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Abstract

The main purpose of this paper is to study the notion of the ¢-open sets defined by Al-Jarrah et al via 4 -closure operator in [4]. We give
various properties of the notions of 8g-closure operator and dgp-open set. Also, we introduce the notions of §g-continuity, ®-J-continuity
and weakly dgp-continuity by means of dgp-open sets [4]. Furthermore, we obtain several relationships, examples and counter-examples
related to new classes of functions.
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1. Introduction

The forms of weak and strong of the notion of open set in topological spaces have been defined and studied by many authors. For instance, in
1982, Hdeib [9] introduced the concept of @w-open set which is weaker than the concept of open set in topological spaces. Also, they proved
that the family of all w-open sets in a space X is a topology which is weaker than the old one. Recently, Al-Zoubi and Al-Nashef [5] have
advanced and studied the notion of @-open set. In 2017, Al Ghour [2], defined the concept of O4-open set which is stronger than the concept
of open set. They studied some of its basic properties and obtained characterizations. Moreover, they showed that the family of all 6,-open
sets in a space X is a topology which is stronger than the old one.

In this paper, we study various properties of the notion of §-open set defined by Al-Jarrah et al [4]. Although this notion is weaker than the
notion of §-open set defined by Veli¢ko [15], it is stronger than the notion of open set. Also, we define and study the notion of J¢-continuous
which is weaker than 8g-continuous defined by Al Ghour [2]. Furthermore, we obtain several characterizations of d¢-continuous functions
and investigate their some fundamental properties. Finally, we investigate the relationships among the notions of weakly d,-continuous,
-8-continuous and separation axioms.

2. Preliminaries

Throughout this present paper, (X,7) and (Y, o) (briefly X and Y) represent topological spaces. For a subset A of a space X, c/(A) and
int(A) denote the closure of A and the interior of A, respectively. The family of all closed (resp. open, clopen) sets of (X, 7) is denoted C(X)
(resp. O(X) or 7, CO(X)) and the family of all closed (resp. open) sets of X containing a point x of X is denoted by C(X,x) (resp. O(X,x)).
The cocountable topology on X, 7...; the topology whose open sets are the empty set and complements of subsets of X which are at most
countable. The cofinite topology on X, 7., ; the topology whose open sets are the empty set and complements of subsets of X which are at
most finite. The indiscrete topology on X, 7;,4; the usual topology on R, 7,.

We recall the following definitions which will be used throughout this paper.

Definition 2.1. A subset A of a space X is called:

(a) regular open [14] if A = int(cl(A)). The complement of a regular open set is called regular closed. The family of all regular open sets is
denoted by RO(X). A point x € X is said to be the d-cluster point [14] of A if int(cl(U)) NA # O for each open neighbourhood U of x. The
set of all 8-cluster points of A is called the 8-closure of A and is denoted by 6-cl(A). If A = §-cl(A), then A is called d-closed [14]. The
complement of a 8-closed set is called 5-open. The set {x|(3U € O(X,x))(int(cl(U)) C A)} is called the 5-interior of A and is denoted by
8-int(A). The family of all 5-open sets of (X, T) is a topology on X and is denoted by Tg.
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(b) w-open [9] if for every x € A there exists an open set U containing x such that U \ A is countable. The complement of an ®-open set
is said to be w-closed [9]. The intersection of all ®-closed sets containing A is called the ®-closure of A and is denoted by ®-cl(A). The
family of all ®-open (resp. -closed) sets in (X,T) is a topology on X and is denoted by T (resp. 0C(X)).

Definition 2.2. A point x € X is said to be the 0-cluster point [15] of A if cl(U) NA # 0 for each open neighbourhood U of x. The set of all
O-cluster points of A is called the 0-closure of A and is denoted by 6-cl(A). If A = 0-cl(A), then A is called 6-closed [15]. The complement
of a B-closed set is called 8-open. The set {x|(3U € O(X,x))(cl(U) C A)} is called the 0-interior of A and is denoted by 6-int(A). The
Samily of all 8-open sets of (X,7) is a topology on X and is denoted by Tg.

Lemma 2.3. [5] A subset A of a space X is ®-open iff for each x € A there exists U € T such that x € U and U \ A is countable.
Corollary 2.4. [5] A subset A of a space X is w-open iff for each x € A there exists U € T and a countable set C such that x € U\ C C A.
Corollary 2.5. [5] If X is a countable set then in the space X every subset is ®-open.

Definition 2.6. Let (X, T) be a topological space. Then the space X is called:

(a) Locally indiscrete [10] if T = RO(X).

(b) Locally countable [13] if for each x € X, there exists U € T such that x € U and U is countable.

(¢) Anti-locally countable [13] if for each U € ©\ {0} is uncountable.

(d) w-regular [1] if for each closed set F C X and x € X\ F, there exist U € TandV € T suchthatx € U, F CV and UNV = 0.
) w-locally indiscrete [2] if for every open set in X is @-closed.

Lemma 2.7. (a) [2] Every locally indiscrete topological space is ®-locally indiscrete.

(b) [3] Every locally countable topological space is ®-locally indiscrete.

(¢) [1]If X is anti-locally countable space, then for all A € T, @-cl(A) = cl(A).

(d) [1] A topological space X is w-regular iff for each U € T and each x € U there is V € T such thatx €V C w-cl(V) CU.
(e) [2] A topological space X is locally indiscrete iff every open set in X is closed.

Definition 2.8. Let A be a subset of a topological space (X, 7).

(a) A point x € X is in the Og-closure [2] of A (x € Op-cl(A)) iff @-cl(U)NA # 0 forany U € T withx € U.

(b) A set A is called O -closed [2] iff Op-cl(A) = A. A set A is called Bg-open [2] iff its complement is Oy-closed. Also, the family of all
Op-open (resp. Bg-closed) sets in (X, 7T) is denoted by g, (resp. 0C(X)).

Definition 2.9. Let A be a subset of a topological space (X, 7).

(a) A point x € X is in the 8gp-closure [4] of A (x € 8p-cl(A)) if int(w-cl(U))NA #£ 0 forany U € Twithx € U.

(b) A set A is called dgp-closed [4] iff Sp-cl(A) = A. A set A is called 8¢ -open iff its complement is 8¢-closed. Also, the family of all 8¢-open
(resp. 8g-closed) sets in (X,7) is denoted by T35, (resp. 85C(X)).

Lemma 2.10. [4] Let A be a subset of a topological space X. Then the following hold. cl(A) C 84-cl(A) C 6-cl(A).
Corollary 2.11. [4] Let (X, ) be a topological space. Then 15 C 15, C 7.

Lemma 2.12. [4] Let A be a subset of a topological space (X, 7). Then the following hold.
(@) cl(A) = 8p-cl(A) for each A € T.
(b) cl(A) = 8g-cl(A) = &-cl(A) for each A € 7.

Lemma 2.13. [4] Let (X, 7) be a topological space. Then Ts, is a topology on X.

Theorem 2.14. [4] Let (X, 7) be a topological space and A C X. Then A € 5, if and only if for each x € A, there exists U € T such that
xeU Cint(w-cl(U)) CA.

3. On §,-closure operator and J,-open sets

Theorem 3.1. Let A be a subset of a topological space X. Then the following hold.
(a) cl(A) C Op-cl(A) C Byp-cl(A),

(b) If A is 8-closed, then A is dgp-closed,

(¢) If A is Op-closed, then A is closed.

Proof. (a) Let x € 8p-cl(A).

X € Op-cl(A) = (VU € O(X,x))(int(w-cl(U))NA #0) = (VU € O(X,x))(w-cl(U)NA # 0) = x € Op-cl(A).
(b) Let A € 6C(X).

AE€SC(X) = A=5-cl(A) ™20 4 = 5,-cl(A) = A € 5,C(X).
(c) Let A € 8C(X).

A€ 8uC(X) = A = p-cl(A) MR 210

A=cl(A)=AcC(X). O
Theorem 3.2. Let X be an w-locally indiscrete topological space and A C X. Then the following hold.

(a) cl(A) = dp-cl(A),

(b) If A is closed in X, then A is Ogp-closed in X.

Proof. (a) Let x € 8p-cl(A).
X € Op-cl(A) = (VU € O(X,x))(int(w-cl(U))NA #0) = (VU € O(X,x))(@-cl(U)NA # 0)

X is w-locally indiscrete } = (WU € 0X,x))(UNA #0)
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= x € cl(A).
Therefore cl(A) = dp-cl(A).
(b) Let A € C(X).
(@)

AEC(X)=A=cl(A) = A =p-cl(A) = A € §,C(X). O

Corollary 3.3. Let X be locally indiscrete and A C X. Then the following hold.
(a) cl(A) = 8p-cl(A),
(b) If A is closed in X, then A is Ogp-closed in X.

Corollary 3.4. Let X be locally countable and A C X. Then the following hold.
(a) cl(A) = dp-cl(A),
(b) If A is closed in X, then A is Ogp-closed in X.

Theorem 3.5. Let X be anti-locally countable and A C X. Then the following hold.
(a) 6-cl(A) = 6p-cl(A),
(b) If A is 8 -closed in X, then A is 8-closed in X.

Proof. (a) Let x € 6-cl(A).

x € 8-cl(A) = (YU € O(X,x))(int (cl(U)) N A # 0) P (v € 0(X,x)) (int (0-cl(U)) VA # 0) = x € Se-cl(A)
Then 8-cl(A) C 8p-cl(A). Thus -cl(A) = p-cl(A).

(b) Let A € §,C(X).
A€ 5,C(X) = A= Sp-cl(A) Wy = S-cl(A) = A € 5C(X). O

Theorem 3.6. Let X be a topological space. Then the following hold.
(a) IfA C B C X, then 8gp-cl(A) C 6p-cl(B).

(b) 6y-cl(AUB) = 8¢-cl(A) U dp-cl(B) for each subsets A,B C X.
(¢) 8w-cl(A) is closed in X for each subset A C X.

Proof. (a) Let x € 6p-cl(A) and A C B.
x € §p-cl(A) = (VU € O(X,x))(int (0-cl(U)) m?éc(zg } (VU € OX.0)) it (@-cl(U)) B4 8) = x € Socl(B).
(b) Let A and B be subsets of X. -

ACAUBY §o-cl(A) C So-cl(AUB)

BCAUB Y §o-cl(B) C 84-cl(AUB)

Let x ¢ 8¢p-cl(A) U Op-cl(B).
X & O8p-cl(A)USp-cl(B) = (x & 8p-cl(A))(x ¢ 8p-cl(B))
= (3U € O(X,x))(int(w-cl(U))NA = 0)(3V € O(X,x))(int(w-cl(V))NB = 0) } N

} = 8u-cl(A)USy-cl(B) C 8p-cl(AUB)...(1)

w=Unv
= (W € O(X,x))(int(@-cl(W)) NA = 0)(int(w-cl(W))NB = 0)
= (W € O(X,x))(int(w-cl(W))N(AUB) = 0)
= x ¢ 8p-cl(AUB)
It means that 8¢-cl/(AUB) C dp-cl(A)U8p-cl(B)...(2)
(1),(2) = 8p-cl(AUB) = 0p-cl(A) U 8p-cl(B).
(¢) Suppose that x ¢ dgp-cl(A).

x¢ 0p-cl(A) = (U € O(X,x))(int(w-cl(U))NA =0)
= (U €O0X,x)(UNA=0)
= (U € 0(X,x))(UNp-cl(A) =0V UNp-cl(A) #0)
= (U € O(X,x))(UNBp-cl(A) =0)V (U € O(X,x))(U N Sp-cl(A) # 0)
—  (3U € 0(X,x))(U N 8a-cl(A) = 0) e
= x¢cl(6p-cl(A))
Therefore 8¢-cl(A) = cl(8p-cl(A)) which means that 8,-cl(A) € C(X). O

Corollary 3.7. Every open @-closed set in a topological space is 8q-open.

Proof. LetA € O(X)NwC(X) and x € A.
xeEA€eO0X)NwC(X)= (A€ O0(X,x))(A € oC(X))
= w-cl(A) =A € O(X,x) = x € A=int(A) = int(w-cl(A))

U=A }:‘(UGO(X,X))(int(a)—cl(U)) CA). -

Corollary 3.8. Every countable open set in a topological space is Og-open.
Proof. LetU € O(X) and |U| < Xy.

|U| <Xyg=UEe€ Cl)C(X) Corollary 3.7
U e o(x) =77 U € 8,0(X). O
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Lemma 3.9. [6] Let (X, ) and (Y, ) be two topological spaces.
(a) (Tx0)p C Tp X Op,
(b) IfAC X and BCY, then o-cl(A) x ®-cl(B) C w-cl(A X B).
Theorem 3.10. Let (X, 7) and (Y,0) be two topological spaces. If G € (T x 0)s, , then wx (G) € 75, and ny (G) € O,,.
Proof. Letx € mx(G) and (x,y) € G.
(xy) €G e (tx0)5, "L 3GH € 0(X x Y, (x,y))) (H C int (w-cl(H)) C G)
= (3U € O(X,x))(3V € O(Y,y))(U xV C H Cint(w-cl(H)) C G)

)
Lemma 39 (7 e 0(X,x))(V € 0¥ )U xV  C  int(w-cl(U)) x int(w-cl(V))
= int(w-cl(U) x o-cl(V))
C  int(w-cl(U xV))
C int(w-cl(H)) CG)
= (U € 0(X,2))(U C int(w-cl(U)) C mx(G)).
Then we have 7y (G) € 15, Similarly 7ty (G) € o5, . O

Definition 3.11. A function f: (X,7t) — (Y, 0) is called contra open [7] if f[U] is closed in Y for each open subset U in X .

Theorem 3.12. Let f: (X,7) — (Y,0) be a function. If f:(X,t) — (Y,0) is open and f : (X,T) — (Y,00) is contra open, then
f:(X,15) — (Y,05,) is open.

Proof. LetA € 15 and y € f[A].

€flA]= (AxeA)y=r()
y }:> (3U € 0(X ,x))(U C A) } (flu] e O(Y, f(x)) = O(Y,y))(flU] C fA]) }:>

Actct fis (1-0)
is (1-0) open fis (1-0¢) contra open

= (flU] € O(Y,y))(F[U] = int(@-cl(f[U])) € fIA]). O

Theorem 3.13. Let f: (X,7) — (Y,0) be a function. If f: (X,t) = (Y,0) is open and f : (X,Tw) — (Y,00) is contra open, then
f:(X,z5,) = (Y,05,) is open.

Proof. LetA € 15, and y € f[A].

yESAl= BreN =1 | . 5y e ox,x)(U C int(a-cl(U)) C 4)
A€Ts, } B fwis (t-0) Epen } =

= (flU] € O(Y,)(fIU] € flint (@-cl(U))] < fIA]) :
' /s (T-0w) contra open } = (fU] € O(Y.»))(f[U] = int(-cl(f[U])) gf[mr(w-cl(v)mvgz J}[ﬁ% } =
= (V € O(Y,y)(V = int(-cl(V)) C f[A]). 0

Definition 3.14. A function f: (X,t) — (Y,0) is called contra continuous [8] if f~'[V] is closed in X for each open subsetV in Y.

Theorem 3.15. Let f: (X,7) — (Y,0) be a function. If f : (X,T) — (Y, 0) is continuous and f : (X,7e) — (Y, 0p) is contra continuous,
then f : (X,15,) — (Y, 05, ) is continuous.

Proof. Let B € 15, andx € f~![B].

xefMBI= W EB gy oy, £(0)(V C int(w-cl(V)) C B)
Bets, } fiis (1-0) continuous } =
= (Ve ox.0))(f VI [ [int(@-cl (V)] C /' [B] } N
fis (T9-Op) contra continuous
= (/I € 0X ) (f V] = int(@-cl(f~HV])) € [~ int(-cl (V)] € £ (B ]) }
U=

= (U € 0(X,x))(U = int(w-cl(U)) C f~[B]). O

Definition 3.16. A topological space (X,7) is said to be ®-T [2] if for any pair (x,y) of distinct points in X, there exist U € T, V € Tg such
thatxeU,yeVandUNV =0.

Theorem 3.17. Let (X, 1) be a w-locally indiscrete space. Then (X, ) is @-T, space if and only if 8¢-cl({x}) = {x} for each x € X.

Proof. (=) : Let (X, T) be an @-T; space. Suppose that x € X and 0p-cl({x}) # {x}.
Sorcl({x}) # [} = (G € X)(v € Sorcl ({x})\ {x}) = (v € Bcl ({x})) (v 7 ) } R
(X,7) is @-T» space
(y € 8p-cl({x}))(AU € ®O(X,x))(IV € O(Y,y))(UNV =0)
(int(@-cl(V))Nn{x} #0)(U € @O(X,x))(V C\U)
(x € int(w-cl(V)))(U € ®O(X, x))(mt(a) cl(V)) Cint(o-cl(X\U)) =imt(X\U) CX\U)
= (x € int(w-cl(V)))(U € ®O(X,x))(int(w-cl[(V))NU = 0)
= (int(@-cl(V))NU # 0)(int(@-cl(V))NU = 0)
This is a contradiction.

=
=
=
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(<) :Letx,y € X and x # y.

(Y €X)(x#) '
’ x ¢ So-cl({y}) = (U € O(X,x))(int(@-cl(U)) N {y} = 0)

Hypothesis } é v (X,7) isazo-locally irgiscrete } -
= (U € O(X,x))(int(@-cl(U)) € @C(X))(int(@-cl(U)) N {y} = 0)

VX \ (el } = (U € 0(X,x)(V € @0(X,y))(UNV = 0). O

4. On 6,-continuity

Definition 4.1. A function f : X — Y is said to be §-continuous [12] if for every x € X and every open neighborhood V of f(x), there exists
an open neighborhood U of x such that flint(cl(U))] C int(cl(V)).

Definition 4.2. A function f : X — Y is said to be dg-continuous if for every x € X and every open neighborhood V of f(x), there exists an
open neighborhood U of x such that f[int(cl(U))] C int(w-cl(V)).

Theorem 4.3. Let f : X — Y be a function. If f is 8g-continuous, then it is §-continuous.
Proof. Straightforward. O

Remark 4.4. Every §-continuous function need not be 84-continuous as shown by the following example.

Example 4.5. Consider the function f : (N, 7,4) — (N, T, r), where N is the set of all natural numbers, defined as f(x) = x. The function f
is 8-continuous but not 84-continuous.

Theorem 4.6. If f : X — Y is -continuous and Y is an anti-locally countable space, then f is 0y-continuous.

Proof. Letx € X and let V be any open subset of Y containing f(x).

(xeX)(Veo(, f(x)) } - ;
. : = (U € O(X,x))(flint(cl(U))] Cint(cl(V))) . .
f is 8-continuous Y is anti-locally countable = (3U € O(X,x))(flint(cl(U))] C int(w-cl(V)). O
The following two examples show that the notions of continuity and Jg-continuity are independent.

Example 4.7. Consider the function f : (R, Ty,q) — (R, Teoy) defined as f(x) = x.
It is obvious that f is 84-continuous but not continuous.

Example 4.8. Consider the function f : (N,7) — (N, ) where T={N,0,{1}} and f(x) = x. It is not difficult to see that f is continuous
but not 84-continuous.

Theorem 4.9. Let f : X — Y be a function. If f is 8y-continuous and Y is ®-regular, then f is continuous.

Proof. Letxe X andV € O(Y, f(x)).

s | =1 OIS o) 1) |
= (AU € O(X,x))(f[U] C flint(cl(U))] C int(w-cl(H)) C int(V) = V). O

Definition 4.10. A function f: X — Y is said to be weakly continuous [11] if for every x € X and every open setV of Y containing f(x),
there exists an open subset U in X containing x such that f[U] C cl(V).

Definition 4.11. A function f : X — Y is said to be ®-6-continuous if for every x € X and every open set'V of Y containing f(x), there
exists an open subset U in X containing x such that f[int(®-cl(U))] C cl(V).

Theorem 4.12. Let f: X — Y be a function. If f is w-8-continuous function, then it is weakly continuous.
Proof. Straightforward. O
Theorem 4.13. Let f: X — Y be a function. If f is weakly continuous and X is ®-locally indiscrete, then f is ®-8-continuous.

Proof. Letxe X andV € O(Y, f(x)).

(xeX)(Veo(, f(x)) } = (3U € 0(X,x))(flU] C cl(V))

f is weakly continuous X is @-locally indiscrete } = (3U € O(X,x))(f[U] = flint(w-cl(U))] Ccl(V)). O

Corollary 4.14. If f : X — Y is weakly continuous and X is locally indiscrete, then f is ©-8-continuous.
Proof. By Lemma 2.7 and Theorem 4.13. O
Corollary 4.15. If f : X — Y is weakly continuous and X is locally countable, then f is ®-8-continuous.

Proof. By Lemma 2.7 and Theorem 4.13. O

Theorem 4.16. Let f : X — Y be a function. If f is weakly continuous and X is @-regular, then f is @-8-continuous.
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Proof. Letxe X andV € O(Y, f(x)).

xeX)VEOW.F) | 5y ¢ o(x,x))(FH] C cl(V))
f is weakly continuous } Y is a;—regular } =

= (3U € 0(X, ) (flint (0-cl(U))]  fla-cl(V)] € fIH] C cl(V)). O
Theorem 4.17. Let f : X — Y be a function. If f is 8-continuous, then it is ©-8-continuous.

Proof. Letxe X andV € O(Y, f(x)).
(rex )jf‘fs fs‘zguf; 2’232 } = (AU € 0X,x) (flint(cl(U))] C int(cl(V))
= (U € O(X,x))(f[int(-cl(U))] C flint(cl(U))] Cint(cl(V)) C cl(V)). O

Remark 4.18. Every ®-0-continuous function need not be 8-continuous as shown by the following example.

Example 4.19. Ler X = {a,b,c}, 1 ={0,X,{a},{c},{a,c},{a,b}} and 6 = {0,Y.{a},{c},{a,c}}. Let f:(X,7) = (X,0) be identity
function. Then f is @-8-continuous. On the other hand, it is proved in [[12] Example 4.5) that f is not §-continuous.

Theorem 4.20. Let f : X — Y be a function. If f is open ®-8-continuous and X is anti-locally countable, then f is 8-continuous.

Proof. Letxe X andV € O(Y, f(x)).

(eX)(Ve O, f() | (5y ¢ o(x, %)) (flint (@-cl(U))] € cl(V))
f is @-3-continuous } X is anti-locally countable } =
= (U € O(X,x))(f[int(w-cl(U))] = flint(cl(U))] C cl(V)) }
f is open
= (U € O(X,x))(int (fint(w-cl(U))]) = flint(cl(U))] Cint(cl(V))). O

Definition 4.21. A function f : X — Y is said to be weakly 8¢-continuous if for every x € X and every open set V of Y containing f(x),
there exists an open subset U in X containing x such that f[U] C int(®w-cl(V)).

Theorem 4.22. Let f : X — Y be a function. If f is weakly O8¢-continuous, then it is weakly continuous.
Proof. Straightforward. O

Remark 4.23. Every weakly continuous function need not be dg-weakly continuous as shown by the following example.

Example 4.24. Consider the identity function f : (N, 1) — (N, o) where T = {0,N} and 6 = {0,N,{1}}. Then f is weakly continuous but
not weakly 8¢ -continuous.

Theorem 4.25. Let f: X — Y be a function. If f is open weakly continuous and Y is anti-locally countable, then f is weakly Og-continuous.

Proof. Letxe X andV € O(Y, f(x)).

xeX)(Veo(y,f(x)) } = (3U € 0(X,x))(flU] C cl(V)) }

f is weakly continuous Y is anti-locally countable = (U € O(X,x))(f[U] Ccl(V) = w-cl(V)) }

f is open
= (U € O(X,x))(int(f[U]) = fU] C int(e-cl(V))). O

Theorem 4.26. Let f : X — Y be a function. If f is continuous, then it is weakly Og-continuous.
Proof. Straightforward. O

Remark 4.27. Every weakly Og-continuous function need not be continuous as shown by the following example.
Example 4.28. Consider the identity function f : (R, 7,) — (R, Teoc). Then f is weakly 8g-continuous but not continuous.

Theorem 4.29. Let f : X — Y be a function. If f is weakly 84-continuous and Y is w-locally indiscrete, then f is continuous.

Proof. Letxe X andV € O(Y, f(x)).

1 is weakly 8o-continuous Y is w-locally indiscrete

= (3U € O(X,x))(f]U] C int(w-cl(V)) = int (V) = V). O

(xeX)(V €O,/ (x))) } ~ (U € O(X,x))(fIU]  int(@-cI(V))) }

Corollary 4.30. If f : X — Y is weakly Og-continuous and Y is locally indiscrete, then f is continuous.
Proof. By Lemma 2.7 and Theorem 4.29. O
Corollary 4.31. If f : X — Y is weakly 8g-continuous and Y is locally countable, then f is continuous.
Proof. By Lemma 2.7 and Theorem 4.29. O

Theorem 4.32. Let f: X — Y be a function. If f is 8y-continuous, then it is weakly Og-continuous.
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Proof. Letxe X andV € O(Y, f(x)).

(xe );)fsvsi (zguf; Si))iz } = (3U € O(X,x))(flint(cl(U))] C int(w-cl(V)))

= (3U € 0(X,))([U) = flint(U)] € flint (cl(V))] C int(@-cl(V)). O
Remark 4.33. Every weakly Og-continuous need not be 8y-continuous as shown by the following example.

Example 4.34. Consider by Example 4.8, f : (N,7) — (N, 7) where 1 = {N,0,{1}} and f(x) = x. It is clear that f is continuous. Also, f
is weakly 8y-continuous from Theorem 4.27. However, f is not 8g-continuous as shown in Example 4.8.

Theorem 4.35. Let f : X — Y be a function. If f is weakly 84-continuous and X is locally indiscrete, then f is Og-continuous.

Proof. Letxe X andV € O(Y, f(x)).

(xeX)(Veo(, f(x)) } = (U € O(X %)) (fU] C int(w-cl(V)))

f is weakly & -continuous X is locally indiscrete } = (U € O(X,x))(f[int(cl(U))] Cint(e-cl(V))). O

Corollary 4.36. We have the following diagram from definitions and results obtained above.

continuous —  weakly 8p-continuous —  weakly continuous

/ S T

Sp-continuous — S-continuous —  -0-continuous
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