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ABSTRACT. In this paper, we investigate the oscillation of a class of generalized proportional fractional integro-
differential equations with forcing term. We present sufficient conditions to prove some oscillation criteria in both
of the Riemann-Liouville and Caputo cases. Besides, we present some numerical examples for applicability of our
results.
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1. INTRODUCTION

Fractional calculus, dealing with derivatives and integrals to an arbitrary order, has been applied successfully in
the modelling of many problems in science and engineering [20, 21]. For the advantages of the fractional differential
equations over the models of integer order, we refer the reader to [22]. Up to a recent time, when we take into account
the high importance of oscillation theory, the number of published works about fractional differential and difference
equations is still limited, see for example [1-5,7, 10, 13—16,23-25]. To the best of our knowledge, the results of Grace
et al. in [16] are considered as the first about the study of oscillation theory for fractional differential equations, the
results in [7] are the first in the frame of discrete fractional calculus, and the article in [1] is the first in the g-fractional
case.

The conformable derivative was first introduced by Khalil et al. in [19] and then explored by Abdeljawad in [6].
Later, in [8], Anderson et al. modified the conformable derivative by using the proportional derivative so that when the
order of it tends to zero we get the function itself. He gave the following definition:

Definition 1.1. [8] For v € [0, 1], let the functions 79, 7; : [0, 1] X R — [0, c0) be continuous such that for all # € R,
we have

1ir(r)1+ mv,t =1, lir(r)l+ no(v, 1) =0, lir{{ m, 1 =0, lir{{ nowv, 1) =1,
and g, (v, 1) # 0,v € [0, 1), no(v, 1) # 0, v € (0, 1]. Then, the proportional derivative of order v is defined by
D"6(t) = (v, )O(t) + no(v, NG’ (2). (L.

*Corresponding Author
Email addresses: rmert@atu.edu.tr (R. Mert), sbayeg @thk.edu.tr (S. Bayeg)


https://orcid.org/0000-0001-6613-2733
https://orcid.org/0000-0002-1959-1926

Some Oscillation Criteria for Nonlocal Fractional Proportional Integro-differential Equations 240

We will restrict ourselves to the case when n; (v, ) = 1 — v and n9(v, t) = v. Then, (1.1) becomes
D¥0(r) = (1 —v)O(r) + v8'(¢). (1.2)

Note that lim,_,g+ D6(f) = 6(¢) and lim,_,;- D”6(¢) = 6'(¢). Hence, derivative (1.2) is more general than the conformable
derivative which does not tend to the original function as v — 0.

Recently, Jarad et al. [18] have introduced a nonlocal fractional proportional derivative or generalized proportional
fractional (GPF) derivatives in the both Riemann-Liouville and Caputo senses. The GPF derivatives and integrals
possess kernels involving exponential functions. The advantage of such newly defined derivatives is that their corre-
sponding proportional fractional integrals possess a semi-group property in the fractional index @ used to replace the
iterated number 7, and they result in the existing Riemann-Liouville and Caputo fractional derivatives for the particular
case v = 1.

In this paper, motivated by [9], we study the oscillation of GPF integro-differential equation of the form

{ D x(t) = r(t) — [ W(t, HA(s, x(s))ds, t>a>0,0<a<1,0<v <1,

1.3
limy e Lo~ ""x(0) = by 4

where r (the forcing term), ¥, and A are continuous functions, b; € R, and Dj"” and 117®Y denotes the left GPF
derivative and integral operators in the Riemann-Liouville setting, respectively.

Throughout this article, we only consider those solutions of Eq. (1.3) which are nontrivial and continuable in any
neighborhood of infinity. Such a solution is said to be oscillatory if it has arbitrarily large zeros on (0, 0); otherwise,
it is called nonoscillatory. Eq. (1.3) itself is said to be oscillatory if all of its solutions are oscillatory. Or simply, the
solution is called nonoscillatory, if it does not change its sign after some time.

2. PRELIMINARIES

In this section, we recall some definitions and essential lemmas that will be used to proceed in proving the main
results in this paper.

Definition 2.1. [18] For v € (0, 1], @ € C with Re(a) > 0, the left GPF integral of 6 is defined by
1
vel(a)
where IJ is the Riemann-Liouville fractional integral operator ( see [21] ).

I7V0(1) =

!
f e TNt — P 9(s)ds = v e I%(e T 00),

Definition 2.2. [18] For v € (0, 1], @ € C with Re(a) > 0, the left GPF derivative of Riemann-Liouville type of 6 of
order « is defined by
Do) = DMILTUVO(r)
D;Z’V ! v=1
— = (t-s) t— n—a—lg d
T = @) fa e (1) (s)ds,
where n = [Re(a)] + 1.
Definition 2.3. [18] For v € (0, 1], @ € C with Re(a) > 0, the left derivative of Caputo type of 6 of order « is defined
by

1 -
‘DYO(t) i= ——— f e T (1 — syl prvg(s)ds,
vi—eT(n — ) J,
where n = [Re(a)] + 1.
Lemma 2.4. [I8] Let Re(a) > 0, n = —[-Re(a)), 6 € Li(a,b), I;70(t) € AC"[a,b), and v € (0,1]. Then

(I 0)(a")

Ty R oD

1D 0(t) = 6(t) — 9 Z
j=1

Lemma 2.5. [I8] Forv € (0,1] and n = [Re(a)] + 1, we have

n—1 ;
D"
127 CDEv0(0) = (1) — Y| — (@)
= vl j!

(t — ayles 9, (2.2)
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Proposition 2.6. [18] Let a, 0 € C such that Re(a) > 0 and Re(o) > 0. Then, for any v € (0, 1], we have

(a)
v %t _ -1\ _ F(Q) %t _ Na+o-1
IPV(ev'(t—a)X ) = —F(g+a')v"e (t—a)*™", Re(a) >0, 2.3)
(b)
D (e —ap )y = 1@ 5 e 10 Re(a) > 0.
I'o-a)

Proposition 2.7. [I18] Let a, 0 € C such that Re(a) > 0 and Re(o) > 0. Then, for any v € (0,1] and n = [Re(@)] + 1,
we have

QY
v T Y
Cpmr et — ) = 2@ 5 ge-e Re(o) > .
I'o-a)

Lemma 2.8. [17]IfS and T are nonnegative, then

ST+ -DT7 —oST ' >0, 00> 1, (2.4)
and

ST —(1-)T7 —oST ' <0, o<1, (2.5)

with equality holds if and only if S = T.

3. OscILLATION CRITERIA FOR THE GPF INTEGRO-DIFFERENTIAL EQUATIONS IN THE RIEMANN-LIOUVILLE SETTING

Throughout this paper, we assume that the following conditions are satisfied without further mention:

Ol)r:(a,o) - R,¥: (a,) X (a,c0) — R are continuous with Y¥(z, s) > 0 for t > s;

(02) there exist &1, &, : (a, c0) — [0, 00), which are continuous functions such that ¥(z, s) < &(1)é,(s) for all ¢ > s;

(03) A : (a,0) x R — R with A(t,x) := g(t,x) — g2(t, x) is continuous such that g;,g> : (a,00) X R — R are
continuous and that xg;(¢, x) > 0, (i = 1,2) for t > a and x # 0;

(O4) there exist real constants g, € and g1, ¢ : (a, ©0) — (0, co) continuous such that

g1t x) 2 qi(Hx° and g2 (1, x) < p(x°,t > a, x # 0.
Theorem 3.1. Assume that conditions (O1)-(03) are satisfied with g, = 0. If for every constant k > 0

lim sup IV [r(r) — ké1(£)] = o0

t—o0
and
lign inf I7V[r(t) + k&1 (2)] = —oo, 3.1

then every solution of Eq. (1.3) is oscillatory.

Proof. Assume that x(¢) is a nonoscillatory solution of Eq. (1.3) with g, = 0. Without loss of generality, let’s say that
x(t) > 0 for t > T for some sufficiently large 7'; > a. Hence, (O3) implies that g, (¢, x(¢)) > 0 for ¢t > T|. Now, from
Eq. (1.3), we have

D x(p) (1) - f (@, ) (s, x(5)) ds

!

T
r(t) — f Y(t, s)g1(s, x(s)) ds — Y(t, 5)g1(s, x(s)) ds. (3.2)

T,

Letting « := min{A(t, x(t)) : t € [a,T1]} < 0and k := —« faT] &(s)ds = 0, it follows from (3.2) that
DIV x(t) < r(t) + k& (2).

Using the monotonicity property of I, we see that

17 DY () < 197 [r(0) + K (D),
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and hence, from (2.1),

v

x(f) < T — ) 1 T [r(t) + k& (D). (3.3)

b
ve~Il(a@)
In view of (3.1), it follows from (3.3) that

lim inf x(f) = —o0,
t—oo
which contradicts the assumption that x(#) > 0 eventually. The proof is similar if x(¢) is eventually negative. O

Theorem 3.2. Assume that conditions (O1)-(0O4) are satisfied with o > 1 and € = 1. If further, in addition to the
conditions presented in Theorem 3.1, we assume that

00 ﬂ(f*S)( _ ae-l s 0 o
e t—s) I e
_— W © o 4
ﬁ veT (@) L (s, M)éh (u)qz (u)duds < oo, (3.4)

then every solution of Eq. (1.3) is oscillatory.

Proof. Assume that x(¢) is a nonoscillatory solution of Eq. (1.3) with x(¢) > O for ¢t > T;. From conditions (03)-(04)
with o > 1 and € = 1, we have

D7V x(t) < r(f) + ké (1) + f W(1, 9)[q2(5)x(s) — q1(s)x° ()] ds,
T,

1
for some k > 0. If in (2.4), weleto =, S = qfx, and T = (éqquj)g ] , then we get

o L o
@x—qx° < (- 1Do™q, q; ", (3.5)
and hence )
o L o
DEVx(t) < r(6) + k& (1) + f ¥(t, s)o = DT q; " (s)g5 ' (s)ds. (3.6)
T,

Applying the operator I3 to (3.6), we see that

by

_ ot =y, el @y
V"_lr(a)e (r-—a) + I [r(t) + k&1(D)]

x(t) <

D) f— )l S o L o
+ f u W(s, u)(o — 1)9Eq1“0(u)q§‘1 (1) duds.

vI@  Jn,
3.7
By applying the limit inferior on both sides of (3.7) as t — oo, and using (3.1) and (3.4), we get
liminf x(¢) = —o0,
—oo
which contradicts the assumption that x(¢f) > 0 eventually. This completes the proof. O

Theorem 3.3. Assume that conditions (O1)-(04) are satisfied with 0 = 1 and € < 1. Further, if in addition to the
conditions of Theorem 3.1, we suppose that

0 %(I—S) f— a—1 s N N
fa % fa Y(s, u)q;" (u)gq, * (1) duds < o,

then every solution of Eq. (1.3) is oscillatory.

Proof. Suppose that x(7) is a nonoscillatory solution of Eq. (1.3). Say that x(f) > 0 for + > T|. From conditions
(03)-(04) withp = 1 and & < 1, we have

DYV x(t) < r(f) + ké (1) + f P, H[q2()x°(s) — q1(s)x(s)] ds,

T

1 ERV=1
for some k > 0. If we take in (2.5), 0 = ¢, S = q; X, and T = (éqlq;‘ ) ] , then we get

PR
QX —qx < (1 -ge=q; " q,7, (3.8)
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and hence
13

DY x(t) < r(t) + k& (1) + W(t, s)(1 — g)eTs 2qy l(s)q *(s)ds.
Ty

The rest of the proof is similar to that in Theorem 3.2, and hence we omit it. O

Theorem 3.4. Assume that conditions (O1)-(04) are satisfied with 0 > 1 and € < 1. Further, if in addition to the
conditions of Theorem 3.1, we assume that there exists a continuous function ¢ : R — (0, 00) such that

=l(r-s) a1
fa Varl("t(a)S) f \P(g M)CI (u)gg '(I/l) duds < oo

and

00, Lt (1-s) a-1 s
e "Vt —-s) FISE
fa T T fa P (s, u)s=1(u)g, * (u) duds < oo,

then every solution of Eq. (1.3) is oscillatory.

Proof. Assume that x(f) is a nonoscillatory solution of Eq. (1.3) with x(#) > O for # > T';. Using the same procedure as
above, from conditions (0O3)-(04) with o > 1 and € < 1, we see that

Dg¥x(t) < r(l)+k§1(t)+f P(t, 9)[s($)x(s) — q1(s)x?(s)] ds
T,

3

+ . Y, 5)[g2(s)x"(s) — s(s)x(s)] ds,

for some k > 0. Taking g»(s) = ¢(s) in (3.5) and ¢;(s) = ¢(s) in (3.8), we get

DYx(t) < r(t)+kE(D) + fT W(t, $)(0 - Do g7 ()71 (s)ds

+ Y, s)(1 - 8)81 £ge l(s)q “(s)ds.
T

The rest of the proof is similar to that in Theorem 3.2. O

The following example clarifies Theorem 3.1.

Example 3.5. Consider the integro-differential equation with Riemann-Liouville GPF derivative

—tt2/3 t
DV 2y = E (B2 s e 21— rf sx(s)ds,
0 N2T(5/3) 0 (3.9
limoe I 2x(5) = 0
Comparing with Eq. (1.3) with g, = 0, we have
a ! v L a=b =0,g1(t,x) = x,r(t) = e'rh — (422 4207 +21,9(t, 5) = ts
=z V=5,a=01 = 1 = = ,P(t, 5) = ts.
3 2 SATG/3)
Conditions (O1)—(03) are satisfied and condition (3.1) does not hold. We have
11213
r(t) 2 ——— = +2 +20e”, 120, (3.10)
V2T'(5/3)
Applying the operator /; 13172 4 (3.10), we see that
3 3
15/3’1/2r(t) > te”! 6\/_ 1108371 — —4‘5 B3 - —2\/2 *3e, (3.11)

T T(13/3) T(10/3) T(7/3)

Taking limit inferior on both sides of (3.11) as # — oo, one can easily see that the right hand side is zero, so we get

liminf /> r(1) > 0.

t—o0
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Using Proposition 2.6 (b), it is easy to verify that x(f) = te™" is a nonoscillatory solution of Eq. (3.9). Here,

3

lim 12?71 = lim PRe = 0.

t—0* t—0* r(8/3)
Note that here k = k = 0.
The following example clarifies Theorem 3.2.
Example 3.6. Consider the integro-differential equation with Riemann-Liouville GPF derivative
42 1
D> x(1) = 3—‘/_6-%3/2 + t(4 fel(-4—t(4+1Q2+ z)))) - tf s [x(s) - x—s)} ds,
0 N

T
lim,o- 1,/>"x(t) = 0.

(3.12)

Comparing with Eq. (1.3), we have

X
,a=by =0, x)=x,8(t,x)= -

a=v= s
t

| =

4ﬁ —1 3 —t
r(t):ﬁe PP at(d+ e (-4- 1A +12+1),

Y(t,s) =ts.
Conditions (O1)-(04) are satisfied withe = 1,0 =2 and ¢ (¢) = 13, ¢»(t) = t. However, condition (3.4) is not satisfied

since
2
b s—t X & b 65—t
2 e \/; sPe
lim \/j (f su4du) ds = lim f ds = co.
b—oo Jo T Nt—=s\Jo boo 5 Jo A=

—t

Using Proposition 2.6 (b), it is easy to verify that x(f) = t?¢~" is a nonoscillatory solution of Eq. (3.12). Here,

16 V2
111,(1),1 I(I)/Z,I/Z(tzeft) — 1_‘/_ llm tS/Zeft — 0
t—0*

5 \/7_{ 1—0+

4. OsciLLATION CRITERIA FOR THE GPF INTEGRO-DIFFERENTIAL EQUATIONS IN THE CAPUTO SETTING

In this section, we study the oscillation of the GPF integro-differential equations in the Caputo setting of the form
CDYx(t) = r(t) - [ WL, $)A(s, x(s)) ds, @D
D*x(a)=b; €R, k=0,1,...,n—1, '

where n = [a], €D} is defined by Eq. (22), D*Y = D"D” ... D", and D" is the proportional derivative.
P ——

k-times
Below, we provide corresponding results for Eq. (4.1). Since the arguments resemble the case of Riemann-Liouville,

we will only prove the first of the following theorems.
Theorem 4.1. Assume that conditions (O1)-(03) are satisfied with g, = 0. If for every constant k > 0

limsup t' " 1% [r(£) — k& ()] = o0

t—o0

and
lim inf £ 12V [r (1) + k&) (£)] = —o0, (4.2)

then every solution of Eq. (4.1) is oscillatory.

Proof. Assume that x(¢) is a nonoscillatory solution of Eq. (4.1) with g, = 0. Without loss of generality, assume that
x(t) > 0 for t > T;. Proceeding as in the proof of Theorem 3.1, we get

D x(t) < r(f) + k&, (). 4.3)
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Applying the operator 15" to (4.3), we see from (2.2) that

iy < o STRIND e i ko

= vJ]V
- n—1 -1 DJV .
< a)( ) |D?x(a)| x(a)| — @) [ ) + k(0]
= yl]!
n—1 i
D ,
< SV IPEMA i o oy 4 k0], 12 Ta > T
= v/ j!
Now, from (4.2), it follows that
liminf #' 7" x(¢) = —co,
t—o0
which is a contradiction to that x(f) > 0 eventually. Hence, the proof is complete. O

Theorem 4.2. Assume that conditions (O1)-(04) are satisfied with o > 1 and € = 1. In addition to the conditions of
Theorem 4.1, if

— (=) t— a-1 X
lim tl‘”f #‘[ P(s, u)ql ”(u)qz () duds < oo,

—00 vel'(a)
then every solution of Eq. (4.1) is oscillatory.

Theorem 4.3. Assume that conditions (0O1)-(04) are satisfied with o = 1 and € < 1. In addition to the conditions of
Theorem 4.1, if

S (1=8) (¢ — )1 S
lim 71" f % f W(s,u)g " (g (u) duds < oo, (4.4)

t—o0

then every solution of Eq. (4.1) is oscillatory.

Theorem 4.4. Assume that conditions (O1)-(04) are satisfied with 0 > 1 and € < 1. In addition to the conditions of
Theorem 4.1, assume that there exists a continuous function ¢ : R — (0, 00) such that

i - L o5 A)(t_ s)a—l S\P L . »
r - " - , - =
zgg j; vel(a) L (s M)q1 (w)seT(u) duds < oo

and

t V;V‘(t—s)t_ -1 s . o
i [ o, s a0 duds <o

then every solution of Eq. (4.1) is oscillatory.
The following example clarifies Theorem 4.1.

Example 4.5. Consider the integro-differential equation with Caputo GPF derivative

2 t
CDP2x(y = |2 V= + 38 + 62 + 60 +6t—1 | sx(s)ds,
0 - 0 4.5)
x(0)=0,x'0)=0
Comparing with Eq. (4.1) with g, = 0, we have

3 1 2
SV =5a=by=b=0,r()= Ze V- + 38 + 6% + 6ne”! + 61,
T

gi1(t, x) = x, and W(¢, s) = ts. Conditions (O1)—(0O3) are satisfied, and condition (4.2) does not hold. We have

a =

2
) > ;e*’ Vi—(* +32 + 682+ 6ne”", 1> 0. (4.6)
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Applying the operator IS/ 2112 16 (4.6), we see that
13/2’1/2r(t) > t2e—t _ 48 \/z [11/2€—t _ 36 \/z t9/2e—t _ 24 \/z t7/2€_t _ 12 \/z tS/Ze—t
0 = I(13/2) I(11/2) r(9/2) [(7/2)
\/gmz (10241772 + 4224572 + 12672632 + 22176112 - 3465)
- 3465 ’

and hence

\/Ee"t(1024t7/2 + 422452 + 12672137 + 22176117 — 3465)
—143/2,1/2 T
Y N O )

3465
(4.7)
If we apply limit inferior on both sides of (4.7) as t — oo, then we get
liminf 1" r(1) > 0. (4.8)

t—o0

—t

Using Proposition 2.7, one can easily prove that x(f) = t?¢~ is a nonoscillatory solution of Eq. (4.5).

5. CONCLUSION

Local fractional proportional derivatives, say of order v € [0, 1], were used in [18] to generate nonlocal fractional
proportional derivatives by adding a second index « instead of the number n which represents the number of iterations
in the fractionalizing process. The produced nonlocal fractional proportional operator ,D®", either in the Riemann-
Liouville or the Caputo sense, includes the exponential function in the kernel. In this work, we have investigated and
analyzed such a kernel to study the oscillation of certain nonlocal fractional proportional integro-differential equations.
The case in which v = 1 reduces to the Caputo and Riemann-Liouville fractional operator ones and hence the results
in [9] are recovered. We have presented some examples to illustrate the applicability of our results. Since the structure
of the kernel used in the definition of a certain fractional operator affects the oscillatory analysis of the problem, we
believe that it will be of interest to study the current oscillation problem in the frame of the Mittag-Lefler law, where
the kernel is nonsingular [12], and for the fractal fractional operators [11].
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