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Abstract

In our paper, a new ruled surface is created using a modified orthogonal frame. Then, the distribution parameter
of this surface, the striction line, the normal vector field and the fundamental form of the surface are calculated
and differential geometric properties are examined. In the last part of the study, examples related to this new
ruled surface are given.
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Regle Yiizeylerin Modifiye Cati ile Karakterizasyonlari
Oz
Calismamizda, modifiye ¢at1 kullanilarak yeni bir regle yiizey olugturulmustur. Daha sonra bu yiizeyin dagilma
parametresi, striksiyon ¢izgisi, yiizeyin normal vektor alani ve esas formlar1 hesaplanip diferansiyel geometrik
ozellikleri incelenmektedir. Caligmanin son kisminda ise bu yeni regle yiizey ile ilgili 6rnekler verilmistir.

Anahtar Kelimeler: Regle yiizeyleri, Serret-Frenet ¢atisi, Modifiye ¢at1.

1. Introduction

Ruled surfaces firstly were found and studied by Monge (1850). In the later years,
Guggenheimer (1963) and Hoschek (1971) studied ruled surfaces by developing different
perspectives in geometry. Ruled surfaces are the surfaces obtained by a continuous movement
of a straight line on a curve in the space which is called a base curve. The straight lines lean
against the direction. It has been several studies done on the ruled surfaces in the differential
geometry. The ruled surfaces have still continued to be one of the most attractive subjects in
differential geometry. Since the structure that ruled surfaces have, they can be studied in a
variety of fields such as architecture, spatial mechanics, computer-aided design, etc. Thus, the
importance of these surfaces is increasing more and more every passing day [1, 2]. On the other
side, in the differential geometry, the Serret-Frenet formulas defined the respective geometric
and kinematic properties of a particle that moves through a continuous and differentiable curve
without any relation with any movement in the 3-dimensional Euclidean space. The respective
properties of the curve are independent of any other movement. The frame is known as {T, N,
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B} is made up of tangent vector, principal normal vector, and binormal vector, respectively.
Also, it defines the derivatives of these vectors in terms of each other. This frame got its name
from the two French mathematicians who discovered it independently from each other. Jean
Frederic Frenet (1847) and, Joseph Alfred Serret (1851) discovered it. The Serret-Frenet frame
composes the keystone of the other frame studies [3]. On the other hand, the Serret-Frenet frame
is not insufficient at the points where the curvature of the curve is zero. In other words, if the
second derivative of the curve is equal to zero, then the Serret-Frenet frame is not identified.
Because of this reason, until today, various alternative frames have been constituted for
analyzing the properties of the curves. One of these frames is the study made by Sasai(1984).
He worked on an orthogonal frame and obtained the modified orthogonal frame corresponding
to the Serret-Frenet frame. The frame elements in Sasai’s study were obtained by multiplying
each element by -, the coefficient of curvature of the Serret-Frenet vectors, respectively [4].

And then, Karacan and Biik¢ii have developed the study of Sasai and obtained the newly
modified orthogonal frame through the coefficient of torsion 7 by Serret-Frenet vectors [5, 6,
7, 8]. Additionally, Eren and Kosal examined the tubular surfaces and special ruled surfaces
using the modified orthogonal frame [9, 10]. In this study, the definitions of the new ruled
surfaces which are made up of the tangent vector and the base curve whose direction is
composed of the coefficients of curvature and torsion of the modified orthogonal frame have
been given. Then, the geometrical properties of these surfaces have been analyzed. At the end
of the study, various examples of the new ruled surfaces have been given.

2. Preliminaries

In this section, it will be first given the certain properties of the ruled surface and the defined
curve, and then, after giving the outlines of the Serret-Frenet frame, the relation between its
modified orthogonal frame will be demonstrated. Then, the general characteristics of the
modified orthogonal frame and some of the geometric properties of the curves will be presented.

Definition 2.1. Assume that the curve a(s):1 clJ — E® is a regular curve that is parametrized

by the arc length parameter s . When T is the unit tangent vector field, N is the principal normal

field, and B is a binormal vector field, the Serret-Frenet frame of the curve A is defined by

T=a'(s), N= ﬁ B =T x N the derivative formulas of this frame are given by the equations
T'(s

T'=xN, N'=—xT +7B, B'=—zN. =[] and 7=-(B',N) denote the curvature and the
torsion of the curve, respectively. The curvature denotes the amount of deviation of the curve
from the tangent line. The torsion represents the amount of deviation from the osculating plane.

Here, that the curvature is zero shows that ¢ is a straight line, and that the torsion is zero shows
that < is a plane curve [3].

Definition 2.2. (The Modified Orthogonal Frame) Let the curve a(s):1 <l — E® be aregular
curve in Euclidean 3-space. Thus, the modified orthogonal frame prepared with using the
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curvature x in the direction of the curve « is defined as e, =T,e, =xN,e, =B, the
derivative equations of the frame are

e, () |=| x> = 7| es)
K
e, (s) o K &(s)
K
, _ det[2', 4", A"] _
If the value - is the same as in the Serret-Frenet frame, then 7=—————— . The inner
K

products in this frame are defined as (e,e)=1(e, e,)=(e; ) =x"
(e,,e,)=(e,,e;)=(e,,e,)=0. Let a(s) be aregular curve that is parametrized by the arch length
parameter. Therefore, the modified orthogonal frame prepared with the curvature xin the
direction of the curve «(s) is definedas € =T,e, =N, e, = 7B and the derivative equations
of the frame are

, o X o
el (S) T' el(s)
&, (s) |=| -kt = 7 |les) |
T
e. (s [\ &(s)
1O N
T
] ] det{A', A", A" ]
If the value xis the same as in the Serret-Frenet frame, then r:#. The inner
K

products in this frame are defined as (e,e)=1(e, e, )=(e;,)=177,
(e,,,)=(e,,€;)=(e,,e,) =0 in[11].

Definition 2.5. (Ruled Surface) LetM < E® be a regular surface. If there is a line of E*in M
at the point YPeM , then M is called a ruled surface. The line passing through the point
P e M and staying in M is called the direction of the surface M . Since A(s) is a based curve

and X (s) is a direction, then a ruled surface is defined by the equation y(s,v) = A(s) +VvX(s)
[12, 3].
Definition 2.6. (Distribution Parameter) Let y(s,v) =A(s)+VvX(s) be a ruled surface and
det[ 2, X, X]

! 2 )

[X']

According to the coordinate variances, the distribution parameter (dral) for ruled surfaces is the
simplest differential invariant [3].

71 xR — M, the distribution parameter of this surface is defined by P, =
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Definition 2.7. Let y(s, V) be a ruled surface in the 3-dimensional Euclidean space. /T(S) is the
position vector of the striction line; thus the striction line is defined by

29 =29~ x ), 131

X
3. Main Theorem and Proof

3.1. Ruled Surfaces with Modified orthogonal frame Formed by x

In this section, a new ruled surface whose direction has been defined by the elements of the
modified orthogonal frame is defined and the differential properties such as distribution
parameter, striction line and mean curvature are given.

Let a ruled surface
7 IxR—>R?, (5,v) = 7(s,V) = A(S) + VX (S) (1)

be given with the based curve A(s) =g (s) in the Euclidean 3-space. When the direction vector
X(s)=Sp{e, e, e} is chosen in a way that it will be formed by the elements of the modified

orthogonal frame where VX, X,,X, € R , the direction vector X (s) is
X (S) = X8 + X8, + X8, (X +X+x;=1). )

When the first derivative of the direction vector is taken, the formulation
X’:—x21c2e1+(x1+x2ﬁ—xsrjez+(xzr+x3£je3 (3)
K K

is obtained. From the Definition 2.2, the tangent of the curve is

A'(s) = e1, =€, 4)

and when the equations (2), (3), and (4) are substituted in the definition of the distribution
parameter in Definition 2.6, the distribution parameter of the curve A(S) is found by the
equation

2 K'
XX =X KT = K Xy —
K

o _ | (5)

X 2 2
s 4 K, K'
XoK™ +| X+ Xy — = XeT | +| XpT 4 Xy —

K K

The position vector of the striction line 4 in Definition 2.7. is obtained as
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— X,k2 (X8, + X8, + X3€;) (6)

A=A+ - > o~
4 K K
XoK™ 4| X+ X, — = X7 | +| X, T+ X, —
K K

The first fundamental form of the ruled surface can be given as follows:

| = Eds® + 2Fdsdv + Gdv® ©)
E=(r..7.), F=(ro7), G=(r7), (8)
' 2 K’ K’
7, =" —VX,k€ + £1+ VX, + VX, — —vxarJe2 + (vxzr + VX, —)e3 9
K K
Yy = X8+ X8, + X85, (10)

Thus, when the equations obtained in equations (9) and (10) are substituted in equation (8), the
coefficients

U U

2 2
K K
E=vxk"+ [1+ VX, + VX, —— vx;j K+ [vxzr +VX, —j K
K K (11)

! !
K K

F =K2(X2+VX1X2 +vx§—+vx§—), G=1
K K

are obtained. When equation (11) is substituted in equation (7), the first fundamental form of
the surface is found as

2 2
K K’
| = {vzxjx“ +(1+ VX, + VX, ——vx3rj K +(VX2T+VX3 —j zcz}ds2
K K

K’ K’
+ 27 (xz VXX, +VXE — + VX —j dsdv + dv’
K K

Again, the coefficients for the second fundamental form of the surface can be computed by the
equations

= etz 7]

l7s <7 7o <7

L ety v ]

, N:det[yw’ys'j/v]. (12)
sl

The partial derivatives in the equation (12) are obtained as

Voo == (%K + XK, )N + K N, +xk,N,
Vw =0.
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Ve = (—v(xzkl' + Xk, % (k? +k; ))) N
+ (K, (1= ok, — vk, )+ ik, )N, (13)
+(k2 (1-vx,k, —vx3k2)+vx1k2') N,

In addition, the normal vector field of the surface is n VR and when the derivatives in

7o
equations (9) and (10) are substituted, the norm

v, x7,|= \/vzxf (g, =2k, )’ +((1—v(x2k1 %k, )) X, —Vxk,)? + ((1—v(x2k1 +3,) )%, —vxfkl)2

is found. Then, the normal vector of the surface is obtained as

!

K
X + VX, Xy = VXET — VXS T, =X, Xoh* — VX, X,T — VX, X, -

!

K
,—VXGK? = X — VX — VXX, — + VX, X, T (14)
K
n=—

2 2_\? 2 K'Y
(X5 + VXX, —VXST —VXET ) | VKo VX, X,T = VX X —
K
, 2
2 2 2 K
+| —UXCKE = X —VXE = VXX, — + VX XT
K

Thus, the coefficients of the second fundamental form are computed as
I (vx3 —VKX =X +VX X -V, —vx1x3)+ xzr(—vzxg FVKE W =VACK, ~ VXX )

2
/!
K K
VX XKK'T + —r(—3v2xfx2 —VXX, —v2x1x2x3)+(j r(—2v2x1x3 +v2x1x§)—v2x“12x§
K K

/!
K
+ (-3 -20¢ -V ) -vug ;rz Ak

+7° (—vx1x2 -V, + 2v2xfx3)+ 7’ (—vx1x22 VXXX, —vlexgz)
L=t

' 2

2
2 2\ 2 K 22 2 K
U I B e Sl e R S R U e B

2.2 w2 K K 2K
“X XK = VXK' =X X, —+VKX, —T VXX, —T =X X,T
M= K K K

z (15)

/

2
2 2\ 2 K 22 2 K
Xy + VXX ~VKT =VKZT ) +| =Wk Xk® ~ VKT = VKX — | | VKK =X, ~VKE VX, — +VK KT
K K
N =0.

Now, a couple of theorems will be considered in the direction of the computed elements.
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Theorem 3.1.1. Let y:1xR— R®be a ruled surface given by y(s,v)=A4(s)+vX(s) in the
Euclidean 3-space. The necessary and sufficient condition for this surface to be developable is
to satisfy the equation = —(ﬁ K+ ﬁﬁ] .

X X; K

Proof. A ruled surface is developable if and only if the distribution parameter is zero. When

P, =oand x, X, X, #0in (5), the equation 7 = —{ﬁxz +§£j is obtained.

X X, K
Theorem 3.1.2. Let »: 1 xR —> R*be a ruled surface parametrized by y(S,V) = A(s)+VX(s) in
the Euclidean 3-space. If the base curve A of the surface y is the striction line at the same time,
the condition x, =0 or k=0 is satisfied.

Proof. For the base curve Ais to be the striction curve, the inner product <‘;l,x’>:o in
S

Definition 2.7 should be satisfied. Therefore, when x, =0 or x =0 is substituted in equation (6),
the proof will be completed.

3.2. The Characterization of the Ruled Surfaces with Modified orthogonal frame in the
Special Situations

3.2.1. The ruled surfaces with the direction vector X (s) = Sp{e, ., }

When the special situation x”+xZ =1,x, =0 is taken in the general equation of the ruled
surfaces with the modified orthogonal frame defined in (1), the ruled surface
7(5,V) = A(S) + V(X8 +X,&,) is strained by the vectors e and e, is formed.

Theorem 3.2.1.1. In equation (5), x, =0, and if this is substituted in the distribution parameter
formula, the corollary is

P — X X7 _ (16)

X '\ 2
K
x5 +[x1 + X, j + X577
K

Theorem 3.2.1.2. Let y:1 xR — R®be a ruled surface given by y(s,v) = A(s) +vX (s) in the

Euclidean 3-space. The necessary and sufficient condition for this surface to be developable is
to satisfy the equalities x, =0 , x, =0 orz=0.
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Proof. The necessary and sufficient condition for a ruled surface to be developable is that its
parameter is zero. When P, =0and «,x,x, #0in equation (16), the proof will be
completed.

Theorem 3.2.1.3. Let y:1 xR — R®be a ruled surface given by y(s,v) = A(s) +vX (s) in the
Euclidean 3-space. If the base curve A of the surface y is the striction line at the same time;
the condition x, =0 is satisfied where x=0.

Proof. When the value x, =0 is substituted in equation (6), the proof will be completed.

Theorem 3.2.1.4. Let 7,1 be a ruled surface generated by the vector Sp {elveZ} of the base

curve 4. The unit normal vector of the surface 7 ., is

2 2.2 2 K'
6T, VXX, VK" Ky~ VKX,

{oe) — N2 '
K
VAT +VAOXoTE + (vxfzcz + X, VX VXX, Kj

Proof. When the value x, =0is substituted in the equation (14), the unit normal vector for the
special situation has been computed.

3.2.2 Ruled surfaces with the direction vector X (s) =Sp{e,,e,}

When the special situation x”+xZ=1,x, =0 is taken in the general equation of the ruled

surfaces with the modified orthogonal frame defined in equation (1), the equation of the ruled
surface is strained by the vectors y(s,v) = A(s) +V(xe + X:€;) , e and e, is formed.

Theorem 3.2.2.1. The value will be x, =0in equation (5). When it is substituted in the formula
of the distribution parameter, the result is

!

XX
P =- £ (17)
(X1—X3T)2+X32[Kj
K

Theorem 3.2.2.2. Let »: 1 x R — R®be a ruled surface given by y(s,v) = A(s)+VvX(s) in
the Euclidean 3-space. Thus, the necessary and sufficient condition for this surface to be
developable, the equations x, =0, x, =0 or x=const. have to be satisfied.
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Proof. The necessary and sufficient condition for a surface to be developable is that the
distribution parameter is zero. When P, = 0where x = 0in equation (17), the proof will be

completed.

Theorem 3.2.2.3. Let 7{91,63} be the ruled surface generated by the vector SP {%63} of the base

curve A . The unit normal vector of the surface 7{el,e3} is

!
2 K 2
(x3 VKX~V T, VKX~V vx1x3r)

!

lees) 2 .
\/(xs FVXX, —VXSZT)Z +VK (Kj (% - v +vx1x3r)2
K
Proof. When the value X, = Ois substituted in the equation (14), the unit normal vector for the

special situation has been computed.

3.2.3. The ruled surfaces with the direction vector X (s) = Sp{e,,e,}

When the special situation xZ +x? =1, x, =0 is taken in the general equations of the ruled

surfaces with the modified orthogonal frame defined in (1), the equation of the ruled surface
7(s,v) = A(s) +V(x,e, + X;e;) is spanned by the vectors e, and e, is formed.

Theorem 3.2.3.1. The value will be x, =01in equation (5). When this denotation is substituted
in the distribution parameter, the result is

2
P __ Xy XoK . (18)
X ; 2 N2
2 4 K K
XK +(x2—x3r) +(xzz-+x3)
K K

Theorem 3.2.3.2. Let 5 : 1 x R — R*®be aruled surface given by »(s,v) = A(s) +vX (s) in the
Euclidean 3-space. The necessary and sufficient condition for this surface to be developable is
to satisfy the equations x, =0, x, =0 or k=const..

Proof. The necessary and sufficient condition for a surface to be developable is that the
distribution parameter is zero. When p, —owhere x =0 in equation (18), the proof becomes

completed.

Theorem 3.233. Let y:IxR—> R® be a ruled surface parametrized by
y(s,v) = A(s) +vX (s) in the Euclidean 3-space. If the base curve A of the surface y is a
striction line at the same time, the condition x, =0 is satisfied.
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Proof. When the values x,=0 or x =0 are substituted in equation (6), the proof will be
satisfied.

Theorem 3.2.3.4. Let 7{62,63} be the ruled surface generated by the vector SP {ez ,es} of the base

curve A . The unit normal vector of the surface 7' (.63} IS

2 2 2 2 2
(X, —VXi7 —VXo7, ~V, Xo %, —VX} )

e 83} 2 2 N2 202024 . 204 4
X, —VX2T —VXiT ) +VIXIXIK! + VXK

Proof. If the value X, =0 is substituted in the equation (14), the unit normal vector for the

special situation has been computed.

Incase X (s)=e¢, , it was not analyzed because there were no significiant results.

3.2.4. The ruled surfaces with the direction vector X (s) =e,

If the special situation x, = x, =0o0f the ruled surfaces with the modified orthogonal frame
defined in equation (1) is taken, the equation of the ruled surface y(s,v)=A(S)+Vx,e, is
formed.

Theorem 3.2.4.1. Lety(S,V)be a ruled surface with the direction X =e,. The condition

x, = X, =0 is obtained by the distribution parameter equation of the ruled surface 7(s,V)

P = =0 (19)

in equation (5). That the distribution parameter is zero will show that this ruled surface is
developable.

Corollary 3.2.4.2. The coefficients of the first fundamental form of the ruled surface y (s, V)

! 2 !
with the direction X =€, are E:V2X§K4+(1+sz£j K2+ VKT, szz[xzwngj, G=xX* and the
K K

. (23,4 2 —WCxr!
coefficients of the second fundamental form are computed as | = —V %X 7 M = 2K

' N
VKt + 78 VoKt + 7

N =0.
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Theorem 3.2.4.3. The unit normal vector of the ruled surface y(s,v) with the direction X =e,
is U, - (—vxzzr,o,—vxzzzcz).
N R

Proof. If the value x, = x, =0is substituted in equation (14), the unit normal vector for the
special situation has been computed.

3.2.5. The ruled surfaces with the direction X (S) =€,

When the special situation x, = x, = 0is taken in the general equation of the ruled surfaces with
a modified orthogonal frame defined in equation (1), the ruled surface y(s,v) = A(s) +vx.e,
is formed.

Theorem 3.2.5.1. Lety(s,v)be a ruled surface with the direction X =e,. The condition
x, =X, =0 is obtained by the distribution parameter P,_=0of the ruled surface ,(s,v)from
equation (5). That the distribution parameter is zero will show that this surface is developable.

Corollary 3.2.5.2. The coefficients of the first fundamental form of the ruled surface y(s,v)
with the direction X =e, are E=vi¢k’s +vA¢ ('), F=wlx', G=xi" and the coefficients of

2 _ 2_( 2,3 2
the fundamental form are L:K (% %)+ & T( v X3+VX3) M = 0

—=0, N=0.
Xy —VX, T

X, —VX2T
Theorem 3.2.5.3. The unit normal vector of the ruled surface y(s,v) with the direction X =e¢, is

y _6wen00)

€3 ) 2
(x3 —vx3r)

Proof. If the value x, = X, =0 is substituted in equation (14), the unit normal vector for the
special situation has been computed.

3.3 Ruled Surfaces with the Modified orthogonal frame formed by 7

In this section, a new ruled surface whose direction is formed by the elements of the modified
orthogonal frame is defined and the differential properties such as distribution parameter,
striction line, Gauss and mean curvature are given.

Let the curve a(s):1 <0 — E® be a regular curve in Euclidean 3-space. The base curve A(s)
defined by A(s)=¢e,(s) is the tangent vector of a regular curve «(s). Thus, the ruled surface is
given by »:1xR—=>R®? (s5,v) > y(s,v)=A(s)+vX(s). When the direction vector
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X (s)=Sp{e,e,,&}is chosen in a way that it will be formed by the elements of the modified

orthogonal frame, where VX, X,, X; € R, the direction vector X (s) is;

X(S)=X€ + %8, +X8, for (XX+X5 +xZ=1)

(20)
7(8,V) = A(s) + V(X8 + X,€, + X;8; ).
If the first derivative of the direction vector is taken, the denotation
X':—xzzcre1+(x1£+xzr——x3rje2+(x21+x31je3 (21)
T T T
is found. From the Definition 2.2, the tangent of the curve is
A(s)=¢=¢, (22)

and when equations (20), (21), and (22) are substituted in Definition 2.6, the distribution
parameter A(S) is found by the equation

!

T
X, X T + X X — + Xp XoKT
_ T
Px_ , 2 N2 (23)
222 K T T
X, K°T +(x1+x2—xgrj +(xzr+x3j
T T T

The position vector of the striction line A from Definition 2.7 is obtained by

_ X XoKTE, + XK., + X, X,KTE, (24)
) s kT ? Ay
X KT2 | X=X, — =X T | +| X7+ X —
T T T
The first fundamental form of the ruled surface can be given as follows:

K K 7'
¥, = —VX,KT€ +| —+VX —+VX, ——VX,T |&,
T T T (25)

7 K
+ (vxzr +VX, —j e, +(vxzr +VX, —j e,
T K

Yy = X8 + X8, + X5 (26)

When the corollaries obtained in equations (25) and (26) are substituted in equation (8), the
coefficients
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E=v*(x+ xj)(r4 +(r')2)+v2x§rc212 K (1420 V2 )+ 20k (X, +VXX, ) — 20kt (X +VXX,) 27)

F =Xkr +VXorr +virr, G=x +7° (xz2 + xsz)
are obtained. Again, the coefficients for the second fundamental form of the surface can be
computed by the equations | 9€t7s 7 ] 0 _ detlra 7] detlrzan]
s <7 s <7 s <7

The partial derivatives in these equations are obtained as

Ve = (—V(szl' gk, + %, (K +KG )))+(k1 (1-vk, vk, )+, )N, +(k2 (1-vck, _Vx3k2)+vxlk2’)N2 (28)
Vs == 0%k 4K )N+ XK N, + XN, 7, =0,

In addition, let the normal vector field of the surface be n:%. Then, when the
7/5 Xj/v
derivatives in equations (25) and (26) are substituted in the equations, the normal vector of the

surface is obtained as

K K, ) 7’
Xy VX Xy — —VXZT +VXZT [ +| VX, XgKT 4+ VX, X,T + VX X, — €,
T T T

) K ) (29)

K T
+(vx1xsr—v><§zcr—x1——vx1 S - VXX, —
T T T

n=
2 N2
K K 2 2 T
X —FVHXy — VKT VKT | +| VK XT + VKX, T + VKX, —
T

2
2 K 2 K '
| VKT —VIKT =) — =K = VKX, —

Thus, the coefficients of the second form are computed as

’ 3
K T K

KZT(ZVX32 + VX, X2 + VX X2 +v2xlx22)f—(x3 VX X5 ) — VX X2 —— — VX X, (14 V) —
z z T

2
14
x(z 2
+1<z-z-’(4v2x2x32 —vzxixg)—2v2x22x3 (z_ ) +x7° (2v2x22x3 —v2x33)+vxlx2x3z-(z-’)
xT’
4—1{22-1-'(—v2x2x32 —vx2x3)+—(—3vx1x2 — 2VZXZ X, — VX2 — VX —vzxf)
2

N2
+(Ti)(3v2xlx§ —2VPX,XZ —VPXZX, )+ 777 (BVZ X, X, Xy + VX, X, Xy + VXX, )
T

\2 r\3
K(7T
(2_3 ) (1+VX1)+(%) (—V2X1X2X3 _VX1X2X3)

V272 (X5 — x5 ) — 2vx X,

2
+K—(—x1 — 2vx/ —vzxf)+ 2vX, X5 (1+ VX, )
L

2 2
K K > > z’
Xg ?+VX1X3 ?—Vx3r+vxzz- +| VX XK T + VX X, T + VX Xy b

2
> K 2 K z’
+ VX1X3T—VX2KT—X1?—VX1 ;_VXZLXZ?
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12 (VXF X, =X, X5) + KT (VXE X + VX X5 ) = VX, X, Xgir — VX, X3 7'

+TZX1X2X3 + K(_X:LXZ _VX12X2)+ K%(_Xl)% _VX12X3) (30)
M = — z ., N=0.

2 2
K K 2 2 7’
Xy —+ VX X; — —VX;T +VX,T | +| VX, XKT 4+ VX X, T + VX Xy —
T T T

2
s K 2 K 7’
| VKT —VXEKT = VK VXX —

Now, a couple of theorems will be considered in the direction of these elements.

Theorem 3.3.1. Let 7 : 1 x R — R®be a ruled surface given by »(s,v) = A(s) +vX (s) in the
Euclidean 3-space. The necessary and sufficient condition for this surface to be developable is

that the equality K:_[ﬁ+ﬁ%j is satisfied.
X, X, T
Proof. The necessary and sufficient condition for a surface to be developable is that the
distribution parameter is zero. When P, =Owhere 7#0 in (23), the equation
Kz—(ﬁ+ﬁr—2j is obtained.
Xy X, T
Theorem 3.3.2. Let y:1xR—>R%be a ruled surface that is parametrized by

y(s,v) = A(s) +vX (s) in the Euclidean 3-space. If the base curve A of the surface y is a
striction line at the same time, the condition x, =0 or x =0 is satisfied where r =0.

Proof. For the base curve Ato be the striction line, the equation has to be <c3_’1,xf>:oin
s
Definition 2.7. Therefore, when the values x, =0 or x =0 are substituted in equation (24), the

proof will be completed.

3.4.The Characterization of the Ruled Surfaces with the Modified orthogonal frame in
Spacial Situations

3.4.1. The ruled surfaces with the direction vector X () = Sp{e,, e, }

When the special situation x?+x2 =1,x, =0is taken in the general equation of the ruled

surfaces with the modified orthogonal frame defined in equation (20), the ruled surface
7(s,V) = A(s) +V(xe, + x,e, ) strained by the vectors e and e, is formed.

Theorem 3.4.1.1. The value in equation (23) will be x, =0. If this denotation is substituted in

the formula of the distribution parameter, the result is
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b _ XX, _ (31)

X N\ 2
2.2 2 K T 2 _2
X>K’T +(xlr+xzrj + Xt

Theorem 3.4.1.2. Let y:1 xR — R*be a ruled surface given by y(s,v) = A(s) +vX(s) in the
Euclidean 3-space. The necessary and sufficient condition for this surface to be developable is
to satisfy the equations x, =0 or x, =0 where z =0.

Proof. The necessary and sufficient condition for a ruled surface to be developable is that the
distribution parameter is zero. When P, =0in equation (31) where r = 0, the proof becomes

completed.

Theorem 3.4.1.3. Let y7:1xR—>R°be a ruled surface that is parametrized by
7(s,v) = A(s) +vX(s) in the Euclidean 3-space. If the base curve A of the surfacey is a

striction line at the same time, the condition X, =0 or x =0where r = Q is satisfied.

Proof. When the values X, =0 or x=o0are substituted in equation (24), the proof will be
satisfied.

Theorem 3.4.1.4. Let 7/{91:92} be a ruled surface of the base curve A generated by the vector
Sp {ellez} . The unit normal vector of the surface 7{91,92} is

2 2 K K T’
VXSTE, + VX, X,T€, +| —VXGKT — X, — —VX; — —VXX, — |€,
U _ T T T

{er.e) "N\ 2 '
K K T
VIXT? +VIXEXoT? + (vxfm X VKT VXX, J
T T T

Proof. When the value X, =0is substituted in equation (29), the unit normal vector for the
special situation becomes computed.

3.4.2 The ruled surfaces with the direction vector X (s) = Sp{e,,e,}

When the special situation x? +x; =1, x, =0is taken in the general equation of the ruled

surfaces with the modified orthogonal frame defined in (20), the ruled surfaces
7(s,Vv) = A(s) + V(X + X;e,) IS spanned by the vectors e ande, is formed.

Theorem 3.4.2.1. The value in equation (23) will be x, =0. When this value is substituted in
the formula of the distribution parameter, the result is
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’

T
X X3 —
P =— 4 (32)

X 2 N2
K o T
(xi—j X U
T T
Theorem 3.4.2.2. Let y:1xR — R*be a ruled surface given by »(s,v) = A(s) +vX (s) in the

Euclidean 3-space. The necessary and sufficient condition for this surface to be developable is
to satisfy the equations X, =0 or x,=0where 7 #0.

Proof. The necessary and sufficient condition for this surface to be developable is that the
distribution parameter is zero. When P, =0in equation (32), the proof will be completed.

Theorem 3.4.2.3. Let 7{61183} be a ruled surface of the base curve A formed by the vector

Sp {91’63} . Thus, the unit normal vector of the surface 7{61,93} is

K K T K oK
Xy — VXX — —VXGT, VK Xy — =X, — — VX — + VX X,T
3 T T T T T

{ees} —

N2

2 2’
\/(xsijixs:—vx;r) +v2xfx§[ij +[—x1’;—vxf:+vx1x3rj

Proof. When the value X, =0 is substituted in equation (29), the unit normal vector for the
special situation becomes computed.

3.4.3. The ruled surfaces with the direction X(s)=Sp{e,,e;}

When the special situation xZ +x; =1,x =0is taken in the general equation of the ruled

surfaces with the modified orthogonal frame defined in (20), the ruled surface
7(s,V) = A(s) +V(x,€, + X,e, ) is spanned by the vectors e,ande, occurs.

Theorem 3.4.3.1. The value in equation (23) will be x, = 0. When this denotation is substituted
in the formula of the distribution parameter, the result is

p__ X, XoKT (33)

X , 2 N2
N i IR X7+ X, =
KT+ . T | | X+ s

Theorem 3.4.3.2. Let y:1 xR — R%be a ruled surface given by y(s,v) = A(s) +vX(s) in the

Euclidean 3-space. The necessary and sufficient condition for this surface to be developable is
to satisfy the equalities x,=0 ,x,=0 or x #0.
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Proof. The necessary and sufficient condition for this surface to be developable is that the
distribution parameter is zero. When P, =0in equation (33) wherez =0, the proof will be

completed.

Theorem 3.4.3.3. Let y:1 xR — R*be a ruled surface parametrized by »(s,v) = A(s) + VX (s)
in the Euclidean 3-space. If the base curve A of the surface y is a striction curve at the same
time, the condition x =0or x, =0 is satisfied.

Proof. When the valuex=0 or x,=0is substituted in equation (24), the proof will be

completed.

Theorem 3.4.3.4. Let 7, 1 be a ruled surface of the base curve A formed by the vector

Sp {ezles} . The unit normal vector of the surface 7, ) is

K T, ) T K LK
R B L L L e R R

{e2.65} , N2 2
K T 2 2 T 20202,2 2 K 2 K
X3;+VX2X3?—VX3T+VX2T—VX2X3? +V X2X3K T+ X1;+VX1 ;

Proof. When the value x, =0is substituted in equation (29), the unit normal vector for the
special situation becomes computed.

The case X (s)=e, was not analyzed because there were no significant results.

3.4.4. The ruled surfaces with the direction vector X (s) =e,

If the general situation x, = x, =0is taken in the general equation of the ruled surfaces with a
modified orthogonal frame defined in equation (20), the ruled surface y(s,Vv) = A(S) +VX,€,
is formed.

Theorem 3.4.4.1. Lety(s,v)be a ruled surface with the direction X =e,. The distribution
parameter of the ruled surface (s, v) for the condition x, =X, =0 in (21) is equal to zero.
That the distribution parameter is zero will show that this ruled surface is developable.

Corollary 3.4.4.2. The coefficients of the first fundamental form of the ruled surface y(s,v)
with direction X =e,areE = x? (1'4 +(T,)2)V2 +VACKAT + 2okt | F =Xkt +vXrr, G =Xik?,

and the coefficients of the second fundamental form are computed as
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2 /
V2 x3x*r? —VX KK

M= ,
! 2,4 2 24 22
VT VXK \/V X, T° +V X, KT

Theorem 3.4.4.3. The unit normal vector of the ruled surface 7(S,V) with the direction X = e,

N =0.

L=

(-vx37,0,-vx3xr

iSUezz 204 2 | 204 2 2
\/vxzr +VI KT

Proof. If the value X =X, =0 is substituted in equation (29), the unit normal vector for the
special situation will be computed.

3.4.5. The ruled surfaces with the direction vector X (s) =e,

When the special situation x, = x, =0 is taken in the general equation of the ruled surfaces with
the direction with X =e, using the modified orthogonal frame defined in (20), the ruled surface
equation will be y(s,v) = A(s) +vx.e,.

Theorem 3.45.1. Let y(s,v)be a ruled surface with the direction X =e,. The condition
X, =%, =0 is obtained by the equation of distribution parameter P, = 0 of the ruled surface
y(s,v) in equation (23). The distribution parameter is zero will show that this ruled surface is a
developable ruled surface.

Corollary 3.4.5.2. The coefficients of the first fundamental form of the ruled surface y(s,v)
with the direction X =e, are E :V2X32(r4 +(T')2)—2VX3K12, F=wrr, G=xiz% and the coefficients

K (W =X ) + 677 (VX5 + v )

of the second fundamental form are computed as L= M =0,

X, —WXT
N =0.

Theorem 3.4.5.3. The unit normal vector of the ruled surface y(s,v) with the direction X =e, is

(XSK—vxefr,O,Oj
U, =~—~ ~1.

€3 ) 2
(6 -vr)

Proof. When the value x, = x, = 0is substituted in equation (29), the unit normal vector for the

special situation is computed.
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4.Numerical Examples

Example 4.1. Let’s find the ruled surface «(s)=(sin(s)cos(s),s,sin(s)) With a modified
orthogonal frame of the space curve and then compute the distribution parameter, striction line,

the curve «(s)is a curve with non unit speed. Thus, the elements of the Serret-Frenet frame of
this curve are

- :{ cos(2s) 1 cos(s)

\/4003(5)4 —3cos(s)’ +2 ’ \/4cos(s)4 —3cos(s)” +2 ’ \/4cos(s)4 —3cos(s)’ +2 ’

(cos(s)z+5j\/§sin(s)cos(s) sin(s)cos(s)\2 (8005( )2_3)

\/4cos -3c0(s +2Jsm( ) (Zcos(s)4+10cos(s)2+1),2\/sm( s\ (Zcos( )’ +10c08(s +1)\/4cos )" -~ 3cog(s) + 2
«/E(Zcos(s)4 ~1Jsins)

it (205 +100(5" +1] oo s ~3ons(s +2

5| _ \/2sin(s) _ Vasin(s )(COS( J+ j | 24/2in(s)cos(s)
2\/sin(s)2(2cos(s)4+1Ocos(s)2+1) \/sin(s) (ZCos(s) +10cos(s)’ +1] \/sin(s)z(Zcos(s)A+1OCos(s)2+1)

sins)’ \/E(Zcos( )4+10005(s)2+1)
(4cos(s)4 ~3cos(s)’ + 2)\/sin(s)2 (2 cog(s)' +10cog(s)’ +1)

The curvature and the torsion are ,_

- 4 2
o 2sin(s) 4cos(s)" ~3cos(s)’ +2 Therefore, the elements of the modified orthogonal
2 2
2cos(s) +10cos(s)” +1

frame by using curvature are

(cos(2s),1,co(s))
\/4003(3)4 —SCos(s)2 +2

€ =

( (cos(s) + jsm(Zs) ;sin(Zs)(Scos(s)z—3),23in(25)cos(s)3—25in(s)]

e, =

(4005(5)4 ~3cos(s)’ + 2)Z

(sin(s),—Zcos(s)2 sin(s)—sin(s),sin(Zs))

—4cos(s)" +3cos(s)’ —2

3
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Now, let’s give the ruled surface

7(s,V) = &(s) +V(e,(s) +&(s))

((2v+ 2)cos(s)2 —v—1) \/4cos(s)4 —3cos(s)2 +2 —sin(s)v,
(v+l)\/4cors(s)4 —3cos(s)* +2 —2vsin(s)(cos(s)2 +;j

(\/4cos(s)4 —3cos(s)” +2 v+4sin(s)v+\/4cos(s)4 —3cos(s)’ + 2)cos(s)

4cos(s)4 —3003(5)2 +2

The Gauss and mean curvatures are computed by K =0and H #0.

Figure 1 The ruled surface for the curve «(s) = (sin(s) cos(s), s,sin(s))

1
Example 4.2. Let’s compute the ruled surface a(S) = (g 8%, SZ) with a modified orthogonal

frame of the space curve and then compute the distribution parameter, striction line, unit normal
vector, and the Gauss and mean curvature of this ruled surface.

When ||a’'(s)|| =1, the curve «(s)is nota curve with unit speed. Thus, the elements of the Serret-

. —1/s%,3s%,2s 6s+25",28° +25°,-3s" +57*
Frenet frame of this curve are T—( 1/ ) ( )

JOs* +4s? +1 Vst +452 457 05t + 457 + 57
2 -2 -1
—s%,87°, -2 ) 8 2
| )_The curvature and the torsion are , — 6(s +4s +1) ,
Js*+4s2 +s7 (9s® +4s® +1)/s* +4s 2+

and , — 185" +8s° +2 . Therefore, the elements of the modified orthogonal frame
(s® +4s? +1)/9s® + 4s® +1
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(—5‘2,332,25) ) (125° + 457,457 +45,-65° + 2)

= , 8, =
J9st +4s? 45 (s°+4s” +1)3I2

by using torsion are

(—1858 —85°—-2,18s" +8s? + 25, —36s° —165° —4s‘3)

8 2 8 6
(Sg+4sz+1)\/s +4s +1\/95 +4s° +1

st st

e; =

Then, given the ruled surface y(s,v)=e¢,(s)+Ve,(S) whose direction is X =e, and the base
curve is A by the equation

—s“‘(se+4sz+1)3/2—18v[38+4sﬁ+1),354(sa+432+1)3/2+2(9s“+432+s*‘)V,2
9" 9

s‘l(s8 +45? +1)3/2 —1835v—853v—23‘3v)]

y(s,v)=
(s“ +4s7 s“‘)«/s8 +45° +14/0° +45F +1

The Gauss and mean curvatures are calculated by K =0 and H =0.

I‘I'\lI'l'lllll\llll'llll'lllli'illll'.lll

—-1.5 =1 —0.5 0 05 1 1.5
Figure 2 The ruled surface for the curve o(s)=(1/s,s% s*)
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