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Abstract

This work investigates the numbers of Padovan and Perrin hybrids. At first, the hybrid numbers, the sequences
in the hybrid form and their matrix forms are ordered as studied sequences. Thus, it was possible to display the
negative index hybrids, define some identities belonging to these hybrid sequences, develop novel theorems and
present them as binomial sums of the Padovan and Perrin hybrids.
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1. Introduction

A recursive linear sequence has an infinite number of terms and is generated by a linear recurrence, called a recurrence
formula, which allows you to calculate the terms of the sequence from its predecessors. Thus, in order to be able to calculate
the terms of a sequence, it is necessary to know its initial terms. For mathematics, sequences are found in the area of number
theory and have applicability in several areas.

In the mathematical scope, the Fibonacci sequence is the most explored sequence, however, the Padovan sequence is
considered a prime Fibonacci sequence which is a linear and recurrent type sequence of third order, of integers. The Padovan
Sequence, named after the Italian architect Richard Padovan (1935 - ?) [13], his work and contributions have important
repercussions for research in Mathematics.

On the other hand, we have the Perrin sequence, which is a linear and recurrent sequence of integers and presents the same
recurrence relation as the Padovan sequence, differing only in the terms of the sequence. This sequence was defined in 1899
by the French mathematician Olivier Raoul Perrin (1841-1910) [16]. Due to the similarity between the Padovan and Perrin
sequences, in the works of [2, 6, 12] properties and identities between these numbers are presented.

So we have the recurrences of the Padovan and Perrin sequences defined below.

Definition 1.1. The recurrence of the sequence of Padovan and Perrin, respectively, is given by:

By=P, 2+PB_3,n2>3,
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Pe, = Pe,—» + Pey—3,n>3
being Py =P, = P, =1, Peqg = 3, Pe; = 0 and Pey = 2 the initial conditions.

Since these sequences have the same recurrence relation, we can perform algebraic operations in order to obtain the
characteristic polynomial of these sequences [1].

Definition 1.2. The characteristic polynomial of the Padovan and Perrin Sequence is defined as:
©-x—1= 0,
having three roots, two complex and one real.

And yet, in the literature of pure mathematics, there is the set of hybrid numbers, defined by [10], which presents the
complex, hyperbolic and dual numbers together, combined with each other.

Definition 1.3. A hybrid number is defined as:
K={z=a+bi+ce+dh:ab,c,d cR,i*=—1,e*=0,h*=1,ih=—hi = £ +i}

From the definition of hybrid numbers, it is possible to perform some operations with these numbers, namely: addition,
subtraction, multiplication by scalar. As for the multiplication between two hybrid numbers, this product is obtained by
distributing the terms to the right, preserving the order of multiplication of the units and using the equalities i> = —1,€% =
0,h* =1,ih=—hi=¢e+i.

From the multiplication of the imaginary units, we can present the table of the multiplication of a hybrid number, as shown
in the Table 1.

-1 i € h
1|1 i € h
i -1 1—h | e+i
€| ¢ 1+h 0 — €
h|h|—¢€e—i € 1

Table 1. Multiplication table for K.

Furthermore, from the hybrid numbers it is possible to present their conjugate, denoted by Z and is defined as
z=a—bi—ce—dh
and the real number
Cz)=xzz=zz=a*+(b—c)*—c* —d*=a*+b* —2bc —d*

is called the hybrid number character, where the root of the absolute value of that real number will be the hybrid number norm.

z, 0 we have to: ||zl = /|C(2)|.

From the linear recursive sequences and the hybrid numbers, the hybridization process of the sequences is then carried out,
as seenin [4, 7, 8, 9, 14, 15]. For the Padovan and Perrin sequence we can define these numbers as:

Definition 1.4. The hybrid numbers of Padovan and Perrin, denoted by PH, and PeH,,, are defined as:
PH, =P, +Pn+1i+Pn+2€+Pn+3h>

PeH,, = Pe, + Pep41i+ Pey 1€ 4 Peyi3h,

where PHy = 1 +i+€+2h and PH) = 1 +i+2€+2h and PH, = 14 2i+2€ + 3h the initial conditions for hybrids of Padovan
and PeHy = 3+ 2€ +3h and PeH| = 2i+ 3€ +2h and PeH, = 2+ 3i+ 2€ + 5h the initial conditions for Perrin hybrids.

Based on the work of [11], we can present the hybrid Padovan matrix form (Q,) given by:
PH,.>» PH,y1 PH,

Q,= |PH,13 PH,i» PH,;1|,forn>1.
PH,.; PH, PH,
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That satisfies equality Q, = U"Q, where:

010 14+2i+2e+3h 1+i+2e+2h 1+it+e+2h
U=1[1 0 1|,0=|2+2i+3e+4h 1+42i+2e+3h 1+i+2e+2h|,
1 00 14+i+2e+2h 1+i+e+2h i+e+h
So, for n = 1, you have that:
[0 1 O] [1+42i+2e+3h 1+i+2e+2h 1+i+e+2h
01=U'0=1[1 0 1| |242i+3e+4h 14+2i+2e+3h 1+i+2e+2h
|1 0 Of [14+i+2e+2h 1+i+e+2h i+e+h
[242i+3e+4h 14+2i+2e+3h 1+i+2e+2h
= [243i+4e+5h 2+42i+3e+4h 1+2i+2e+3h
[1+2i+2e+3h 1+i+2e+2h 1+i+e+2h
[PH; PH, PH,
= |PHy PH; PH,
|PH, PH, PHy
Assuming it is valid for n =k, (k € Z):
0 1 01 [142i+2e4+3h 1+it2e4+2h 1+itet2h
Or=UQ0=1|1 0 1| |2+42i+3e+4h 142i+2e+3h 1+i+2e+2h
1 00 1+i+2e+2h 1+ite+2h i+e+h
(P, P,z Pos4| [14+2i+2e+3h 1+i+2e+2h 1+i+e+2h
=Py P2 P3| |2+42i+3e+4h 1+2i+2e+3h 1+i+2e+2h
_Pn,_?, P4 P5s 1+i+2e+2h 1+i+€e+2h i+e+h
[PHiy» PHi.1 PH
= |PHy+3 PHiyo PHpt
|PH+1 PHy  PHp
In this way, it is shown that it is valid forn = k+ 1, (k € Z):
0 1 01" [142i42e+3h 1+i+2e4+2h 1+ite+2h
Qw1 =U'0=11 0 1 2+4+2i+3e+4h 1+2i+2e+3h 1+i+2e+2h
|1 0 0] 1+i+2e+2h 1+i+te+2h i+e+h
0 1 01°[0 1 0] [1+2i+2e+3h 1+i+2e+2h 1+i+e+2h
=1 0 1 1 0 1| |242i+3e+4h 1+42i+2e+3h 1+i+2e+2h
(1 0 0] [1 0 O] |[1+i+2e+2h 1+4i+e+2h i+e+h
(B,o Pz P.4] [0 1 O] [14+2i+2e+3h 1+i+2e+2h 1+i+e+2h
=|P_1 Prp Pi3| |1 0 1| |242i4+3c+4h 142i+2e+3h 1+4+i+2e+2h
|Pi3 Pia Pis| |1 0 Of | 1+i+2e+2h  1+i+e+2h
[P,y Pio P,3]| [14+2i+2e+3h 1+i+2e+2h 1+i+e+2h
=| P, Py P ol| |242i+3e+4h 142i+2e+3h 1+i+2e+2h
_P”,z P, 3 Pn,4_ _1—|—i+28+2]’l 1+i4+€e+2h i+e+h
[PHy,3 PHiy, PHppy
= |PHrya PHpi3 PHpyo
| PHiy2 PHip1 PHy

Furthermore, the Perrin hybrid matrix (W,,) is given by:

PeH, > PeH,.1 PeH,
W, = |PeH,13 PeH,,» PeH,i1|,forn>1.
PeH, PeH,  PeH,_
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That satisfies equality W, = A"W, where

0 2+3i+2e+5h 2i+3e+2h 3+2e+3h
1| ,W=|342i+5¢+5h 243i+2e+5h 2i+3e+2h
0

0
A= |1
1 2i+3e+2h 3+2e+3h —1+3i+2h

S O =

With this, based on what was previously presented and based on the work of [17], in this work, we will present several
identities on Padovan and Perrin hybrid numbers, their extension to hybrids with negative indices and identities around them.

2. Results
Based on the definitions seen in the introduction referring to the hybrid numbers of Padovan and Perrin, some theorems are
then developed with the aim of carrying out a new investigative study on these numbers.

Definition 2.1. Hybrid numbers of Padovan and Perrin with negative indices are defined by:

PH_,=P_, +P—n+1i+P—n+2€+P—n+3h
PeH_, = Pe_,+ Pe_,1i+ Pe_,12€ + Pe_,13h

Based on this, we can obtain the binomial sums of the Padovan hybrid numbers in the following theorem.

Theorem 2.2. The following identities are valid:
(i) Xio (;) PHx = PH3n,
(ii) Yi—o (1) PHi 11 = PH3p11,

Proof. (i) According to Binet’s formula of Padovan hybrid numbers PH, = Ax} + Bx} + Cx5, one has that:

n

Z <n> PH; = Z <n> (Axh + Bk + %)
= \k k

k=0

IHEEMHEEMHE
A(1+x1)"+B(14x)"+C(14x3)".

Considering the infinite interactions of the cubic roots given by the expression y = /' 1+ v/1++/1+..., one can establish
the relation Y = 1 + y, where  represents the real Padovan root [5]. Hence, 1+ x| = x?,l +Xxp = x% and 1 +x3 = x%. With
that, Y}_ (1) PHy = PH3,.

(i1) Similarly to demonstration (i), this Identity can be validated.

O

Thus, we have the binomial sums of the Perrin hybrid numbers in the following proposition. Since the proof of these sums
is similar to the Padovan hybrid numbers discussed in the previous Theorem, we omit the proof.

Theorem 2.3. The following identities are valid:

(l) ZZ:O (Z)Per = PeHSnv

(i) X}—o (}) PeHys1 = PeHzp 1.

Theorem 2.4. Form >3, n > 3, one can:

PH,,PH,, + PH, | PH, | + PH,PH,_| = PH,,+ PH, i+ PH, ;12 + PHy 11 3h.

Proof. According to the matrix form of the Padovan hybrid numbers:

01 0 142i+2e+3h 1+i+2e+2h 1+i+e+2h]
U=|1 0 1],0=|2+2i+3e+4h 1+2i+2e+3h 1+i+2e+2h|,
1 0 0

1+i+4+2e+2h 1+i4+€e+2h i+e€+h |
Pn72 Pn73 Pn74_

U" = Pn—l Pn—2 Pn—3 .

Pn—'% Pn—4 Pn75_
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Resulting in @, = U"Q:

PH,.>» PH,.1 PH,
PH,13 PHpyy PHypqo
PHn+1 PH, PH,

Thus, performing (Q,)(Q:), one can equal the term a;3, obtaining:
PH,i> PH,s1 PH, | [PHus2 PHuni1  PHy

PHn+3 PHnJrZ PHn+1 PI'Ier3 PHm+2 PHm+] = PHn+2PHm +PHn+1PHm+1 + PH,PH,, 1.
PH,., PH, PH, | |PH,. PH, PH,

By definition, one has to PH,, = PH,, + PH,{ jyy1i + PHy 4 1y12€ + PHy 41350
Soon:

PHn+2PHm +PHn+1PHm+1 +PHnPHm—1 = PHn+1n +PHn+m+1i+PHn+m+28 +PHn+m+3h-

O
Theorem 2.5. Form >0, n > 0, one has to:
PeHn+2PeHm +P€Hn+1P€Hm+1 +PeHnPeHm,1 = PeH,Hm +P€Hn+m+1i+P€Hn+m+28 +P€Hn+m+3h.
Proof. According to the matrix form of Perrin’s hybrid numbers:
01 0 2+3i+2e+5h 2i+3e+2h 34+2e43h |
A=1|1 0 1| ,W=|[342i+5¢+5h 243i+2e+5h 2i+3e+2h]|,
1 0 0 2i+3e+2h 3+2e+3h —1+3i+2h|
PeH,, PeH,,1  PeH, i
AW = PeH,,+3 PeHn+2 P€Hn+1 .
PeH,, PeH,  PeH,_| |
Thus, performing (W,,)(W,,), one can equal the term a3, obtaining:
PeH,, PeH, | PeH, PeH,,,» PeH, PeH,,
PeH, .3 PeH,.» PeH,.\| |PeH,(3 PeH,+> PeH, .| = PeH,,PeH,+ PeH,  PeH, |+ PeH,PeH,,
PeH, PeH, PeH,_ 1| |PeH, PeH,, PeH,
By definition, one has to PeH,, = PeH, ., + PeH, .+ i + PeH,, 12 € + PeH, 1 3h. Soon:
PeHn+2P€Hm +P€Hn+1P€Hm+1 +P€HnP€Hm,1 = PEH,H,m +P€Hn+nl+1i+P€Hn+m+28 +P€Hn+m+3h.
O

Theorem 2.6. Form >3, n > 3, one has to: o o o
(U@nw _PﬂﬂrnJrli—PHernJrZe_PﬁJrnJrSh = PHm+2PH7n+PHm+1PH7n+l +PH,,PH, 1,
(”)PHn+m +PHn+m+li+PHn+m+28 +PHn+m+3h = PHm+2PHn +PHm+1PHn+1 +PH,PH, .

Proof. Using the conjugate of the matrix Q, called Q, where:
1+2i+2e+3h 1+i+2e+2h 14+i+€+2h
Q0= |2+4+2i+3e+4h 1+4+2i+2e+3h 1+i+2e+2h]|.
1+i+2e+2h 1+i+e+2h i+e+h
Thus, performing:

(P> P,z Po4| [1—2i—26—-3h 1-i—2e—-2h 1—i—€—2h
U'O= P,y Pro Pos||2-2i—3e—4h 1-2i—2e—3h 1—i—2e—2h
_P”,3 P4 P, 1—i—2e—2h 1—i—€e—-2h i—e—h
ﬁn+2 ﬁ}ﬂrl ﬁn

= @HS PHy 12 @rﬂrl

PH,., PH, PH,
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Thus, considering the element a3, it can be said that:

HOU™™MQ) = (QU™)(U"Q),

[Piim—2 Pim—s Puma] [1+2i+2e+3h 1+i+2e+2h 1+ite+2h
QU™™Q) =0 |Pivm1 Pismo Poim3| |2+2i+3e+4h 14+2i+2e+3h 1+i+2e+2h
Pn+m_3 Pn+m_4 P,H,m,S 1+l+28+2h 1+l+8+2h l+8+h
[1-2i—2¢—3h 1-i—2e—2h 1—i—€—2h| [PHymy2 PHpyims1 PHpim
=|2-2i—3e—4h 1-2i—2¢—3h 1—i—2¢—2h| |PHyim+3 PHuyimio PHyims
| 1—i—2e—2h 1—i—€-2h i—€—h PHyimi1  PHypm  PHypm—1
—@n—&-m—ﬂ @n-&-m-ﬁ—l En-&-m
= |PHpimy3 PHuymio PHpimi
_PHn+m+l PHn+m PHrH»mfl
[1—2i—2e—3h 1—i—2e—2h 1—i—€—2h| [Puy Pn-3z Pu_s
(QU™(U"Q) = |2—2i—3e—4h 1-2i—2¢—3h 1—i—2e—2h| |Py1 Pua Pu3|(U"Q)
| 1—i—2e—2h 1—i—€-2h i—e—h Pn_3 Py Pu_s
[PH,2 PHuy1 PHy | [P Pz PBia| [142i+2e+3h 1+i+2e+2h 1+i+€e+2h
= |PHyu+3 PHpio PHpyii| (Pt Pi2 Pi3| |2+2i+3e+4h 1+2i+2e+3h 1+i+2e+2h
\PHyu1 PH, PH,_| |Pi3 P4 Pis 1+i+2e+2h 1+i+e+2h i+e+h
ﬁm#& ﬁm+l Em 1 _PHn+2 PHnJrl PH,
= |PHpni3 PHpy2 PHyyo| |PHyp 3 PHyp PHy
|\ PHu+1 PH,  PHy—1| |PHay1 PH, PHy
(iH(QU™™M)Q = (QU™)(U"Q),
_ [142i+2e43h 14i+2e4+2h  14i+te+2h] [Pun2 Puin3 Puina|
(QU™™MQ = |2+42i+3e+4h 1+2i+2e+3h 1+i+2e+2h| |Pyin-1 Punin-2 Pninz|Q
| 1+i+2e+2h  14+it+e+2h i+e+h Puin—3 Pupins Puin_s
[PHyini2 PHpynyi PHyop | [1—2i—26—3h 1—i—2e—2h 1—i—&—2h
= PHIn+ﬂ+3 PHm+n+2 PHI?’H—IZ+1 2— 2l— 38 —4]’[ 1 - 21_ 28 - 3h 1 _l— 28 - Zh
_PHm+n+| PI'Im+n PHm+n7[ 1—1—28—21’1 l—l—S—Zh l_g—h
_@ernJrZ @m+n+l Em#»n
= ﬂm+n+3 PH i n+2 ﬁernJrl
_PHm+11+l PH 1 p PH 1y
[1+2i+2e+3h 1+i+2e+2h 14+i+e+2h]| [Bus Pu3 Pny4 B
(QUMU"Q) = |2+2i+3e+4h 1+2i+2e+3h 1+i+2e+2h| |Pu1t Pu2 Puns| (U"Q)
_1+i—|—2£+2h 1+i+e+2h i+e+h P, 3 P,4 P,s
(PH,., PH,., PH, |[P.2 P.3 PB,4|[1-2i—26-3h 1—-i—2e—-2h 1—i—e—2h
= PHm+3 PHn1+2 PHm_H P P> P,_3 2—2i—3e—4h 1-2i—2e—-3h 1—i—2e—-2h
_PHm+1 PH,, PHm_l_ _Pn_3 P4 P,s 1—i—2e—2h 1—i—€e—-2h i—e—h
[PH,» PHui1 PH, | @nﬂ PH,;1 PH,
= |PHni3 PHpi» PHpyi| (PHp3 PHup PHyy
_PHerl PHm PHmfl_ _PHrH—l PHn PHn—l
O

Theorem 2.7. Form >0, n > 0, one has to:
(i)PeHyyn — PeHpyn1i — PeHy 1 n12€ — PeHyy 130 = PeH 2 PeHy, + PeH 1 PeHy 1 + PeH y PeH, 1,
(ii)PeH ;- + PeH 110+ PeH 4y 12€ + PeH 1 3h = PeH,y o PeH , + PeHpy 1 PeH 1 + PeH,, PeH 1.
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Proof. Using the conjugate of the matrix W, called W, where:
243i4+2e+5h 2i4+3e+2h 3+2e+3h
W= |3+2i+5¢+5h 243i+2e+5h 2i+3e+2h
2i+3e+2h 3+2e+3h —143i+2h
Thus, performing:

0 1 0]"[2-3i—2e—5h 2i—3e—2h 3—2e—3h PeH,.,» PeH,., PeH,
AW=1|1 0 1| |[3-2i—5e—5h 2-3i—2e—5h 2i—3e—2h| = |PeH,.3s PeH,.» PeHy,.
1 00 2i—3e—2h 3-2¢—3h —1-3i—2h PeH,,, PeH, PeH,

Thus, considering the element a3, it can be said that:
OW (AW = (WA™)(A"W),
()W (A"T"W) = (WA™)(A"W). O

3. Conclusion

This work carried out an investigative study around the hybrid numbers of Padovan and Perrin, developing new and proven
theorems based on fundamental algebraic operations and their respective matrix forms. Thus, the results presented here have
the bias of motivating further studies on the numbers of Padovan and Perrin hybrids, improving the investigation for other
numerical sequences.
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