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Introduction

The curve and surface theory are the important areas
of the different ambient spaces. In particular, these
theories and their geometric properties have been
examined by many researchers in the Lie group, [1-8].

On the other hand, the geodesic principle has played
an important role in lots of areas, such as the geometric
design of the hull, multi-scale analysis of images, the
relativistic description of gravity. Nowadays, a good deal
of research on surface theory is focused on a surface
family having a given isogeodesic curve which is both a
geodesic and an isoparametric curve. From this aspect,
many researchers have derived a parametric
representation of a surface family whose members share
the same isogeodesic curve, [9-17].

In this paper, we define the surface family as a linear
combination of the components of the alternative moving
frame in the Lie group by utilizing this {N,C,W} frame
along the given geodesic and deriving the conditions for
the coefficients to satisfy both the geodesic and the
isoparametric requirements. We also present some
examples to give the surface family and a ruled surface
possessing a given common isogeodesic curve.

Materials and Methods

In this section, we will review some concepts related
to the Lie group. For general information about the Lie
group, we refer to [2, 6, 7].

The Frenet formulas in the Lie Group for a unit speed

curve afS)

T = kN,
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N' =T +(r —7g)B,
B =—(r—1g)N,

where K and T are the curvature functions of o(s)
and T, whichisintroduced [2, 7], is the Lie group torsion
of a(s).

On the other hand, the alternative moving frame along
the a(S) is defined by the three vectors N,

c=N -1 ¢, " g
HNH J1+h?  J14h?
and w= h T+ 1 B, which called the unit

«/1+T \1+h?
principal normal vector, the derivative of the principal
normal vector and the unit Darboux vector, respectively.
Then the derivatives of this frame is given by

N’ = f(s)C, (1)
C =—f(S)N+g(s)W,
W' =-g(s)C,
where  f(s)=x+/1+h? | 9(3):f(5)i:Lz and
oy 1+h
3

So f(S) and g(S) are curvatures of 0(s) in terms of

alternative moving frame in Lie Group G, [3, 5].
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T-T . .
Here, h=—% is denoted the harmonic curvature

K
function of 0(s) which isintroduced in [6].

Theorem 1.

The curve is a general helix in the Lie Group G if and
only if its harmonic function is a constant, [2,6].

Results

In this section, we will give an algorithm for constructing
surfaces from an isogeodesic curve in the Lie Group.

Surfaces
Let a(s) be an arc length parametrized curve on a

surface P(s,t) in G. Then the curve ¢ is called an
isoparametric curve if it is a parameter curve, that is, there
exists a parameter {y such that o(s) = P(s,ty). Also the

curve 0!(3) on the surface P(s,t) is geodesic if and only if
N(s)Hq(s,tO) where n(s,t) is the normal vector of the
surface P(s,t). Then, a given curve a(S) is called an

isogeodesic of P(S,t) if it is both a geodesic and an
isoparametric curve on P(s,t).
Let P= P(s,t) be a parametric surface through a

curve OZ(S) . This surface is given based on the curve (S)
and the alternative moving frame {N,C,W} as follows

P(s,t)= ar(s) + A1(s, tN(s)+ Ao (s,1)C(s)+ A5(s,t W (s),  (2)
0<s<Land0<t<T,
where Ji(s,t),  Ay(s,t) and ig(s,t) are all c?

functions. These functions are called the marching-scale
functions.
Since a(S) is an isoparametric curve on this surface,

there exists a parameter t=tge [O,T] such that
a(s) = P(S,to), 0<s<L, thatis,

A(s.tg)=Ap(s,tg) = A3(s,tg) =0, (3)
0O<s<Landtye[0,T}

On the other hand, we know that the curve a(S) on

the surface P(S,t) is a geodesic if and only if

N(s)r(s.to)
To compute n(s,to ), using the alternative Frenet

formula (1), one can easily get that

P2 95060 e
2 a0+ P20 g6t

+£K(:)(h§8)+g(s)/1 (s.)+ 023 st}N()

And

oP(s,t) _ oA (s.t) N(s)+ a;tz(s,t)c(s)+ 8/13(3,t)w(s)’

ot ot ot

S

using the value of T in terms of the alternative moving
x(s) Ci K'(S)h(S)W
f(s) f(s)

So, the normal U(S,t) can be calculated as

frameas 1 =_

aP(s,t)XaP(s,t)

0S ot

K IO f(s)A(s,t)+ aﬂza(ss,t)_ g(s)/13(s,t)Ja/13(S’t)

n(s,t)=

f(s) at

?)(h§S) + ) A(s,t)+ alz(ss,t)] 6&26(ts,t)}N( 5)

6/11 s,t) t($)ls, t)jaz%(ts,t)

K :)(hgs) c () 8/13;325,'[)) alla(ts,t)} c(s)
6/11 St

+

-
i
al
[ NP

—( ’f‘ﬁs)) Pt P2 g(s)is(s,t)]mla(f’t)}w(s)-

Then, from (3), we get

7(5,t9) = (st N(5)+ Pa(s,tg JC(5)+ P3(s,tg W (s),

where

_x(s) g(s.to) _ x(9h(s) Op(sito) (g

Filsto)= f(s) ot fs)  a

oA
P3(s,tg) = ?8 1((; tO)

On the other hand, we know that N (S)||77(S,t0) if
and only if

R(st)#0,R(st))=0and P,(s,t,)=0

As a result of combining (3) and (4), we have obtained
the conditions for P(S,t)to have the curve & as an
isogeodesic in the Lie group as shown by the following
theorem.
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Theorem 2.
The given curve , is an isogeodesic curve on the

surface P(s,t) which given by (2) in the Lie group if the
following conditions are satisfied

A(s,t9)= A2(s,tg) = 43(s,t9) = 0,

Oh(51) _  ang K(6) (8) , K(O(S) 02a(5:%)

= 5
p ts) ot ts) X const. =0, (5)

where 0<s<L and ty €[0,T]
For the aim of simplification and analysis, /11(3,'[),
ﬂz(s,t) and /13(8,'[) can be decomposed into two factors

21(s,t)= I(s)X (1),
ky (81) = pO)Y(1),
A3(s,t) = o (S)Z (1),

where (s), p(s) o(s), X()Y(t), and Z(t) are all
c? functionsand 9(5), p(s) and G(S) are notidentically
zero.

If a(s) is an isogeodesic curve on the surface P(S,1),

then the sufficient conditions can be easily given as
follows

X(tg)=Y(to)=Z(to)=0,

O(s)=0or ax 0, (6)
dt

to

k(s)a(s) dZ(t) , x(9)h(s)p(s) dY(to)

= =const. =0,
f(s) dt f(s) dt

where 0<s<L and ty €[0,T]

Ruled Surface with Common Geodesic Curve in
Lie Group

Let P(s,t) be a ruled surface with the directrix a(S)
which is also an isoparametric curve on P. Then there

exists a parameter t =ty such that P(s,to) =a(s).
Thus, the surface P(s,t) can be written as follows

P(s,t)-P(s,tg) = (t—t)< (5),

where 0<s<L, 0<t<T and ty[0,T] and

((S) denotes the direction of the rulings.
By using (2), the surface is equivalent to

(t—t0)¢ (5) = (S, tIN(s)+ 2a(s,t)C(s)+ Ag(s, W (s)  (7)

Since the curve «(s) is the isogeodesic curve, by using
the conditions given Theorem 2, one can easily write that

An(s.)=0, Ap(s.t)= u(S)t—to), A3(s.t)= ()t ~to),

where p(s) and v(S) are some real functions.
So, substituting these values of ﬂl(s,t), Ay(s,t) and
A3 (S,t) into (7), we easily obtain

¢(8) = u(s)C(s) +v(s)W(s), ®)
foralls €[0,L].

The ruled surface with the given isogeodesic directrix
a(S) is written by

P(s,t) = a(s) + (t—to)(1(s)C(s)+ V(W (s)). (©)

where #(S) and v(S)are two controlling functions of
the surface.

Corollary 3.

If the given ruled surface (9) is developable in the Lie
group, then zz equals zero.

Proof. If the surface P(s,t) is developable, then we

know that det[of,{,(l] =0. Using (1), we get

f(s) f(s)
Since f(S) # 0 and by using the conditions given
Theorem 2, if the above equation equals zero, then we get

u(s)=0.

So, the developable surface with the curve o as a
isogeodesic can be written

P(s,t)= a(s) + (t _tO)c;:((ss))W(s)’

where ¢ = const. == 0. Then £ (S) can be given as

detla &, ¢ 1= u(s) f (s)[v(S)K(s) . u(s)/((s)h(s)}

(10)

£)= L (s), (11)
K

(s)

Corollary 4.
The developable surface P(S,t) is a cylinder surface if

and only if OZ(S) is a general helix.
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Proof. If the developable surface P(s,t) is cylindrical,

then we know that ¢ x ;l = 0. The derivatives of (11) and
from (1), we get

- _c?f2(s)

g(s)N(s)=0.
K2 (s)

gx¢g

If the above equation equals zero vector, since f(s) =0

and x(s)#0, then we get g(S)=0. This means that
h = const. From Theorem 1, we get that the curve is a
general helix.
Conclusion 5. General helices on the cylinder surface
in the Lie Group G are isogeodesic.
Example 6. Let
a(s)=(0,~sins,coss) (12)
be a unit speed curve. Then the curve « is framed in
terms of the alternative frame as follows

N(s) =(0,sins,—coss),

C(s)z\%(—;,coss,sins),
W(s) = jg(l,;coss,;sin s),

where f(s)=§,g(8)=0 and k =1, hz—%.

i) Taking c=1, {5 = 0 and from (10), then we get a
ruled surface Pl(S,t) thatis a developable cylindrical

with an isogeodesic curve 0{(5) as shown in Figure 1:
. t t .
Pi(s,t)= (t,—sms +0085,€085 +sin sj,

where 0<s<2z and 0<t<4.

Figure 1. The cylinder surface P; (s, t) with
isogeodesic curve a (s).

A(s,1)=0, A5 (s,t) = /Bt,
A3(s,t)=~/5t and ty=0 such as the Theorem 2 is

ii) Considering

satisfied. Then we get another surface P (S,t), that is

also the cylinder surface, with an isogeodesic curve
() as shown in Figure 2.

Py (s,t) = (t,—sins + 3t coss, coss +3tsins),
where 0<s<27z and 0 <t <4.

Figure 2. The surface P2 (s, t) with isogeodesic curve a (s)

Acknowledgment

We would like to thank the referees and editors who
contributed to our article.

Conflicts of interest
The authors state that they did not have conflict of interests.
References

[1] Bozkurt Z., Gok |, Okuyucu O. Z., Ekmekci F. N.,
Characterizations of rectifying, normal and osculating
curves in three dimensional compact Lie groups, Life Sci. J.,
10(3) (2013) 819-823.

[2] Ciftci U., A generalization of Lancret’s theorem, J. Geom.
Phys., 59(12) (2009) 1597-1603.

[3] Degirmen C., On curves in three dimensional compact Lie
Groups, Master’'s Thesis, Bilecik Seyh Edebali
University, 2017.

[4] do Esprito-Santo N., Fornari S., Frensel K., Ripoll J.,
Constant mean curvature hypersurfacesin a Lie group with
a bi-invariant metric, Manuscripta Math., 111(4) (2003)
459-470.

[5] Mak M., Natural and Conjugate Mates of Frenet Curves in
Three-Dimensional Lie  Group, arXiv  preprint
arXiv:2008.05831 (2020).

[6] Okuyucu O.Z., Gék i., Yayli Y., Ekmekci N., Slant helices in
three dimensional Lie groups, Appl. Math. Comput., 221
(2013) 672-683.

[71  YoonD.W., General helices of AW (k)-type in the Lie group,
J. Appl. Math., (2012) 1D 535123.

[8] YoonD.W., TuncerY., Karacan M. K., On curves of constant
breadth in a 3-dimensional Lie group, Acta Math. Univ.
Comenian., 85(1) (2016) 81-86.

[9] Jiang X., Jiang P., Meng J., Wang K., Surface pencil pair
interpolating Bertrand pair as common asymptotic curves
in Galilean space G 3, Int. J. Geom. Methods Mod. Phys.,
18(7) (2021) 114-459.

80



Kiigtikarslan Yiizbasi / Cumhuriyet Sci. J., 43(1) (2022) 77-81

(10]

(11]

(12]

(13]

Kasap E., Family of surface with a common null geodesic,
Int. J. Phys. Sci., 4(8) (2009) 428-433.

Kasap E., Akyildiz F.T., Surfaces with a common geodesicin
Minkowski 3-space, Appl. Math. Comp., 177 (2006) 260—
270.

Kiglkarslan Yiizbasi Z., Bektas M., On the construction of
a surface family with common geodesic in Galilean space
G,, Open Phys., 14 (2016) 360-363.

Kiglkarslan Yiizbasi Z., Yoon D. W., On constructions of
surfaces using a geodesic in Lie group, J. Geo., 110(2)
(2019) 1-10.

(14]

(15]

(16]

(17]

[Tuncer 0.0., Surface pencil with a common isophote
curve, Master’s Thesis, Ankara University, 2016.

Wang G. J., Tang K., Tai C. L., Parametric representation of
a surface pencil with a common spatial geodesic, Comput.
Aided Des., 36 (2004) 447—-459.

Altin M., Kazan, A., Karadag, H. B., Hypersurface families
with Smarandache curves in Galilean 4-space, Commun.
Fac. Sci. Univ. Ank. Ser. A1 Math. Stat., 70 (2021) 744-761.
Ergun E., Bayram E., Surface family with a common natural
asymptotic or geodesic lift of a spacelike curve with
spacelike binormal in Minkowski 3-space, Konuralp J.
Math., 8 (2020) 7-13

81



