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Abstract

In [7], Enomoto et al. identified the concept of super edge magic total labeling of graphs by getting motivation from the idea of edge-magic
labeling of graphs that was brought into light by Kotzig and Rosa [20]. An edge magic total labeling of a graph G is a one to one map ¢ from
V(G)UE(G) onto the set {1,2,...,|V(G)|+|E(G)|} with the property that, there is an integer constant ¢ such that ¢ (u) + ¢ (uv) + ¢ (v) = o
for any (u,v) € E(G). Moreover if ¢(V(G)) = {1,2,...,|V(G)|}, then edge magic total labeling is called super edge magic total labeling. In
this paper, we study the super edge magic total labeling of generalized comb graph.
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1. Introduction

In this paper, we consider only finite, simple and undirected graphs. We denote the vertex set by V(G), edge set by E(G) of a graph G and
their cardinalities by p and ¢ respectively, i.e. |V(G)| = p and |E(G)| = q. A labeling of a graph is a map that carries the graph elements
to numbers (usually positive integers). In this paper the domain will usually be the set of all vertices and edges, such labelings are called
total labeling. Some labelings use the vertex-set only, or the edge-set only, this type of labeling is called vertex-labeling and edge-labeling
respectively. Other domains are also possible like the set of faces of the graph. There are many types of labelings namely, graceful labeling,
alpha labeling, antimagic labeling etc [1,2].

In this paper, we focus on one type of labeling called edge-magic total labeling. An edge magic total labeling of a graph G is a bijection
¢ :V(G)UE(G) — {1,2,...,p+q} such that ¢ (x) + ¢ (xy) + ¢(y) is constant, for every edge xy € E(G). A graph with an edge magic total
labeling is called edge magic graph. An edge magic total labeling ¢ is called super edge magic total if ¢(V(G)) ={1,2,...,p}. A graph
with super edge magic total labeling is called a super edge magic graph[14,15,16,17] .

Graph theory can be applied to a wide range of fields and problems. In chemistry and physics graph theory can be used to study molecules
or chemical reactions. A graph makes a natural model for a molecule, where vertices represent atoms and edges bonds. Graph theory has
applications in cheminformatics, medicinal chemistry, biology, and biochemistry[6]. This approach is especially used in computer processing
of molecular structures, ranging from chemical editors, database searching, find similarity functions, sub-structure searching, all of which are
important in drug design algorithms [7,8]. Zhang et. al [9, 10, 11] discuss the topological indices of generalized bridge molecular graphs,
Carbon Nanotubes and product of chemical graphs. Zhang et. al [12, 13, 14] provided the physical analysis of heat for formation and entropy
of Ceria Oxide

The subject of edge-magic total labeling of graph has its origin in the work of Kotzig and Rosa [20], on what they called magic valuations of
graphs. The notation of super edge-magic labeling was introduced by Enomotp ez al. in [7] as super edge magic total labeling. A number of
classification studies on super edge-magic total graphs has been intensively investigated. More detail, the results on edge magic and super
edge magic labeling of some graphs can be seen in [9,10,11,12,13] and a complete survey [15] and for more details see [3, 4, 5]. In this
paper, we mainly focussing on the comb and star graphs.

2. The generalized comb graph

A generalized comb graph is obtained from a path P, | having vertices ug 1,u1,1,U2,1,431,...,Us 1 by joining n new paths P; ;1 <i<n
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generalized comb graph are defined as follows:
V(Ch,) ={u;j:1<i<n, 1 <j<t;}U{ug,},
E(Cbn) = {(ui_l 114,‘71) 01 §i§n}U{(u,~,ju,~,j+1) 1<i<n 1<j<y— 1}

with |V(Cb,)| =1+ Z t; and |E(Ch,)| = ): t.

Now, we investigate the super edge magic total labeling of generalized comb graph. In order to prove our main results, we will frequently
use the following lemma:

Lemma 2.1. [8] A (p,q) graph G is super edge magictotal if and only if there exists a bijective function ¢ : V(G) — {1,2,--- , p} such that
the set S = {¢(x)+ ¢ (y) : xy € E(G)} consists of q consecutive integers. In such a case, ¢ extends to a super edge magictotal labeling of G
with magicconstant o, = p + g+ s, where s = min(S).

Theorem 2.2. Forn >3, t] >3, the generalized comb Cby(t1,ty +1,t; +2,...,t; +n— 2.ty +n— 1) admits super edge magictotal labeling.

Proof: By the construction of generalized comb, we find that

ti=t —1+i, for 2<i<n,with |V(Ch,)| = "#=U42 and |E(Cb,)| = "20Fn=1),

Now Its come to show that Cb,, is super edge magic we define the labeling ¢ : V(Cbh,) — {1,2,3,..
1 < j <t as follows:

M}f0r1<l<nand

Case 1: when t; is odd

(a) If i, j have same parity,

ey =1
o= T o v+ Bhif3<i<noedd
) r=1(mod2) o
Yyl r+14+ 5L, if2<i<n,even.
r=1(mod2)

(b) If i, j have different parity and

(i) nis odd
Zn7r2:] tr"'z r=1 tr“’M if 2<i<n,even
¢’(ui ) — rElémadZ) r,l(madz) ot
N YU 4+ X 4+ MR f3<i<inodd.
r=1(mod2) r=1(mod2)
Oluor) =X" 2y trt 2 o(uy ;) =", g+ 2L
r=1(mod2) r=1(mod2)

It is easy to see that under the labeling ¢ the set of all edge-sums is
si={3[2" 2 2 +2mrnt1]+i 1 <ig Gy

r=1(mod2)
(ii) n is even

0o ) =X""L 6+ "2 o) =YL, 6+
: 2 2

r=1(mod2) r=1(mod2)
YL e+ o+ ™5, if3<i<nodd
r=1(mod2) r=1(mod2)

¢ (uij) =
YL 4+l M 2 <i<neven
r=1(mod2) r=1(mod2)

It is easy to see that under the labeling ¢ the set of all edge-sums
Sy — {% [Z"’L. 2tr+n+2] Vi 1<i< M}

r=1(mod2)
Case 2: when 1 is even
(a) If i, j have different parity,

L
P(uo1) =42, @(ur ;)= "5,
i—1
%[Z2tr+4+i+2j], if 2 <i<n,even
r=1

¢ (i j) = ;
%[ y 2t,+7+i—2j], if3<i<nodd
r=1

(b) If i, j have same parity and

(i) n is odd
%[i2fr+211+n+5 21] ifi=1
O(uij) = %[,ilzt’+r§12tr+”+6_i—2j]7if3SiSn,odd
%[)n:’ tr+ii12t’+n+5_i+2j]7if2ﬁiSn,even
r= =

—_
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It is easy to see that under the labeling ¢ the set of all edge-sums is
n
Sy ={4[ £ 2 +n+7] 45 1 <im0
r=1
(ii) n is even

2ty 4ty 34— 2]} ifi=1

A
—

Sy

O(u; j) =

[N ["J\_lM\

——

i
2+ ¥ 2020 +3n+57i72j],if3§i§n,odd
1

ESE
—

Sy

i

It is easy to see that under the labeling ¢ the set of all edge-sums is

n—1
Sa={4[ L 2t +2n+3n+6] +is 1<i< Gy
r=1

Z 2t + Z 2t + 21 +3n+471+21] if 2<i<mn,even
=

Clearly, [S1| = [S2]| = |S3]| = [S4] = M Therefore, by using Lemma 2.1, ¢ can be extended to a super edge-magictotal labeling.

Hence, the graph Cb, admits a super edge magictotal labeling.

Theorem 2.3. For n > 5, the generalized comb Cb,(2,3,4,...,|5]: 5]+ 1,|5] +1: 5], 5] — 1,...:2) admits super edge magictotal

labeling.

Proof. By the definition of generalized comb, first we notice that

i1, Fl<i<|i]-
BIF1 =414

ti=4¢ 215]+2—i, if|5]+2<i<nandn even
215 +2—i, if|5]+2<i<n—1andn odd
2, if i=n odd

[V(Cby)| = ”zﬂ#, |E(Cby)| = ”Zf”,for n even

[V/(Chy)| = 425 |E(Chy)| = 42 for n odd

Now it comes to show that Cb,, is super edge magic we define the labeling ¢ : V(Cb,) — {1,2,3,...

O(uo 1) =1, ¢(u12) =2, ¢(up;) = 2HH if 1< j<n, 0dd

i
%[Z2tr+7+i72j], if3<i<|%] 0dd
r=1
and 1 < j <t even
¢ (uij) = O
%[221‘,+4+i+2j], FA<i<|%]+1,even
r=1
and 1 < j <t;,odd
Case 1: when n is odd

For3<i<|%],0dd and 1< j<t;, odd

O (uij) = %[ Z 2t + Z 2, +2|5]+28— nfi] -4
=3

For4 <i<|7]+1,even and 1< j<teven

O(uij) = %[E 2t,+l)i 2t +2[5 | +25— n—z] +§

For |5|+1<i<n—2,0dd

i
%[ZIZtquZL j+77i72j}, if 1< j<t;,even
¢ (uij) = 2
%[g +):2:,+16 n+z—2j} if1<j<t,odd
For | 5| +2<i<n—1,even
%[):Ztr+2L§j+6—i+2j], iF1<j<t,0dd
¢ (uij) = -1
5[):2;, ):2t,+13 n+l+2j} if 1< j<t;even
=

,|V(Cby)|} as follows:
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FNE

[ 2 21,422 an+17] Yiol, ifi=j=1,2

r=1
n—2
O(u; j) = ): tr+5, ifi=nj=1
i
Z[zzzr+2LgJ+13—n], ifi=nj=2
r=1

It is easy to see that under the labeling ¢ the set of all edge-sums is
1 [2 . . n’t4n+3
S| = {z[ L 2+23) +17—n] i 1<i< %}
=
Case 2: when n is even
For3 <i<|%],0dd and 1< j<t;,o0dd

¢(ui,j)=%[ Z 2+ Z 2t +2( 4 J+23,n,,-] _ L

r=3

For4 <i<|5]+1,even and 1< j <t even
n—1 i—1

o(u) =4 ¥ 2+ ¥ 2+2(3] 420 n—i] +4,
r=1 r=1

For | 5|+1<i<n—1,0dd

i
1 22tr+2Lﬂj+77i72j], if 1< j<t;,even
ul,] i
%22z,+22:,+117n+172ﬂ if1<j<t,odd
L R
For | 5| +2<i<n,even
%[):2&4—2% +6—i+2j], if 1< j<t;,0dd
¢ (uij) = 1
%[Z2tr+22tr+8 n+l+2j} if 1 < j<teven
1[zzz,+2g —n—l—lZ], ifi=j=1
¢ (uij) =

z[ ¥ 21, 42(1] —n+16], ifi=j=2
r=1
It is easy to see that under the labeling ¢ the set of all edge-sums is

n—1 2
S, = {%[r§12t,+2L%J+127n] +is 1<ig o)

Clearly, |S;| =2 *4"*3 , 1S2]=1 j6”. Therefore by using Lemma 2.1, ¢ can be extended to a super edge-magictotal labeling. Hence, the

graph Cb,, admits a super edge magictotal labeling.
In next theorems, we formulate super-edge magictotal labeling for disjoint union of generalized combs and star.

Theorem 2.4. Forn >4, m > 3, the graph G = Cb,(2,3,4,...,n—1,n,n+ 1) UK ,, admits super edge magictotal labeling.

Proof. Let G = Cb,(2,3,4,...,n—1,n,n+ 1) UK ,,, the vertex set and edge set of G are defined as follows.
V(G)={uj:1<i<n, 1<j<t:3U{ug1}tU{c,v;;1 <1< m},and

E(G) ={(ui—r,1ui1) : 1 <i<n}U{(uijuijr1) :1<i<n, 1<j<;—1}0{(ev);1 <1 <m}
. 2 2
with |V(G)| _n +3n§r2m+47 ‘E(G)‘ _n +3£1+2m‘

Also, we observe thatt; = 1+i, for 1 <i<n.
We define the labeling ¢ : V(G) — {1,2,3,...,%} for1 <i<nand1 < j<t as follows:

Case 1: when i, j have different parities,

$(c) =2, p(u12) =1, ¢(uz3) =3, p(uz1) =4, ¢(uo,1) =5,
i

[): ,+21+i—2j], if3<i<n, odd

[z tr+l8+i+2j}, if 4<i<n, even

=

.~
'—w

O(uij) =

FNE

Case 2: when i, j have the same parity and
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(i) nis odd

¢(v,)zﬂ y 2tr+17+n+4l]7 if 1<l<m,
r=3

n
o (uij) = H y 2tr+21—|—n—|—4m] Yiol, ifi=j=12

n i
%[ Y2+ ¥ 2t,+n+4m+30—i—2j},if3 <i<n,odd
¢ (ui ;) = 5
%[ Y2+ ¥ 2tr+n+4m+29—i+2j],if4§ign,even,
r=3 r=3

It is easy to see that under the labeling ¢ the set of all edge-sums is
_J1 L . . n*4+3n42m
S1=97| L2t,+n+25|+i; 1 <i< =170
r=3
(ii) n is even

n—1
¢(v,):%[ Y Ztr+3n++20+4l]7 if 1<i<m,
r=3
n—1
0 (1) = %[ Y 2[,+24+3n+4m] Yiel, ifi=j=1.2
r=3

n—1 i
%[ Y 2%+ ¥ 2tr+3n+4m+33—i—2j],if3gign,odd
¢ (Mi,j) _ r=3 r=3

i—

n—1 1
%[ZZIM— 2tr+3n+4m+32—i+2j]7if4§i§n7even
r=3 3

r=

It is easy to see that under the labeling ¢ the set of all edge-sums is
S, =41 n712 28 i 1<i< n*43n42m
2=1917 23 tr+n+ +i 1 <i < PR s
r=

Clearly, |S1]| = |$2| = "2+3++2m Therefore by using Lemma 2.1, ¢ can be extended to a super edge-magictotal labeling. So, the graph G
admits a super edge magictotal labeling. By now, the proof is complete.

Theorem 2.5. Forn > 5, m >3, the graph G = Cb,(2, 3;2(5 + 1) UK for 3 < i< n, admits super edge magictotal labeling.

Proof. Let G = Cbhy(2, 3;2(%} + 1) UK{ 1, the vertex set and the edge set of G are defined as follows:
V(G)={uij:1<i<n, 1<j<t;}U{ugi}U{c,v;l <l<m}

E(G)={(ui—1uir) : 1 <i<n}U{(uiju;jp1) 1 <i<n, 1 <j<t;=11U{(ev);1 <1 <m}

with [V(G)| = ZH4n2mid ()| = L2l for y odd

V(G)| = H2mi2 | p(G)| = 242 for p eyen

Also, we observe that

L1+ ifi=1,

L 2[5]41 if3<i<n

We define the labeling ¢ : V(G) — {1,2,3,...,|V(G)|} for ] <i<nand 1< j<¢ as follows:

Case 1: when i, j have different parity

O(c) =2,0(u23) = 1,0(u12) =4, ¢(u2,1) = 5,0(uo,1) =3,
O(u32) =6, ¢p(uza) =17,

i—1
%[ y tr+10+j}7 if'5<i<n,odd
O (u; j) = 3

i
7[2‘,tr+117j}7 if 4 <i<nm,even
r=3

—_

Case 2: when i, j have same parity and

(i) n is odd

o(v) =% {"gtwrz@ +10+2z], if1<i<m
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n—1 i—1
%[ Y+ Y r,+2(g1+2m+15+j],if5 <i<n,odd
r=3 r=3

¢ (uij) = 1 i
%[ Y+ Y r,+2(g}+2m+16—j],if4gign7even
r=3 r=3

It is easy to see that under the labeling ¢ the set of all edge-sums is
et . ;o n+Ant2m—1
§1= {7 [r§3fr+2f§] +14] +i; 1<i< %}
(ii) n is even
o i—1
j[ Y6ty z,+2m+15+j},ifsgign7odd
¢(ui,j) — er r?3
%[ Y+ Y t,+2m+16—j},if4§i§n7even
r=3 r=3
n
¢(v,):%[ Yy t,+10+21], if1<i<m
r=3
n
o)=L ¥ tr+2m—0—12] Licl, ifi=j=1.2
r=3
n
0w ) =5 Loy +2m+15+ ], if 1<j<n,0dd
r=3
It is easy to see that under the labeling ¢ the set of all edge-sums is

n
S, = {%[r;rmtm] i 1< 2

Clearly, |S| = ”2+4”2+2’"’1 , 18] = ”2+4"§2’"’2. Therefore by using Lemma 2.1, ¢ can be extended to a super edge-magictotal labeling.
So, the graph G admits a super edge magictotal labeling.

Theorem 2.6. Forn > 6, even and
G =Cby(2,3,4,...,n,n+1)UC'b,(3,4,5;6,6,8,8,....n—2,n—2,n,n;n+2)
then the graph G admits super edge-magictotal labeling.
Proof. The vertex set and edge set of G are defined as follows:
V(G)={upj:1<i<n 1<j<ti}U{ugi}U{uj;:1<i<n, 1<j<t;}U{up,}
E(G) = {(ui—1quin) :1<i<nyU{(uijuijr1) :1<i<n, 1<j<t;—=13U{(u_yuiy) :1<i<n}U{(u]ju} ;) :1<i<n 1<
jsh—1}
with [V(G)| = 2n2+27n+8’ |E(G)| = 2n2+27n+4
Also we find thatt; = 1+1i, for 1<i<n

2+i, ifi=1,2,3
=< 2[5]+2 ifd4<i<n—1
n+2, ifi=n

We define the labeling ¢ : V(G) — {1,2,3,..., M} as follows:
Pug ) =1, ¢(uo1) =2, p(ur2) =3, p(uz1) =4, ¢(u23) =5,

i
%[zztrﬂsﬂzzj], if3<i<n,odd
r=2
and 1 < j <t even
¢ (uij) = -
%[):Ztr+12+i+2j}, if 4<i<n,even
r=2
and 1 < j<tj,odd
1 n—1 n
z[ 2+ Y 2t;+14+3n+2j], if3<i<n—1,0dd
r=2 r=i+1
. and 1< j <t even
¢(ul‘]) - n—1 n
%[ 2z,+22t;+16+3n—2j], if 4<i<n,even
r=2 r=i
and 1 Sjgtl{,odd

For3<i<n—1,odd and 1 < j <t;,odd

n—1 n i
0 (i) = %[ Y 2+ YA+ Y 2tr+37+3n7i72j]
r=2 r=3 r=3

For4 <i<n,evenand 1 < j <t even
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n i—1
2+ Y 2tr+36+3n7i+2j]
3

| n—1
0 (i) = z[ Y 2+
r=2 r=3

r=

For3<i<n—1,0dd and 1 < j <t/ ,odd

n—1 n n
¢ (u; ;) = %[ Y4+ Y2+ % 2t;—|—32+4n+2j]
h r=2 r=3 r=i+1

For4 <i<n,even and 1 §j§tl{,even

n n
2‘21;—0—34—0—471—24

r=i

, 1 n—1
(i ;) = Z[ 24’r+

r=

2t +
3

r=

n—1 n .
Ol ))= L tr+ ¥ f1+n+8+4, for 1 <j<4, even
’ r=2 r=3
! —n71 L _j¥l .
¢(”1j)— Y tr+ X tp+n+13—+5 for 1 <j<3, odd
’ r=2 r=3

n—1 n
0 (u; ;) = H Y 2+ ¥ 2z;+3n+28] iol, i=j=12
r=2 r=3

n—1 n
¢(M’z.3):%[ 24+ % 2t;+3n+16]
' r=2 r=3

Il
N

n—1 n
Oy ) =3 [ Yo+ % 2t;+3n+20]
' r=2 r=3

n

n—1
0(idy ) g[z 2, + 2t;+3n+24]
’ r=2 3

r=

It is easy to see that under the labeling ¢ the set of all edge-sums is
n—1 n o 4

S— {g { L 20+ zszz;+3n+3z] ti 1<i< %}
r= r=

Clearly |S| = 2"2+727”+4. Therefore by using Lemma 2.1, ¢ can be extended to a super edge-magic total labeling. So, the graph G admits a
super edge magictotal labeling.

Conclusion:

In this paper, it has been shown the super edge-magicness of certain types of generalized comb as well as disjoint union of generalized combs
and star. Additionally, we prove the super edge-magicness of

G =Chy(2,3,4,...,n,n+1)UCby(3,4,5,6,6,8,8,...,n—2.n—2,n,n;n+2)

for n, even only. However, much more effort is to be done in order to get a comprehensive understanding the super edge-magicness of
generalized comb. We encourage researchers to try to determine the super edge magic total labeling of other graphs for further research.
Therefor, we raise an open question.

Open problem: For n > 5, odd and G = Cb,(2,3,4,...,n,n+ 1) UCD,(3,4,5;6,6,8,8,...,n —2,n—2,n,n;n+2), Find the super edge
magictotal labeling of G.
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