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ABSTRACT 

Steady boundary layer flow with Casson nanofluid in the presence of outer velocity towards 
a non-linear stretching sheet has been studied numerically. The main purpose of present 
study is to investigate the significance of various fluid parameters namely Casson fluid (non- 
Newtonian), thermophoresis, magnetic parameter, Brownian motion and non-linear stretch-
ing parameter on profiles of velocity, temperature and nanoparticle concentration. Non- 
linear governing equations and the linked boundary conditions are computed by shooting 
technique with the help of Runge Kutta Fehlberg (RKF) method by applying similarity con-
versions on it. The influence of various fluid parameters for different values of outer velocity 
on the rate of mass, heat and flow transportation are determined and represented through 
graphs and tables. The outcome reveals that with an increase in outer velocity, the velocity 
increases while temperature and concentration decreases. Present results of the study are 
correlated for –θ0′(0) with the extant outcomes in literature as a limiting case in absence of 
thermophoresis parameter and Brownian motion. The present study finds utilization in in-
dustrial, biological, manufacturing as well as technological fields as these results are helpful 
for better controlling of heat transportation due to the presence of magnetic flow and outer 
velocity flow. 
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INTRODUCTION 

 Flow behavior over stretching surfaces has attracted 
many authors due to its wide area of industrial and man-
ufacturing applications like artificial fibers, manufacturing 
of metallic sheets, petroleum industries, metal spinning, 
polymer processing etc. The flow caused by the stretching 

surface was initially investigated by Crane [1]. After that, 
Gupta and Gupta [2] and Dutta et al. [3] gained new heights 
of Crane [1] work by comprising the analysis of mass and 
heat transportation using many different aspects. Yoon 
et al. [4] reported the comparison between theoretical and 
experimental results by considering a thin metal stretching 
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sheet. Sarma and Rao [5] investigated the flow behavior in 
viscoelastic fluid over a stretching sheet. The nanofluid also 
comes in existence when we add a small quantity of nano-
sized particles which are also called ultrafine particles to 
the base fluid. Recently, study of nanofluid has much more 
importance due to its uses, properties and applications in 
different research areas. Choi and Eastman [6] introduced 
the concept of nanofluid. The main characteristic of nano-
fluid is to increase the thermal conductivity of base fluid [7].

 In recent years, MHD flow has gained attention due 
to its controllable heat transfer rate and great utilizations 
in various industrial areas and manufacturing processes. 
Hayat et al. [8] studied the impact of MHD on heat and 
flow transportation over stretching surfaces. On stretch-
ing surfaces, a stagnation point micropolar MHD nano-
fluid flow was numerically investigated by Anwar et al. [9]. 
After that Shawky et al. [10] studied Williamson nanofluid 
towards a stretching sheet and he reported that the incre-
ment in non-Newtonian parameter increases both the 
Skin friction coefficient as well as the rate of heat trans-
fer. Vajravelu and Cannon [11] examined the flow behav-
ior of fluid on non-linear stretching sheet. Also, a mixed 
convection magnetohydrodynamic nanofluid flow along 
with entropy analysis on a non-linear stretching sheet has 
been represented by Matin et al. [12]. Das [13] studied the 
partial slip effect on nanofluid past a permeable non-lin-
early stretching sheet. Powell-Eyring MHD nanofluid 
flow having variable thickness past a non-linear stretched 
surface was interpreted by Hayat et al. [14]. Jain and 
Choudhary [15] investigated the Soret and Dufour effects 
with MHD flow using chemical reactions. Siddheshwar 
and Mahabaleshwar [16] studied the problem of heat and 
flow transportation on non-linear stretching sheet with 
suction/injection.

 The yield stress is displayed by a non-Newtonian Casson 
fluid. Fluid acts as a solid, if the yield stress is more than the 
applied shear stress. On the other hand, fluid behaves as a 
liquid if the yield stress is less than the applied shear stress. 
Recently, Casson fluid has gained more attention due to its 
vast applications and uses in many industrial and medi-
cal sectors [17]. Nadeem et al. [18] analyzed the effect of 
MHD flow in Casson fluid over a porous stretching sheet. 
Kameswaran et al. [19] investigated the dual solution in a 
Casson fluid flow past a shrinking/stretching sheet. Krishna 
et al. [20] studied the chemical reaction effect on MHD 
Casson fluid flow taking porous medium on a stretched 
surface. Hakeem et al. [21] used impermeable stretching 
surface with Casson fluid to determine the inclined Lorentz 
force effect on heat and flow transportation. Murthy [22] 
investigated the unsteady MHD Casson fluid flow with par-
tial slip on exponentially stretching sheet. Recently, various 
aspects on the rate of flow, heat and mass characteristics are 
analyzed by numerous authors in [23]–[29].

 Furthermore, the non-linear effect over stretching sur-
faces under different physical circumstances has also been 

examined by researchers in [30]–[35]. No study has been 
done so far to analyze the combined effect of outer velocity 
with non-linear stretching in a Casson nanofluid. In present 
study, we analyzed the combined effect of outer velocity with 
non-linear stretching sheet in a MHD Casson nanofluid. In 
this analysis, we observe that an inverted boundary layer is 
formed in velocity profiles when we take the outer velocity 
parameter greater than one. Also, outer velocity has a great 
impact on the rate of heat transportation and nanoparticle 
concentration. The outcomes of Current study reveals that 
as non-linearity in the stretching sheet increases, velocity 
decreases for outer velocity less than one and increases for 
outer velocity greater than one.

MATERIALS AND METHODS

2-D incompressible boundary layer flow with Casson
nanofluid towards a non-linear stretching sheet has been 
considered. This non-linear behavior produces a flow and 
sheet is stretched with stretching velocity uw = axN, where 
a, x and N denotes a constant, stretching surface coordinate 
and non-linear stretching parameter respectively. Figure 
1 depicts the physical model of the present problem. In 
this physical configuration system, Tw, Cw, T∞ and C∞ rep-
resents temperature at the sheet, nanoparticle volume frac-
tion at surface, ambient temperature attained and ambient 
nanoparticle volume fraction serially. The induced mag-
netic field is very small comparative to apply magnetic field 
so is neglected. The basic governing equations for nanofluid 
in terms of Cartesian coordinates are described as: 
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Initial boundary conditions are given as:

0,  ,   ,    at 0       
,  ,   as 

N
w w w

N
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Here vertical and horizontal velocities are represented 
by υ and u, respectively. Also ν, β, σ, B, ρf, U denotes the 
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The transformed boundary conditions are

0 0 0 0
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where ( )′ denotes derivative w.r.t ξ. Here λ, M, Nt, Nb, 
Sc and Pr represents the outer velocity parameter, magnetic 
parameter, thermophoresis parameter, Brownian motion 
parameter, Schmidt number and Prandtl number respec-
tively and these fluid parameters are given by:
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Also, local Sheerwood number and local Nusselt num-
ber are respectively defined as:

  and  
( ) ( )
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where qm and qw are mass flux and heat flux at the 
stretching surface serially
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NUMERICAL PROCEDURE 

The system of non-linear differential equations (7)–(9) 
are not solved analytically due to extremely non-linear 
behaviour. To solve this system of non-linear differential 
equations (7)–(9) together with boundary conditions (10), 
we adopt Runge Kutta Fehlberg approach (numerical pro-
cedure) with shooting technique. The coupled differential 
equations (7)–(9) has been reduced to a system of first 
order differential equations and are described as:

1 2y y′ = (15)
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kinematic viscosity, Casson fluid parameter, velocity slip 
parameter, magnetic field intensity, density of base fluid, 

outer velocity, ( )
m

m
f

k
c

α
ρ

=  is the thermal diffusivity, α is a

positive constant, 
)
)

(
(
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f

c
c
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τ

ρ
=  defines a proportion of heat

capacities of nanofluid to base fluid, ρp is density of parti-

cles, DT is thermophoretic diffusion coefficient and DB is 
Brownian diffusion coefficient.

Equations (1) to (4) with boundary conditions (5) are 
transformed using similarity variables 
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Substituting equation (6) into equations (2) to (4), we 
have
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Figure 1. Physical model of problem.
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The above system of differential equations is solved 
using shooting technique with RKF method. Figure 2 dis-
play the flow chart of numerical procedure adopted above.

RESULTS AND DISCUSSION

In current study, non-linear differential equations (7)–
(9) with boundary conditions (10) are computed numer-
ically. The variation of fluid parameters like magnetic
parameter M, Prandtl number Pr, thermophoresis param-
eter Nt, Brownian motion parameter Nb, Schmidt number
Sc, non-linear stretching parameter N and Casson fluid
parameter β on velocity distribution, fluid temperature and
nanoparticle concentration are computed and explained
through graphs and tables.

Table 1 represents the validation of our outcomes for 
–θ′0(0) with Nb = 0, Nt = 0 and for various entries of N and Pr.
In present problem, an excellent validation of the numerical 
procedure are done with those of Rana and Bhargava [33]

2
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Figure 2. Flow chart of Numerical procedure.
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Table 1. Values of –θ′0(0) with Nb = 0 and Nt = 0, a 
comparison

Pr N Rana and 
Bhargava [33]

Cortell [32] Present 
results

1.0 0.1
0.5
1.5
3.0

0.6101
0.5955
0.5756
0.5660

0.6102
0.5952
0.5745
0.5644

0.6102
0.5952
0.5747
0.5647

5.0 0.1
0.5
1.5
3.0

1.5683
1.5512
1.5269
1.5144

1.6071
1.5867
1.5574
1.5423

1.6077
1.5867
1.5576
1.5431

and Cortell [32] by neglecting the entries of Nt and Nb. 
Table 2 shows the influence of various fluid parameters 
Schmidt number Sc, magnetic field parameter M, Prandtl 
number Pr, Brownian motion parameter Nb, thermopho-
resis parameter Nt, non-linear stretching parameter N and 
Casson fluid parameter β on velocity, temperature and con-
centration for two distinct values of outer velocity λ. 

Figures 3 and 4 show the effect of β on velocity profiles 
for λ = 0.5 and λ = 1.2 respectively. As Casson parameter β 
increases, fluid yield stress decreases that hurdles the free 
movement of fluid particles and consequently width of 
boundary layer decreases that will declines the fluid veloc-
ity for λ = 0.5 as shown in Figure 3. Thusly, Skin friction 
coefficient exceeds for large values of β as computed in 
Table 2. On contrary, inverse trend is observed in case of 
λ = 1.2 that can be seen in Figure 4.

Further, the impact of Casson fluid parameter β on fluid 
temperature and nanoparticle concentration is depicted in 
Figures 5–8. Figures 5 and 6 represents the temperature 
profile for two distinct values of outer velocity λ (i.e. for λ = 
0.5 and λ = 1.2). With an increase in the value of Casson 
fluid parameter β, fluid velocity goes on decreasing for λ = 
0.5 that will decrease the rate of heat transfer and thus fluid 

Figure 3. Impact of Casson fluid parameter β on 
velocity profile f′0(ξ), when λ = 0.5.

Figure 4. Impact of Casson fluid parameter β on 
velocity profile f′0(ξ), when λ = 1.2.

temperature enhances for λ = 0.5 that can be visualized in 
Figures 5. Hence, Nusselt number declines for larger values 
of β can be seen in Table 2. Also, a very small decrease in 
fluid temperature is noticed for λ = 1.2 as seen in Figure 6. 
Figures 7 and 8 display the impact of Casson fluid parame-
ter β on nanoparticle concentration for λ = 0.5 and λ = 1.2 
respectively. Figure 7 shows that an intensification in the 
value of β results to increase the nanoparticle concentra-
tion for outer velocity λ = 0.5 which increase the value of 
local Sheerwood number. On the other hand, reverse trend 
is observed for nanoparticle concentration when λ = 1.2 as 
visualized in Figure 8.

Also, Figures 9 and 10 demonstrate the temperature 
profiles for various values of Schmidt number Sc. With an 
increase in the values of Sc, thermal diffusivity enhances 
which results in increase in the thickness of boundary layer 
and therefore fluid temperature increases for both values 
of λ and thusly, Nusselt number decreases that can be seen 
from Table 2. Furthermore, Figures 11 and 12 represents 
the effect of Sc on nanoparticle concentration for λ  = 0.5 
and λ  = 1.2 respectively. As Sc increases, mass diffusivity 
decreases. Thus, nanoparticle concentration reduces as 
illustrated in the Figures 11 and 12 for both λ = 0.5 and λ = 
1.2 respectively.

Figures 13 and 14 depicts the variation in velocity dis-
tribution under the influence of magnetic parameter M 
for two distinct cases of outer velocity λ = 0.5 and λ = 1.2 
respectively. Here, the presence of M will generates Lorentz 
force which hurdles the free movement of fluid particles. 
Thus magnetism can be used to control the velocity of 
nanofluid flow over stretching sheet. An increase in the 
value of M causes the declination of nanofluid velocity 
shown in Figure 13. Whereas reverse nature is observed for 
λ = 1.2 as shown in Figure 14 due to an inverted boundary 
layer formation for λ > 1. Figure 15 demonstrate variation 
of magnetic parameter M on temperature field for λ = 0.5. 
From Figure 15, it is clear that an enlargement in magnetic 
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Table 2. Results of f″0(0), –θ′0 (0) and –ϕ′0 (0) for distinct fluid parameters when λ = 0.5 and λ = 1.2

Sc M Nb Nt N β λ = 0.5 λ = 1.2

f″0(0) –θ′0(0) –ϕ′0(0) f″0(0) –θ′0(0) –ϕ′0(0)

1 0.1 0.1 0.3 1 0.1 –0.20677 1.23789 –2.08444 0.10357 1.24931 –1.90466
1.5 –0.20677 1.15700 –1.55004 0.10357 1.17005 –1.37031
2 –0.20677 1.09805 –1.14784 0.10357 1.11254 –0.96987
1 0.1 –0.20677 1.23789 –2.08444 0.10357 1.24931 –1.90466

2.5 –0.31125 1.23115 –2.11876 0.13920 1.25211 –1.90099
5.0 –0.39190 1.22494 –2.13539 0.16863 1.25449 –1.89970
0.1 0.1 –0.20677 1.23789 –2.08444 0.10357 1.24931 –1.90466

0.2 –0.20677 1.10864 –0.59558 0.10357 1.11078 –0.46481
0.3 –0.20677 0.98758 –0.10767 0.10357 0.98186 –0.00532
0.1 0.1 –0.20677 1.46024 –0.55665 0.10357 1.49450 –0.48140

0.3 –0.20677 1.23789 –2.08444 0.10357 1.24931 –1.90466
0.5 –0.20677 1.04362 –2.90754 0.10357 1.03730 –2.56204
0.3 0.1 –0.14406 1.24148 –2.05988 0.06685 1.24661 –1.91194

1 –0.20677 1.23789 –2.08444 0.10357 1.24931 –1.90466
10 –0.25560 1.23476 –2.10018 0.13082 1.25144 –1.90149
1 0.1 –0.20677 1.23789 –2.08444 0.10357 1.24931 –1.90466

1.5 –0.53094 1.21311 –2.16074 0.26608 1.26267 –1.89896
3.0 –0.59361 1.20683 –2.16097 0.29749 1.26529 –1.90154

Figure 5. Impact of Casson fluid parameter β on tempera-
ture profile θ0(ξ), when λ = 0.5.

Figure 6. Impact of Casson fluid parameter β on tempera-
ture profile θ0(ξ), when λ = 1.2.

field produces a slight enhancement in fluid temperature 
for λ = 0.5. After that, Figure 16 expresses the variation in 
nanoparticle concentration with change in the value of M. 
For larger value of magnetic parameter M nanoparticle con-
centration increases for λ = 0.5 as represented in Figure 16. 
Physically, this can be explained that as M increases, fluid 
velocity decreases due to this rate of mass transfer decreases 
and hence concentration increases. Also from Table 2, we 
observed that as M increases, Sheerwood number decreases 
which represent the reduction in the convective mass trans-
fer and hence concentration increases.

Impact of non-linear stretching parameter N on profiles 
of velocity, temperature and concentration for different val-
ues of outer velocity are represented by the Figures 17–22. 
With an increase in the value of non-linear stretching 
parameter N fluid velocity decreases (as shown in Figure 
17 for λ < 1 and increases for λ > 1 due to invested bound-
ary layers formations as seen in Figure 18. Consequently, 
momentum boundary layer thickness decreases with 
increasing non-linear stretching parameter N for both val-
ues of λ. Thus, the presence of nonlinear stretching param-
eter leads to slight rise the thickness of thermal boundary 
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Figure 7. Impact of Casson fluid parameter β on concentra-
tion profile ϕ0(ξ), when λ = 0.5.

Figure 8. Impact of Casson fluid parameter β on concentra-
tion profile ϕ0(ξ), when λ = 1.2.

Figure 9. Impact of Schmidt number Sc on temperature 
profile θ0(ξ), when λ = 0.5.

Figure 10. Impact of Schmidt number Sc on temperature 
profile θ0(ξ), when λ = 1.2.

Figure 11. Impact of Schmidt number Sc on concentration  
profile θ0(ξ), when λ = 0.5.

Figure 12. Impact of Schmidt number Sc on concentration  
profile θ0(ξ), when λ = 1.2.
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Figure 13. Impact of magnetic parameter M on velocity 
profile f′0(ξ), when λ = 0.5.

Figure 14. Impact of magnetic parameter M on velocity 
profile f′0(ξ), when λ = 1.2.

Figure 15. Impact of magnetic parameter M on tempera-
ture profile θ0(ξ), when λ = 0.5.

Figure 16. Impact of magnetic parameter M on tempera-
ture profile ϕ0(ξ), when λ = 1.2.

Figure 17. Impact of non-linear stretching parameter N on 
velocity profile f ′0(ξ), when λ = 0.5.

Figure 18. Impact of non-linear stretching parameter N on 
velocity profile f ′0(ξ), when λ = 1.2.
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Figure 19. Impact of non-linear stretching parameter N on 
temperature profile θ0(ξ), when λ = 0.5.

Figure 20. Impact of non-linear stretching parameter N on 
temperature profile θ0(ξ), when λ = 1.2.

Figure 21. Impact of non-linear stretching parameter N on 
temperature profile ϕ0(ξ), when λ = 0.5.

Figure 22. Impact of non-linear stretching parameter N on 
temperature profile ϕ0(ξ), when λ = 1.2.

layer and hence fluid temperature increases slightly for λ < 
1 as shown in Figure 19. On the other hand, reverse impact 
is noticed for outer velocity parameter greater than one as 
visualized in Figure 20. Due to the presence of outer veloc-
ity, the variation in the temperature profile are less as shown 
in Figure 19 and 20. The impacts of non-linear stretching 
parameter N on profiles of nanoparticle concentration are 
represented by Figures 21 and 22 for two cases of λ. As N 
increases, nanoparticle concentration increases for λ < 1 
and decreases for λ > 1 as depicted in Figures 21 and 22.

Figures 23 and 24 demonstrate the impact on fluid tem-
perature for λ = 0.5 and λ = 1.2 with variation of Brownian 
motion parameter Nb. A casual movement of suspended 
particles is the Brownian motion which comes to be in 
existence when liquid elements strike one another and that 
results an increase in temperature at the surface as seen in 
Figures 23 and 24 for both cases of λ. The striking of atoms 
or molecules of the fluid particles with each other will create 
an arbitrary motion called Brownian motion of suspended 
(Pendolus) particles and that will enhance the width of 

boundary layer. Consequently, for larger Nb, temperature 
gradient falls as visualized in Table 2. A small increment is 
noticed in case of temperature profile for higher values of 
Nb. An impact of Nb on ϕ0(ξ) for various values of λ is rep-
resented by the Figures 25 and 26. Higher value Nb of will 
increase the fluid particles collision by which nanoparticle 
concentration declines for considered cases of λ.

Table 3 represents the impact of outer velocity param-
eter λ on velocity profile f″0(0), temperature profile –θ′0(0) 
and concentration profile –ϕ′0(0) by taking fixed entries 
of fluid parameters as M = 0.1, Pr = 5, Nb = 0.1, Nt = 0.3, 
Sc = 1, N = 1 and β = 0.1. Here, it is observed that velocity 
profile increases and consequently, Skin friction coefficient 
increases. Intensification in the value of outer velocity λ 
causes the value of fluid temperature as well as nanoparticle 
concentration to declines and their respective local Nusselt 
number and local Sheerwood number increases.

Also, Figures 27 and 28 depicts the fluid temperature 
under the influence of thermophoresis parameter Nt for λ = 
0.5 and λ = 1.2. Consequently, temperature gradient falls 
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Figure 23. Impact of Brownian motion parameter Nb on 
temperature profile θ0(ξ), when λ = 0.5.

Figure 24. Impact of Brownian motion parameter Nb on 
temperature profile θ0(ξ), when λ = 1.2.

Table 3. Values of f″0(0), –θ′0(0) and –ϕ′0(0) for different λ 
with fixed entries of various fluid parameters as M = 0.1, 
Pr = 5, Nb = 0.1, Nt = 0.3, Sc = 1, N = 1 and β = 0.1

λ f″0(0) –θ′0(0) –ϕ′0(0)
0.5 –0.20677 1.23789 –2.08444
0.8 –0.09223 1.24038 –2.00173
1.2 0.10357 1.24931 –1.90466

Figure 25. Impact of Brownian motion parameter Nb on 
concentration profile ϕ0(ξ), when λ  = 0.5.

Figure 26. Impact of Brownian motion parameter Nb on 
concentration profile ϕ0(ξ), when λ = 1.2.

for larger value of Nt and that will decline the conduction 
of nanoparticles. Thus, ultrafine particles reallocate from 
warmer to colder place that ultimately raise the boundary 
layer thickness and thereby temperature goes high for both 
values of λ. Hence, Nusselt number comes down that can be 
visualized in Table 2. On the other hand, Figures 29 and 30 
illustrate nanoparticle concentration for different λ under 
the consequence of Nt and simultaneously nanoparticle 

volume fraction field shows similar effect as that in case of 
temperature for each λ.

CONCLUSION

This study represents influence of outer velocity with 
mass and heat transportation on Casson nanofluid past a 
nonlinear stretching sheet. Present results are compared 
with Rana and Bhargava [33] and Cortell [32] as a limiting 
case of our study. Basic equations are solved by applying 
shooting technique. Main fallout of the present study incor-
porates the significance of non-linear stretching parameter 
and outer velocity in addition to MHD on profile of veloc-
ity, fluid temperature and nanoparticle concentration of 
heat, mass and flow transportation of Casson nanofluid. 
Key findings of current analysis for two distinct entries of 
outer velocity λ (i.e. λ = 0.5 and λ = 1.2) are summarized as: 

1. For λ  = 0.5; it is observed that velocity pro-
file decreases for increasing value of non-lin-
ear stretching parameter N, Casson parameter β,
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Figure 27. Impact of Brownian motion parameter Nt on 
temperature profile θ0(ξ), when λ = 0.5.

Figure 28. Impact of Brownian motion parameter Nt on 
temperature profile θ0(ξ), when λ = 1.2.

Figure 29. Impact of Brownian motion parameter Nt on 
concentration profile ϕ0(ξ), when λ  = 0.5.

Figure 30. Impact of Brownian motion parameter Nt on 
concentration profile ϕ0(ξ), when λ  = 1.2.

and magnetic parameter M. Raise in temperature 
is noticed for Schmidt number Sc, Casson fluid 
parameter β, magnetic parameter M, non-linear 
stretching N, Brownian motion parameter Nb and 
thermophoresis parameter Nt. Also, nanoparticle 
concentration increases for Casson fluid param-
eter β, magnetic parameter M, non linear stretch-
ing parameter N and thermophoresis parameter Nt 
whereas decreases for Schmidt number Sc Brownian 
motion parameter Nb. 

2. For λ = 1.2; velocity profile enhances with enhance-
ment in the entries of Casson fluid parameter β,
magnetic parameter M and non-linear stretching
parameter N. On the other hand, fluid tempera-
ture increases with increase in Schmidt number
Sc Brownian motion parameter Nb, thermopho-
resis parameter Nt and decreases with the increase
of Casson fluid parameter β, magnetic parameter
M and non-linear stretching parameter N. Also,
concentration profile rises for thermophoresis

parameter Nt while declines for higher values of 
Schmidt number Sc, Casson fluid parameter β, mag-
netic parameter M, non-linear stretching parameter 
N and Brownian motion parameter Nb.

3. Boundary layer thickness decreases with an
increase in.

Present study finds great application in insulation of 
wires, manufacturing of tetra packs, production of glass 
fibers, fabrication of various polymers and plastic packs, 
rubber sheets etc. The quality of desired product depends 
on the rate stretching, external magnetic field and compo-
sition of material used.

NOMENCLATURE 

u Horizontal velocity, ms–1

v Vertical velocity, ms–1

x, y Cartesian coordinates
B Magnetic field intensity, T
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