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Abstract

In this paper, our main aim is to discuss some monotonic and logarithmic concavity properties of three-
parameter Mittag-Leffler function by using its Weierstrassian product representation and some earlier
results on power series. In addition, by using the relationships between Mittag-Leffler type functions
and some basic functions, we give some specific examples related to the monotonic and logarithmic
concavity properties of some trigonometric and hyperbolic functions.
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1. Introduction and preliminaries

Studying on monotonic and geometric properties of certain special functions has become very
attractive for mathematicians since their usefulness in solving problems on applied sciences.
As a result of this attraction many authors began to investigate monotonic and geometric
properties of some special functions such as Bessel, Struve, Lommel, Wright, Hypergeometric
functions and their some analogous(see [1] and [2] for examples and references there in). In the
literature, undoubtedly that one of the most important special function is the Mittag-Leffler
function. This function is a generalization of the famous exponential function as well as it arises
in solving on biological, physical, engineering and earth sciences problems. Due to its vast
potential in the applied sciences the Mittag-Leffler function and its generalizations is still
studying intensively by the many mathematicians. It is known that the exponential function
arises in the solution of integer order differential equations, while the Mittag-Leffler function
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has a similar role in the solution of non-integer order differential equations. The historical
overview and detailed information about the Mittag-Leffler function may be found in [3, 4].
The outcomes of this paper is as follow: In the rest of Section 1 we give the definitions of
Mittag-Leffler functions and remind some interesting properties like reality of the zeros and
infinite product representation of three-parameter Mittag Leffler function. Also, we remind a
useful lemma to prove monotonic properties and give the definition of logarithmic concavity
of a function. In Section 2, we give our main results and their consequences, while the Section
3 is devoted for some applications of our main results.

Now, we would like to remind the definition of Mittag-Leffler functions and their some
properties. In 1903, Gosta Magnus Mittag-Leffler defined the one-parameter Mittag-Leffler
function by the following power series:

xn
b(a,x) = nzo Fenr €6 R@>0 )

where T' denotes the Euler’s gamma function. It can be easily seen that this function is a
generalization of the exponential function. In order to see this it is enough to write (an)! =
['(an + 1) in the denominator. Later on, Wiman [9] introduced another function called two-
parameter Mittag-Leffler function with the similar properties as follow:

xn
d(a, B,x) = nZ) Fenim  “FEC B@>o0 )

In 1971, three-parameter Mittag-Leffler function (or so-called Prabhakar’s function) was
introduced by Prabhakar [8] in the following form:

_ (r)nx"
B, f.7,%) = Z s s PYEC R@>0 REH>0, @)
nz
where (y),, denotes the Pochhammer symbol and it is defined by (a),, = F(Fa(z)") It is important

to remind here that by giving certain special values to the parameters «, # and y in the function
x ~ ¢(a,B,v,x), itis possible to obtain some trigonometric and hyperbolic functions.

In the present paper, our main aim is to investigate the sign of the three-parameter Mittag-
Leffler function. Also, we will show that the mentioned function is a decreasing function on an
interval determined by its first positive zero. Further, we will discuss logarithmic concavity of
this function in the certain sets defined by its real zeros. Finally, we will define a new function
by using three-parameter Mittag-Leffler function and its derivative, and investigate its
monotonicity on R*. For this purpose, we remember some interesting properties of three-
parameter Mittag-Leffler function read as follow.

In order to state their some results, Baricz and Prajapati [1] defined the following three
transformations mapping the set

{(i'ﬁ):“> 1L,B > 0}
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into itself:

4:(oo8) = Gerb) B:(G8) = (ot 6)

Lp—-1), ifg>1
c:(2.8) - Egi)’ if)o fﬁ .

a
Putting W;, = A(W,) U B(W,), where W, = {(>,8):1 < a < 2,8 € [ - 1,1] U [, 2]}, the
authors denoted by W, the smallest set containing W, and invariant with respect to
transformations mapping 4, B and C. It is important to emphasize here that with the help of a
result of Peresyolkova [7], Kumar and Pathan [5] showed that if (i ﬁ) € W; and y > 0, then

all the zeros of the three-parameter Mittag-Leffler function ¢(a, B,y, x) are real and simple.
The next Lemma 1.1 which will be used in the proof include an infinite product representation
and interlacing properties of the real zeros for the three-parameter Mittag-Leffler function
¢(a, By, —x?) and it is proven by Baricz and Prajapati in [1].

Lemma 1.1 (see [1]) If Gﬁ) € W; and y > 0, then the function x —» ¢(a, B,y, —x?) has

infinitely many zeros which are all real. Denoting by 4, g, » the nth positive zero of x —
¢ (a, B,y, —x?) under the same conditions the Weierstrassian decomposition

1 2
0@ by~ = s | | (1 - Af—) 0
nz1

a,By.n

is valid. Moreover, if &5, , denotes the nth positive zero of W'(a,pB,y,x), where
Y(a,pB,v,x) = xBep(a, B,y, —x?), then the positive zeros Aapyn and &, g, are interlaced.

In addition, the following Lemma 1.2 given by Biernacki and Krzyz (see [2]) will be used to
prove some monotonic properties of the mentioned functions.

Lemma 1.2 (see [2]) Consider the power series f(x) = Ypso apnx™ and g(x) = Ypso bpx™,
where a,, € Rand b,, > 0 foralln € {0,1, ... }, and suppose that both converge on (—=r,7),r >

0. If the sequence {%}nzo i increasing(decreasing), then the function x - (%) is also

increasing(decreasing) on (0, 7).

Here, it is important to note that the above result remains true for the even or odd functions.
Finally, the definition of logarithmic concavity of a function can be given as follow:

Definition 1.3 (see[6]) A function f is said to be log-concave on interval (a, b) if the
function log f is a concave function on (a, b).

In order to prove the logarithmic concavity of a function f on the interval (a, b), it is sufficient
to show that one of the following two conditions hold true:

1. f7’ monotone decreasing on (a, b).
2. (logf)" <.
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2. Main results

In this section, we present our main results and their consequences.

Theorem 2.1 Let (iﬁ) € W;,y > 0 and denote the nth positive zero of the three-parameter
Mittag-Leffler function ¢ (a, B,y, —x?) by Aegyn- FUrther, consider the following sets:

A = U (Aa,ﬁ,y,Zn—l'/la,ﬁ,y,Zn)' A; = U (Aa,ﬁ,y,Zn'/la,ﬂ,y,Zn+1)

nz1 n=1

and
A3 = [O, Aa,ﬁ,y,l) U Az.

Then, the three-parameter Mittag-Leffler function ®(a, 8,y,x) = T'(B)¢(a, B, v, —x?) has the
following properties:

i the function x » ®(a, B, v, x) is negative on A, and it is positive on A;,

. the function x — ®(a, B, v, x) is a decreasing function on (0, ,,.1).

iii. the function x » ®(a, B, v, x) is strictly logarithmic concave on A,.

Proof. i. In order to prove our assertion, firstly, we consider the Weierstrassian product
representation of the three-parameter Mittag-Leffler function ¢(a, B,y, —x?) given by (4).
Thus, the function x — ®(a, 8, v, x) can be written as the following infinite product:

2

o@pr0 =] | <1 - ) = 70 (5)

ne1 apyin

where

A +x
7=T] (;_) and 0 = [ | (hagpyn — ).

nz1 apym nz1

Since A45,,’s are all positive, it is clear that 7, > 0 for all x € R* U {0}. Also, from the
following chain of inequalities

O < /101,[3,]/,1 < AO!,,B,)/,Z < Aa’ﬁ’ys < < A(Z,,B,)/,Tl < *ty

for the zeros, we can make the following observations: if x € (148,201, Aa,py2n). then the
first (2n — 1) terms of Q,, is strictly negative and the rest is strictly positive. On the other hand,
if x € (Agpy.2n Aapy2n+), then the first (2n) terms of Q,, is strictly negative and the
remained terms are strictly positive. Moreover, it is clear that all the terms of Q,, are strictly
positive for x € [O, Aa_ﬁ,m). In conclusion, we deduce that the function x = ®(a, B,y,x) is
negative on A; and it is positive on As.

ii. Itis clear from the part i. that ®(a, 8,y,x) > 0 forall x € [0, la,ﬁ,m)- In order to prove the
function x » ®(a, B,y, x) is a decreasing function on the interval (0, /10[,3,],,1), it is sufficient
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to show that ®'(a,B,y,x) <0 for all x € (0, /1“,3%1). For this purpose, considering the

logarithmic derivative of (5). So, using the basic properties of logarithm function we can write
that

P'(a,p,v7,%x) Z 2x

CD(a,ﬁ,y,x) - /101,8]/11

or
'(a, By, %) = ®(a, B, v, %)
nZl aByn

It is easy to check that

for all x € (0,444,,1)- As a consequence, ®'(a, B,¥,x) < 0 for x € (0,4,4,1) Which is
desired.

iii. In order to prove this assertion, second condition in Definition 1.3 can be used. Namely,

we will show that [log®(a, B, v, x)]"" < 0 for all x € A;. Therefore, by utilizing the infinite
product representation given by (5) we can write that

[logdb(a B,v,x)] = —logl_[ <1 — )

d? Z < x2 )
log(1-—
" dx 2n>1 A“ﬁ%"

dxz A2

— %2
n=1 “ﬁV" x

Since

A2 + x?
n=1 (Aaﬁyn - xz)

for all x € A5, we can say that [log®(a,B,y,x)]"” < 0 for all x € A; and the function x —
®(a, B,v,x) is strictly logarithmic concave on A,.

Takingy = 1in Theorem 2.1, we get the following results for the two-parameter Mittag-Leffler
function:
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Corollary 2.2 Let (i ﬁ) € W; and denote the nth positive zero of the two-parameter Mittag-
Leffler function ¢ (a, B, —x*) by A, p . Further, consider the following sets:

B, = U (Aa,B,Zn—li/la,B,Zn)rBZ = U (Aa,ﬁ,Zn'Aa,ﬁ,2n+1) and B; = [0; /1,1’[;,1) U B,.

nz1 nz1

Then, the two-parameter Mittag-Leffler function ®(a,p,x) = T'(B)¢p(a, B, —x?%) has the
following properties:

i the function x —» ®(a, 8, x) is negative on B, and it is positive on Bs,

. the function x - ®(a, B, x) is a decreasing function on (0, 1,41),

iii. the function x —» ®(a, B, x) is strictly logarithmic concave on B;.

Taking f =y =1 in Theorem 2.1, we obtain the following results for the one-parameter
Mittag-Leffler function:

Corollary 2.3 Let @ > 1 and denote the nth positive zero of the one-parameter Mittag-Leffler
function ¢ (@, —x?) by A, ,,. Further, consider the following sets:

C; = U (Aa,Zn—lﬂ/la,Zn)' C; = U (Aa,Zni Aa,2n+1) and (5 = [0' /1(1,1) U C,.

n=1 nz1

Then, the one-parameter Mittag-Leffler function ®(a, x) = I'(B)¢(a, —x?) has the following
properties:

i the function x » ®(a, x) is negative on C; and it is positive on Cs,

. the function x — ®(a, x) is a decreasing function on (0, 1),

iii. the function x » ®(a, x) is strictly logarithmic concave on Cs.

Theorem 2.4 Suppose that @ > 1, > 0 and y > 0. Let A, 4, ,, denote the nth positive zero

of the function x » ¢(a,B,y,—x2).Then, the function x » ¢(a,B,y,—x?%) is strictly
logarithmic concave on A;.

Proof. Itis well-known from the definition of Euler’s Gamma function that it is positive defined
for B > 0. On the other hand, it can be easily checked that multiplying by a positive constant
does not change the logarithmic concavity property of a function. Now, rewrite the function
x e ¢(a,B,y,—x?) as follow:

¢(a, By, —x?) o(a, By, x).

1
G

Since % > 0 for § > 0 and the function x —» ®(a, B,y, x) is strictly logarithmic concave on

A3, we conclude that the function x » ¢(a, B,y, —x?) is strictly logarithmic concave on A;.
Takingy = 1and 8 = y = 1, respectively, in Theorem 2.4, we get the following results:
Corollary 2.5 Suppose that « > 1 and g > 0. Then, the function ¢(a, B, —x?) is strictly

logarithmic concave in B, while the function x — ¢ (a, —x?2) is strictly logarithmic concave
in Cs.
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The following is the our last result and it is concerned with the some monotonic properties of a
function defined by the three-parameter Mittag-Leffler function and its derivative.

Theorem 2.6 Let suppose that «, § and y are positive real numbers. Then, the function

x¢'(a, By, %)

o H@hyn) =0 80

is an increasing function on R*.

Proof. By using the infinite sum representation of the function x » ¢ (a, 8, v, x) given by (3),
we may write

Y0 SpX"
H(a,ﬁ,y,x) = ﬁ:
nz0 n
where S, = —n_and 77 = —Pn__ \jith the help of the Lemma 1.2 it can be shown that
n o nil(an+pB) n o nr(an+pB)

the function x — H(a, B, v, x) is an increasing function on R*. It is clear that §,, € Rand 7;, >
Ofora>0,8>0,y>0andn € {0,1,2, ... }. On the other hand, according to famous Cauchy-
Hadamard Theorem, both power series },,s0 Sp,x™ and Y,,so J,x™ are convergent on R. Now,
we want to show that the radius of convergence of the both power series is co. Let R, and R,
denote the radii of convergence of the power series Y.,,50 Spx™ and Y.,,5o T, x™, respectively.
Some basic computations yield that

|FTZ(V)n -

) n!'T'(an +
"l |t D@
m+DIT(a(n+ 1)+ p)

[(an+a + p)

Rl = llm
n=>019pn4+1

I'(y +n)
T

(an +p) L2t

I')
[(an+a + p)

- Tlll—>n.}0 Flan+pB) ©)

= lim

n—-oo

The following asymptotic relation known as Stirling formulae
[(x+1) ~V2nxx*e™, X — 00 @)
can be used to compute the limitin (6). Taking x = an +  — 1in (7) and using the asymptotic
X
relation (1 + g) ~ e% for x — oo, we deduce that
1
[(an + B) ~ V2r(an + B) ™ F ze=(anth), n - oo, (8)

Now, considering the relation (8) in (6) one can easily obtain
1
C T(an+a+pB) . 2u(an+ B + ) ez (antpra)
Ry = lim = T
n-o  ['(an + B) n-oo \/E(om + ﬁ)“"“‘ﬁ‘ie—(amﬁ)
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a an+pB+a—3
= e~lim 1+ ) lim (an + B)* = oo.
¢ nl—1>1010< an+f8 nl_{glo(an A)

By following the similar procedure one can easily show that R, = oo. As a result, we can say
that both power series Y.,5¢ S,x™ and Y,,so T, x™ are convergent on R. Now, if we consider

the sequence U, = j—" = n, then we can say that the sequence {U,},so IS an increasing

n

sequence since % = "T” > 1. By applying Lemma 1.2 we complete the proof.

n

3. Applications

This section is devoted for some applications of our results. It is known that, just like other
special functions, three parameter Mittag-Leffler function reduces to the basic functions like
exponential, trigonometric, hyperbolic and so on. Especially, using Taylor-Maclaurin series
expansions of basic functions, many special cases of the functions ¢, ® and H can be obtained
for the special values of a, 8 and y. Some of these functions are given below:

* (21,1, —x2) = ®(2,1,1,x) = cosx, H(21,1,x) = vxtanhvx.

1—cosx 2(1—cosx) Vxsinhvx—2coshyx+2

[ ] — 2 = = =
¢(2,3,1,—x7) o ®(2,3,1,x) poa H(2,3,1,x) 2(costiz—1)

. 2y _ _ xsinx __ 3vxsinhvx+xcoshyvx
¢(2,1,2,—x*) = ®(2,1,2,x) = cosx _ H(2,1,2,x) = /rsinhyzracoshys

. 2y _ Xx—sinx __ 6(x—sinx) __ xcoshyx—3vxsinhvx+2x
(2,41, —x°) = peat ®(2,4,1,x) = — H(2,41,x) = 2 (sinhy%—v)

It is possible to determine the sign, monotonicity and logarithmic concavity properties of the
above mentioned functions by taking some special values for the parameters in Theorem 2.1,
Theorem 2.4 and Theorem 2.6. Some of these examples are given below:

Example 3.1 The following statements hold true.

a. The function x » ®(2,1,1,x) = cosx is negative on k; = Ups1 (A2112n-142,11.2n)
and |t |S pOSItIVG on K3 = [0, 12'1,1,1) V) Ky, Whel'e K, = UnZl (12'1,1,27“ 12'1,1,2n+1) and
A21,1n Shows the nth positive root of the equation cosx = 0.

b. The function x e~ ®(2,1,2,x) =cosx ——= is negative on & =
UnZl (12,1,2,271—1’2'2,1,2,271) and it |S pOSItIVG on 63 = [0,12’1,2’1) ng, Where EZ =
Uns1 (A21220A2122n41) @Nd A31 5, Shows the nth positive root of the equation
2cosx — xsinx = 0.

Example 3.2 The following assertions are valid.
a. The function x » ®(2,1,1,x) = cosx is a decreasing function on (0,45111)-

b. The function x - ®(2,3,1,x) = W is a decreasing function on (0, 2,51 1)
xs;nx is a decreasing function on (0,2,4,).

c. The function x = ®(2,1,2,x) = cosx —

Example 3.3 The following statements hold true.
a. The function x » ®(2,1,1,x) = cosx is strictly logarithmic concave on the set
[0,25111) UKy, where k; = Upnsy (A2112042112n41) @Nd A311, Shows the nth
positive root of the equation cosx = 0.
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b. The function x » ®(2,3,1,x) = @ is strictly logarithmic concave on the set
[0,25511) U Kz, Where k; = Upsy (23120 4231.2n401) aNd A3, shows the nth
positive root of the equation cosx = 1.

¢. The function x + ®(2,1,2,x) = cosx — = is strictly logarithmic concave on the set
[0,22121) Uks, where k3 = Upsy (21220 A2122n41) aNd Az15, Shows the nth
positive root of the equation 2cosx — xsinx = 0.

d. The function x » ®(2,4,1,x) = G(x;—‘?nx) is strictly logarithmic concave on the set
[0,25,411) U kg, Where 1, = Upsy (24120 A2412n01) aNd Ay41, Shows the nth
positive root of the equation sinx = x.

Example 3.4 Each of the following functions

vxsinhvx — 2coshvx + 2
2(coshvx — 1) ’

1
H(2,1,1,x) = E\/Etanh\/}, H(2,3,1,x) =

3v/xsinhvx + xcosh/x xcoshvx — 3v/xsinhv/x + 2x
- and H(2,41,x) = .
2+/xsinhvx + 4coshvx 2v/x(sinhvx — Vx)

H(2,1,2,x) =

is an increasing function on R*.
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