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Dipole-Dipole Effect to Limits of Entanglement in Multipartite Spin Chain:
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Abstract

The entanglement of the ferromagnetically ordered isotropic spin-1/2 chain is discussed. The analytically deriving concurrence
of a two-qubit state allows focusing on the effect of dipolar interaction (D). Low fields enable tuning creation/extinction of
entangled states, particularly at low temperatures. There is a joint effect of the applied field and dipolar interaction which can’t
be disregarded. We perform Quantum Monte Carlo simulations on quantifying localizable entanglement (LE) in terms of
upper/lower bounds. Findings reveal that D and B, are decisive parameters on the production of entanglement including
creation and extinction. A non-monotonic behavior has occurred under high fields at the critical temperature. However, strong
D provides the stability of LE values concerning distance herewith conserving the unity at low temperatures under zero field.
Rival regions are observed for the distant nearest neighbors, particularly odd ones.

Keywords: Dipole-dipole interaction, localizable entanglement, concurrence, loop algorithm, Monte Carlo method.

Oz

Izotropik ferromanyetik spin-1/2 zincirinde dolagikhigin tartisildigi bu caligmada 2-kubit dolasikhiginm analitik ¢oziimii
yapilarak dipol-dipol etkilesmesine (D) odaklanilmigtir. Harici manyetik alan (B:), 6zellikle diisiik sicakliklarda, dolagikligin
olusumunu ve soniimlenmesini kontrol edebilmektedir. Kuantum Monte Carlo simiilasyon metodu ile dolagikligin alt ve iist
sinirlar1 hesaplanarak dipolar etkilesme (D) de harici alanla (Bz) beraber dolasikligin olusmasi ve yok olmasi siirecinde karar
verici parametreler olduklari sonucuna varilmaktadir. Kritik sicaklikta ve yiiksek manyetik alan altinda monoton olmayan
davranis ile karsilasilmistir. Ayrica, uzak spinler arasindaki dolasikligin baskin dipolar etki ile kararli hale geldigi ve diisiik
sicakliklarda 20 komsu spin ile hala dolasik halde kalsada yiiksek sicaklikarda uzak komsu dolasikligimnin eriminin azaldig:
anlagilmaktadir. Tek komsu spinler arasinda “rival” bolgeler gozlenmektedir.

Anahtar Kelimeler: Dipol-dipol etkilesmesi, localize dolagiklik, esevrelilik, dongii algoritmasi, Monte Carlo metodu.

I. INTRODUCTION

Entanglement provides a remarkable aspect on performing quantum information processes such as teleportation
[1, 2, and 3] and quantum computation [4, 5, 6, 7, and 8] providing a substantial resource of information [9].
Heisenberg and Ising-like models which describe the magnetic behavior of a solid-state system [10 and 11], have
been commonly preferred to study entanglement and strong correlations due to its literal and simplistic structure.
Furthermore, both experimental and theoretical investigations on behalf of magnetic characterization and spin
correlations including simulation studies have been progressed with a broad perspective of researchers in the field
reporting either miscellaneous or convergent results [12, 13, 14, 15, 16, 17, 18, and 19]. Previous works elaborately
focused on Heisenberg Hamiltonian describing the quantum spin-1/2 chain, since 1D-spin arrays, greatly
incorporating entangled states, can be introduced as a reliable candidate for quantum information processes [20,
21, 22, and 23]. They also focused on the concurrence of the system which refers to the mixed states of two-qubits.
Wang studied thermal entanglement for isotropic XY model deducing that zero-field concurrence has unity for
low temperatures up to temperature (T), T = 0.2 while it vanishes at T = 1.1 even if the external field (B) is applied
[24]. However quantum phase transition at a critical value of B is observed at T = 0 for isotropic XY chain [25].
According to the calculations of Rigolin, entanglement vanished at T = 0.9 for isotropic XXX model (J = 1) [26].
Besides concurrence measurements of two nearest neighboring spins, the entanglement of multi-particle systems
can provide practical information between long-ranged pairs of spins. LE is the most suitable measurement tool
for this type of quest. Therefore, Androvitsaneas et.al, investigated the relation between LE and anisotropy of
system for XY and XYZ model under external field and/or zero-field reporting singularities herewith resulting in
a quantum critical point as B, = 0.75. Moreover, revival regions are shown for the next nearest 10 neighbors [27]
under certain magnetic fields and thermal agitations. Sinyagin et al., dressed spherical nanostructures with dipoles
to determine the aggregation state of the system [28].
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It can be confidently argued that long-distant stably
entangled pairs procure a remarkable fact for
topological storage [29]. However, the long-range
entanglement of two-qubit is studied by [30] revealing
the coupling of selected qubits with considerable
distances. Additionally, various long-ranged inter-
acted systems have a fabulous potential to study [31,
32, 33, 34, 35, 36, 37, 38, 39, 40, and 41]. In this
manner, dipolar interaction between spins has been
taken into consideration to deal with magnetic
monopoles [34]. Several experimental studies have
been performed to investigate the properties of
quasiparticle excitations [39, 40, and 42] by treating
low dimensional quantum-spin models. The first
demonstration of entangled spins separated with 220
250A distance in a bulk material is evaluated by
Sahling at very low temperatures [43]. In the theoretical
aspect, quantum phase transitions should be clearly
understood from the sight of quantum information in
the area of condensed matter physics [44, 45, and 46].
Bravo et al. emphasized the significance of dipolar
interactions on antiferromagnetic spin chains under
transverse magnetic field stressing a quantum phase
transition [46]. Previously, we have focused on a spin-
chain ordered as AFM considering dipolar interaction
(D) and external magnetic field (B) observing rival
regions related to the temperature for certain D and B
values [47].

This study brings out the effect of dipole-dipole
interaction (D) to upper and lower limits of
entanglement in isotropic ferromagnetic spin-1/2
Heisenberg chain under uniform external magnetic
field (B,) along the z-axis. LE is a suitable tool to
investigate entanglement in multipartite systems via
quantifying bipartite entanglement. Hence, it indicates
the maximized entanglement between two parts of the
system on average by carrying local measurements out
the rest of the system [51]. Concurrence and thermal
entanglement of two-qubit Heisenberg Hamiltonian
including dipolar interaction is well measured
respectively, before evaluating LE based on the
calculation of correlation functions (Qj). Loop
algorithm, embedded in ALPS package [48], is used to
determine LE [49 and 50] in terms of upper and lower
bounds. Note that LE is related to the entanglement of
assistance (EoF). Simulation data is post-processed by
a Phyton script developed by the authors. We aimed not
only to deal with the effect of dipolar interaction on
entanglement both analytically and numerically but
also to quantify the entanglement of the distant spins
(long-ranged) in multipartite systems.

In Section 2, Hamiltonian of the spin chain and the
procedure of calculating expectation values applying
loop algorithm with Quantum Monte Carlo
methodology were explained. Thermal entanglement of
two-spin as two-qubits state was investigated via
concurrence analytically in Section 3.1. Section 3.2
focused on localizable entanglement determining the
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upper and lower bounds considering temperature, spin-
spin length, strength of the dipolar interaction and
external magnetic field. Results were summarized in
Section 4.

1. MODEL

The Hamiltonian of the N-qubit one-dimensional spin
chain with dipole-dipole interaction term and magnetic
field along z-direction is given by,

ﬁ‘ =

_Zliv=1[ xﬁixﬁix+l +]y6iy6-i}:.1 +jzé_‘iZ&iZ+1 + Bz(&iz)] + ﬁD (1)

i+ _ DN |Giis1 ©@i71ii+1)(@i+1-Tii+1)

Hp = ;Zi=1 [ 3 3 75 (2)
1i+1 Li+1

where ], (a: x,y, z) are exchange coupling constants, B,
denotes magnetic field along z-axis and D represents
the strength of dipole interaction (rjj: two-spin distance
vector) in dipolar HamiltonianHp. Only nearest
neighboring spin, interactions are taken into account, in
which periodic boundary conditions (PBC) are
satisfiedo; = oy41- A clear illustration of the model is
given in Figure 1.
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Figure 1. lllustration of spin chain: Green narrow
and wide rounded lines represent the interacted spin

pairs and PBC, respectively, while purple dashed lines
are used to specify the spin pairs

Various measurement techniques such as entanglement
witness, concurrence, negativity, entanglement entropy
help us to quantify entanglement. Moreover, thermal
entanglement provides plenty of worthy pipelines, in
which entanglement can be related to temperature.
Therefore, we found an analytical solution of interested
Hamiltonian (including dipolar term) that is operative
for the two-qubit state, calculating density matrix, 2.

We are interested in LE since it is a clear way to
determine maximum entanglement between two parts of
the system by measuring the rest parts locally. However,
a tight relation has been built up among classical
correlations and entanglement phenomena. Popp et al.
proposed a primrose path to quantify entanglement in
terms of upper and lower bounds. The latter is related to
the classical two-point correlation function. According
to Popp et al., the correlation function can be described
as [51],
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In spin-1/2 systems, a connection between concurrence
and LE can be generalized to higher-dimensional spin
systems, realized by unrolling the equation LE;;(¥)) =
max | Q;]B (1) | for a given pure state |y) of N qubits.
The right side of the inequality belongs to the lower
bound of entanglement (LE/?). On the other hand, the
upper bound is revealed by using entanglement of
assistance (EoA). Thus, the bounds of entanglement
can be easily described by the following equation.

ij ij
|) < LE;; < @ (4)

Note that, the right side of the equation represents the
upper bound of the entanglement (LE[1").

max(|Q ] |0%, |, |0

2 = (1% (gial)) - ((of) £ (c))) (5)

As a substantial way to simulate quantum spin systems
loop algorithms introduce a powerful methodology
based on clustering spins on discrete imaginary time. In
contrast to the traditional Markov Chain Monte Carlo
(MCMC), the Markov process presents a continuous
cycle in transition probabilities between the spin (S)
and graph configurations (G). Introducing spin-1/2
lattice with exchange coupling interactions and
Heisenberg Hamiltonian of the model has been
followed by the simulation process. Applying loop
algorithm by lowering the temperature with small steps
during thermalization to decrease long equilibration
times. Thermalization cost 10% of Monte Carlo steps

before the measurement process of physical quantities.
Here we focused on the energy as a function of
temperature based on the generalization of clustering
process updating spin system (MC updates). Suzuki-
Trotter decomposition was used to obtain a path-
integral representation of Z and weight of world-line
graphs C (W(C)).

Z =¥ WP (6)

P is the projection operator evolving C during
imaginary time direction and a continuous imaginary
time scheme was chosen. The weight P(C) is related to
the projection operator; note that, W(C) is the
counterpart of the path-integral picture of our model
constructed on our Hamiltonian. Certain spin
configurations and plaquettes in which a group of spins
is pictured in graphs and flipping spins by a probability.
This process is also consistent with a detailed balance
condition. A transition probability of spins in chosen
plaquette leads to break-ups forming clusters through
the loop. New spin configurations can be created by
spin flipping in a cluster with a probability (shown in
Figure 2). A detailed description of the loop algorithm
can be found in [52].

The Q,; and X/ are calculated with the aid of simulated
data. We performed QMC simulations with parallel
processing for parameters D, kT and B,, exampli grati,
at a temperature scale kT € (0,4]. This corresponds to a
large number of physical conditions. Obtaining the
expected value of an A observable, it is crucial to
represent through an estimator related to the W(C).
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Figure 2. Evolution of spins in space: A set of spin flips draw the spin orientations in graphs along the
continuous imaginary-time direction. Three arbitrary pictures at the end of several spin flips are given in (a), (b),
and (c).

I11. FINDINGS AND DISCUSSION

3.1 .Thermal entanglement of two-qubit ground
state

In the case of spin-1/2 chain including an only nearest-

neighbor dipolar interaction term, Heisenberg

Hamiltonian operator of bipartite spin system takes the

form as expressed in Equation (8) where r denote

distance between spins, and D is related to dipolar
constant.
. Iy D\ A D Jy\ aya
== (G+5) 5055+ (55-3) 982
D Jz\ 6z & Bz ra &
+ (55 —%) 3785 - 2 (87 + 89) (8)

Jx.Jy and J, represent exchange couplings where
negative (positive) values/sign corresponds to FM
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(AFM) interaction; 65 are known as Pauli spin matrices
operating to up/down spin in the basis [TT>, [Tl>, 1T>
,LI>. For simplicity (to operate H easily), we
reorganized A in terms of raising and lowering
operators, ST = 6% 4+ i67.

7= (-ZB-L+ DY 6rep +6765)

2r3 2

9)
DT\ znr Bopny, o
+<——]—)alzazz—7(alz+azz)

Matrix form of the 7 were given in Equation (10) with
a worthy reduced format since we only handled the
isotropic ferromagnetic state where J, = J; herewith y

D 3D .
and 7 are set to — — Land - —; respectively.
2r 2 2r

[y - B, 0 0 T
3J
_ 0 -y r=5
H = ' z (10)
0 Ay -y 0
T 0 0 y+B,

Eigenvalues and corresponding eigenstates of the
Hamiltonian (Equation (10)) used to calculate the
density matrix of the interested system, were given in
Table 1, where n* = (2 +1)7Y2 and n~ = (6% +
1)7%2 are normalization constants, while €=

(B§+12)1/2—B

Zand § =

_ (B§+12)1/2+BZ

Table 1. Eigenvalues and corresponding
eigenvectors of H

Eigenvalues Eigenvectors
E, | Py >=nT(e ITT> +11
=y + (B +%)'/? >)
E, [P, >=n=(6 ITT> +1IL
=y — (B + 1)’ >)
E. 3 [ Y3 >= ! (N> —=|i7
3 = 2 3 _\/E
>)
E 3 2 [ Y, >= ! (N> +147
1T 75 14 4 = 2
>)

The density matrix of the system, g can be constructed
4 -BEj,,. . ~

by p = 2= W<l lewlxw" where Z = Tr[e P*]. For a

pair of qubits, average of entanglement of density matrix

p is a monotonically increasing function of the

concurrence C. When C = 1 we have maximally

entangled states and when C = 0 we do not have
entanglement.

Concurrence can be calculated by C = max(0,1, —
A, — A3 — A,), where 4; is equal to the square roots of
eigenvalues of V, = p(67®a; )p*(07®0;) . The
asterisk denotes complex conjugate. If C = 1, the state
is maximally entangled else if C = 0, it is disentangled,
while concurrence values of (0, 1) interval indicates the
strength of entanglement.

u 0 0 v
~ 0 x y O
= 11
=10y x o0 (11)
v 0 0 w
u =L p-BytersB) 4 O ,—py-er-B,)
Z “e?+1 62+1

—1(_€_,-Bly+er+B,) 4 8 —ﬁ(y—er—Bz))
v Z(62+le + 62+1e

—l 1 _ﬁ( + +Bz) ; _;8( - _Bz)
=i s o) 2

x = %eﬁycosh (3[3% + ﬁy)
y= %eﬁ”sinh (3[3% + ,By)

Partition ~function, Z = 2[e”Pcosh(1.58] +yB) +
e "Bcosh(nt + BZ)]. Square roots of eigenvalues of 1/,
and concurrence were calculated numerically by setting
J = 1. Note that B;, D, and T possess real humbers as
B,€(0,5),De(0,4), Te(0,2).

w* + v’ 0 0 uv* +vu*
0 xx*+yy* xy*+yx” 0
0 xy* +yx* xx*+yy* 0
vw* + wv* 0 0 vv* + wu”

(13)

The state is disentangled under zero-field (B=0) in the
FM case [53]. When the applied field is strengthened
the number of | TT> states increases with inhibiting the
creation of entanglement. There is no magnetic and
thermal entanglement achieved for a two-qubit state
when D = 0. That’s why we focused on the effect of
dipolar interaction. We intriguingly encountered that
concurrence vanished in the absence of external field
by numerical calculation, even if dipolar interaction has
been taken into account. Concurrence vanished for high
temperatures which depend on strength of the applied
field. Low field (B,=0.5) yielded a creation/extinction
behavior (non-monotonicity) particularly originated
from distinct dipolar strengths at certain low
temperatures such as T=0.5 (Figure 3). However,
strong D eliminated the hashing influence of
temperature  (Figure 4(a@) and Figure 4(b)).
Entanglement can be controlled via both D and T tuning
entangled/disentangled states especially under slightly
applied fields.
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Figure 3. Concurrence as a function of temperature (T) and D for certain external magnetic fields (a) B=0.5
(b) B=1.
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Figure 4. Concurrence as a function of temperature (T) and D for certain external magnetic fields (a) B=2 (b)
B=5.

3.2. Localizable entanglement, upper and lower
bounds: A Monte Carlo study

QMC simulations were performed to depict the bounds
of LE for spin-1/2 particles spatially separated by
identical distances. 2E+6 of steps are used for
thermalization while 2E+7 sweeps were sufficient. We
dealt with L = 40 spin ensuring the system can be
approximated as an infinite chain. Findings of
thermodynamic quantities (magnetization, energy) of
XY and XYZ models are compared with existing results
both analytical and numerical ones in the absence of
dipole-dipole interaction.

Exchange coupling constants; J,, ], and J, are set as
Jo = 1(a = 0,1,2) during the simulation process for the
ferromagnetic isotropic model. We began by neglecting
the dipole-dipole term (D = 0) to investigate the effect
of both exchange and Zeeman interactions. Bounds of
entangled pairs are determined in the absence of
external magnetic field, under zero/low fields (B, =
[0,0.5]), relatively low/strong fields (B, = (0.5,2]), and
strong fields (B, = (2,5]). Note that a strong external
magnetic field enhancing the Zeeman term should
dominate the rest by imposing the single spin to be
aligned along its direction. It also affects the bound
values since LE measurements have been predicated to
two spin and single spin expectations. Moreover,
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exchange and dipolar interactions spontaneously
specify two-qubit states in parallel with correlations
which are also calculated by mentioned expectation
values. In this study, although exchange coupling
constants have been set to unity, we assigned values to
dipolar constant D and external field B, to satisfy the
relative dominancy of every interaction.

Results of firstlings indicate that LE/} has the lowest
values under zero-field (Figure 5(a)); on the contrary,
LE}jb preserved unity for the entire temperature regime
(Figure 5(b)). When the exchange interaction is only the
commander of spins, the lower bound of entanglement
between nearest neighbors (LE,-l]’-’) has the lowest values
for all temperatures (kT) as kT € (0,4]. On the other
hand, LE}}" is maximized under zero-field. Moreover, it
has not been affected via increasing temperature and
remains almost unchanged. According to Figure 5, LEi’}’
is increased by strengthing the applied field as Arnesen
et al. have already reported [20]. B, = 0.5, B, = 1 and
zero-field lower bound entanglement values started to
overlap for kT > 2. However LEiujb is lowered by the
strong field herewith an increasing trend started at T =
0.75 prominently. Bounds of two nearest qubits are
explicitly directed by B, under certain temperatures in
the absence of dipolar term.
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Figure 5. (a) LE}}-’ and (b) LE}]‘-I’ as a function of temperature under B, = 0.5, B, =1, B, =2, B, =5 and zero-
field.
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Figure 6. LE};I’ as a function of temperature for certain D strengths in the absence of an external field.

We now focused on the zero-field case for N = 40 spin-
1/2 system incorporating the dipolar interaction
strengthened by the times of dipole-dipole constant D.
LEl-’jb remains unchanged under thermal agitations since
increasing temperature should not seduce the upper
bound measured via two-spin and single spin expected
values on the z basis (not shown here). Note that it is
exactly not related to the observations of the x and y
basis. As already stated, low-temperature values of the
upper bound have an ascending trend under higher
magnetic  fields either for ferromagnetic or
antiferromagnetic cases. On the other hand, Figure 6
shows that LE}]’-’ decreases monotonically via increasing
temperature for every D > 1. However, we observed a
non-linear change on values of LE/} by increasing kT
when the strength of dipolar interaction diminishes for
D <= 1. Besides, the lower bound has distinct critical
kT values which impose the spin pairs to become
untangled for D = 1, herewith D € {0.25,0.5,0.75,1}
point to the singularities of the system. LE}? of D = 1
vanishes at kT = 0.5 and afterwards entanglement of
two-qubit is created at kT > 0.5 having lowest values
unchanged. Additionally, D = 0.75 points a similar
condition at temperature kT = 0.3. Furthermore, LE;?,
increases while D values are increasing monotonically
atkT — 0 and B, = 0.
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Figure 7 displays the conduct of LE? (a) and LE}” (b)
under B, = 0.5 magnetic field. LE}} shows a decreasing
behavior via increasing temperature kT for whole D
strengths except D = 4. LE/} is lowered whereby
increasing D values up to D = 2. In contrast, D = 4,
strong dipolar interaction implicitly pulls up the lower
bound above D = 0.25 curve. That is to say dipolar
term dominates the system below high temperatures
since reasonable high temperatures assure lower bound
values to overlap. LE[ =0.16(D =1), LE[} =
0.07(D = 2) and others have nearly the same value as
0.25, shortly, resulting in distinct lower bound values at
kT that stands very close to kT — 0. Upper bound,
LE}}” reaches unity for all D strengths at kT > 2. Upper
bound converges to unity for D =2 and D = 4 at all
temperatures. A linear relation exists for all D values,
adversely to the lower bound, under B, =0.5.
Therefore LE}}” of D = 4 is not significantly influenced
by thermal agitations conserving almost unity. LEi’}’
vanishes at kT = 1.7 and converges to zero for D = 2
under external magnetic field B, = 1.
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Figure 7. (a) LE}}’ and (b) LE}}” as a function of temperature for certain D strengths under B, = 0:5.
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Figure 8. (a) LE}J’-’ and (b) LE}]‘-” as a function of temperature for certain D strengths under B, = 1.

Besides, entanglement never disappears for the rest
strengths of D’s although LEf} shows a decrement trend
through increasing temperature kT under magnetic field
B, =1. In the same manner, LE;’ decrease via
increasing dipolar  strength between D e
{0.25,0.5,0.75,1,2}. The behavior of LE under B, =
0.5 (see Figure 7) and B, = 1 (see Figure 8) are very
similar but D = 4 values are getting lowered for latter
case. At low temperatures LE}]’-’ takes value between
D=2 and D=1 but they intersect with D =
0.25,0.5,0.75 and D = 1 values one by one at different
temperatures having higher values rather than the others
at temperatures as kT > 1.75. According to Figure 8(b),
LE}]‘-” exhibits the similar behavior as if B, = 0.5
applied. In other words, it directly increases via
increasing dipolar strength under B, = 1.

Thus far, the non-linear behavior of strong dipolar
interaction D = 4 exists under relatively low magnetic
fields (B, < 2). We calculated values of lower and
upper bounds under higher magnetic fields B, > 1 to
figure out if this behavior is dependent on the external
magnetic field or not. Figure 8(a) and Figure 9 (a)
displays LE;} values obtained under B, = 1 and B, = 2
external fields, respectively. A critical point as kT =
0.5 which entanglement vanishes even though
neighboring spins entangle again for kT > 0.5 is
indicated under B, = 2. Moreover, LE/? values
decrease via increasing dipolar constant D under
magnetic field B, = 2 but only immediately after a
sharp drop entanglement vanished and entangled pairs
emerge for kT > 0.5. LE}}*’ shows similar behavior as
stated for lower magnetic fields. The only difference is
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strong dipolar interaction, briefly, D = 4, lead upper
bound to lost unity. LE/} decrease by increasing
temperature under B, = 2. However, they diverge to
zero at higher kT temperatures (increasing kT'). Strong
applied field inhibited to vanish entanglement at higher
kT values.

B, = 5 strictly regulated the upper and lower bounds,
especially LE/?, inducing a monotonic behavior
according to D strengths (see Figure 10). LE/? shows a
descending behavior via increasing D values with non-
vanishing character whereas non-unity values of LE}}”
increases by ascending D values. However, the bounds
preserve temperature-related behavior as is under B, =
0.5,1, 2 although D = 4 violates it indicating a critical
point at kT = 0.5. Zeeman term dominates the
exchange interaction so classical correlations which
have been calculated by two-spin and single spin
expected values become directly dependent on the
single spin measurement.

However, dipolar term loose efficiency is directly
related to the distance of two spins in the lattice. In this
manner, it will be dominated as exchange interaction
even if distance-induced fluctuations exist. These
fluctuations affect the system at certain temperatures for
relatively weak fields ensuring critical points. Figure 11
summarizes the B-T relation of the lower limit between
nearest neighboring spins for D values from D =1 to
D = 4 (D < 1 plot not shown in the text). According to
Figure 11(c) (D = 4), there is non-monotonic LE;}
values pointing "revival regions™ at low temperatures
under low magnetic fields.



Int. J. Adv. Eng. Pure Sci. 2022, 34(2): 305-316

Bounds of Entanglement
1,004
0,25 ( ’
a)
0,204 0,954
0.154 0,90+
2 = -%u:‘
L -
4 oo L o085
0,50+
0,05+ :
0,752+ —--D=0.75 ——D=4
0,00 T L L) L) v L] L) L)
0,0 35 4,0 00 05 10 15 20 25 30 35 40
KT
Figure 9. (a) LE}J’-’ and (b) LE}}” as a function of temperature for certain D strengths under B, = 2
0,254 0,954
0,20 0,90
0,15-
2 .- 2 70,85
w
-]
- 0,104
0,80+
0,05+
0,754
0,00 L} 1} 1 ] 1) T T T L L) L) L] L] L] v
00 05 10 15 20 25 30 35 40 00 05 10 1,5 20 25 30 35 40
kT kT
Figure 10. (a) LE}}’.J and (b) LE}}b as a function of temperature for certain D strengths under B, = 5.
(a) (b)
LEP
L]
. 0,2500
m

Ib
LE]

- 0,2500
0,1877 4 0,1875
& d
2
0,1255
. 0,06325
1 2

1,000E-
4

0,1250

1 2 3

0,06250

0,000
4
kT

kT

Figure 11. LE}]’-’ between two spin as a function of temperature and magnetic field B, for @) D=1 (b) D=2
(c) D=4.

312



Bounds of Entanglement

Int. J. Adv. Eng. Pure Sci. 2022, 34(2): 305-316

Lower limits are calculated up to the 20th nearest
neighbors to investigate the distance-dependent
behavior of LE/? at certain temperatures in which
dipolar interaction is included or not. Figure 12(a)
displays the zero-field (B, =0) LE/?(n) values
corresponding to the latter circumstance (D =0). n
denotes the nth nearest neighboring spin where j =i +
nand n = 20. At very low-temperature regime as kT =
0.05, LE{} (n) never vanishes for any neighboring spins
in the absence of dipolar interaction and external
magnetic field herewith having the lowest values
(Figure 12(a)). LE[? (n) showed a similar behavior in
case of D=4 counter to D=1 and D =2.
Furthermore, increasing temperature tell us LE/? (n)
vanishes as well as dipolar interaction has been
included. According to Figure 12 (d), LE[? (n) remained
unchanged with possessing similar values.

The dipolar interaction controls both the range and value
of the lower bound namely LEf} (n) between two spins
of the ferromagnetic isotropic chain. Increasing
temperature also influences the range of entanglement
via agitating the spins thermally since they start to get
over the domination of interactions included in the
Hamiltonian of the spin-chain. One can deduce that the
tightest quantum correlation between the spins would be
induced by exchange and dipolar interactions in the
absence of an external field. LE}} (n) disappears farther
in from the second nearest neighboring spin for the
dipolar strengths D = 1(Figure 12 (b)) and the third
nearest neighboring spin D =2 (Figure 12 (c)) at
temperatures kT >= 0.5.

Qi et al. obtained an analytical lower bound of
concurrence by multi-qubit monogamy inequality for
four-qubit quantum systems [54]. After a while, lower
bounds were improved to achieve a more sensitive
entanglement measure for 2x2x272 mixed systems by
[55]. A monogamous relation for upper bound was
discussed including tripartite entanglement of the three-
qubit system and multipartite concurrence earlier in the
last decade [56]. The existence of long-ranged distant
entangled qubits under zero magnetic field has great
importance on the quantum information process.
Nevertheless, the creation and extinction of
entanglement at certain values of either kT and B,
depict critical points of the quantum system. We
particularly analyzed distant dependent behavior of the
lower bound only at kT = 0.5 (see Figure 13 (a)) and
kT = 0.05 (see Figure 13 (b)) for D =0,D =1,D =
2 and D = 4 under zero field. At first sight, we must
stress the loss of unity at higher temperature kT = 0.5
even though long-ranged entanglement has been
conserved.
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It is a critical point in this study where the non-
monotonic behavior of entanglement exists in the case
of the special conditions mentioned above. According to
Figure 13 (a), LE[} (n) of nearest neighbouring qubits
has a higher value for D =2 and D =4 than D =0
though D = 2 stands very close to D = 0 at kT = 0.5.
Both cases reveal that strengthening dipolar interaction
provides highly entangled long-ranged pairs and also
thermal agitations reduce the distance which qubits
should communicate.
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Figure 13. (a) LE/? (b) LE};" as a function of
temperature for certain D strengths under zero field.

In addition, Figure 14 revealed the rival regions for
distant odd sites for n > 1 under B, =1 at a low-
temperature regime. We did not observe a clear non-
monotonic behavior extinction-creation of entangled
paired of distanced sites n > 1 pointing rival regions at
certain temperatures. At very low temperatures as kT —
0, LE{} a long-ranged maximized entanglement exists
for D = 4 which was also stated. It was previously
verified that a strong dipolar interaction (D) enhances
long-ranged entanglement explicitly under zero-field
unless high temperatures drastically reduced the amount
of entanglement and range of communication in an
AFM order. In contrast, localizable entanglement
showed a non-linear dependency to D as detailed above.
This text tried to clarify the effect of magnetic dipolar
interaction in a spin system since direct dipole-dipole
coupling not only provides valuable structural
information but also takes a noteworthy place in
modeling the magnetic resonance imaging process.
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Figure 14. LE[? as a function of the distance
between sites n and temperature for D=4 under B, = 1.

IV. CONCLUSION

The concurrence of a spin-1/2 chain, ordered as FM,
was analytically obtained to study thermal
entanglement between two qubits. Low field (B = 0.5)
yielded an extinction/creation behavior (non-
monotonicity) that particularly originated from distinct
dipolar strengths at certain low temperatures. We
revealed upper and lower bounds to measure
entanglement between any two parts of the multipartite
system. According to QMC simulations, we found that
the lower bound shows an increasing trend
monotonically by strengthening the applied field when
dipole-dipole interaction is neglected. Dipolar
interaction affected the spin-1/2 chain, relative to the
strength of D, both for nearest neighbor and distant
qubits inducing a non-monotonic attitude. A rival
region is observed for D = 4 under B = 2 magnetic
field at kT = 0.5 in addition to D = 0.25, D = 0.5,
D =0.75and D = 1 (at kT = (0.5)) in the absence of
an external magnetic field. Moreover, strong dipolar
interaction generated rival regions for distant odd sites
for n>1 under magnetic field B=1 at low
temperatures. In case of B, = 5, lower bound which is
the actual reflection of entanglement, decreased by
increasing temperature since high magnetic field
dominates spin orientation along field direction
regarding to the considered temperature range. Besides,
dominant external field led the entanglement lowered
by increasing dipolar strength (D). Long-range
entanglement that should be arranged in eligible solid
systems ensures a hon-fragile quantum correlation as a
prominent tool for the quantum information process.
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