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Abstract

In the present work, generalized recurrent and generalized concircularly recurrent Weyl
manifolds are examined. Nearly quasi-Einstein Weyl manifolds are defined and it is proved that
if a generalized recurrent or generalized concircularly recurrent Weyl manifold admits a special
concircular vector field, then the manifold is a nearly quasi-Einstein Weyl manifold. Also, some

other results are presented.
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1. INTRODUCTION

In 1918, H. Weyl introduced a generalization of
Riemannian geometry to unify electromagnetism
with gravity as a fully geometric model [1]. A
Weyl manifold is a conformal manifold equipped
with a torsion free connection preserving the
conformal structure, called a Weyl connection.

An n-dimensional Riemannian manifold is said to
be locally symmetric if VR = 0, where V denotes
the Levi-Civita connection and R is the
Riemannian curvature tensor. Locally symmetric
manifold has been generalized to recurrent
manifolds [2], generalized recurrent manifolds
[3]-[4], concircularly recurrent manifolds [5],
generalized concircularly recurrent manifolds [6],
Ricci recurrent manifolds [7], generalized Ricci
recurrent manifolds [8] etc. Recently, there
are some studies on generalizations of symmetric
manifolds [9-11].

* Corresponding author: ilhangul@maltepe.edu.tr

On the other hand, generalized recurrent and
generalized  projectively  recurrent  Weyl
manifolds are introduced by Canfes [12];
generalized  concircularly  recurrent  and
conformally recurrent Weyl manifolds are
defined by Arsan and Yildirim [13].

A non-flat Riemannian manifold of dimension (n
> 2) is called a generalized recurrent manifold if
its curvature tensor R{ljk satisfies the condition

VsR}'kh = AsR}kh + Bs(gjkdfiL - gjhglic); 1)

where Ag and B, are two 1-forms, B is non-zero
[3]. If B; =0, then the manifold is a recurrent
manifold.

A non-flat Riemannian manifold of dimension (n
> 2) is called a generalized concircularly recurrent
manifold [6] if
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VsCln = AsClxn + Bs(g xSt — gndh), 2)

where A, and B, are two 1-forms, B is non-zero.

The concircular curvature tensor Cjj, is defined
by

. . - . .
Cikn = Rjin = 1iny (9jx8h — 9jnk), 3)
where r is the scalar curvature of the manifold.

If B; =0, then the manifold reduces to a
concircularly recurrent manifold.

A non-flat Riemannian manifold of dimension (n
> 2) is called a generalized Ricci recurrent
manifold if its Ricci tensor R;; satisfies the
condition

VsR;j = AsR;j + Bsgij, (4)

where A and B, are two 1-forms, B, is non-zero
[8]. If B; =0, then the manifold reduces to a
Ricci recurrent manifold.

A non-flat Riemannian manifold (n > 2) is called
a nearly quasi Einstein manifold if the
components of its Ricci tensor R;; are non-zero

and satisfy the condition

where a, b are scalars of which b # 0 and E;; is a
symmetric (0,2) tensor [14].

The above definitions for Weyl manifolds are all
given in the next section. In this paper, we
investigate generalized recurrent and generalized
concircularly recurrent Weyl manifolds.

2. PRELIMINARIES

An n-dimensional differentiable manifold M
having a conformal metric tensor g and a torsion-
free connection D satisfying the following
condition

Dy gij = 2 wy gij, (6)

where w is a 1-form, is called a Weyl manifold
and it is denoted by M,,(g, w).
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If w is locally a gradient, M,, (g, w) is conformal
to a Riemannian manifold.

Under the conformal change of the metric tensor
g,

gij = 2% gij, A > 0is afunction, ©)
the 1-form w changes as follows:
Wr = wg + D In A (8)

It is not hard to see that M, (g, @) satisfies the
equation (6) and therefore, we obtain the same
Weyl manifold ([15]-[17]).

Throughout the paper, the Einstein convention of
summing over the repeated indices will be
adopted.

We have the following basic tensors for a Weyl
manifold [18]:

v/ Wiy, = (DyDy — DDy v, ©)
Whiki = gth'G'zp (10)
Wi = Wi?p = 9" Whijk, (11)
W =giw;. (12)

Here, W;; and W represent the Ricci and the
scalar curvature tensor, respectively.

From (9) it follows that
Wi = 0T — Oy + TRy — TRl (13)

where 9, =—— and I}, are Weyl connection
dx
coefficients and defined by

. i ,
[ = {kl} — 9" (Gmr w1 + i@k — Gr1Wm)-
(14)

Here, {.} are the Levi-Civita connection
coefficients.
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The following relations hold for a Weyl manifold
[18]:

Wijia + Wijue = 0 (15)
Wijir + Wi = 49ijDpwy (16)

Here, brackets indicate the antisymmetric parts of
the corresponding tensors.

A quantity A is called a satellite of g with weight
p if it admits a transformation of the form

A =74, (18)
under the change (7) of the metric tensor g [15].

The prolonged covariant derivative of a satellite A
of g with weight p is defined by [15],

From (6) and (19) it follows that Dy, g;; = 0.

We also note that the prolonged covariant
differentiation preserves the weights of the
satellites of g.

If the scalar curvature of a Weyl manifold is
prolonged covariantly constant i.e. D;W = 0, and
since the weight of W is -2, we get

D;W = D;W + 2w;W = 0. (20)

Hence, we find

D;w
which means that w; is locally a gradient.
Therefore, the Weyl manifold is conformal to a
Riemannian manifold.

Definition 1 A Weyl manifold is said to be
generalized concircularly recurrent if

DsZfun = AsZhen + Bs(gj16k — 9jnbk), (22)

where Ag and B, are 1-forms of weight 0 and -2,
respectively [13].

Sakarya University Journal of Science 25(5), 1189-1196, 2021

Here, Z}kh is the concircular curvature tensor of a

Weyl manifold which is given by [19]:
. . W . .
Zjn = Wikn = inzpy Gix0n = gjndic)-  (23)

If B,=0 in (22), then the manifold is
concircularly recurrent.

Using (23) in (22), we have the following
equation:

DsWiin = AW, + (9jk6% — gjndt) (Bs -
AW DsW )
nn-1) nmn-1)/"

(24)

Definition 2 A Weyl manifold is said to be
generalized Ricci recurrent if

DW;; = AsWij + Bsgij, (25)

where Ag and B are 1-forms of weight 0 and -2,
respectively [12]. If B; = 0 in (25), the manifold
reduces to a Ricci recurrent manifold.

Definition 3 A Weyl manifold is said to be
generalized recurrent if

DsWin, = AW, + Bs(gju8h — gjnbL),  (26)

where Ag and B are 1-forms of weight 0 and -2,
respectively [12]. In particular, if B, = 0 the
manifold is recurrent.

Definition 4 A Weyl manifold M,,(g, w) is said
to be a nearly quasi-Einstein Weyl manifold if
Wiij, the symmetric part of W;;, satisfies the
condition

Wy = agij + BEij, (27)

where a is a function of weight -2, and the sum of
the weight of the function g and the symmetric
tensor E;; is 0.

Example 1 Consider a 3-dimensional Weyl
manifold M5 with a metric by,

ds? = gijdxidxj =e*'[(dx1)? + (dx?)?] +

(dx3)? and a 1-form w = e* dx? + dx3. The
nonzero Weyl connection coefficients are
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1 1
l-‘111 = E' F112 = l—‘211 = —e” ,
F113 = r‘:«',11 = -1, F212 = 5
1
1
M4 =e*, Mh =17 = 2
I3, = _exl' 3 =T = -1,
=1 Th=Th=e",
=T = —e*, TH=-1

Itis easy to see that M;(g, w) is a Weyl manifold.

We can find the nonzero components of the Ricci
tensor as follows:

1

3
Wll = exl(l + exl),le = _Wzl = Eex )

Wy, = €X' Wy = Wap = —e¥, Wys = e¥'.
Moreover, we have

Wan =e* (1+e*), Wy =e*,
Wias) = —exl,W(33) = exl,

W= 2(1+e*").

If a=1+e*, B=—(1+e*) and the
components of the symmetric (0,2) tensor E;; are

Eyy = E1p = Ej3=Ey; =E3; =0,

e2x 1
27 14 ex TF T 4 ex”
ex’
Eys = Egp = ,
23 32 1+ex1

then, (27) holds.

Thus, M5(g, w) is a nearly quasi-Einstein Weyl
manifold.
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3. GENERALIZED RECURRENT AND
GENERALIZED CONCIRCULARLY
RECURRENT WEYL MANIFOLDS

A generalized recurrent Weyl manifold is
concircularly recurrent [13]. Conversely, assume
that M,,(g, w) is concircularly recurrent i.e.

DsZjin = AsZfip- (28)
Then, using (23) in (28), we get

D; ( en = % (9jxSh — gjh&i)) =

As (Wien = 75 (aje0h — 9jn0). - (29)
Now, the above equation can be written

DsWjin = AsWjin + Bs(gxSh — gjndi),  (30)

DW=AW Therefore, we can state the
n(n-1)

following theorem:

where B, =

Theorem 1 A necessary and sufficient condition
for M,,(g, w) to be generalized recurrent is that
the M,,(g, w) is concircularly recurrent.

Theorem 2 A generalized concircularly recurrent
Weyl manifold is generalized recurrent.

Proof. Assume that M,(g,w) is generalized
concircularly recurrent. Then (24) can be written

DsWin = AsWiin + Cs(gjx0 — gjndt),  (31)
DsW—AW

n(n-1)
conclude that M,,(g, w) is generalized recurrent.

where Cs; = By — from which we

Theorem 3 If a generalized recurrent Weyl
manifold admits a special concircular vector field
of weight -2, then the manifold is a nearly quasi-
Einstein Weyl manifold.

Proof. A vector field p of weight -2 defined by
Aj = p'g;; is said to be special concircular vector
field if

DiAj = agij, (32)
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where « is a function of weight -2. It is easy to see
that the weight of the 1-form 4; is 0.

Assume that a generalized recurrent Weyl
manifold admits a special concircular vector field
as defined in (32). Then applying the Ricci
identity to (32) gives

AW = DiDjA, — DDAy
= Di(agjr) — Di(agu)
= gjx Dia — guDja. (33)
Transvecting (33) with g/*, we get

AWiig’* = (n — 1D D;a. (34)

Now, taking the covariant derivative of (34), we
have

(n— DD, Dy = D (AW ;97%) =
AsgjkDrwlcsij + ngijgjkDrAs- (35)
If we use (26) and (32) in the above equation, we
obtain

(n—1)D,D;a

= Asg7* (AerSij + B, (g6 — gkj6is))

+ W97 (agys)

= A, ASWIfijg]k + AsBrg]kgik6]$

- AsBrg]kgkijq + agrsWIfijg]k
=A,(n—1)D;a + (1 —n)A;B,

+ agjkgrswlfij' (36)

and hence we get

(n — 1)( DDy — Ay Dia + A;B,) =
a g’ Wy;. (37)

Now, transvecting (16) with g/* gives

Wikijg'* = ~Wirijg'* + 49y, Djjwyy 7% =
_Wri + 4D[rwi] (38)

Also, we have

ArDia = Di(aAr) - aDiAr = Di(aAr) -
azgir- (39)
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Using (38) and (39) in (37), we obtain

(n—1(D.Dia — D;(ad,) + ag; + A;B,)
= a(-W,; + 4Dpwy), (40)

from which we get

W, = (1 - n)agir
1—n . .
+ (T) ( DyDja — D;(a4,)
+ A;B,) + 4D ;. (41)

If we define a (0,2) tensor E,; such that E,; =
D,.D;a — D;(aA,) + A;B,, then (41) can be
written as follows:

1—-n
Wri = (1 - n)afgir + (T) Eri + 4D[r(1)l]

Taking the symmetric part of the above equation,
we find that

Wiy = ©9ri + QEqy, (42)

where ¢ = (1 —n)a, ¢ = 177" are functions of
weight -2 and 2, respectively and E; is the

symmetric part of E,; with weight -2. Hence, the
manifold is a nearly quasi-Einstein.

Lemma 1 Scalar curvature tensor of a generalized
concircularly recurrent Weyl manifold is
prolonged covariantly constant if and only if
o e
AW = E(A]M/js + Aig]k jlks) -
n(n-1)(n-2) Bs-
2

Proof. Suppose that the Weyl manifold is
generalized concircularly recurrent. Permuting
(24) cyclically with respect to s, k, h, we obtain
two more equations such that

Dy, jihs = Aijlﬁs + (gjn6t — g;s65) (B —
AW DpW

nn-1) nn-1) (43)
DyWiy = AsWik + (95561 — gjx05) (By, —
ApW DpW (44)

nn-1) n(n-1)

Now taking the sum of (24), (43), (44) and then
applying second Bianchi ldentity, we have
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0= AW + AWhs + AWy

i i AW DsW
+(gjk5;l - gjh&’l() (BS o n(n-1) T n(n—l))

; i AW Dy W
+(gjnbk = 9js8%) (Br — 2 4 L)

; ; AW DpW
+(g;s6% — 90%) (Bn — 25 + 2105, (45)

Contracting the above equation with respect to i
and h, we get

0= AWy — A Wis + AWy,

AW
29| B. ———
+ (n )g]k<s nn—1)
N D;w
nn—-1)
AW
+ (2 - n)gjs <Bk - Tl(Tl _ 1)
N DWW 16
nn—1) (46)
Transvecting (46) with g/% and using ijk =
—Wjs we find that
0= AW — AW — g/*AW]is + (n —
AW DW
D(n - 2) (BS T n(n-1) n(n—l))' (47)

After rearranging the terms, we obtain the
following equation

ASW = g(AjM/js + Aigjk jl}cs) -

(n-1)(n-2) AT

0 (22) b “
By hypothesis to be prolonged covariantly
constanti.e. D;W = 0, we conclude the proof.

Theorem 4 If the scalar curvature of a generalized
concircularly  recurrent  Weyl manifold is
prolonged covariantly constant, then the manifold
reduces to a generalized Ricci recurrent manifold.

Proof. Contracting (24) with respect to i and h,
we find that

Sakarya University Journal of Science 25(5), 1189-1196, 2021

. AW

DW= AWy + (n = D g (Bs = 7225
DWW

n(n—l))' (49)

Using (48) and D,W = 0 in the above equation,
we get

. _1 1 .
DWje = AWy + gy ("B, — L (I, +

2
I AWS)) (50)
Hence the above equation can be written

DWj, = AsWi + Cs e
where C; = "("2_1) B, — % (ATWjs + g/*AW}i)

from which we conclude that the manifold is Ricci
recurrent.

Here, we also note that the manifold under
consideration is conformal to Riemannian
manifold, since D;W = 0.

Theorem 5 If a generalized concircularly
recurrent Weyl manifold admits a special
concircular vector field of weight -2, then the
manifold is a nearly quasi-Einstein Weyl
manifold.

Proof. Suppose that a generalized concircularly
recurrent Weyl manifold admits a special
concircular vector field of weight -2, then we have

DLA] = agij'
where « is a function of weight -2. As in the proof
of Theorem 3, if we apply the Ricci identity to the

above equation, and then transvecting the resulted
equation with g’*, we get

AWii97% = (n — DD (51)

Now, the covariant derivative of the above
equation gives

(n — DD, D;a = D, (AW ;97%)
= As.g]kDrWIfij + ngijg]kDrAs-

If we use (24) in the above equation, we obtain
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(n — DDy Dia = Agg’* <AerSij + (916} —

AW D W
gkj5is) (Br T nn-1) + n(n—l))) +

W97 (agrs)

= A(n— DD+ (1 —n)A; (B, -

AWy oW s gk
n(n-1) n(n—l)) +agrkuUg )

and hence we get

e . AW
(n— 1) [D.Dia — A, Dy + 4 (B, - o
DWW ;
n(n—l))] = ag]kWTkij' (52)

Using (38) and (39) in (52), we obtain

-1 <DrDia — Dy(aA,) + a?g,; +

4; (B — Ay Do )> = a(-W,; +

B n(n-1) nmn-1)
4D[Twi])J

from which we get

1-n

Wy =0 —-n)ag;, + (7) < D.Dia -

Di(ad,) + A; (B, - 2+ 2 )>+

nn-1) nn-1)
If we define a (0,2) tensor E,; such that E,; =
.o . Ar W D, W
D.D;a — Di(aA,) + A; (Br " nn-1) n(n—l))'

then (53) can be written as follows:
1_ —
Wy = (1= m)agy + (=) By + 4Dy,

Taking the symmetric part of the above equation,
we find that

Wariy = 9Gri + ¢ Eqriy,

where ¢ = (1 —n)a, ¢ = I?Tn are functions of
weight -2 and 2, respectively and E is the

Sakarya University Journal of Science 25(5), 1189-1196, 2021

symmetric part of E,; with weight -2. Hence, the
manifold is a nearly quasi-Einstein.
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