((s 1 ®s)o(ARcpa® B)
0(04®B®B)))o(ARARIpRIAQRBRB)o(ARA®cap@BRB)o(((A®d4)
O(SA) ® ((B & CB,B) o (CB,B & B) o (B X 53) 0CB,B© 53)) ((xiv), (xi) of Lemma 4.5 and
c? =id)
= ((5_1 *5) ®Xcp,A® (5_1 *5)) o] (A ROIBRIA® B) o 5A®B (naturality of ¢, ¢2 = id and
coassociativity of 4 and dp)
=((so(If®B)®@A® B® (so (I1f ® B))) o (A® dpga ® B) 0 Sagp ((3.16)),
therefore
Vo
— (s © A) o (B (4 ® ((cap ®1) 0 b0)) 0 b o (A ® 1)) (@15)
= cp a0(A®upeu)o(cp a®ca p@B)o(Bau 1®540 BoB)o(BRA®cs g0 BRB)
O(B R0 R ((B Qup X B) o ((53 o 773) &® (5B 0773)) (naturality of ¢ and (a3) of Definition
2.1)
=W 'l®cap®u)o(A®cap®cap®B)o(A® A®cap®B® B)
o(((A®da)064)® (B® (ppo(B®pup))®B)o(cpp®B®B®B)
O(B X ((53 o 773) X (53 o 773)))) 0 CB,A (naturality of c and c? =id)
=W '®cap®uo(ARcap®cap®B)o(A®A®cap®B® B)
o((A® 64) 034) ® (B® (up o (jup © B) ® B o (cp 5 © B B B)
O(B X ((53 o 773) X (53 o 773)))) 0 CB,A (associativity of up)
=(caB®u)o(A®cap®B)o (v 't®da)o(A® ca,B)) ® B® B)
O(5A & ((Hg & ((B ®ﬁg) o 53)) o 53)) O cp,A (naturality of ¢ and (2.13))
(s7lo(ATIE) @B A® (50<A®ﬁ§>>>o (AR 6p®04® B)odagpocp,a
(naturality of ¢)
=((soc(M{®B)®BRA®(s0o(Ilf ® B)))o (A®Jp® 64 ® B)odagpocp.a
((3.7) and (3.15))
=Wod (4.17)),

and

Vo

= (/J,A ® B ®5_1) o (A &® ((5 & 6A®B) o 6A®B o (77A X B))) (naturality of ¢ and (4.16)))

=(5QuA®B®5 1) o(A®cap®ARBR®A®B)o(caa®cap®cap® B)
O(A® ARA® CAB® B) o (A & ((A & 5A) 0d4 O’I’]A) & ((B (%9 53) o 53)) (naturality
of ¢)

= (5®NA®B®5_1)o(A®CA,B®A®B®A®B)O(CA,A®CA,B®CA,B®B)
0(ARARA®CcA B B)o(A®((AQus®A)o((640na)®@(640n4))R((B®JIR)odB))
((a3) of Definition 2.1)
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=(s®A®B®s ) o(A®cap®cap®@B)o(A® AR cap®B®B)
o((A® (pao(A® pa))®A)o(can®ARA®A)o(A® ((0a0na) @ (6a014))))
®((B X 53) o 53)) (naturality of c)

=(s®A®B®s 1) o(A®cap®cap®@B)o(A® AR cap®B® B)
o((A® (pao(pa®A))®A)o(can®ARA®A)o (AR ((6a0na)®(6a0n4)))))
®((B X 53) o 53)) (associativity of p4)

=(sABRs HNo(A®cap®cap®B)o(A® A®cap® B® B)
o(If ® (A®TL}) 064)) 0 84) @ (B ® 35) 0 05)) (213)

= ((50 (Hﬁ@B)) RARB® (5_1 o (ﬁf@ B))) o (A@B ®5A®B) 05A®B (naturality of
of ¢)

=((s0(If®B)®A®B® (so(If® B))) o (AR dpga ® B) 0 dagp ((3.14), (3.16),
naturality of ¢, ¢2 = id and coassociativity of 65)

=® o U ((4.18)),
Thus (4.7) and (4.8) hold. O

Theorem 4.8. Let A, B be weak bialgebras, let s : AQ B — K be a convolution invertible
1-skew pairing and let ¥ and ® be the weak distributive laws introduced in Theorem 4.6.
Then, the pair (¥, ®) is weakly comonoidal.

Proof. We begin by proving (4.11). Indeed, first note that

(V@@B@A)OéB@)AO\I/

=((s"'*sx5 ) @cap@(((s*57 ") ®cap) 0 dagn) ®5) 0 (Jasn ® dagn) ©daeB
(naturality of ¢, ¢? = id and coassociativity of § 4 5)

=(s'®cap®@(((sxs ') @cap)odagn) ®8) o0 (6azp ® 6azB) © 6azB ((3.17)

= (\IJ & \I/) o 6A®B (coassociativity of dagB),

and on the other hand,

(B®A®V\1/)053®A0\1/
=51 ®cap®@((sxs 1) ®cap)odagn) @ (sx5 1 %5)) o (agn @ awB) © dAsB
(naturality of ¢, ¢? = id and coassociativity of § 4 5)
=(s'®eca®@(((s%5 ') ®cap)odagn) ®8)0 (6agB @ 0aeB) © dazB ((3.18))
= (\If X \I/) o 5A®B (coassociativity of dagB)-
Therefore, (4.11) holds. The proof for (4.12) follows from

(Ve ® AR B)odagpo®

= ((s%5 145) R AR BR(((s 1 #8)® A®B) 00 agp)®5 1) o(0 a0 49B)90 A9 BOCE, A
(coassociativity of dagn)

=(RAB®(((s ' *s5)@ A® B)0dagn)®s 1) o (04 ®04wB) ©04sB°CB, A
((3.18))

= (CI) &® (I)) o 5B®A (naturality of ¢, ¢? = id and coassociativity of SagB),

and

(A®B®V<D)O(5A®BO(I)

= (5®A®B®(((571*5)®A®B)05A®B)®(571*5*571»O(5A®B®5A®B)05A®BOCB,A
(coassociativity of dag )

=(0AB3(((s 1*s5)@ A® B)0dagp)®s 1) o (04 ®0awB) ©04sB°CBA
((3.17))

= ((I) & (I)) o 5B®A (naturality of ¢, ¢? = id and coassociativity of Sagp)-

Finally, by naturality of ¢, properties of the counits and (3.17)

1

(ep®ea)oVU =(s%5 Nocpa=(5%5 %55 )ocpa=(ep®en)o Vs,

and then (4.13) holds.
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Corollary 4.9. Let A, B be weak bialgebras and let to : A ® B — K be a convolution
invertible 2-skew pairing. Then,

F=(p5®¢% )odiep: A®B = B® A,

T:CB,AO(‘P‘E®¢‘271)O5A®BOCB,A:B®A—>A®B,

are weak distributive laws such that Y is a weak inverse for T' and the pair (T', ) is weakly
comoidal.

Proof. The proof follows from Proposition 3.7 and Theorems 4.6, 4.7 and 4.8. O

Example 4.10. Let H be a finite weak Hopf algebra in € satistying that the antipode is
an isomorphism. If A = HP = (H*)°? and B = H, the morphism

5 = ,BH(K) OCH*,H : (H*)Op X H—- K
is convolution invertible in Sky ((H*)°P, H) with inverse
s =s50(H" ®@)\;).
Therefore, by Theorems 4.6, 4.7 and 4.8, the pair (¥, ®) where
-1 * *
U= (o ®Pgeyor) © Oryoren : (H)P @ H — H @ (H")?,

-1 %\ 0! %\ 0,
D = cy (reyer © (P @ O greyor) © O(m*)orer © CH(H*yor * H @ (H)® — (H)® ® H,

are weak distributive laws such that ® is a weak inverse for ). Moreover, (¥, ®) is a pair
of weakly comonoidal weak distributive laws. Then, by Remark 4.4 (®, V) is the pair of
weakly comonoidal weak distributive laws that induces the Drinfel’d double

D(H)=Im(Vg) = (H*)? x H=H“? x H

as was pointed in [3] (see also ([18])).
In the conditions of Example 2.4, D(H) = Im(Vg) = H* x H. Then, using that

! fr—10 if t(1) =1t(0)

0 if t(r) # t(o)

T if 7T=0"

WE};l(fa ®R7): { ) ¢5H*(fa ®RT>: {

0 if 7#071!
and
froo it s(1)=t(o)

0 if s(r)#t(o)

T if T=0 B
(PE}{(fo@’RT):{ : ¢5H*(fcr®R7—):{
0 if 7#0

we obtain the expressions for ¥ and ® in the following way:

T QR fr—1logor if o is a cycle on (1)
\I](fa ®R T) = )
0 otherwise
frocor—1 ®R T if o is a cycle on s(7)
<I’(T R fa) =
0 otherwise
Therefore,
Jo ®rRT if o is a cycle on t(7)
vq)(fo QR 7_) = )
0 otherwise
and then

D(H) = ({fo ®r7, oisacycleont(r)}).
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As a consequence, the algebraic structure as weak Hopf algebra of D(H) is:

mpan(1e) = Y. fu®ridy,

w cycle on z
fo®rToOT if oc=710fo7 !and s(r) = t(m)
tp(a) (fo @RTRR fo®@RT) = { ;
0 otherwise
1 if o = Zdt(T)
ep)(fo ®rRT) = { ,

0 otherwise

Spmy(fo ®rT) = Y.  [o®ORT OR frou-1 ORT

w cycle on t(7)

and
)‘D(H)(fo XR T) = fT*logfloT QR T_l-
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