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Abstract

The covariant derivative is a kind of derivative along tangent vectors of a curve or a surface. The covariant derivative has many applications
in physics, kinematics, robotics, machine engineering, and other scientific areas. Additionally, a dual vector or screw-vector in the dual
space is an important tool widely used in kinematic and robotic studies to represent the space motion including the rotation and translation
transformations. The aim of this paper is to introduce the dual covariant derivative on time scales defined as an arbitrary nonempty closed
subset of the real numbers and to achieve unifying discrete and continuous forms. Consequently, some properties are analyzed.
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1. Introduction

W. K. Clifford (1873) first proposed the dual numbers which is defined by o = (], 1) = 1 + €1 combined with the real unit 1 and the
non-zero dual unit €, with e2=0ande # 0. The dual numbers therefore constitute the elements of the set

D={a=n+eu|n,ueR, ande>=0,€#0,},

generated by 1 and €. The addition operation in the set D is ‘+” and defined by o) + @ = (1 + N2, i1 + t2) = (N1 +12) + € (U1 + 2),
while the multiplication operation in the set D is " and described by ;.0 = 11.12 + € (1114 + N2. 441 ). The multiplication operation is
commutative, associative and distributive over the addition. Clifford showed that since dual numbers do not have any inverse elements,
they form an algebra and not a field. Therefore, the divisors of zero in the algebra of dual numbers are eu(u € R). No €1 numbers
have an inverse in the algebra of the dual numbers. The conjugate of the dual number o = 1 + €u is represented by & and defined
by & = 1 — eu; hence, a.& = n2. The division of the dual number "oy = 1; + £11;” by the dual number "o, = 1> + €41, becomes
o

o= g;:% = % + 8% where 1m, # 0. Hence, if n22 # 0, the division g—; becomes possible and unambiguous. The modulus

of the dual number o is |o| and defined by |a|> = a.& = 2. In other words, for a dual number “o = 1 + ™, the modulus || is
replaced by 7 to allow the modulus of the dual number to be positive, zero, or negative. The dual plane is defined by the set of all
dual number « € D. The distance between two points of the dual plane as & and @ is denoted by d (@, @) and satisfies the conditions
d(a,00) = oy —a|=|n; —n|ord? (e, 0) = (0t — &) (0 — &). In 1891, E. Study regarded using associative algebra as an ideal way to
describe the group of motions of three-dimensional space [5,6,8,11,13]. Yaglom (1969) and Veldkamp (1976) studied on the dual numbers
for getting more details on the other algebraic properties, see also in [15, 16]. The Taleshian (2009) studied on the dual covariant derivative
in the dual space [14]. In addition, Messelmi (2013) developed a theory concerning the holomorphic dual functions using the dual-variable
functions in the dual space [12]. The researcher also offered other properties that can be used in the analysis of the dual functions. On the
other hand, the time scale calculus theory, which is of great importance and use to the unification of discrete and indiscrete analyses was
developed by Hilger (1990) and Aulbach and Hilger (1990) at an earlier date [2]. The preliminaries for the timescale can be established by
referring to [3,7]. The paper published by Bohner and Guseinov focused on the complex functions on the time scales [4]. By taking T and
T, as the time scales, Ty + T, was introduced a time scale complex plane. Then the classical Cauchy-Riemann equations on the time scales
were derived and the complex-valued functions with a complex time scale variable were investigated. Aktan et al. introduced the directional
nabla derivative on n-dimensional time scales [1]. Afterwards, Kusak Samanc: (2011) and (2018) introduced the concept of the delta nature
connection in the other words the delta covariant derivative and the dual-valued functions on time scales and gave some definitions and
theorems including the limit, derivative, partial differentiation and Cauchy-Riemann equation of the dual-variable functions on the time
scales [9,10]. In our paper, we define for the first time the covariant derivation of dual-valued functions parametrized by the products of two
time scales. We think that this study can lead to the emergence of new fields of study in geometry and physics.
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2. Preliminaries

2.1. Some Basics of Time Scale Calculus

Now, we will give some preliminaries about the time scale concept. Let T be an arbitrary timescale. The forward jump operator ¢ : T — T and
backward jump operator p : T — T are denoted by o (1) = inf{s € T: s)7,V+ € T} and p (t) = sup{s € T : s (¢, Vr € T}, respectively. If T
have a left-scattered maximum #; and a right-scattered minimum #,, then the sets will be TX =T — {#; }, (otherwise T =T)and T, =T —{#, }
(otherwise Tc = T), respectively. The delta-derivative of the functionf on the time scale is introduced by f2 () = m%ﬁ{@ fort € T.

Suppose that the functions f,g : T — R are delta differentiable at the time scale variable r € T*. Then the equations satisfy following
equations:

)(Otf+l3g)A(t)= af® (1) +Bg (t ()
2)(f8)" (1) = g (1) f* (1) + f (0 (1) 82 (1) = 8" (1) f (1) + f2 (1) 8 (0 (1)),
g

A A
(0F(0) (1) 1)
3)(£) () = LLLSCI0 g0,

for o, B € R [2,3]. On the other hand, we will give some basic concepts of the dual variable functions. Let the set D be a dual plane and
Q be an open subset of the dual plane D. Additionally, the set O is called the generator of Q, if there exists a subset O C R such that
Q = O x R. Therefore, a dual-variable function f which is a mapping from a subset  C D to D. The dual-variable function f: Q — D,
20 = X + €yp — f (o) is called a homogeneous dual function if the function f (real (z)) € R. The -variable function f is continuous at
zoif lim f (z) = f(z0). Moreover, the function is continuous in Q C D if it is continuous at every point of Q. The function f is called to
df _ [(2)—f(z0)

7 (20) = le{n[)#
function for all points in a neighborhood of the point zg then the dual-variable function f is called holomorphic at zy. Additionally, if it is
holomorphic at every point of €, then the dual-variable function f is holomorphic in Q C ID. Assume that the dual-variable functions f and
g are differentiable at the dual point z € D for ¢ € D, n € Z. Then following equations

be a differentiable function at zg = xg + €y, since the limit is satisfied. Since the function f is a differentiable

d(f+cg) _ d d
l)d(de; - !TJZC —O—Cj—i
2) dzg - %g_‘_fdig
d(f) _ deyu
3) dz = g2 ’ g7é0
d(h d
) = (o)

are satisfied using the differentiation of the dual-variable functions. On the other hand, the dual-variable function f in Q C ID can be
written with its real and dual parts as f (z) = (p (xx,y) + €y (x,y). Moreover, the function f is called holomorphic in Q C D if and only if the
differentiation of f is provided Zf = g—f = ax ? 4 a"’s Let the dual variable function can be written asf = ¢ + €y and assume that the partial
derivatives of f exist. Then f is holomorphic in Q C DD if and only if its partial differentiations hold egf = ‘3{ or %f = aw and a(p =0.
The other properties of the dual-variable functions can be obtained from the reference [12]. Now, we will give some 1nf0rmat10n concermng
the dual covariant derivative, see in [14]. Assume that { = (&, ...,§,) and & = (&, ..., &, )be two vector fields at the point Q in R” with C*.
Therefore, each &; is a C* real valued function on the domain of & which includes Q. As we know that the covariant derivative of & in the

direction § is V¢ &g = (Col&1), -, Col&n]) where V is denoted by the covariant derivative operator. Now, suppose that = (Zl , ...,Zn)
and E = (El , ,..fn) be the dual vectors at Q in D" where each &; is a C* dual-valued function on the domain of E which contains the point
Q. The dual covariant derivative of & in the direction ¢ is defined by ?za p= <ZP (€], CplE, ]) where V is the dual covariant derivative
operator. Furthermore, the dual gradient operator V = V + £V* is a kind of a dual covariant derivative where V and V* denote the gradient
derivatives. Let ¢ and Eare two dual vector fields at Q in D" and let & = (&, ...,€,) and €, is a C** dual function on the domain of ¥ which
includes Q. The dual covariant derivative of é in the direction C is the dual vector such that
Vello=(V+evi)sE
(e By (2.5 E )

n —

3

—(Lamgnre(s(v

(£ 28 +e(5 (78 +98) +98,@) ) o

see in [14]. Moreover, in for any two points A,B € E, and s : E — V a screw is a vector field which admits some s € V s(A) —s(B) = s(A — B)

[11]. The function F(§) = F({+¢e8*) = f(£,8*)+€g({, ") is a dual-variable function wheref(C C ) and g(&, ¢*) are real functions of

the two real variables ¢ and {*. Then the dual function F({) can be written by F({) = 8 C +¢€ (C *3 & <9fC ) and the derivative of dual

variable function can be calculated by ag(f) =3z L te (C* gé + 5= > [5].

3. Main Results

In this section we will give a definition of the dual covariant derivative on the time scales for the first time. Assume that T and T, are two
arbitrary time scales. The addition set



294 Konuralp Journal of Mathematics

Ti+eTy: {z=x+ey:xeTy,yeTr},

is called the timescale dual plane where € # 0 and £2 = 0 is the dual unit. Using the addition set the dual variable function f : T| 4+ €T, — D
is defined by

f(z) =@ (x,y) +€y(x,y) for any dual variable z=x+€y € T| + €Ty,

where the real and dual part of the dual variable function f are @ : T; x T, — R and y: T| x T, — R, respectively. If the forward
jump operators for T and T, are o] and 0,, respectively, the equations z° = o} (t) + €y and z°? = x + €0, (y) are provided for the
dual-variable z = x+ €y € T| + €T, Similarly, if p; and p, are the backward jump operators for T and T», respectively, the equations
7Pt = py (t) + €y and zP* = x+€p; (y) are satisfied for z =x+¢ey € Ty +€T5.

Theorem 3.1. Suppose f and g are differentiable at the dual number z € T| + €T, on the time scales, then the following conditions are
satisfied for the time scale dual number z € T1 + €T».

1) (f+c9)* (2) = f* (2) +¢8” (),
2)(f8)" (@) = f* ()8 () + £ (0 (2) 8" (2) = f (1) 8" (2) + ()8 (0 (2)).
)

A A
3)@) (Z):% g#0 for ceD,neZ

Proof. From the properties of the delta differentiation, we get the following results O

1) (f—‘,—cg)A (z) = le (f+cg)(o(z ()) (f+¢8)(z0)

o(z)—z0
i 0= o)+ fe(o () ~s(an)]
=2 o(z)—20
_ llm [f(a;z;: _Zf0<zO)] 4 13“ [g(céf;;:ifm)]
—Plorato
2)(f ) (z) = llm f'g(G(f);*fg(zo)
0(z)—20
 lim L2(0G) Fala) | iy L0 0)—F0(E)5(20)
02 olz)~2 02 6(2)=2
= f(0(2)) . Jim #CEN=EE) 4 gz). lim LD ()
20—2 20—
=f(0(2)-g*(x) +8(2)-f*(z)
3)The proof is obvious.

Definition 3.2. We say that a dual-valued function f : T| + €Ty — D is a delta differentiable function at point zy = xo + €yo € T} + €T5 if
there exist a dual number A = A + €Ay such that

f(Zo) f(z) =A(z0 —2) + a(z0 —2)
[ = flz) = (23‘72)+I3(Z§‘* )
flzg?) — f(2) = Alzg* —2) + ¥(z5* —2)

for all z € Ug(zo) where Ug(zg) is a §— neighborhood of zg in T| + €T, . The coefficients & = &t(z9,z) , B = B(z0,z) and v = ¥(20,2) are
equal to zero at 7y =z, i.e. ILm a(z0,2) = ILm B(z0,2) = ILm Y(z0,z) = 0 where they defined for z € Us(zo). Then the number A is called
=20 =20 =20

the delta differentiation of the dual-variable function f at zog and is denoted by fA(zo).

Theorem 3.3. Assume that the function f: T+ €Ty — D, f(z) = ¢(x,y) + ey(x,y) is delta differentiable and the functions @(x,y)
and y(x,y) are completely delta differentiable at the dual number zo = xo + €y € TY + €T5. The dual-variable function is satisfied the
Cauchy-Riemann equanons ﬁ(’; = 22"; and A(p = 0 at the dual number zoy = xo + €yg. Therefore, the derivative formula fA(Zo) can be

denoted by fA(Z()) = A]x t+e AlX'

Lemma 3.4. Suppose that f be a dual function in Q C D, which can be denoted in terms of its real and dual parts as f = ¢ + €y and the
partial derivatives of f exist on product of two time scales. Then

1. the dual variable-function f is holomorphic in Q C D necessary and sufficient condition its partial derivatives on the time scales
. af _ of .
satisfy €3 = Ay O timescale.
2. the dual variable function f is holomorphic in the subset Q C D necessary and sufficient condition the below formula provides

29 _ dy d¢ _
Ax = By’ Aoy = 0 on the time scales.

Theorem 3.5. The function f is holomorphic in the open subset Q C I, if and only if there exist a pair of real functions ¢ and K, such that
@ eCo (PX(Q)).K—:’; is deltal-differentiable in P,(Q) and K is deltal-differentiable in P,(Q), where Py is the first projection, so that the dual
variable-function f is shown explicitly

10 =00+ (3 2yt x()e, Ve @

Remark 3.6. If; in particular, f is an homogeneous function, (3.1) gives k = 0. Thus f(z) = @(x) + SZ—ﬁy.

Definition 3.7. Let the real functions ¢ : [a,b] — T\ and y : [a,b] — T, be continuous functions. A dual-variable function z = A(t) =
o(t)+ey(t), fort € [a,b] € T is defined a dual curve on the timescale plane T| + €T.
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If the dual-variable function f (z) is constant on the set T + €T, then the real function @(x,y) is constant and y/(x,y) = 0. Moreover, the

Cauchy-Riemann equations of the dual-variable functions a(p =0= i;’)’c and 22(’; =0.
If the dual-variable function is given by f(z) =z=x+¢ey = (p(x y) + €y(x,y) on T| + €Ty, then the functions @(x,y) = x and l[/( y)=y
functions satisfy the Cauchy-Riemann equations of the dual-variable functions g‘p =1= 22"; and g;‘; = 0. Since f2(z9) = A] tte a

1 4 £0, the derivation of f(z) = z becomes f2(zg) = 1 for zg € T| +€T;.

Consider the dual-variable function f(z) = x> + &2xy on the time scales T +£T5. Therefore, the real functions @(x,y) = x> and y(x,y) = 2xy
provide the equations z—lx =x+o0y(x ),2—) =2xand 5 a = 0. Because of the Cauchy-Riemann equations of the dual-variable functions, the
conditions x + o (x) = 2x and 27(’; = 0 are satisfied. Now we will give a new definition about the dual delta-covariant derivative on the time
scales.

Let € # 0, €2 = 0 be the dual unit. Then, n-dimensional dual time scale is defined by A" = (Ty; +€Typ,..., Ty + €T,n) where

Ty +€eTp ={Z =xi+eyilxi € T,y € Tip, i=1,...,n}.

Any function F : A" — D" can be represented in the form of F = f+ ef* where f: Ty} X ... x T,;; — R is the real part of F and
f*:Tip x...x T,y — Ris the dual part of F. Furthermore, 6;; and o;, are the forward jump operators, and also A;; and A, are the delta
derivatives for T;; and T}, respectively.

Definition 3.8. Assume that Z = (Z,...,Zy) be a dual vector in D" where Z =x;+exj i=1,2,...,n. The dual gradient operator with
respect to the dual vector Z = (Zy,...,Z,) can be deﬁned by V= (AIZI . AIZ ). Since, F = f + 8f is a dual-variable function in D",
then the gradient operator of Fis described by VF = ( Az A&]; ). If we substitute the derivative of dual functions in above equation,

then we get

[ 9f *f | 9f* aif L0 af
vE= (A11x1 e <x Apix3 RPNTET AR W <ann1X% " Anlxn) ’

Definition 3.9. Let Z = (Zy,...,Z,) be a dual vector in D" where Z; = x; + €y; and F = (F\,...,F,) be a dual-variable function in D"
where F; = fi +€f fori=1,2,...,n
The dual delta-covariant derivative of F = (Fy,. .., F,) with respect to the dual vector Z = (Z1,...,Z,) is defined by

JF L JF;, 0

— (P) =V F = P)=((VF,Zp),...,(VE,,Z

AZ( ) zA lzzll AZZ AiZi( ) (< 15 P>7 7< ns P>)P

where VF; = A‘?IJZI + &€ (x’{z]j;’z + i]{’;l ) 7...7A§lf;n + € (x;izlf% + Aan{;n) ,fori=1,2,....,n. Some special cases of the time scale as
following:

1. If we take all time scales as T; =T and Tip =Ty fori=1,2,...,n, then the dual delta-covariant derivative will be

2 (xi2h +20)

A1x1
< IR} 7ZP>7

Arx, Vl A x2 Ax, ) p
7ZP>

P P

C’;fn * azfn afrz*
< Ajxy +e (xl Ax? + Apx
9 fu « 02y | Ofa"
A1Xn+8( ”Ax2+ >

2. Ifwetake all T;) =Ty =T fori=1,2,...,n, then the dual delta-covariant derivative will be

2 *
e (nh+90)
< 10 7ZP>7
2 ¥
ANEIR)
aF(P) B
Az - a 9’ ad
o S fu™
Ax, +8(XT AX% + Ax )
< IRRER 7ZP>
Ofn Pfa o Ofn’
E+8(ZM3+AX">P P
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3. If we take all T;; =

Tp=Rfori=1,2,...

,n, then the dual delta-covariant derivative will be

< 3f|+8< 3f1 9f1>
IRRER ZP> )
d
et ),
JF .
E(P) = :
3fn *32 n afnx
< I +8(x1 2 T o ) >
e Zp
9 %f, | Af”
T){»v—i_g(x; 3;;, + 9{%)}) P
Theorem 3.10. Suppose F and G are differentiable at Z € D" and that ¢ € D, n € Z. The following equalities are satisfied.
d(F+cG J(F (G
D2 (P) = 95 (P)+ %5 ()
I(FG I(F (G A(G) , IF
2) X (P) = GFG(P)+F (0(2)) (P) 55 (P) = F(P) 53 + 571 (P)G (o (2)) (P)
I(g) %2 (P)G(2)—F(2) 53 (P)
V7 P = 2 Gzeeay 0 670

Proof. The proof is obvious from the delta derivative properties.

4. Numeric Example

Let F = (Fi,...,F,) = (fi +€f], 2+ £f;) be a dual function with the components f; = 3x; +x2, ff =x1 —2x2, f> :x% —i—x%7 =
2x} — x3. If the dual point is given by Z = (Z1,2,) = (x| + &x},xp + €x}) = (2+ 3€,4 + 5¢), then we will compute the dual covariant
derivative 9 &7 (P) =VzuF.
& (P)=VuF = ((VF.,Zp) (VE>,Zp))p
< g—){iﬂ(x’f" 1+%{gl) >
af; B
_ ate <x§ + 4 )
< Shre(ngl+32), >
9f: 2fz 9f
7 re (ud 3;2
3+e(x]+0+1),
_ 1+&(x5.0+(-2))
(2x1 +-£(x} +2+4x1

2xy + £(2x5 — 2x))
=({((3+¢,1—-2¢),Zp),{(4+ 14, 8+2£ ,Zp
[ ((3+¢,1-2¢),(2+¢€3,4+5¢)),
_< ((4+14€,8+2¢),(2+ €3,4 +5¢)) )
= (10+8¢,40+ 88¢).

On the other hand we will compute this example on the time scales. Suppose that all time scales are equal and the derivative on time scale is
denoted by A.

Ax,
((3+¢€,1—2¢),

< (G(X1)+2)+€(

v
o}

3(‘”"()“”“))
+2(0(x)+2) )

)

(o(x)+4)+e ( o

52 (]2))+])

2)+4)

)7ZP

If we take the time scale as 7 = R then 6(¢) = . Therefore the result will be
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((3+¢,1—2¢),Zp),

< (x1+2)+e +E2(xl+2) ’ ,ZP>

(rp+4)+¢€

= (((3+¢€,1—2¢),Zp),{(4+ 14e,8+2¢),Zp))
:< {((34¢,1—2¢),(24€3,4+5¢)), )

((4+14e,8+2¢),(24 €3,4+5¢))

= (10+8¢,40+ 88¢).

5. Conclusion

In current paper, we have researched the covariant derivative of dual-variable functions on time scales. In the literature, up to now, there has
been no any study about this concept. This research is a guideline for future work.
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