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ABSTRACT. In this paper, we consider a nonlinear evolution inclusion governed
by the subdifferential of a proper convex lower semicontinuous function in a
separable Hilbert space. The right-hand side contains a set-valued perturba-
tion with nonempty closed convex and not necessary bounded values. The
existence of absolutely continuous solution is stated under different assump-
tions on the perturbation.

1. INTRODUCTION

Nonlinear evolution equations with subdifferential operators plays an important
role in the theory of differential inclusions and have been widely investigated by
many authors (see [I], [3], [5], [I1], [15], [14], [17], [18], [19], [20], [21]), [22], [25].
Such problems appear often in problems of optimal control theory, mechanics and
differential games, see for instance [9], [10], [12], [23]. In this work, we prove some
existence results for evolution problems governed by subdifferential operator of the

form
—&(t) € dp(t,z(t) + G(t,z(t)) ae. t € [0,T];
(P) { z(0) = zo € dom .
0 QD(Ov )7

in a separable Hilbert space, where ¢ is a proper convex lower semicontinuous
function, d¢(-,-) is the subdifferntial of ¢ and G(-,-) is a set-valued mapping with
convex closed nonempty values playing the role of a perturbation to the problem.
For the unperturbed problem, that is when G = 0, the existence and uniqueness
of solution have been obtained under various assumptions by many authors, see
for instance ([I0], [II], [16], [23]). In [16], the author introduced an assumption
expressed in terms of the conjugate function ¢*(¢,-) of the convex function ¢(t, -),
namely, there exists a Lipschitz function £ : H — R and an absolutely continuous
function a : [0,T] — R witha € L% ([0,T]) such that, for allz € H and s,t € [0,T],

pr(tx) < " (s,x) + k(z) [ a(t) —a(s) | .

2020 Mathematics Subject Classification. Primary: 34A60 ; Secondaries: 49J52, 28A25 .

Key words and phrases. Evolution equations; differential inclusion; subdifferential operator;
absolutely continuous solution; unbounded perturbation.

(©2019 Maltepe Journal of Mathematics.

Submitted on August 26 th, 2021. Published on October 30th, 2021
Communicated by Hacer SENGUL KANDEMIR, and Nazlim Deniz ARAL.

101



102 SARRA BOUDADA AND MUSTAPHA FATEH YAROU

Some extensions, dealing with set-valued or single-valued perturbations, have been
obtained under in general a compactness assumption on the subdifferential ([I3],
[T7]) or on the perturbation [19]. The authors in [I9] proved the existence of an
absolutely continuous solution with set-valued perturbation satisfying the linear
growth condition

G(t,z) C f(t)(1+ ||z ||)K for allt € [Ty, T] and = € H,

for some compact subset K and some non-negative function () € L% ([To,T)),
(To > 0). In the particular case of the so-called sweeping process, i.e., for o(t, )
taken as the indicator function of a closed moving set C'(¢, ), [13] established the
existence of solution with prox-regular sets C(¢,z) and G(-,-) with unnecessary
bounded closed convex values. For other results, we refer to [0], [24] and the
references therein. The main purpose in this paper is to study, in the setting of
infinite dimensional Hilbert space H, the perturbed problem (P), and to show how
the approach from [I3] can be adapted to yield the existence of solutions for (P)
with unbounded perturbation, under various assumptions. The paper is organized
as follows. In section 2, we give some preliminaries and we recall some results
which will be used in the paper. In section 3, we establish the existence theorem
for the considered problem (P) for a globally upper hemicontinuous perturbation,
then we extend the result obtained in [0, 7] to the whole interval R, . Finally, we
weaken the result by taking the perturbation G measurable in the time ¢ and upper
semicontinuous in the state z.

2. PRELIMINARIES

Throughout the paper, H is a separable Hilbert space whose inner product is
denoted by (-,-) and the associated norm by || - || and [0, 7] is an interval of R. We
will denote by B the closed unit ball of H, P.(H) the family of all nonempty closed
sets of H and Pe.(H) (resp. Per(H)) the set of nonempty closed (resp. compact)
convex subsets of H.

Let ¢ : H - RU{+0o0} be an extended real-valued lower semicontinuous function,

which is proper in the sense that its effective domain dom ¢ defined by dom ¢ :=

{rx € H : p(x) < 400} is nonempty and, as usual, its Fenchel conjugate is defined

by ¢*(v) := sup[(v, x) — ¢(x)]. The subdifferential Op(z) of ¢ at = € dom ¢ is
reH

Op(x)={ve H: (v,y—z) < py) — ¢(x) for all y € dom ¢}

and its effective domain is dom 0p = {x € H : 0p(x) # 0}. It is well known that if
 is a proper lower semicontinuous convex function, then its subdifferential operator
Jp is a maximal monotone operator and then satisfies the closure property. The
function ¢ is said to be inf-ball compact if for every r > 0, the set {x € H : ¢(z) <
r} is ball-compact, i.e., its intersection with any closed ball in H is compact.

For any subset C' of H, ¢oC stands for the closed convex hull of C' and o(-,C)
represents the support function of C, that is, for all £ € H, o(&,C) = sup (¢, z). We

zeC

denote by Proj(-,C') the metric projection mapping onto the closed set C, defined
by Proj(z,C) :={v € C : d(z,C) = |lv — z||}. A set-valued mapping G : E —
P.(H) from a Hausdorff topological space E into subsets of H is said to be upper
semicontinuous if, for any open subset V' C H, the set {z € E : G(z) C V} is open
in E. G is said to be scalarly upper semicontinuous or upper hemicontinuous if, for
any y € H, the real-valued function  — o(y, G(z)) is upper semicontinuous. For
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more details concerning the properties of maximal monotone operators in Hilbert
space, we refer to [2] and [4]. Basic facts of convex analysis and set-valued mappings
can be found in [§]. Let us recall the following result due to [19].

Proposition 2.1. Let ¢ : [T, T] x H — R4 U {+o0} be such that:

(Hy) for each t € [Ty, T, @(t,-) is proper convex lower semicontinuous;

(H2) there exist a p-Lipschitzean function k : H — Ry and an absolutely con-
tinuous function a : [Ty, T] — R, with a non-negative derivative a €
L& ([Ty,TY), such that

for every (t,s,xz) € [To,T] x [To,T] x H.
If h € L% ([To, T)) and xo € dom ¢(Ty,-), then the problem

—&(t) € dp(t,z(t)) + h(t) a.e. te [Ty, T],
(Pn) { z(To) = zo € dom ¢(Tp, ) i

admits a unique absolutely continuous solution x(-) that satisfies

T T T
/ | &(t) ||* dt < 2c0/ a*(t)dt + 0/ |A(t)|?dt + c1
T() TO

To
with co = (k2(0) + 3(p+ 1)?), 0 = k2(0) + 3(p+ 1)> + 4, and
c1 = 2(T = Ty + (To, 2(Ty)) — o(T, 2(T)))
andforTO S tl S tg S T

lp(tz, o(t2)) — @(t1, z(t1))] <

to

ta
/t (k(0) + (p+1) || &(t) + h(t) || ) (a(t) + Ih\(t))dH/t I &(t) + h(t) ||* dt.
1 1
We close this section with a set-valued version of Scorza-Dragoni theorem due
to [7], Corollary 2.2.

Corollary 2.2. Let I = [Ty, T] and A the Lebesque measure on I, with o-algebra
L(I). Let X be a Polish space and Y be a compact convex metrizable subset of a
Hausdorff locally convex space. Let G : I x X — P (Y) be a multifunction that
satisfies the following hypotheses:

(i) Vt € I, Graph Gy is closed in X XY ;
(ii) Vx € X, the multifunction t — G(t,z) admits a measurable selection.

Then, there exists a measurable multifunction Gy : I x X — Pup(Y) U {0}, which
has the following properties:

(1) there is a A-null set N such that Go(t,x) C G(t,z), YVt € N, Vx € X;

(2) ifu:I - X andv : I =Y are L(I)-measurable functions with v(t) €
G(t,u(t)) a.e., then v(t) € Go(t,u(t)) a.e.;

(3) for every e > 0, there is a compact subset J. C I such that \(I\ J.) <
g, the graph of the restriction Go/J. x X 1is closed and O # Go(t,z) C
G(t,z), Y(t,z) € J. x X.
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3. THE MAIN RESULTS

Now we are able to proved our first result for the problem (P) with unbounded
perturbation. In the development, we will use some ideas from [13] and [19].

Theorem 3.1. Assume that ¢ : [0,T] x H — Ry U {400} satisfies (Hi), (Ha)
and

(H3) ¢ is inf-ball compact for every t € [0,T].
Let G : [0, T) x H— P..(H) be such that

(Hy4) G is upper hemicontinuous with respect to both variables;

(Hs) for any (t,x) € [0,T] x H, the mapping Proj(0,G(t,x)) is measurable on

[0,T] and there exist some real o > 0 such that for all (t,x) € [0,T] x H,
[ Proj(0,G(t, z))|| = d(0, G(t, z)) < a.

Then, for any xo € dom ¢(0,-) the problem (P) has at least one absolutely continu-
ous solution, satisfying fOT |4(¢)||2dt < ¢, where ¢ = 2¢q fOT a?(t)dt +oa®T +2(T +
©(0,20)) and co = 1 (k*(0) + 3(p + 1)?).
Proof. For each (t,x) € [0,T] x H, denote by g(t, z) the element of minimal norm
of the closed convex set G(t,z) of H, that is, g(t,z) = Proj(0,G(t,x)). First, we
shall construct a sequence of absolutely continuous mappings (z,(-)),. Define, for
every n > 1, the classical partition of [0,T]: for each 0 < k < n, t} = k—. Put

n
x(tfy) = xo, and choose y{ the element of minimal norm of G(t}, o), by (Hs) one
has

o 1< a, (3.1)

and consider the following differential inclusion on the interval [¢, t7]:
—i(t) € Op(t,x(t)) +yi for a.e. t € [t7,th],
a(ty) = wo € dom ¢(lg, -),

by observe that the map ¢ +— y? is in L% ([t§,t}]), then, by Proposition
the last problem has a unique absolutely continuous solution that we denote by
xf [, 7] — H.

Likewise, for each k € {0,...,n — 1} we can construct a finite sequence of absolutely
continuous mappings x(-) : [t7, 7, ;] — H such that

{ _‘jjg(t) € 8@(75)372(0) + yl? a.e.te [t2>t2+1]’ (3 2)
oy (ty) = oy (ty) € domep(ty, ). '

where ¥ = Proj(0,G(t}, z}_1(t}))). Recall that, in view of Proposition the

following inequality holds true in each subinterval [t}}, 7 ] for any k € {0,...,n—1}

t;cl+1 t2+1 t;cl+1
[ ra<ze [ ande [P

ti te™ tp™

t2+1 t2+1
< 2c0/ a*(t)dt + a/ o2dt + ¢y, (3.3)
t

k" te™
with ¢o = 1(k2(0) + 3(p +1)?), 0 = k2(0) + 3(p+ 1)> + 4 and
cx = 2[(t1 1 — tg) + ot 2 (1) — e(tisa, T ()]
Now, define z,, and g,, from [0,7T] to H by
wn(t) = @i (t) if e [ty tia [ 2n(T) = a1 (T),
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gn(t) = yi if t € [ti, 11 90 (1) = yp 1
for any k € {0, ...,n —1}. Clearly, x,(+) is absolutely continuous on [0, T]. Consider
the mapping 6, : [0,7] — [0, 7] such that for any k € {0,...,n — 1}

Gu(t) =t if t € (17,67, [ 6n(T) =T

then, observe that for each ¢t € [0,T], [0, (t) —t| < [t} —t}] = %, so 9 (t) — t.
Thus, for each n > 1, we have the following:
(1) gn(t) € G(0n(t), 2n(6n(t))), Yt € [0,T], Vo € H;
(i) Vi e [0,T]: llgn(®)ll < o
(#i7) —i:n(t) € 8<p(t,xn(t)) + gn(0,(t)) ae. t € [0,T], ,(0) = xp.
Further, from we have:

n—1
Z/ |2 (¢ |2dt<2002/ dt—i—aazz:/tH dt+ch,
tyn t o

P

equivalently

T T T T
/ Habn(t)||2dt§200/ a2(t)dt+aa2/ dt + o gzco/ G2(8)dt + 00T + cn,
0 0 0 0

with ¢, = 2(T + ¢(0,20) — (T, 2,(T))), because ¢ is non-negative, putting ¢’ =
2(T 4+ ¢(0,20)), we may write

T T
/ |20, (2)]|2dt < 200/ a*(t)dt + oa®T + ¢,
0 0

then fOT |4 (2)]|2dt < ¢, where ¢ = 2cg fo t)dt + oa®T + ¢, so
T
Sup/ i (8)|2dt < ¢ (3.4)
neN Jo

and thus L = sup,,en [ (t)]| 22, (jo,7) < +00.

Now, let us prove the uniform convergence of some subsequence of x,(-) to some
absolutely continuous mapping z(-). Using the Cauchy-Schwarz inequality and
for all s € [0, T] we obtain

I zn(s) = 2a(0) [*=]l 2n(s) — 20 [*< 8/08 l@n(t) |I? dt < Te
and hence
I @n(s) IP< 21l o I* 42 [| 2a(s) — 20 [P< 2 || 20 || +2Tc.
Consequently, for each n, we get || z,,(*) [|2,< 2 || w0 ||*> +27Tc. Then
| 2 () loo< M, (3.5)
where M = (2 || xo ||? —|—2Tc)%. Therefore

| 2a(t) — 2a(s) =] / b (r)dr 1< (t - 5)} ( / | in(r) | dr)* < (t - s)}L,

so along with (3.5)), the set {(x,,(-))n} is bounded and equicontinuous in Cy ([0,T7),
recall that, in view of Proposition for any fixed ¢ € [0, 7] and any n, one has

lo(t, n (t)) — (0, 2(0))] < sup /O (£(0) + (p+ 1) | Zn(t) + o [)(a(t) + a)dt

neN
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¢
+ sup/ | & () + o ||? dt < 400,
neN Jo

since ¢ is inf-ball compact by assumption, the set {x,(t); n € N} is relatively
compact in H, so by Ascoli’s theorem, we can extract a subsequence of (z,(:)),
that converges uniformly on [0,7] to some map z(-) € Cg([0,T]). From (3.4),
(&) is bounded in L% ([0,T]), we may then extract a subsequence from the lat-
ter subsequence converging weakly in L% ([0,77]) to some map v(-). The equality
zn(t) = 2,(0) + fg &n(s)ds for all t € [0,7] then yields x(t) = x(0) + fg v(s)ds
for all ¢ € [0,7] and hence the map x(-) is absolutely continuous on [0,T] with
z(-) = v(-) a.e.

Finally, we show now that z(-) is a solution of (P) on [0,T]. Define the step map-
ping z,(t) = gn(d,(t)) for all ¢ € [0,T], one has for almost all t € [0,T], —&,(¢) €
O @(t,xn(t)) + zn(t) with

2n(t) € G(n(t), 2n (0, (1)) (3.6)

Since || gn(dn(t)) ||< « for all n € N and ¢ € [0,7T], we may suppose that the
sequence (zy,(+))n converges weakly in L}, ([0,7]) to a mapping 2(-) € L}([0,T])
with || z(¢) ||< « a.e. t € [0,T]. By Mazur’s Theorem, there exists

&n € C0{zq, q>n} (3.7)

such that (&,()), converges strongly in L}, ([0, 7)) to z(-). Extracting a subsequence
if necessary, we may suppose that (§,(-))n converges a.e. to z(-), then there is a
Lebesgue negligible set S C [0,7] such that for every ¢ € [0,7]\ S, on one hand
&n(t) — z(t) strongly in H, and on the other hand the inclusion holds true
for every integer n > 1 as well as the inclusion

z(t) € ﬂ@{zq(t), qg>n}.

From the inclusion (3.6)), for any n € N, ¢t € [0,7]\ S and any y € H:

(Y, 2n(t)) < 0y, G(on(t), 2n(6n(1)))), (3.8)
further, for each n € N and any ¢t € [0,7]\ S, from we have
q-n

taking the limit in (3.9) as k — 400 and by (3.8]) one obtains

{y,2()) < 335@’ zq(t)) < sup a(y, G(3q(t), 24(04(1)))),

which ensures that (y, z(t)) < limsup,,_,, ., o(y, G(0n(t), 2, (6x(t))). Since o (y, G(-,))
is upper semicontinuous on [0,7] x H, then for every ¢t € [0,7]\ S and ev-
ery y € H, (y,2(t)) < o(y,G(t,z(t)), then 2(t) € G(t,z(t)) a.e. Further, since
(#n(-) + 2n(+))n converges weakly in L ([0,T]) to @(-) + 2(-) and (z,(+)),, converges
strongly in L}, ([0,7]) to z(-) and since the operator dy(t,-) satisfies the closure
property as the subdifferential of a proper lower semicontinuous function one ob-
tains @(t) + z(t) € —0p(t, xz(t)) a.e., with z(t) € G(t,z(t)) a.e.

Taking the limit in inequality and using the preceding convergence, we get
S i()|2dt < e. O
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Note that, obviously, Theorem yields for any finite interval of the form
[Tk, Tk+1] for all k& € N. So, the next Corollary proves on the whole interval
R := [0, +o0[ the existence of solution to the above evolution problem.

Corollary 3.2. Let ¢ : Ry x H —- Ry U {+o0} and G : Ry x H — P..(H) be
such that the following assumptions hold:

(HY) the function x — ¢(t,x) is proper convex lower semicontinuous, for each
te R;.

(H}) there exist a p-Lipschitzean function k : H — Ry and an absolutely con-
tinuous function a : Ry — R, with a non-negative derivative a € L (R),
such that

et x) < " (s,2) + k(z) [ a(t) — als) |

for every (t,s,z) € Ry x Ry x H,
(H%) ¢ is inf-ball compact for every t € Ry,
(H}) G is upper hemicontinuous with respect to both variables,
(HY) there exists a non-negative function a(-) € LS (Ry) such that d(0, G(t,x)) <
a(t) forallt e Ry and x € H.

Then, for any xo € dom p(0,-), there exists a mapping x : Ry — H which is locally
absolutely continuous on R and satisfies

—&(t) € dp(t,z(t)) + G(t,z(t)) ae teRy,
(P1) { sDx(O) = x9 € dom (0, ). ’

Proof. We follow the idea of the proof of Theorem 4 in [I3]. We consider the
partition of Ry by the points T,, = n for all n € N. It will suffice to apply
Theorem in an appropriate way on each interval [T},, T, +1]. By Theorem
there exists a absolutely continuous solution zq : [Ty, 71] — H of the differential
inclusion

—io(t) € Dp(t,zo(t)) + G(t,x0(t)), t € [To, T1]; x0(To) = xo € domp(Tp, -).

Likewise, for each i € {0, ---,n—1} we construct an absolutely continuous mapping
x; ¢ [T;,Tiy1] — H such that

{ —i;(t) € Op(t,x;

zi(T3)
Taking x : Ry — H defined by x(t) := z,(¢t) for all ¢t € [T},,T,,+1] and n € N it is
readily seen that x is locally absolutely continuous solution of (P;) on R.. d

(t )) + Gt i(t) ae. t e [T, T,

_1(T3) € domp(T5, -). (3.10)

In the next theorem, we weaken the hypothesis on G by taking G having a
measurable selection with respect to the first variable and upper hemicontinuous
on H.

Theorem 3.3. Under the assumptions of Theorem onp, let G:[0,T) x H—
Pec(H) be such that:

(a) for allt €[0,T), G(t,-) is upper hemicontinuous on H,
(b) for any x € H, G(-,x) has a A\-measurable selection,
(¢c) for some compact convex subset K C B and some real number v > 0, for

all (t,x) € [0,T] x H, one has G(t,z) C y(1+ || =z |) K
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Then, for any xo € domy(0,-) the Cauchy problem (P) admits at least one ab-
solutely continuous solution, more precisely, there exist an absolutely continuous
mapping x(-) : [0,T] — H and an integrable mapping g : [0,T] — H such that
z(0) = zo, z(t) € dome(t,z(t)), for all t € [0,T], and for almost every t € [0,T],
9(t) € G(t,2(t)) and —i(t) - g(t) € Dp(t, 2(t)).
Proof. Choose some positive numbers «, R such that « = (1 + R) and R =
V2(||zo||2 4+ Te)2, where ¢ is as in Theorem and fix a continuous function
¥ : Ry —[0,1] such that
1 ifr <R,

Z/’(T>—{()iszR+1. (3.11)
Let us consider the compact convex metric space Y := (1 + R)K, which is a Borel
subset of H, and let us define a set-valued mapping G : [0,T] x H — P.(Y) by

G(t,z) = v(|z])G(t,2),

obviously, G(-, ) has a measurable selection for all z € H and for each ¢ € [0, 7],
the graph of G(t,-) is closed in H x Y, therefore, in view of Corollary there
exists a measurable set-valued mapping Gy : [0,T] x H — Pe(Y) U {0} such that:

(i) there is a A-negligible set N C [0, T, such that
Go(t,z) C G(t,z) for allt ¢ N and for all z € H;

(
(ii) for every m > 1, there is a compact subset J, C [0,T] such that A([0,T] \
Jn) < L, the graph of the restriction G/.J, x H is closed and §) # Go(t,z) C
G(t,z), V(t,z) € J, x H;
further, (ii) implies that there exists an increasing sequence (Jy,),>1 of compact
subsets of [0,T] such that, for each n > 1, Gy/J, X H is upper semicontinuous
with convex compact values. So, by the set-valued version of Dugundji’s extension

theorem, for each n > 1, there exists some upper semicontinuous extension G, of
Go/Jn x H to [0,T] x H satistying

Gn(t,x) Cy(1+ || z |)K, for all (t,x) € [0,T] x H
and G,,(t,x) = Go(t,z) on J, x H. Further, d(0,G,(t,z)) < a, V(t,z) € J, x H.
Due to Theorem , for each n > 1, there exists an absolutely continuous map

xn(-) 1 [0,T] — H and an integrable map gy, : [0,7] — H such that z,,(0) = x¢ and
for almost all ¢ € [0,T], —&,(t) € Jp(t, zn(t)) + gn(t), and

3.12)

gn(t) € Gult, za(t)), (3.13)
with
[ gn(®) [[< @ (3.14)
and .
sup [ ) 2 e < (3.15)

and thus L = sup | @n (|22, o,/ < +00. As in the proof of Theorem using the
Cauchy—SchwarZ 1nequahty and by (3.15) we obtain, for each n,
| 2() lloo < . (3.16)
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Therefore, for all s,¢ € [0,T] one has

| @n(t) — za(s) < (¢ — )3 ( / | @n(7)|2dr)2 < (t - $)7L,

so along with (3.16)), the set {z,(-),n € N} is bounded and equicontinuous in
Cp([0,T]). Recall that, in view of Proposition for any fixed ¢ € [0,T] and any
n, one has

lp(t, 2 (1)) — ¢(0,2(0))] < +oo0.

So, since ¢ is inf-ball compact, the set {z,(t),n € N} is relatively compact in
H. By Ascoli’s Theorem, we can extract a subsequence of (z,,(-)), that converges
uniformly on [0, 7] to some continuous map x(-) € Cg([0,T]), that is

T, () — x(-) strongly in L%([0,T]). (3.17)

By (3.15), the sequence (i), is bounded in L?%([0,7T]), we may then extract a
subsequence converging weakly in L2 ([0, T]) to some map v(-). The equality

t
xn (t) = 2,(0) —|—/ Tn(s)ds, forallt € [0,T],
0
then yields
¢
x(t) = z(0) +/ v(s)ds for allt € [0,T]
0
and hence the map z(+) is absolutely continuous on [0, T with @(-) = v(:) for almost
all t € [0,7] and
@ () — @(-)  weakly in  L%([0,T]). (3.18)
Due to (3.14)), we may also suppose that, for some map g(-) € L%([0,7]), one has
gn(-) = g(-) weakly in L3([0,T7). (3.19)
Taking (3.17)), (3.18) and (3.19) into account, as in the proof of Theorem we

have, via the closure property of the subdifferential operator dp(t,-) for almost all
t € [0,T)] the required inclusion, that is,

z(t) + g(t) € —0p(t,x(t)) a.e.te[0,T]. (3.20)

It remains to prove that g(t) € G(t,x(t)) for almost every ¢ € [0, 7.
Due to (3.19), by Mazur theorem, there exists a sequence (&,(+)), in L} ([0,T])
such that

&n(-) € co{gq(-),g > n} forall n>1, (3.21)

which converges strongly in L1 ([0,7]) to g(-). Thus, extracting a subsequence if
necessary we may suppose that &,(t) — g(t) for almost every ¢ € [0,7]. So, this
along with (3.21)), implies that, for some negligible subset Ny C [0, 7],

g(t) € [eo{gq(t),q = n} forall t€[0,T]\ Ny (3.22)

Taking ([3.13) into account, we may also suppose that, for all n > 1 and for all
te€[0,T]\ Ny,

n(t) € Gp(t,z,(1)). (3.23)
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Consider the A-negligible subset No = ([0,7] \ UpJn) U N U Ny, we are going to
prove that g(t) € G(t,z(t)) for all ¢t € [0,T]\ No. Fix any 7 € [0,7]\ No, from
(3.22) and (3.23), it follows that, for any y € H,

(v, 9(m) < limsup o (y, G (7, 2 (7))). (3.24)

On the other hand, by definition of N, there exists an integer p(7) such that 7 €
Jp-y\N and (J,,),, being increasing, one has 7 € .J,, for all n > p(7). Consequently,
for all n > p(7),

Go(1,20(7)) = Go(1,2,(7)) C G(T, Tn(T)). (3.25)

The inclusion coming from (3.12)). Note that, by (3.16)) one has, for all n > 1 and
for almost all ¢ € [0, 77,
| zn(t) < R,

and hence by (3.11)), for all n > 1,

~

G(1,2n(T)) = G(1,2,(7)). (3.26)
Therefore, due to (3.24)), (3.25)) and (3.26) and the fact that G(r, -) is scalarly upper

semicontinuous, we have

(y,9(r)) < oly, G(7,z(7))),

this being true for any y € H, and G(7,z(7)) being closed and convex, it results
that g(t) € G(t,z(t)). Since the latter is satisfied for any 7 € [0,7] \ N2, one
has g(t) € G(t,z(t)) a.e. t € [0,T]. This, along with (3.20), proves that z(-) is a
solution of (P). O

4. APPLICATION

Let ¢ be the indicator function of a nonempty closed convex moving set C(t),
that is, p(t,z) = Io@)(r) = 0 if z € C(t) and +o0 otherwise. It is well-known that
O0lcw(x) = Ne((x) the normal cone to C(t) at x. Then problem (P) becomes

{ —&(t) € Now(z(t) + G(t,z(t)) ae. te[0,T],

Problems of this form are known as ”sweeping process” and arise in elastoplasticity,
contact dynamics, friction dynamics, and granular material (see Moreau [15]). The
sweeping process model is also of great interest in nonsmooth mechanics, convex
optimization, mathematical economics and more recently in the modeling and sim-
ulation of switched electrical circuits as well as the modeling of crowd motion. As
an example, let consider dynamics that correspond to an electrical circuit contain-
ing nonsmooth devices like diodes. A diode is a device that constitutes a rectifier
which permits the easy flow of charges in one direction and restrains the flow in
the opposite direction. The ideal model diode is a simple switch.The problem is
the following:
3'01 = T2
iy = —15w1— Raa+ 7+ Tu
y=—xo and yr € 0P(y);

where R > 0 is a resistor, L > 0 an inductor, C' > 0 a capacitor, u is the voltage
supply, x1(t) is the time integral of the current across the capacitance, zo(t) =
i(t) is the current across the circuit, yy, is the voltage of the diode and @ is the
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electrical superpotential of the diode. Setting ¢ = ®oC, we get dp(z) = BOP(B'x).
Therefore, the dynamic of the system is of the form —i(t) € Axz(t)+0p(x(t)), where

A(Ol OR>andB<0>
c 1 -1

If we suppose that the diode is ideal, then its superpotential and subdifferential are
0 if z<0

respectively given by ®(z) = Ir, (z) and 0®(z) = Nr, (z) = ] —00,0] if 2 =0
0 if z>0.

5. CONCLUSION

We have established existence results for nonlinear evolution inclusions which
are driven by time dependent subdifferential operators, by using a specific and
adapted discretization, with technical nuances, in both convex analysis and non-
smooth analysis. We generalize the results when the perturbation, that is, the
external forces applied on the system, is with convex but not necessary bounded
values. In a forthcoming work, we deal with a nonconvex perturbation by the
relaxation (convexification) approach.
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