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Abstract

In this article, we examine some geometric properties such as convexity, strictly convexity, uniformly convexity of bicomplex sequence
spaces [, (BC) with Euclidean norm by proving some significant inequalities. We also furnish some nontrivial examples that support our
findings for geometric properties not provided in some of these bicomplex sequence spaces.
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1. Introduction and Preliminaries

Segre [1], in his complex geometry studies, defined the concept of bicomplex numbers in 1892. In 1991, Price [2] published a book on
bicomplex numbers, multicomplex spaces and their function theory. In recent years, many studies have been done on bicomplex analysis
and it has become a subject of research in physics and mathematics by attracting considerable interest of researchers thanks to its huge
applications in different fields of mathematical sciences. The most important of these studies are [3, 4, 5].

Sager and Sagir [6], by defining bicomplex sequence spaces with Euclidean norm in the set of bicomplex numbers, studied completeness of
them. For some works on the geometric properties of other sequence spaces we refer the reader to [7, 8, 9, 10].

Our aim in this study is to add new properties to bicomplex sequence spaces. We present the study in two parts. In the first one, we start with
a number of known results needed in this paper. In the second one, we give some of geometric properties of bicomplex sequence spaces
I, (BC) with Euclidean norm by proving some necessary inequalities.

Let i and j be independent imaginary units such that iZ = j2 = —1, ij = ji and C (7) be the set of complex numbers with the imaginary unit i.
The set of bicomplex numbers BC is defined by

BC={s=s1+jsp:51, € C(i)}.

The set BC forms a Banach space and a ring with respect to the addition, scalar multiplication, multiplication and Euclidean norm for all
s=s1+ js2,t =1 + jip € BC and for all A € R defined as

s+t = (si+js2)+ (0 +j0)=(si+0)+j(s2+10),
As = A (Sl +js2) = As; + jAso,
sxt = st=(s1+js2) (14 jr2) = (5111 —s2t2) + j (5102 +5211)

2
Iec : BC—=Ris—|islpe =/l + sl

A sequence in BC (a bicomplex sequence) is a function defined by z: N — BC, n — s,. This sequence converges to a point s* € BC if and
only if to each € > 0 there corresponds an ng (€) € N such that ||s, —s*||gc < € for all n > ng (€).
Let ({x)ren be a bicomplex sequence. Then, the infinite sum

=)

iCk =Y Cu+itw)=Ci+o+ 4G+
=

k=1
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n
is called an infinite series in BC. Define the sequence s : N — BC,n — s, by setting s, = Y. §; for all n € N. The infinite series converges if
k=1

and only if lim s, exists; if the limit does not exist, the series diverges. If lims, = {* then, {* is called the sum of series, and we write
n—yo0 n—yo0

Y Go=C 121
k=1

Lemma 1.1. [6][Bicomplex Holder’s Inequality] Let p and q be real numbers with 1 < p < oo such that % + é =1 and si,t;, € BC for
ke {1,2,...,n}. Then

n n % n %
Y Istellae < V2 ( L llsellge Y lnlige | -
k=1

k=1 k=1

Lemma 1.2. [6][Bicomplex Minkowski’s Inequality] Let p be a real number with 1 < p < oo and syt € BC fork € {1,2,...,n}. Then

n I% n I% n 1177
Yollsitulie | <X Isllae ) +{ X b
=1 =1 =1

Definition 1.3. /6]

LBO) ¢ ={s= () w(EC):wp e <.
keN

I,BC) : = {s = (sx) ew(BC): Y lIsllfe < 00} Sfor0 < p < oo,
k=1

where w (BC) denotes all bicomplex sequences.

Theorem 1.4. [6] l. (BC) is a Banach space with the norm ||.||;_gc) defined by
sl @cy = sup lIskllsc
keN

forall s = (sg) € I (BC).

Theorem 1.5. [6] The space 1, (BC) is a Banach space for 1 < p < oo with the norm H'HZ,,(JE(C) defined by

1
oo P
lIsll;,Bc) = (Z |Sk|ﬁ(c>

forall s = (s) € 1, (BC), and the space 1, (BC) is a p—Banach space for 0 < p < 1 with the p—norm || |"Hl,)(B<C) defined by

o

Isll;,Bc) = kZI lIskllBe

forall s = (sg) € 1, (BC). Here, we refer to [11] and [12] for the definitions of p—norm and p—Banach space.

Definition 1.6. [7] Let C be a subset of a linear space X. Then C is said to be convex if (1 — A)x+ Ay € C for all x,y € C and all scalar
A €0,1].

Definition 1.7. [7] A Banach space X is said to be strictly convex if x,y € Sx withx #y implies that ||(1 —A)x+ Ay|lxy <1 forall A € (0,1).

Definition 1.8. [7] A Banach space X is said to be uniformly convex if for any € with 0 < € < 2, the inequalities ||x|| < 1,||y|| <1 and

. . _ + )
lx—y|| > € imply that there exists a 8 = 8(g) > 0 such that || 5* H <1-6.

Lemma 1.9. [13] Let p € (0,1). Then, for a > 0 and b > 0 we have (a+b)’ < aP +b?.

Theorem 1.10. [7] Let X be a Banach space. Then, the following statements are equivalent:
(a) X is strictly convex.
(b) Forevery 1 < p <oo, [[Ax+ (1 =) y||” < A|x||P+(1—=2A)||y||? forall x,y € X,x#yand . € (0,1).

Theorem 1.11. [7] Every uniformly convex Banach space is strictly convex.
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2. Some Geometric Properties of the Banach space /[, (BC)
Lemma 2.1. Let s,t € BC. Then, we have
I+ 3+ s~ 1B =2 (Islike + Iel3c).
Proof. The proof is direct application of definition of ||.||pc - O
Lemma 2.2. Let p be a real number with 0 < p < 1 and s,t € BC. Then, we have
lIs+llge < llslige + ez -
Proof. Let p be a real number with 0 < p <1 and s,¢ € BC. Then, we have by Lemma 1.9

lIs+tllge < (lsllse +ltllse)” < lIslige + e -

O
Theorem 2.3. The sets BC and w (BC) are convex.
Proof. The proof is clear from definition of convexity. O
Lemma 2.4. The set BC is uniformly convex and strictly convex.
Proof. Lets,r € BC,e € (0,2], ||s||gc < 1, ||t|[gc < 1and € < ||s —1||gc . Then, by using Lemma 2.1 we have
ls+ele = 2(lslc+llac) - lls—tliae
< 4-¢2

and so,

s+ 1 PoT : £\2]?

T =[] < |7 (-)] < -]
If we take 6 (¢) =1 — [1 — (%)2] : , then we say that BC is uniformly convex. By Theorem 1.11, BC is also strictly convex. O
Lemma 2.5. Let p be a real number with 1 < p < oo, s,t € BC, s At and A € (0,1). Then, we have

[As+(1=2)tllge < Allslige + (1 =2) e

Proof. The proof is consequence of Lemma 2.4 and Theorem 1.10. O

Lemma 2.6. Let p be a real number with 2 < p < oo and s,t € BC. Then, we have
~1
lIs+ellge + s —tlige <277 (sl + lellge) -

lls+llec
lls—tlec

Proof. If we take t = in the proof of Lemma 3.67 in [8], we get

1 2 2 %
s+l +lis = el5e) ™ < (s +lBe + Is—1l3c)

for all 5, € BC and 2 < p < eo. By Lemma 2.1,

1 1 1
2 2 2 2 2 2 2 2 2
(s+1ic+ls—rllze)* = (2 (Uslhe +Iiliae) ) * = V2 (lsllze + i)

Then, by real Holder’s inequality for % + prz =1, we have

2 2 2
Isllge + e < (Isllge +lelge) » (1+1) 7

=
27 (IIsle +lrlge)

=

and so,

1yp-2 1
227 (|Islle + lielige) 7

1
2 2 2
V2 (Islfge + e )

IA

p—1

1
277 (lIslige +llellge) -

1 -t 1
This implies that ([[s+ ][5 + s —t[hc) 7 < 2% (IIslZc+ lltll5c) 7 - Therefore, ||s+ (|5 + [|s — t]5 e < 2271 (|Is]|5e + lle]|5¢) for all
s,t € BC and 2 < p < oo. The proof is completed. O

Theorem 2.7. The sets I, (BC) for 0 < p < o0 and l.. (BC) are convex.
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Proof. Lets,t €1,(BC) and A € R satisfying 0 < A < 1. Then, the series ¥ [|sn||}~ and ¥ [ta]|% converges.
n=1 n=1
If 1 < p < oo, we have by Lemma 1.2

1 19p
o0 o0 » o »
Z (| A0+ M’n”ﬁ;C < <Z,1 Msn'%c) + (Zl (1 _)L)tnuﬁ(c)
n=1 n= n—=
1 19p
oo P oo
= |2 (Z ISnlﬁc) <Z ln||B<c>
n=1 =1
which implies that As+ (1 —A4)r € 1, (BC).
If 0 < p <1, we have by Lemma 2.2
Z [ Asn+ l)tnuﬁ(c < Z (”xsrzHﬁcﬂLH(l*l)thﬁc)
= A‘DZ,HSnH ct(1=24 pZ”th
n=1

which implies that s+ (1 - 1)1 € 1, (BC).
Let 5,7 € lo (BC) and A € R satisfying 0 < A < 1. Then, sup{||su|lgc : 7 € N } and sup {||#,||pc : 7 € N } are finite. Then, we have

sup{[|Asy + (1 =A)tallgc :n €N} < sup{A|lsullgc+(1—A)[ltnllpc:n €N}
Asup{[[sallgc :n € N }+(1—=A)sup{[ltn|lpc:n €N}
which implies that s+ (1 — 1)1 € l., (BC) . Consequently, I, (BC) for 0 < p < oo and /. (BC) are convex.

Theorem 2.8. The sequence spaces I, (BC) for 1 < p < ec are strictly convex.

Proof. Lets,t €S; gc), s #tand A € (0,1). Then, we get by Lemma 2.5

Il
s

HAS“'(I_Z)IHZ(BC |Msn+(l_)l')tn“]pe]§c

3
Il
-

A
s

[A llsnllize + (1= 2) lItal

3
Il

= ;LZ ||S'1H]B<C+ 1_ Z Hln”]B(c
n=
= A HSHZPF(BQ +(1- )||f\|,p(m> =1
which implies that /,, (BC) for 1 < p < oo is strictly convex.
Example 2.9. The sequence space l.. (BC) is not strictly convex.
Let
(sn) = (1,,0,0,...),
(t,) = (-1,4,0,0,...).
Then, we have ||s[|;_gc) = [l7ll;.Bc) = 1 and
s+ (1= )]sy = sup{[Asu+ (1~ A)tallge in €N }

= sup{[(24 - 1,,0,0,...)[|zc : n € N}
= sup{|2A—1],1} =1

forall A € (0,1). That is to say that [, (BC) is not strictly convex.

Example 2.10. The sequence space Iy (BC) is not strictly convex.

Let
(sn) = (i,0,0,...),
(t,) = (0,—i,0,0,...).
Then, we have ||s[|;, sc) = ll7ll;, (c) = 1 and
As+(1=2)tll, gy = X IAsa+(1=2)tallgc
n=1
[Aillpe + 11 =24) (=) [sc
= A+(1-21) =1

forall A € (0,1). That is to say that /; (BC) is not strictly convex.
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Theorem 2.11. The sequence spaces 1, (BC) for 2 < p < o are uniformly convex.

Proof. Lets,t €1, (BC),e € (0,2],

[Isn +tn‘|ﬁc + Z lIsn *’n”ﬁc

1 n=1

I
s

p p
HS+[||IF(IB(C) + ”s*tH[p(]B(Q

3
Il

Il
s

(Hsn ‘Hnug(c + |lsn _thﬁc)

=
s 1

IA

Z 27! (Hsnuﬁ(c + H’n”ﬁc)
n=1

= 2! {Z Hsnuﬁc"‘ Z ||tn|§(c}
n=1

n=1
_ p—1 P p )4
= 27 sl gy + 1] oy | <27
Thus, we can write
p P |le_1t||P P _ b
||s+tH1p(B(c)§2 IIs t”l,,(]BB(C)<2 ep,

and so,

s+t
2

1 1
1 P ENPT
=|=|ls+e|? } <|1—(z .
I EXO NS
1
If we take § () =1 —[1— (%)p] », we say that [, (BC) for 2 < p < o is uniformly convex.

Example 2.12. The sequence space l. (BC) is not uniformly convex.

Let
(sn) = (i,/,i,0,0,...),
(tn) = (i,j,—i,,0,0,...).
Then, we have ||s[l;_gc) = Il @mc) = 1.
ls—tll ey = sup{llsn—tallgc:n €N}
— sup{][(0,0,2,0,..)[gc:n N}
= sup{0,2} =2
and € < ||s —1|[;_gc) = 2. On the other hand, since
t t
Sl = sup{ Sntln :neN }
2 |l.mo) BC

= sup{(i,j,0,0,..)} = 1,
there doesn’t exist 6 (€) > 0 such that || ot ”D.l&g(BC) < 1— 4. That is to say that /. (BC) is not uniformly convex.
Example 2.13. The sequence space l; (BC) is not uniformly convex.

Let
(Sn) = (l.,0,0,...),
(tn) = (0,—4,0,0,...).
Then, [|sl|;, ¢y = Il Bc) =1 and
Is =1l 8c) = X lIsn —tullge = llillsc + llillac =2
n=1
and & < ||s —1|[;, (gc) = 2. On the other hand, since

i
2

s+t

2

Sp+ 1ty
2

BC

=1,
BC

)}

11 (]E(C) n=1

—J
+|F
BC | 2

there doesn’t exist & (€) > 0 such that || 3 Hll(IBC) < 1— 0. That is to say that /; (BC) is not uniformly convex.

s||lp(m:) <1, HtHII,(]BC) <lande < ||S_tH/,,(]BC) . Then, we have by Lemma 2.6
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