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In this publication, We examine the inverse parabolic parabolik with nonlocal and integral

conditional. Firstly, finding the existence, uniqueness and problem of stability, numerical analysis

will be done by using the finite difference method for the numerical approximation of this

problem.The solution is found examining the Fourier and the iteration method and also numerical
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solution are given using the finite difference method and results will be mentioned in the discussion

1. Introduction

The inverse problems are an area of great interest to
many researchers [1, 3, 5, 4]. Especially, periodic
conditions are very used conditions especially in physics
and engineering [2, 1, 3, 6].

s)o, = o, + h(x,t), (1)
o(x,0) = 9(x), xe [O, 7[], )

o(0,t) = o(r,t),0 (0,t) = o (7,t),0<t<T, (3)

L) = J-:xa)(x,t)dx,O <t<T, 4)

where (1) is the inverse coefficient problem, (2) is the
initial condition,

* Corresponding Author: isakinc@kocaeli.edu.tr

(3) are the periodic conditions and (4) is the integral
datathe domain W={0<x<m0<t<T}, 9(x)

and f(x,t) are known data on [0, ﬂ] and
7 x(—o0,0).

Nomenclature

H(x) initial condition of x

S(t) inverse coefficient

L(¢) energy of material

w(x,t) dissipation of heat

@, (t),w, (t),w,,(t) Fourier coefficients

W={0<x<z0<t<T} domain for x,¢
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2. Analysis of the Problem

If the conditions are met, the problem will be solved.

(s1) L(¢) e C'[0,T].
(52) $(x) e C*[0, ],
0)= Kx), 9 (0)=9 (z),

9 (0)= & (x), L(O)zfxg(x)dx,

(S3)

(1) A(x,t) e C°[0, 7], t€0,T],

hx:0 =

(3) nfh(g,z)dg - % Zgh &,1)sin 2kEdE # 0,

k=1 0

WVt €0,T]. According to the Fourier method, we obtain

o(x,1) = wo (1)

+ @, () cos 2kx+ w,, (£)sin 2kx],

NgE

=~
1

1

2¢% 1
(1) = 8+~ j j Tr)fg(ésf)dfdn

2
w,(t)=39,e %"

* z J..[ Lz_) h(§7 T)COS 2k§ei<2k)2(tir)d§d‘[’

_ -K)?
a)sk(t) - "gske @o

2 I %h(f,r)sin ke D700 g s

wo(x,t) = &+%J.Lh (r,u)dr
o s(r

© t 1 )
+> 13 e 0% ——h, (0)e” " dr |cos 2kx
Z{ ' I s(r)

)

© t 1 2
+ g 0 h (r)e "I dr |sin 2kx,
Z|: '[S(T) sk( ) j|

k=1 0

where

9, = 2 [9xydx,
T 0
2 U
9, = —_[S(X)cos2kxdx,
T 0

9. =2 [9(x)sin 2kxdx,
T 0

hy(t) = 2 jh(x,z)dx,
T 0
2 T

hy (£) = = [h(x,£) cos 2kxdx,
T 0

h (1) = % [r(x,0)sin 2exdy k=123,... .
0

According to the condition (S1)-(S3), differentiating (4),
we obtain

Ixcot (x,0)dx=L ()0 <t <T. 6)
0
(5) and (6)

’ o0 t
L<f>‘”22k(%e<2’f>2f+yghskmwamd,j
1 k=1

s ﬂ]Eh(é,t)df— 3o j £,1)sin 2kEdE

T
2 k:I 0

(7
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Theorem 1. The problem (1)-(4) has a unique solution if
the conditions (S1)-(S3) are hold.

Proof. Let’s apply the absolute value to (5),we get

9l
. }Unow

#3790 +19, )

k=1

j‘Lh (r)e @) g
) S(T) ck

bt

+
s

t

> 1

2
h, (r)e ® " dr

Taking Cauchy inequality of the equation,we have

e e

@, (t )|)

+ i(‘%k(d +

k=1

1
t ) 2
J‘e—z(zk) (t—r)dz_

lu (i)’) cos 2k§d§}

(=]

+
NgE

=~
LR

+i0 1
IIU (&) M@%

1
t ) D)
J‘efz@k) (tfr)d,l_

=~
Il

0

Applying Holder inequality of the equation,we have

13
2

#3900 +19,0)

k=1

A RGO
V4 ('([('([ (1)

1

“p]
il
el (g

9,0

< @ #3900+
=1

IIS(T)II

1|
4f ol

L
4f fel

G| &

< % + 2 (84 0] +19,0))
N 1 M N 1 M ®
W3 [s@f 43 s

ao(x,t) e C*(W)nC" (W).Since (8) is limited, this
series is uniformly convergent according to the Weierstrass
theorem.
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0, (x,1) = 3 (~2k) 8, " sin 2kx
k=1

. ©)

© ' 1 I

+ Z(_Zk) sin 2kx E hsk (T)e @b« )d‘[
k=1

0

+3(2k)9 e " cos 2kx

(2k)cos 2kxj.%
T

1 0

e I

2
+ h, (r)e " dr

=~
Il

Let’s take the absolute value of both sides of (9),
we have

9,(0))

<3 2k(9, (0] +

+i(

k=1

(1 a2
2k)jﬁksk(r)e CO0 g

+i(

k=1

2h) [, ()e @z
0 S(7)

Applying Cauchy inequality both of side to the previous
equation,we have

l9s,k (t)‘ +

5,0

1
t ) 2

J‘efz(zk) (H)dz_ X

+ 2k '

G fr)f) cos 2k§d§}

8
o

o t—~

1
t ) D)
J‘efzak) (tfr)dz_ ¥
0

+i2k .
T FEED ’
IU 2o 2k§d§]

(AN

<S{fio} o)

k=1

‘9;k (t)‘ +

1

IU S(fr)f) cos 2k§d§J 7

=~
L

+
M
-

1

2k§d§] Cdr

jreng,
5 (@)

0

I

=
LR

+
[Ms
-

s

2 [s@)]

9, (z)H N

‘ =

% 21
DYy Tre RN i

Since sum of x -partial derivative series(@, (X,?)) is

limited, this series is uniformly convergent according to
the Weierstrass theorem.

0, (x,0) = Y (<2k)* 8 e cos 2ex
k=1

(10)

k=1

Z( 2k)? j —)hck (7)e" @0 cos Dkxdr



Irem BAGLAN / Koc. J. Sci. Eng., 5(ICOLES2021 Special Issue): (2022) 01-09

+ 3 (<2k)> eI sin 2kx

k=1

Z( 2k)? j —)hsk(r)e 0= i Dfexdr

k=1

Let’s take the absolute value of both sides of (10),we have

Z( 8, 0)|+9.0 U

k=1
1
c 772 t 220262 (1-7) 2
+Z( 2k)7| |e dr
k=1

et e

1
+ i(—2k)2 UB_Z(ZHZ“_”drjz
k=1

0

s o]

lgck (t) +

.0

A

5

k=1

P

Since sum of xx-partial derivative series( @, (x,?)) is
limited, this series is uniformly convergent according to
the Weierstrass theorem. So, Fourier series @(X,?) has

been the unique solution.
From the second kind of Volterra equation :

q(t)=F(1)+ j[K (t,7)q(z)dz,1[0,T] (11)

where

Q()—E

E (t)- 7Y 2kep,e O
F(t)=— k]

n!h(g,z)dg—’; 1

. , (12)
jh &,t)sin 2kEdéE
0

l

k=1

—nzch —hsk(r) R g J
S

K(t,7)=

T © b4 (13)
zjh(g,t)dg— 5 Z ! h(&,1)sin 2k&déE

k=l 0

where

V4

ﬂTh(g,t)df —%i% h(£,t)sin 2kEdE # 0 ,

k=1 0

‘v’tg[O, T ]

Now,let show the F'(¢) and K(t,7) are continuous

function. Let’s take the absolute value of both sides of
(13),we have

IL'(t)] +

73 e

k=1

[F(0)] < — T
T
”{h(g’t)dg‘z;klh &,1)sin 2k§d§‘

(pck

L] +m2
k=1
M

HOE
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ﬂz ( Ja@h, (@)e e %zfj q(0)= SIL) and r(1) = Szl(t)
K(t,t
ks ﬂ_([h g,z)dg—;rki ! :h &,1)sin 2k§d§‘
(14) , !
-] < [ ! .([hz(x, )q(t) - r(t))szJz
T
|K(t,7)| < oV

1
0 t 0
20262 (1-7)
+ Z cos 2k J'e dr
k=1 0

According to the assumption (S1)-(S2) the F'(¢) and the

K (t,7) (kernel) are continuous on [0, T]. J‘]{hZ (x, T)(q(t) _ r(l‘))z cos’ 2kxa’xdr} ’
00

For the uniqueness, let’s assume the opposite is the case.

Let the problem has two solutions (u, S ), (v, S2) .

1
© t 2
+ sin 2k{je2<2">2<”>drj
J o (D)d7 k=1 0

U I h* (x,7)q(®) = ()" sin® 2kxdxdz'J

o(x,t)—v(x,t) = —J.( (t) .0

1

1 1 2
5 ~(2k) (-7)
+ E cos kxj(sz(t) . (t)thk(T)e dr
1 1 —eb2 (- 1
+ 2k h, et g — — -
kglsm xj(sz(t) 2(I)J s (7)e T leo—v] < NG M|r—q| (15)

-7y (2k) j _Th(r — g)sin 2kxe ™’ dgdr
t r—gq= k=1 00
1 T VA
O, 1) = V(6,1 = j (g(t) = (1) )hy (v)d 7 njhdg - Z% hsin 2kEdE
0 0 k=1 "¢

+ iCOS 2kxj(q(t) — r(t))th (Z_)ef(Zk)Z(tfr)dz_
k=1

0

. , [r(®)—q(v)] _(—)
+ sin 2kxj (q() = r(Of., (1) D dr Va-n

where
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||a)—v||££ V2 (16)
2.3 ‘\/5 - 7[’
a(t) =v(t) . Hence r(t) = q(?).
3. Analysis of Stability of the Solution

Theorem 2. When the assumptions (S1)-(S3) be provided,
the solution of the problem(1)-(4) constantly connected the

h,o,y, E.

Proof. Let £ = { R } and E = {_,Z} be two sets of the

data. M,, 1=1,234 such that
”h”c o S cox] = <M, H Hc2[o 7] <M,
||L||C2 [0.7] sM,, ZHCZ[O,T] <M,.

Let us denote ”E” (”L”cl or +||19||C2[0,”]). Let (a),q)

and (w, q) be solutions of the problems (1)-(4).

o(x,0) - o(x.1) = %(90 ~3)

+ i cos 2kx[(z9€k - Lg_ck)e_ak)zt ]
=1

Sl ]
=1

+ i COS 2kXI(q(T) — %)hck (7)872(2/{)2 (lir)d‘[
k=1

0

00 t
+ ZCOS 2kxj(hck (r)—h, () E(T)e—zek)z(ﬂ)dr
=1 0

0

t
* ZSin ZkXJ(q(T) - ‘1(_7)%% (7)672(2k)2(t71)df
=1 0

+ i sin 2kxj(hsk (r)—h,, (T)W)efZ(Zk)Z(t—r) dr,
k=1 0

ool < 314 -3l

1gck _‘9_/( +

C

55
k=1

£ 1
VA

Mo~

e
JT 1 -
o M=

F(t)-F(t)

L'(t)- zsze @1y

k=1
T T 1
WEdE-=S>" =
”! (Eahe=2 20

Th(g, t)sin 2k&dE

L) -7 2ke ™ g,

k=1

jgtdg % ngsmzkgdg

Applying Cauchy, Bessel inequality and taking maksimum
of F—F,
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|- < o -1

2503

K(t,7)- E(t, 7)

(— ﬂi(zk)qu(ﬂhgk (r)e”z“z“”drj

ﬂjhgt g—fi j &,1)sin 2k&dE

zmlﬁaawwm%wj

V4 o V4

j d(f——z j &,1)sin 2k&déE

0 0

< -] < 37la-dl

=<7 =+ | x| +a i<

Jo- ol < 314 -3

T RN I RN

+ﬁ L’(t)—L (t)

#3 =l +la=dll

— 1 —
l9=3=3l4 -4

*ar 2l -5

M, = max 1,1.
2 M

J£-F<ano-- .

=

fo-af < |z-H

where

M, =max{M,,M,}

For E—)E’ then co—)g)

4. The Finite Difference Approximation

Using the implicit formula in (1)-(4)

A . o
-0 o] 20" + o]

J i [ i— i i+ J
1 T - h* L
'=9
W, = u;,
J =
Wy = Wy
J J
o 0y, _
b

amn

(18)
(19)

(20)
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where 1<i<N and O0<j<M. Equal lengths

T
h=—and 7=—,
M N

L) (x,0)
Lﬁxf (x,t)dx '

q(t)

((Lj+1 - )/r)— ﬂ(u,{, —ul )/h
(fin)’

i=Z

q

b

where L =L(t,),  (fin) = jo'xf(x, t)dx,

j=0,1,.., M,qj, ul] at the j-th iteration step.
Finally,with the Gaussian elimination method, “z] “and

qj can be solved.

5. Conclusions

This problem has been studied with periodic and
integral conditions. This inverse problem is theoretically
proved using the fourier method. Also, a finite difference
scheme is made.
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